












































































































































































































































































































7. BOOLEAN AIGEBRA 

Two more operations a.re introduced, called 

-Complementation: a = a. + e and 
(5-10 ) 

Conjunction: avb =8 +b+a.b 

Rema.rk: It is evident from the definitions that we have 

avb=bva. (commutativity) ( 5-11) 

and 

(a v b) v c = a. v (b v c) (associa.tlvity) (5-12 ) 

Theorem 8. a v a = a (5-13) 

Proof': a· v a = a + a + aa, = (a. .... a) + a z + a == a. 

Theorem 9. a,(b v c) = ab v a.c ( 5-14) 

ProoI': e.(b v c) == a(.b + c + be) = (ab) + (ac) + (ab)(ac) .= a,b v e.c 

Theorem 10. a v b c = (a v: b) (a v c) (5-15) 

Proo'f: RHS = (a + b + a.b) (a + c + ac) 

= a. + ac + ac + be. + bc + abc + ab + a.bc + abc 

= a. + bc + a.bc + (ac + ae) + (a,b + ba.) + (abc + abc) 

(a) + (be) + (a)(be) 

a v be = LHS QED. 

Intersection a:nd Union. 

z • e. == z (5- 9 ) 
e.s proved a.bove �~� 

zva =a ( 5-16) 

since z v a. z + a + a,z a) 

e • a = a (5-17) 

by definition of e 

eva.=e (5-18 ) 

since e v a == e + a. + ae = e + a. + a = e + �~� = e • 



Complementa.tiOh ahd Dti8.11:ty·. 

aa = z (5-19) 
sinceaa = a(a + e) = ~a + ae = a + a = z 

a v b = s.b ( 5 -20 ) 

also 

since ~ v £ = (a + e) + (b + e) + (a + e)(b + e) 

= a. + e + b + e + a,b + a,e + eb + e 

= ab + e + (a + a) + (b + b) + (e + e) 

a.b + e == (ab) 

since a v b = e + a ~ b + ab ~ (e + alee + b) = a • £ 
( 5-21) 

We now see that the algebra. of a. ring with a. unit, sa.tisfying 

id~potemcy and including the operations of complemen~ation and conjunction 

i9 formally the same as a Boolean a.lgebra: 

e < >1 

z < >0 

+ is simply the operation E> defined in Chapter III. Again it should be 

eniphasized that Boolean algebra. is not restricted to values 1 and 0 for the 

va.riables as is shown by the fo110wing example: 

8. EXAMPLE OF.A BOOLEAN ALgEBRA-OF .MORE,]HAN'WOV ARIAl3LES 

Take the most genera.l function f(X]? x
2

) of two (two-va.lued) Boolean 

varfa.bles. There must bee. canonica.l expansion (see Cha.pter III) a,nd therefore 

where ~,.b, c, d a.re also Boolea.n variables with the values 0 a.nd 1. Visibly 

any combina.tion of four zeros and ones corresponds to a different f: There 

a.re 16 different functions of two 'varia.bles. 

Now take a.s the elements of a. new, multi-valued a~gebra._ the sixteen 

types of f, setting 

f(OOOO) = 0 

f(OOOl)= A 

, f(llll) 1 

f(lllO) = L 
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and call x a variable that can take anyone of these 16 valueso It is then 

quite clear that all postulates of Boolean algebra are satisfied, e.g., 

x . x = 0, x v X = 1, 

the latter two simply expressing that the minterms in x and those in x are 

mutually exclusive and that the product of anyone in x with anyone in x is 

zero since they are orthogonal (see Chapter III). 

-151-



5.2 Cubical Representation of Minterms 

5.2.1 GENERALIZED CUBES 

In a cartesian coordinate system the vertices of a suitably scaled 

and rotated 3-dimensional cube (or 3-cube for short) can be represented by the 

eight possible binary triplets (000), (001), (010), (all), (100), (101) .. (110) 

and (111). We shall call the figure in a space of n dimensions whose vertices 

are represented by all possible multiplets of n binary digits an n-cube and 

denote it by en. A 2-cube is a "square," a I-cube a "line segment" and a a-cube 

simply a "point." A 4-cube is called a "tesseract": . It is shown in a (non-unique) 

projection in Fig. 5-1. 

Graphical Representation 

a-cube a or c : 0 

I-cube 1 or c : 0 0 

2-cube 2 0 or c : 

3-cube or 

4-cube or 4 
c : 
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By definition the vertices (or O-cubes) of an n-cube correspond to 

the possible multiplets of the form (al " .. a ...• a ) with a. = 0 or 1. This shows 
l n l 

that an n-cube has 2n vertices. Two vertices will be called complementary if 

they differ in one digit position only. We shall represent the line segment 

(or l-cube) joining two complementary vertices by the multiplet representing 

these vertices with an x in the digit position in which they differ. The line 

joining (1101) and (1001) is thus (lxOl). We shall call two l-cubes complementary 

if their multiplets have the x in the same position and coincide in all remaining 

digits except one. We shall represent the 2-cube joining two complementary 

l-cubes by the multiplet representing these l-cubes with an x in the digit posi-

tion in which they differ. The generalization of this procedure is evident. 

Note that in the case of n = 1, 2 or 3 "complementary" has the geometrical 

significance of "adjacent" as far as vertices are concerned, but means "opposite" 
\ 

when it comes to edges or sides. It is obvious.that we can always build up the 

whole cube by judiciously forming combinations of complementary O-cubes, then of 

complementary l-cubes, etc. This will lead ultimately (in whatever order we 

synthesize the n-cube) to a multiplet containing x's only: the l-cube in 

l-dimensional space is represented by (x); the 2-cube in 2-dimensional space 

by (xx); the 3-cube in 3-dimensional space by (xxx). 

Suppose now that we work once and for all in a space of a fixed number--

n--of dimensions, i.eo, that all multiplets are of the form (alo .. a. o.oa ) with 
l n 

n digits. Then our syntheSis of an r-cube from the representation of two 

complementary (r - l)-cubes leads to the rule that all r-cubes have exactly r 

digits a. equal to x. 
l 

Given any r-cube, we shall say that an s-cube with s < r is a subcube 

of this cr (or that cr contains cS) if its representation can be obtained from 

r that of c by particularizing one or more of the XIS. If s = r - 1 we shall 
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call the possible s-cubes faces of the r-cube; this definition shows that a cr 

has 2r face~ for anyone of the rx's can be given the value 0 and then 1 to 

obtain r pairs of complementary faces. Similarly a cube cr containing a C
S is 

s called a supercube of c' • 

5.:2.2 SUBSETS OF VEHTICESo FACE AND COFACE OPERATORS. CUBICAL COMPLEXES 

We shall discuss below the geometry of subsets of vertices of the 

n-cube. Let f be such a subset. Then one of the possible problems is to group 

complementary. vertices in f into I-cubes, then complementary I-cubes in f into 

2-cubes, etc. In particular we might be interested in how big the biggest cube 

(i.e., the cube having most XiS) is that uses vertices in f only. Or we might 

want to construct a set C of cubes (of maximum dimensions) containing all 

vertices in f: this is the so-called covering problem. In general any set of 

cubes containing all vertices in f is called a cover of f: we usually want as 

simple a cover as possible (see below). 

The representation of the faces of cr = (al ... a .... a) can be obtained 
l n 

b 1 · t ( ) f t 0 .1 hOI Y app ylng 0 al ... a .... a a ace opera or 5. or 5. were 5. means: rep ace l n l l l 

the i th digit a. in (al " 0 .a. o •• a ) by a 0 if a. = x. If a. f x the operator is l l n ----l---- l 

zero by definition. Summarizing: 

if R x l --i 
(5-22) 

o 
5. (alo .. a. 0 •• a ) 

l l n 

I 
5. (alo 0 • a .•.. a ) 

l l n 

o 
5. (al"·o • a .... a) 

l l n) 
0 if a. f x l 

By choosing i equal to the digit position in which the XiS occur, we visibly 

r obtain the 2r faces of the c . 

Given a set f and a certain r-cube (alo .. a .... a ) one of the important 
l n 

questions is: can we find a second r-cube using vertices in f only and 
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complementary to the first? This is answered by examining the result of the 
11.-, 

application of the coface operator E. defined by the property that 
l 

cr ~ (al ... a ...• a ) being a given cube using f-vertices only, 
l n 

E . (al ... a .... a ) ~ ( a l .•. x ... a ) } 
l l n n 

if both (al ... l ... a ) and (al ... O ... a ) use f-vertices only --- n n 

If the ith digit is already an x, the result is zero by definition. 

It is important to note that E. does not form a supercube of one more dimension: 
l 

it forms this supercube only if it can do so using f-vertices only. Using coface 

operators it is now possible to build up all cubes which remain within the 

bounds of the subset f. Any supercube of a cube cr which remains within these 

bounds is called a coface of' cr., All cubes using the f-vertices (which one can 

obtain by applying E. on a trial and error basis first to O-cubes, then to l-cubes 
l 

thus formed whenever possible, etc.) form the cubical complex corresponding to 

f. This complex is denoted by F = K(f), K meaning "form the complex of." F 

consists possibly of a set of O-cubes KO plus a set of l-cubes r, etc. 

Obviously K
O = f and 

F K(f) fUrU~U ••• (5-24 ) 

If f is given by a cover consisting of the set of cubes (not necessarily 

minimal) (a,b,c •.• ) it is customary to write F = K[a,b,coo.} with the under-

standing that [} would actually allow us to determine f. 

Example: Let f be defined by (0000), (0001), (0100), (0101), (0110), (1000), 

(1010), (1110)}. This is also the set KO. To calculate ~ we: must apply the 

coface operator to each digit of each vertex, i.e., we must see whether there 

are in f pairs of complementary vertices which can be combined into I-cubes. 

This is done systematically in Table 5-1. 
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Vertex CampI. 1st disit Compl. 2nd digit Compl. 3rd digit Compl. 4th digit 

(0000) (1000) v (0100) v (0010) (0001) v 

(0001) (1001) (0101)&/ (0011) (OOOO)v 

(0100) (1100) (OOOO)v (0110) v (0101) v-

(0101) (1101) (0001) v- (0111) (0100) v 

(0110) (1110) v (1010) v (0100) v- (alII) 

(1000) (0000) V' (0100) v (lOlO)v (1001) 

(1010) (0010) (lllO)v (1000) v (1011) 

(1110) (0110) v (1010) v (1100) (1111) 

Table 5-1 Calculation of Complementary Vertices 

Whenever the complement is in f (denoted by a check-mark), we can form a I-cube: 

(0000) and (1000) give (xOOO)~ (0000) and (0100) give (OxOO), etc. Replacing 

I-cubes which occur several times by a single mention, we obtain 

12- = {(OxOO), (OxOl), (OlOx), (OOOx), (lOxO), (xllO), (xOOO), 

(.oxlO), (OlxO)} 

We can continue the process, examining only pairs of l~cubes having the x in 

the same position. This leads to 

~ = {(OxOx») 

This terminates the process. Note that o~ (OxOx) = (OOOx) for example, while 

5~(OXOx) = a since the first digit of (OxOx) is not an x. E4 (OXOO) = (OxOx) 

since (OxOl) belongs to f, while E4 (000X) = a becauqe the 4th digit is already 

an x. Figure 5-2 shows all the cubes of F = K(f) . 
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0010 1010 

lxlO 

0110 

lOxO 

~ 

OlxO 

\. 

0100 1100 

Figure 5-2. Cubical Complex of f = {(OOOO), (0001), (0100~, (0101), 
(0110), (1000), (1010), (1110)) 

5.2.3 MAPPING OF MINTERMS. MINThIDM COST COVERS 

The action of the coface operato~which combines two complementary 

r-cubes into an (r + I)-cube, is very similar to the operation we called 

"reduction" in Quine's Method (see Chapter III). This is, of course, no accident 

because the geometrical language we have just developed (due to Roth and Miller 

of IBM) is calculated to generalize Quine's Method, using the more elegant wording 

of geometry. The hyphen " " used by Quine is the equivalent of the "x" used in 

the preceding sections. 

Before using the Roth-Miller method of minimization, we first note 

that any function of n Boolean variables xl .•• xn has a unique cononical expan-

sion, i.e., that it is a unique sum of minterms. Via the binary correspondence 
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introduced in 3.4 each minterm corresponds to a multiplet of nbinary digits 

(~~ 0, x. ~l) and thus to a well defined vertex of an n-cubeo This means 
l l 

that the set of vertices f [and F = K(f)!] is known as soon as the Boolean 

function is given. Because of the complete equivalence of the set of vertices 

and the function, we shall denote both by the same letter f. 

The fundamental problem of simplifying a Boolean function now becomes 

equivalent to finding a set C of cubes covering f and causing (for the equivalent 

physical circuit) minimum costo If C contains a number go of O-cubes (corres­

ponding to AND's with n inputs), gl l-cubes (corresponding to AND's with n-l 

inputs), etc., the criterion for minimizing the cost is usually 

n n n 
L g (n - r) + L g 

r=O r r=O r 
L g Cn - r + 1) 

r=O r 
min. (5-25) 

wherethe first term gives the total number of AND-inputs and the second term 

the number of inputs of the "c.ollecting" OR: CAO gives the number of arrowheads 

in the sense of Chapter III. We are thus led to a search for as few cubes of F 

as possible, each having the maximum dimensions. 

In case we have to cover f, but may cover f v g, i.e., in case f gives 

the "care" conditions and g the "don't care" conditions (see Chapter III1, one 

problem is to find a mi.nimum cost subset of K(f v g) which covers K(f) only 0 

Let K(C) denote the c.omplex of cubes using the vertices in the cover Conly 

and let C be the set-theoretical inclusion; then obviously 

F K(f) C K(C) C K(f v g) = M(say) (5-26) 

5.3 Cocycles and Extremals 

5.3.1 THE EXPANSION AND INTERSECTION OPERATORS 

Let us take two cubes in n-space 
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cr (al· ••• a .•.• a ) 
l n 

C
S 

(blo .• b .•.• b ) 
l n 

where the number r of x's in c r is not necessarily equal to the number s of x's 

in c S
• We shall then define two commutative operators, the expansion 

operator * and the intersection operator n such that cr * cS (= C
S * c

r
) or 

cr n C
S (= C

S ncr) is a cube with digits a. * b. or a. n b. defined by 
l l l l 

Table 5-2. 

Digit Combination a . .L.E.. a. * b. or a. n b. 
l l -l----l---- l----l 

0,0 ° 
1,1 1 

0,1 x 

O,x ° 
l,x 1 

x,x x 

Table 5-2. Expansion and Intersection Operator Table 

The difference in the two operators is that for the expansion operator cr * C
S 

is defined to be equal to zero if the combination 0,1 arises more than once, 

while cr n C
S is defined to be equal to zero if the combination 0,1 arises at all. 

Theorem 1. c
r * C

S is the largest cube containing subcubes of cr and C
S as 

Proof: 

complementary faces. 

By putting ° or 1 into the position of the newly obtained x (if 

there is such an x) the modified cr * C
S can be made to look like 

a subcube of either cr or cs • Since these subcubes are obtained by 

particularizing the same x to ° or-I, they are complementary. No 
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more XIS (i.e., no larger cubes with the property of the theorem) 

are possible because all those common to cr and C
S occur automatically 

since x * x = x. 

Theorem 2. c
r * cS 

has at the most one more x than Min (r, s.). 

This theorem is clearly a consequence of the method of formation of 

C
r * c S

._ () An interesting case arises when for an arbitrary s we consider 

successively cubes with r = 0 (then cr * C
S gives at the most I-cubes), then 

cubes with r = 1 (giving at the most 2-cubes), etc. 

Example. 

a 
c 

__ ------------~Ol 

011 

Let cr and C
S be the cubes 

cr (xlI) 

c S = (xxo) 

shown in Fig. 5-3. Then 

100 cr * C
S 

= (xlx) = ca , where 

s c 

Figure 5-3. Action of the 
Expansion Operator 

a c is also shown in the figure. 

The expansion operator has the following properties: 

(c
r * cs ) * ct ~ r (s t) i c * c * c 

r s r s 
If c is a subcube of c ,c * c 

(non-associativity) 

r 
c (5-28 ) 

Theorem 3. cr n cS is the largest cube which is entirely contained in (i.eo, 

is a subcube of) both cr and C
S 

0 
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Proof: 

Example ~ 

001 

r s r s r c n c has zeros where both c and c had them, ones where both c 

and C
S had them. In cases where cr or C

S had an x in a digit 

position the x has been particularized and thus a subcube formed. 

s 
c 

The intersection operator has the following properties: 

r s r s If c is a subcube of c , c n c 

(associativity) 

r 
c 

Let cr and C
S be the cubes 

shown in Fig. 5-4. Then 

c
r n C

S = (110) = c
b

, where the 

b vertex c is also shown in the 

figure. 

(5-29) 

(5-30) 

Figure 5-4. Action of the Inter­
section Operator 

The operators * and n can, by extension, be applied to sets of cubes 

rather than single cubes. If A and B are two such sets and c is any specific 

cube, we define 

c * A 

A * B 

{all cubes obtained by applying the expansion operator to 
c and all cubes of A} 

{all cubes obtained by applying the expansion operator to 
all possible combinations of one cube inA and one cube in BJ 

The definition of c n A and A n B is analogous. 
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5.3e2 COCYCLES 

Suppose that we have a covering problem with an initial set of vertices 

f giving rise to a cubical complex F. We found F in an example in 5.2.2 using 

coface operators, but it is also apparent that one can use the expansion 

operator, applying it first to all pairs of vertices (and the result being zero 

if the pairs are not complementary!), then to pairs of I-cubes having the x in 

the same position) etc. The reason for the success of the first step of this 

process is, of course, that in our case Theorem 1 states that the result of the 

expansion operator is "the largest cube containing the vertices as complementary 

faces." Whatever our :procedure (i.e., E. or *) we shall end up with a great 
l 

number of combinations and a great number of cubes, namely all cubes in Fp It 

is, however, quite useless in a covering problem to have all cubes in F available: 

we only want those which are not contained in larger cubes. A cube of F which 

is not a subcube of a larger cube of F is called a cocyle. It is clear that the 

minimum cost cover is a combination of cocycles. 

We shall now indicate how the set Z of cocycles (consisting of the set 

ZO of vertices not contained in I-cubes of F) the set Zl of I-cubes not con-

tained in· 2-cubes of F, etc.) can be found. It has become customary to 

generalize the problem slightly by not giving f but an arbitrary initial cover 

~ of f, not necessarily minimal: ~ is thus a collection of cubes covering 

F without regard to cost. 

The first step is to subtract from ~all of those cubes which are 

contained in bigger cubes of DO (i.e., not bigger cubes of the complex formed 

with the vertices of @ but cubes actually present in @)o Let D6 be the 

set of these cubes contained in bigger·- cubes. We then form 

o 
Let d be any O-cube left in DO. 
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Remark: D~ = (c/c C d; c,d € ~) in more abstract notation. This is read: 

D~ is the set of cubes c such that (symbol: I) c is a subcube of d (symb61: 

c C d) and both c and d belong (symbol: E) to ~. 

Theorem 4. The O-cocycles are those O-cubes of DO which cannot be combined 

with parts of higher order cubes of DO to form I-cubes. 

Proof: 

o 0/ 0 ~ Z = (d d * DO ~ any I-cube) 

d
O * DO forms at most 1.- cubes by Theorem 2. The set () above rules 

out explicitly those dO,s which actually succeed in forming a I-cube; 

i. e., none of the dO,s above have cofaces. This means that ZO c {} 

since DO is certainly a cover and must therefore include all neces­

sary O-cubes to cover f and, in particular, those in ZO which are 

"unexpandable." Now assume that there is a dO in {}--say d for 

short--which is not a cocycle. Then there is an E.-operator such 
l 

that Eid = e, where e is a I-cube covered by DO. The complement 

of d" which has been used to form e , must also be covered by DO" i"e", 

d * DO must contain e: d should have been eliminated in the first 

place! Hence all elements of () are cocycles. 

We now form the union (or sum) of the set DO and DO * DO: 

We again take away the set Dr of cubes of ~ contained in larger 

cubes of ~and consider 

Dr - {all O-cubes of (jJ 

It is clear that Dl is not a cover of F = K(f) but that Dl U ZO is. 

The question now arises whether Dl actually contains all I-cubes of 
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F (or their cofaces), so that we can search for Zl, i.,eo, all 

l-cubes in F not contained in larger ones using Dl only., The 

answer is given by 

Theorem 50 Dl contains all the I-cubes of F or the cofaces of these cubes. 

Proof: Suppose that a certain I-cube dl or its coface is in DO. Then by 

definition of DI dl must also be in DI because it was not taken from 

DO U DO * DO as a O-cube and if it was taken away inDf it was a 

subcube of a larger cube which is still inDlo 

I Now suppose that d was not in DO; then there are two comple-

1 mentary faces a and b which, together, form d and which are both 

covered by DO. This means that DO contains two cubes a ~ a and 

~ ~ b: DO * DO will then contain a * ~ which is a coface of d
l

., 

The procedure for .finding ZO can now be extended to z~, Z2, etc." as 

can Theorems 4 and 5. The iterative procedure is as follows: from D ·we form 
r 

DUD * D r r r (5-31) 

and 

D 1 = 0
1 

- D* 1 - {all 0-,1-, .• 0, (r-l)- and r-cubes of ·~l } 
r+~r+ ~ 

- (5-32) 

where D;+l denotes all (r+l)-cubes contained in larger cubes OfS. The 

(r+l)-cocycles are obtained from 

r+l/ r+l -t.. ( ) {d d * D 1 ~ any. r+2 -cube} r+ 

where dr + 1 is a cube of D 1" This iteration is followed until D 1 is empty 0 r+ r+ 

It is usual to arrange the calculations of DO * DO' etc., in the form of tri­

angular arrays as shown in the example below. 
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Example. Let the initial cover of a certain f be given by 

~ = ((lxO), (xOO), (Olx)} 

since DO is empty (none of the cubes of {} dontains any of the other two!), 

DO =~. Since DO does not contain any O-cubes, the set of O-cocycles is also 

empty: ZO = O. We now form DO * DO by the triangular array 

(lxO) 

(xOO) 

(Olx) 

(lxO) (xOO) 

(100) 

(Olx) 

(xlO) 

(OxO) 

where the dash indicates that the calculation of () * () is either without 

interest because the cubes in the operation are identical or that the result 

may be found elsewhere in the tableo We now have 

(5)= ((lxO), (xOO), (Olx), (100), (xlO), (OxO)) 

and ((100)). Since there are no O-cubes to subtract 

Dl = r(lxO), (xOO), (Olx), (xlO), (OxO)) 

We now search for I-cubes in Dl (here actually all of them are I-cubes) 

which cannot be combined to form higher order cubes. This is most expediently 

done by examining DI * DI : this table will be needed anyway in the formation 

of D2 " This gives 
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(lxO) (xOO) (Olx) (xlO) (OxO) 

(lxO) (100) (xlO) (110) (xxO) 

(xOO) (OxO) (xxO) (000) 

(Olx) (010) (010) 

(xlO) (010) 

(OxO) 

We see that (Olx) is the only I-cube which cannot be combined to give 

a larger cube [here (xxO)!] and that therefore Zl = L! Olx)} . 

Now we form 

(§) :::: ((lxO), (xOO), (Olx), (xlO), (OxO)) 

u (( 000), (100), (010), (110)" (OxO), (xlO) J (xxO)} 

where the second set is formed of the cubes resulting from our table above, 

leaving out cubes which occur several times. When we take away cubes contained 

in larger ones, as well as alIa-cubes and all I-cubes, we are left with 

D2 :::: {(xxO)) 

The 2-cube in D2 cannot be combined with anything else (to form a 3-cube (xxx)~ 

which would imply that the output is not connected to the input·l) and therefore 

Z2 contains just this cube and nothing else: Z2 = {(xxO)). Thus the set of 

cocycles of f is 

z { (Olx), (xxO)} 

It is essential to note that at no point in our calculation we had to calculate 

all the minterms of f. Figure 5-5 shows the cocycles in our example" 
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001 101 

011 

(Olx )---. 

010 110 

(xxO) 

Figure 5-5. Cocycles of the Initial Cover ((lxO), (xOO), (Olx)) 

5.3.3 EXTREMALS 

Let us consider once more a problem in which we have f " ~. care 

conditions" and g ~ "don't care conditions." This means that we have to cover 

F = K(f) but that instead of using the cocycles of F only we may use those of 

M = K(f v g). The problem is then to cover F with a subset of cocycles of M 

and at minimum cost. 

We shall now introduce a subset E of the set Z of ~ocycles of M 

called extremals: these are cocycles covering vertices covered by no other 

cocycle or so-called distinguished. vertices 0 It is customary to call such an 

extremal an rtF-extremal of M" and to refer to the set E of all such extremals 

as E(M, F). 

Theorem 6. Any minimal cover C of F contains E(M,R): E(M,F) C C c Z. 

Proof: C must contain all distinguished vertices; therefore all extremals 

must be used: C must containE(M,F). That any cover can be made 

out of cocycles, has been discussed beforeo 
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Theorem 7. If the set of extremals E(M,F) is a cover, it is the minimal covero 

Proof: Since E(M,F) C C, the fact that E(M,F) = C shows that it is the 

minimal covero 

We shall now introduce the neighborhood U(z,Z) of a cocycle z as the 

set of cocycles s in Z which have at least one vertex in common with z or--using 

the intersection operator--for which s n z f 0: 

U(z,Z) {sIs E Z, s n z f O} (5- 34) 

Since z itself is in U (because z n z f O!), it is often useful to define the 

deleted neighborhood ~. u- (z,Z) as the set U(z,Z) minus. z itself~ 

U(z,Z) minusz (5-35 ) 

It will now be necessary to findE(M,F) from F and the co cycles of M. 

First we shall establish a criterion to decide whether or not a cocycle is an 

extremal e. 

Theorem 8. If e is an F-extremal of M, we have 

K(e n F) f 0 } (5-36 ) 
K(e n F) f K[e n F n U- (e j z)] :' 

Conversely if (5-36) is satisfied, e is an F-extremal of Mo 

Proof: Suppose that e is an extremal, then there is at least one vertex d 

of F covered by e and by e only. This means that d is in e and 

also in F. Therefore e n F f 0 and the cubical complex K(e n F) f 0 

for it must at least contain d. But d is not in any other cocycle 

z and in particular not in OJ U- (e, Z): this means that e n F n U- (e'~J 

cannot contain d (e n F contains it, U-(e,Z) does not) and therefore 

K(e n F) = K(e n F n U-.(e~Z):~ ~ . 
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Now suppose that we have found an e satisfying (5-36). Let us 

try to assume that K( e n F) C K(U-) ::where K(U-) is the complex of 

cubes formed with the vertices in U-. Then it follows that 

K(e n F n U-) = K(e n F) because the supplementary condition n U­

does not restrict us for a subset of~. This contradicts the 

second equation and we must therefore have K(e n F) ¢ K(U-)o Then 

there must be at least one vertex d in K(e n F) which is not in 

K(U-). Now d must be in e (we formed e n F) but it is in no other 

cocycle: neither in those encompassed by U- nor in those which do 

not even touch e, i.e., the others. Hence e is an extremalo 

Example. Let us take a problem with F = M as shown in Figo 5-b. It can be seen 

by inspection of the figure (note that a cube like (lxxl) has two possible 

complementary cubes, i.e., (Oxxl) and (lxxO) with which it could form a larger 

cube!) that the cocycles are 

Z {(lxxl), (xlxO), (OOOx), (llxx), (OxOO), (xOOl)} 

Let us take Z = (xlxO) and consider its neighborhood: there must be cocycles 

having a 1 or an x in the second digit position and a 0 or an x in the fourth 

position. (llxx) and (OxOO)--plus (xlxO) itself--form the neighborhood. 

Figure 5-6 shows that indeed the former two cocycles have common part.s with (xlxO): 

(xlxO) n (llxx ) (llxO) 

(xlxO) n (OxOO) (0100 ) 

Here, therefore 

U(z,Z) {(xlxO ), (llxx), (OxOO )} 

U- (z, Z) { (llxx), (OxOO) } 
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~--------------------------------------~010 

Distinguished Vertex 

0110~----~----~~--~----~---+~--~~--' 

0100 1100 

Figure 5-6. Cocycles and Distinguished Vertices for a Complex 
Defined by {(0100), (0000), (0001), (1001),,(1011), 
(1111), (1101), (1100), (1110)) 

5.4 The Roth-Miller Extraction Algorithm 

5.401 ITERATIVE COVERING. BRANCHING 

Suppose that we start out with M ~ K(f v g) and F = K(f). We can now 

find Z(M) and also E(M,F) by the procedures described in 5~3. If E is a cover 

of F, the problem is solved. If it is not, we proceed as follows: we set 

and form 
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(these are the left-over cocycles) (5-38) 

and F2 ; Fl - subcomplex covered by El 

(5-39) 
K{left-over vertices} 

Let u and v be cubes in ~ and consider u n F2 and v n F2 " Suppose that 

u n F2 c v n F2, i.e., that as far as F2 is concerned, v covers all that is 

covered by u. Furthermore suppose that cost u > cost v: then v is called a 

nonmaximal cube and eliminated. In case the costs are equal, we shall still 

retain the cube covering more of F
2

0 

Now we continue our process/setting 

Z2 = ~- nonmaximal cubes (5-40) 

~ = K(Z2) (5-41) 

E2 = E(M2, F2 ) (5-42) 

Continuing this operation we find El , E2, ... , until there are no further extremalso 

If El U E2 U ... forms a cover of F, the problem is solved. Very often, however) 

we do not attain a cover and yet there are no distinguished vertices left: this 

is the so-called irreducible case. In such a case one examines the two covers 

obtained by branching: the first branch assumes that one particular cocycle of 

the remaining cocycles is in the cover, while the second branch assumes that it 

is not ° The cost of the two branches is then compared and the lower cost one 

chosen. It is, of course, quite possible to have multiple branching, i.eo, 

branching within each branch. 

Example 1. Using Fig. 5-6 we find that there are two distinguished vertices: 

(1011) and (0101). We have seen that 
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Zl = Z(F) = {(lxxl)J (xlxO), (OOOx), (llxx),: (OXOO), (x001)) 

Fl = ~ = K{ (lxxl1., (xlxO), (OOOx)) 

In order to cover the distinguished vertices we need 

El = {(xlxO), (lxxl)} 

Therefore 

~ = {(llxx), (xOll), (OOOx), (OxOO)} 

F 2 = K { ( OOOx ) } 

As far as F2 is concerned, (llxx), (xOll) and (OxOO) are nonmaximal cubes, 

giving 

Z2 = {( OOOx ) ) 

E2 = {( OOOx ) } 

El U E2 visibly forms a complete eover: this cover is minimal by Theorem 7. 

Example 2. 

001 101 

011 
(lOx) 

(Olx) 
000 
~~~--+-----~iOO 

010 llO 

Figure 5-7. Irreducible Case 

Let us consider the cubical complex F3 

defined by the vertices (000); (100)3 

(101), (111), (011) and (010) in 

Fig. 5-70 It is easily seen that the 

cocycles (shown in heavy lines) are the 

l-cubes of the set 
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Visibly there are no distinguished vertices: each one of them is 

included in two cocycles. Starting from Zi we now branch out in two possible 

ways (actually there are 12 ways, but the other ten are equivalent by symmetry/~): 

Branch 1. We suppose that (xOO) is included in the cover and even an extremal: 

El {(xOO)) 

C§) = {(lax), (lxl), (xll), (Olx), Coxa)} 

We see moreover that what is left to cover of Fl is simply 

F2 = K{ (lxl), (xll), (Olx)} 

It is easily seen that as far as the covering of F2 is concerned (lax) < (lxl) 

and (OXO) < (Olx). (Actually one should examine the intersection of ~ with 

F2 by writing down all the cubes of F2, i.e., {(lxl), (xll), (Olx), (010), 

(all), (001), (101), (loa)}. This is what a machine would dO!) Now 

Z2 {(lxl), (xll), (Olx)} 

and visibly 

Since El U E2 forms a cover Cf of Fl , we reach the end of our problem with 

Cf = {(xOO), (lxl), (Olx)} 

Branch 2. Now suppose that the cover does not contain (xOO) and set 

As before 
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but this time all the vertices of Fl remain to be covered (those of (xOO) had 

been eliminated above): 

F2 = K{ (lOx), (lxl)) (xlI), (Olx), (OxO») 

Clearly 

Z2 {(lOx), (lxl), (xll),(Olx), (Oxo)) 

and 

E2 = {(lOx), (Oxo») 

i.e., 

(5) :;:: {(lxl), (xlI)., (Olx)} 

But here 

F 3 :;:: K{ (xIl)} 

Therefore 

(lxl) < (xlI) and (Olx) < (xlI) 

i. e. J 

E3 = (xlI) 

This gives us the alternate cover 
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Cll ( (lOx) , (XII) , ( Ox 0 ) } 

Since both covers consist of three I-cubes, their cost is identical and we may 

choose either one. 

5.4.2 SYMBOLIC NOTATION. TOPOLOGICAL EQUIVALENTS 

It is clear after inspecting the second example of the last section 

that it is by no means necessary to write down the cubical form for each cocycle 

as long as we deduce all relationships by direct inspection of a figure. If we 

read off the adjacencies on such a figures, we can replace the cubical notation 

of the cocycles by--arbitrarily chosen--symbols such as a, b, c, etc., and write 

down our iterative steps in symbolic form. This aids clarity enormously. It 

should be remarked, however, that the "blindfolded" calculation a machine 

would go through must use the full cubical expression of each cube. 

Example 1. Let us introduce in the second example of 5.4.1 the following 

symbolic representation: 

(xOO) ~ a, (lOx) ~ b, (lxl) ~ c 

(xlI) ~ d, (Olx) ~ e, (OxO) ~ f 

Then we can write for branch 1 

E :::;: a 
1 

F2 :::;: K(c,d,e}, etc. 

The very fact that symbols can be used to denote cubes and that in 

figures only the adjacencies of cubes count, show that in multidimensional 

problems it is possible to extract those cubes which interest us in a 
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minimization problem and to "lay them out" in a space of fewer dimE;nsions--ii' 

possible a plane. As long as the figures in the subspace is the topological 

equivalent, all relationships necessary to calculate a cover can be read 

directly from it. 00101 10101 

Example. 

00100 

01100 

01000 11000 

Figure 5-0. Coverfng 
Problem on a 5-cubeo 

(To s ij~lplify the figure, 
the I-cubes linking cor­
responding vertices of 
the two tesseracts have 
on1 \'. been drawn in for 
the' outer vertices.) 



The complex indicate on the 5-cube in Fig. 5-8 is topolOgically 

equivalent to the. one illustrated in Fig. 5-9. The squares denoted by a) b, 

c, d, i, j) k, 1) m, n are all cocycles. 

.// limit of F 3 
-----"" 
d 

c 

b 

a 
" ",,"'limit of FI 

.......... "" ,-------_/ 

Figure 5-9. Plane Topological Equivalent of Figure 5-8 

Thus we start from 

Since there are all cocycles 

Now clearly a is an extremal (since it is at the end): 

Then 



and 

As far as F2 is concerned b < c and 

Z2 = (c,d,i,j,k,l,m,n) 

But this makes c an extremal: 

~2 = c; 

Now 

But again, as far as F3 is concerned, d < c and 

This is now an irreducible case: the remaining cocycles form a sort of ring 

and we must branch. Following the general branching procedure, we find 

Branch 1. Assume that i is in the cover, i.e., 

E3 i 

C§) Z - i = 
3 

(j,k,l,m,n) 

F4 K{k,l,m} 

Clearly 
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j < k, n < m 

and 

Now 

C9 = {I) 

But F5 = 0 since all is covered, and we obtain a cover 

Branch 2. Here we assume that i is not in the cover. Then 

E = 0 
3 

Consequently 

Since j and n are now at the end 

Removing n,j from Z4' we find 
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This means that k < 1 and m< 1 and 

and 

E ::; 1 
5 

It is also clear that the sum of all extremals gives a cover 

1 11 Again the 'cost of the two covers C and C is identical. We can choose either 

one. 

5~4.3o THE ROTH-MILLER EXTRACTION ALGORITHM 

Whether we program a machine in order to perform the iterative steps 

or whether we examine by inspection a topologically equivalent figure' using a 

symbolic notation, the steps we have to perform always 'follow the same pattern. 

This is described by Roth and Miller as follows: 

We start with (Ml,Fl ) and form Zl(Ml ), E1;(Ml,Fl ). Then(§) ::;Zl - El 

is formed as well as F2 ::; Fl - complex covered by El and after the elimination 

of nonmaximal cubes Z2 ::; ~ - nonmaximal cubes is formed. This process is 

iterated until either a complete cover is obtained or until branching is neces-

sary_ Formally the step r ~r + l is as follows: 

,1. Z is known as well as F. In case extremals exist, we find E • r r r 

2. We form 
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Fr+l ; Fr - cubes covered by Er; K (vertices in F 
r 

vertices covered by E} r (5-44 ) 

Zr+l = ~ - nonmaximal cubes. with respect to Fr+l 

E ; extremals of Z 
r+l r+l 

(5-46) 

3. If there are no extremals, we branch by comparing: 

3a. 

3b. 

Assume a given cocycle, a, of Z is part of the cover. We set 
r 

E ::c a and form 
r 

Z 
r 

E 
r 

We have to cover the complex F minus the cubes covered by a; call 
r 

this Fl 10 r+ 
We eliminate nonmaximal cubes from Z 1 and examine Zl r+ r+l 

for extremals 0 This brings us back to a ste'p like 2 or 3. 

Assume cocycle a above is not part of the cover. 

and form (as above) 

We set E 
r 

o 

11 This time, however, we have to cover F 1; F since no simplification 
r+ r 

has been obtained in the preceeding stepo This will give us aZll 
r+l 

which differs from Zl above, but we are also back to steps like 
r+l 

2 or 3. 

5.4.4 THE SHARP OPERATOR (SUBTRACTION OPERATOR) 

The reader may have noted that in the formation of F 1 from F by r+ r 

the use of (5-44) we had to fall back on an explicit enumeration of "left-over 

vertices" in order to form the new complex. This is highly undesirable~ in 

the calculation of cocycles we already formulated a method which starts with 
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a nonmaximal cover as the basis of all calculations. The same thing is possible 

for the passage from F ~F 1 if we use the Sharp Operator. This operator is r r+ 

defined as follows: 

Let cr and cS be two cubes of a cubical complex: 

Let us define the sharp (#) or subtraction operation on the ith digits 

of the two cubes by Table 5-3. 

b. 
l ,----A---, 

# 0 1 x 

ro z y z 

a. -< 1 y z Z 
l 

Lx 1 0 z 

Table 5-3. Sharp Operator 

Then the # operation on two cubes is defined by the following rules: 

1. If for all i (1 ~ i ~ n) a. # b. = z (i.e., a. and b. identical or b. 
l l l l l 

an x!) then 

r 
#c 

s 
0 (5-48) c 

2. If for some i a. # b. Y (i.e., a. the oppos i te of b.), then 
l l l l 

r 
#c 

s r (5 .. 49) c = c 

3. If a. # b. = (0 or 1) (i.e., a. is an x but b. is not) for some i's, viz., 
l l l l 

. .1. .11 t th 
l = l , l = l ,e co, en 
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where 

l:( a l .... a. . 11) . a. 1 0 •• a ) 
. J- J J+ . n 
J 

. .1 J ::; l , 
.11 
l , 

(5-50) 

anq where the sum should be understood in the U sense. cr # C
S is thus the sum 

of a certain number of cubes complementary to cofaces of the minuend. 

Example. On a 3-cube (xxx) together with one of its I-cubes (lxO) we have for 

instance (xxx) # (lxO)'::; (Oxx) v (xxI), i.eo, when we take the left lower edge 

away from the cube, we are left with 
001 101 

the sum of the left face and the 

001 III upper face. 

000 
---------+--~100 

010 
110 

Figure 5-100 Sharp Operation on a 
3-cube (xxx) 

Theorem 9. c
r # c S forms all subcubes of cr which are not included in C

S 
(ioeo) 

we are left with the biggest cubes one can build out of the vertices 

f r ft th . r s h b t k ) o c a er ose In c n cave een a en away 0 

, Proof ~ Let us take the three cas'es of the definition separately .. 

1. If the subtrahend 'cube'has the same" digits, (or. :x') as the 

minuend cube, all vertices of the minuend will be taken away: 

the occurrence of z in all positions indicates precisely this. 

2. If a. # b. ::; y for a given i, the minuend and subtrahend are 
l l 

opposite faces of a bigger cube, obtained by replacing the 0 

and 1 in digit i by x .. Such opposite faces cannot intersect: 

the minuend is therefore not affected by the operation. 
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3, If a a or 1 occurs, there was an x-digit in the minuend: the 

operation forms the other face (complement in the digit position!) 

of the bigger cube (~to x in position i) still left over. For 

several XIS, we take the sum of all complementary cubes. 

The sharp operator has the following properties: 

r 
#c 

s r if r s 
0 (5-51) c c c n c 

r 
#c 

s 
c c r (5-52 ) c 

r 
#c 

s f s 
# c 

r (5-53) c c 

(c
r 

# c
s

) # c 
t 

(c
r 

# c
s

) U (c
s 

# c
t

) (5-54 ) :::; 

(cr # C
s ) # c t f cr # (cs # c t) (5-55) 

(cr # c,s) # c t :::; (c r #ct ) #cs (5-56) 

The proof of these properties follows more or less immediately from 

the definition of the sharp operator. Note that (5-56) can be generalized by 

saying: it is allowed to subtract a set of cubes in any order from a given 

cube--no brackets have to be used and (c
l 

# c
2

) # c
3 
•.. can be written 

c1 # c2 # c3 · 

The F ~ F 1 step is now described by 
r r+ 

Theorem 10. If F K(cl,o .• ,cn } r 

and E :::; (el,o .• ,em} then r 

cl # e l # e2 e 
ill 

F :::; K c2 #el # e2 I/=e r+l 
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Proof: cl # e l # e2 00 a # em contains all vertices of cl not contained 

in theextremals eloooemo Hence by the definition of Kthe right­

hand side equals F . I" r+ 

Let us now introduce some further definitions: 

20 Let 

Then by definition 

cOl # Cl 

Co # Cl 
= c

O2 # Cl 

cOn # Cl 

Now we simply write 

F = K{F # E } r+l r r 

The sharp operator is useful too when we want to decide on the 

equivalence of two covers because we have 

Theorem II. Two covers Co and Cl cover the same complex if and only if 

Proof: Co # Cl contains all vertices of Co not in C
l 

and C
l 

# Co all 

vertices of Cl not in COo 
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5.5 Partially Ordered Sets 

1. DEFINITION OF POSETS 

Sets can be totally ordered ("toset"), partially ordered ("poset") 

or unordered: it is, of course, necessary to define the relationship with 

respect to which ordering occurs. ~_amples will illustrate the three cases . 

. E4amFle 1. The peights of mountains inside the continental confines of the 

U. S. A. can be totally ordered by the relationship "higher than" or "lower 

than." 

Example 2. The successive generations of a family can be ordered by the 

relationship "is a descendant of,. I' Figure 5-11 shows a family tree: it is 

what is called later on a "Hasse diagram" of the poset in question. 
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\ 

I I 
, 

Jonathan Smith Ethel Brown 
i. 

--
I I 

I l I --

Edward Smith Victoria Jones ~ate Lamb, nee S. Theodore So 
._/ 

I I (no children) (unmarried) 

J 

J f I ~-.-
David S. John S. Ken So Lea Harper Alice So ~i~~~_ So __ 

I I 

Glen So 

Figure 5-11 
A Family Tree as a Graphical Representation of a Partially Ordered Set 

EXaIT;le 3. The set of complex numbers cannot be ordered by the relationship 

"argument less than" because for a given argument there are many complex 

numbers. 

Definition of a Poset 

A set X = (Xl' .. 0' Xn"} is partially ordered (a poset) if and only 

if for some pairs Xi' Xj there is a relationship 

x. < X 
l - j 

(inclusion) 

One then says: x. includes x., x. follows x. or x. is greater than X.. Note 
J l J l J l 

that this relationship is not given for all pairs: otherwise the poset would 

be a toset. 
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The < relation has the following properties: 

1. x. < x. 
l - l 

(reflexivity) 

2. if x. < x. and if x. < x. then x. ; X. 
l - J J - l l J 

(antisymmetry) 

3. if x. < x. 
l - J 

and then xi:: xk 
(transitivity) 

Theorem 1. Cyclical lists cannot occur in a poset. 

Proof: 

Then by the antisymmetric and transitive laws we have 

x ,QED. 
n 

Remark: If xl :s x2 ' then clearly x2 .:: xl. But the ordering relationship 

could also be turned around, i.e., we could again write x2 ~ xl' because the 

ordering symbol can correspond to "bigger than" or "less than". In other 

words: in any theorem about lattices we can always substitute> for <. 

Definition: If x. < x. and x. f x. we write 
l - J l J 

x. < X. 
l J 

and if furthermore there exists no xk between Xi and Xj such that 

and we say x. covers x .. 
J l 

2 • HASSE DIAGRAMS 

x.<Xk<x. 
l - - J 

The partial ordering relationship can be illustrated graphically if 

we adopt the following rules of correspondence: 

The elements of the set, x. J correspond to: points or circles 
l 

correspond)to: point x. is above point x. 
J l 

correspondsto: a segment leads from x. to X. 
l J 

x. covers ~x. 
l J 

without interruption (points 

x. and x. are directly connected) 
l J 

The resulting diagram is called the Hasse diagram. 
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Remark: Note that if an element x. covers x.~ they cannot both be covered by 
l J 

an element k nor can they both cover such an element. Suppose that k covers x. 
. l 

(which covers x.): 
J 

Then k > x. > X., i.e., x. is between kand Xj and conse-
l J l 

quently k cannot cover x .. In the Hasse Diagram this means that no triangles 
J 

can occur. More generally: if xi covers Xj there cannot be any side-branch 

(passing through more than one element) leading from x. to X.O 
l J 

Example. Take all functions of two Boolean variables xl' x2 as was shown in 

$ection 5.1. They can be written in the form 

Let fl r(al , b
l

, cl ' d
l

) 

f2 f(a2, b
2

, c2 ' d
2 

) 

then fl :s f2 is defined as meaning that 

1. fl . f 
2 fl 

or 2. fl v f2 = f 2 

As was shown in Chapter 3 these two definitions are mutually con­

sistent and one follows from the other. 

The corresponding Hasse diagram is then as shown in Figure 5-120 
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Unit Element 

Zero element 

Figure 5-12 

Hasse Diagram for the Boolean Functions of Two Variables 
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3. LUBS AND GLOBS 

Definition 1. A maximum element of a poset is the one which is under no other 

elements. 

Definition 2. A minimum element of aposet is above no other elements. 

Remark: Obviously each poset has at leas~ one maximum element and one minimum 

element. 

Definition 3. The unit element is a unisue maximum element (if it exists)o 

Definition 4. The zero element is a unique minimum element (if it exists)o 

Definition of lub (lowest upper bound) 

a. Let Y be a subset of a poset X and let there be an xi ~·X such 

that for every y. E Y we have Y
j 

< x .• Then x. is called an 
I J - 1 1 

ub (upper bound) of the set Y. 

Remark: x. mayor may not belong to Y. 
1 

b. If there exists an x
k 

lower than any xi (the upper bounds of Y) 

the x
k 

is called the lub (lowest upper bound) of Y; x
k 

= lub (Y). 

Definition of glob (greatest lower band) 

a. Let Y be a subset of a poset X and let there be an x. E X such 
1 

that for every y. E Y we have x. < Y., then x. is called a lob 
J 1 - J 1 

(lower bound) of Y. 

Remark: x. mayor may not belong to Y. 
1 

b. If there is an x
k 

above all lob~s, then this x
k 

is called the 

glob (greatest lower bound); xk = glob (Y) 

Example: Let X = {Xl' x2 ' x
3
, x4' X

5
} in Figure 5-11 and let Y be the set 

Visibly Y c X 

Figure 5-13 
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Here xl x2 and X3 are upper bounds of Y. The lub is x3 and here 

belongs to Y. The glob of Y is clearly x
5

. Note that this poset has a zero 

(namely x
5

) but no unit: There are two maximum elements. 

Remark: The lub and glob of a subset Y of a poset X are unique if they exist. 

This stems from the fact that if xl and''-~2 for example are both lubs, xl :::: x2 
and x2 ~ xl' i.e., xl = x2 · 

5.6 Lattices 

1. DEFINITION OF LATTICES 

Defini tion L A lattice is a poset in which every arbitrary pair x., x. has a 
l J 

Def:inition 2. 

,Theorem 1. 

Proof: 

lub and a glob, i.e., there are two other elements of the lattice 

Xu and x ~ such that 

x. < x } x t ::: xi } l - u and 
x. <x x~ < x. -l U - J-

and there are no lower x 's and no higher x ~ , s . 
u 

This of that ". " " going down" in a means, course, gOlng up or 

Hasse diagram for a lattice, we shall converge, for any pair of 

points, on a ",single' nearest common point" both above and below. 

An example is visibly furnished by all 'Switching functions of two 

variables as shown in Figure 5-12. 

We shall introduce the symbols U and n (not to be confused 

at this stage with v and A) by the following 

lub (x., x.) 
l J 

glob (xi' x j ) 

x. U X. 
l J 

x. (\ X. 
l J 

} (5-60) 

If x. V x. (or x. A x.) equals one of the factors for all i, j, the 
l J l J 

paset is a totally ordered set (toset). 

Suppose for instance that 

x = x. U x. = lub (x., x.) 
i l J l J 

This implies that x. < x. by the definition of lub; thus for all 
l J 

i, j either x. > x. or x. < x., hence the elements are totally 
l - J l - J 

ordered. 
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Theorem 20 In a lattice L each finite subset Y has a lub and a glob., 

Pt90f: The proof can be given by ind~ction: 

1. Suppose Y1 = t~1; then visibly glob Yl ::;: lub Y1 = ~, ioe., 

the .theorem holds. 

2. Suppose Y2 = lX
lc

, xk+1l, then by" the ·defin1 tion of a lattice, 

the theorem is satisfied. 

3. Suppose Yn ::;: {x
k

, .•• 0, ~+n} and suppose that the theorem. 

holds for this Y , i.e., that lub (Y ) ::;: x
k 

i and glob (Y ) ::;: 
n n + n 

xk+
j 

exist. Let 

Yn+l {Yn, xk+n+l } 

then clearly 

lub (Yn+l ) ::;: lub (lub Y, xk 1) 
n +n+ 

Since x
k 

. and x
k 

1 are elements of L, the lub exists by the 
+l +n+ 

definition of a lattice. Similarly glob (Y 1)::;: glob (g1obY , n+ n 
x ) exists and thus the theorem is true for all n, hence it 

k+n+l 
is true for all lattices. 

Theorem 3. Every finite lattice contains a unit and a zero. 

Proof: By the definition of L we have a lub for all pairs of elements of 

L, and by an iterative process we clearly can find an element 

which is a lub of all elements of L. This element satisfies the 

requirements of a unit. By 'simila:r reasoning,' one can show that a 

zero element exists .. 

It is quite obvious from the definition of lub and glob that 

we have 

o () x. O} l 

0 U x. x. l l 

1 n x. Xi} l 

1 U x. 1 
l 

-184-



2. PROPERTIES OF LATTICES 

In. eV.ery lattice the following identities hold for the glob and lub 

operations: 

L xi U Xj : Xj V xi } 

and x. " x.. - x. (\ X. 
1 J 1 1 

2 . (x i U x j) U xk 

and x. n (x. () x
k

) 
1 J 

3. x. (l x. = x. U x. = Xl' 
1 1 1 1 

':,. . .,... .. 

4. (x. n x.) U x. = x. = (x. V x.) f\ X. 
1 J 1 1 1 J 1 

(5-64 ) 

(5-66) 

All of these properties are nearly self-evident except (5-66): 
from the definition of a glob we have 

x. () x. < X. 
1 J - 1 

hence (x. n x.) V x. = lub [glob (x., x.), x.] = lub (x., x.) = X. 
1 J 1 1 J 1 11 1 

Remark: It will be shown later that a Boolean Algebra is a special type of 

lattice if V and n operations correspond to the OR and AND operations respec­

tively. 

Theorem 4. Any set in which two operations U and ~ are defined and satisfy 

properties (5-63) to (5-66) is a lattice. 

Proof: Let us define the ".:S" relation by 

x. < x. if and only if x. U x. = X. 
1 - J 1 J J 

Now we have to show that the poset postulates hold for the < 

relation as defined and furthermore that glob (x., x.) = x. n x. 
1 J 1 J 

and lub (x., x.) = x. U x . with respect to this relationo 
1 J 1 J 

Effectively we have 

1. Refl exi ti vi ty: x. < x. since x. tJ x. = X. 
1 - 1 1 1 1 

2. Antisyrnmetry: x. < x. and x. <x. imply that 
1 - J J - 1 

X. U x. = x. and x. UX. = X. 
1 J J J 1 1 
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x. lJ x. = x. U X., hence 
l J J ~ 

3. Transitivity: 

Let x. < x. ' and Xj: < x
k 

implying that x. U x. = X. 
l - J-~' -, l J J 

and that Xj U xk = Xklt By property (5-64) we can 

write 

x. U x
k 

= x. V (x U X
k

) = (x. U x.) U x
k 

= x. U xk = x 
l l j l J J l{ 

but this implies that xi S x
k

' thus transitivity holds. 

for the relation. 

Now consider that 

x. V (x. V x.) 
l l J 

(x. U x.) U x = x. U X. 
l l j l J 

but this implies that x. < x. U X. 
l - l J 

and x. < x. u x. 
J - l J 

hence x V x. is an upper bound of (x., x.). It remains to be 
i J l J 

shown that x. U x. is actually the lub; let x
k 

be another upper 
l J 

bound of x., x., i.e., 
1 J 

implying that 

and 

Then we have 

(x. U x.) V x
k 

= x. V (x. V x
k

) 
l J l J 

hence from the definition of "<" 

x.ux.<x
k l J -

i . e., x. U x. is lower than any other upper bound x
k

' hence it is 
l J 

the 1 ub of t x ., x.). The proof of the theorem can be completed by 
l J 

using similar arguments to show that 

xi n Xj = glob (xi' x j ) 
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Duality:. Since properties (5-63) ... (5-66) define a lattice by Theorem 4, and 

since thes'e expressions are perfectly symmetrical with respect to U and n, it 

follows that each theorem about lattices has it dual, obtained by interchanging 

U and n. 

3. SPECIAL LATTICES 

We shall now consider briefly several other types of lattices which 

are of interest either from a theoretical point of view because they form a 

link to Boolean Algebra or from the point of the theory of asynchronous circuits 

to be presented in Chapter VI. 

Semi Modular Lattice: 

Definition: A lattice is a semi modular if either one (but not both) of the 

following conditions is satisfied. 

x 

/~ 
Xi~/j 

x. () x. 
l J 

Figure 5-14a 

Case 1 of a Semi Modular Lattice 

Figure 5-l4b 

Case 2 of a Semi Modular Lattice 

Case 1 

Here x covers both x. and x. (i.e., 
l J 

there exists no element x
k 

such that 

x. < xk < x or x. < xk < x) and in a 
l - - J - -

semi modular lattice of the first type 

this implies that x. and x. both cover 
l J 

x n x .. 
i J 

Case 2 

Here x is covered by both x. and x. (i.e., 
l J 

there exists no element x
k 

such that 

x < xk < x. or x < x
k 

< x.) and in a 
- - l - - J 

semi modular lattice of the second type 

this implies that x.LI x. covers both 
l J 

x. and x .. 
l J 
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Modular Lattice: 

Definition: A lattice is modular if 

x. <: x. 
1 - J 

implies that 

x. U (x() x.) = (x. U x){'\ X 
1 J 1 j 

(5-67) 

Theorem 5. A modular lattice is doubly semi modular, i.e., it satisfied the 

properties of both case 1 'and case 2 above. 

Proof: Suppose that properly 2 is not true, i.e., that there exists an 

element k such that 

X. 
1 

k 

x 

Figure 5-15 

x. 
J 

i. e., 

x. < k < x. V X. 
1 - 1 J 

k t x.! 
1 

Clearly x is a lower 

bound of x. and k and x. is greater 
J J 

than x: Il k by definition of the" 
J 

operation: 

x < x. fl k < x. 
- J J 

Proof of Double Semi Modular 
Property of Modular Lattices 

There is nothing between x. and x; i.e., x. covers x. This means 
J J 

that x. n k must be equal to either x or to x .. 
J J 

1. 

2. 

Suppose that x. (\ k = x., implying that x. < k. But by 
J J J -

hypothesis x. < k; hence k would be an upper bound of x. and 
1 1 

x. lower than x. U x.: this is clearly impossible by defini,-
J 1 J 

tion of x. U x .. 
1 J 

Now suppose that x. () k = x. 
J 

Since the lattice is modular, we 

have 

i. e., 

or 

x. U (x. (\ k) 
1 J 

X. 
1 

(x. U x.) (\ k 
1 J 

k 

k, 

but this clearly contradicts the hypothesis that x. t ko We 
1 

conclude that there cannot be any element k between x. and 
1 

x. U x.: 
1 J 

The latter covers x .. 
1 
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Distributive Lattice: 

Definition: For a distributive lattice we have be definition 

x. n· (x. U X
k

) = (x. n x.) U (xi r\ X
k

) 
1 J 1 J 

(5-68) 

(Note similarity of this equation and the distributive property 

of a Boolean Algebra when tr~ · and \J ~ v). 

Theorem 6. Ina distributive lattice 

Proof: 

x. V (x. () x
k

) = (x. U x.) (\ (x. U x
k

) 
1 J 1 J 1 

(5-69) 

and conversely: if a lattice has this property, then it is a 

distributive lattice. 

by (5-66) 

:;: x. lJ [(x. n x
k

) U (x. (\ x
k

)] 
1 1 J 

by (5-64) 

x. U [x
k 

{\ (x. V x. ) ] 
1 1 J 

[(x. U x.) n x.] V lXk n (x. U x. ) ] 
1 J 1 1 J 

by (5-66) 

(x. V x.) ('\ (x. U x
k

) 
1 J 1 

QED. 

4. COMPLEMENTED LATTICES AND BOOLEAN ALGEBRA 

Definition: In a lattice with 0 and 1 (e.g., every finite l.attice) ~ comple-
-ment x. of x. is defined by 

1 1 

x. U X. 
1 1 

x.- n x. 
1 1 

(5-68) 

Example: The lattice of all subsets of a set is a complemented lattice as we 

have seen in Chapter 3 in the discussion of Venn Diagrams. 
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Theorem 7. In a distributive lattice the complement is unique. 

Proof: Suppose that i. is a comple~ent and also x .• 
l l 

Then 

and 

x. U 
l 

xi () 

x. 
l 

By symmetry 

therefore 

x. 
l 

x. 
l 

x. 
l 

1 

0 

(\1 = 

= 

x. 
l 

x. 
l 

-x. U x. = 1 
l l 

-. 
'-:-...-, -x. x. = 0 

l l 

- n (x. lJ ~. ) x. 
l l l 

(i. () x. ) 
l l 

u (i. () 
l 

~. ) 
l 

0 (i. () i. ) x.A -\J = x. 
l l l l 

x. (\ ,." 

x. 
l l 

x. 
l 

Theorem 8. A distributive complemented lattice follows the rules of Boolean 

Algebra. 

Proof: If we replace n by AND and U by OR in the arguments, the theorems 

and remarks contain the postulates of Boolean Algebra. 

5.7 Combinational Circuits,' Feedback,; Sequential Circuits and."Timing 

1. DESCRIPTION OF INTERCONNECTIONS 

Definition: If the outputs of a "box" are functions (Boolean Functions) of 

the inputs only, then the "box" contains a combinational circuit 0 

The relationship between inputs and outputs can be written 

"Box" 

~z 
n 

Figure 5-16 
Circuit Notation 
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Take any arbitrary interconnections of AND, OR and NOT elements and 

possible other one;;'output elements as shown in Figu:re 5-17., Suppose, for the 

moment, that elements like flipflops are replaced by appropriate AND-NOT or 

OR-NOT combinations according to Chapter 20 

Figure 5-17 
Internal Nodes 

Definition: All output points (with signals y.) are internal nodes. They can 
l 

be connected to any number of inputs, but controlled by one output 

only. Neglecting any consideration of timing, we can write 

y.' 
l 

f. (Xl' 0'. X , Yl' Y2 . .. y. l' y. l' .•. y ) l m , l- l+ S 

where all variables of f. are assumed to have a fixed value 
l 

(5-69) 

while y. is computed.' . In order to 'indicate this, we write y. I 
-------l l 

rather than y.. Note that y. is excluded from f. for technical 
l l l 

reasons: no output of an element is ordinarily supposed to be 

directly connected back to its input. This rule may, however, be 

violated and in such a case we shall simply include y. on the 
l 

right-hand side. 

2. PARTIAL ORDERING OF ELEMENTS, FEEDBACK 

Let E. < E. mean that element E. receives (besides direct inputs from 
l - J J 

Xl ••• ,Xm) only inputs from elements with i ::: j. It is easily seen that this 

convention- gives a partial ordering: The laws of reflexitivity (E. < E.), 
J - J 

antisymmetry (E. < E., E. < E. --7 E. = E.) 
, J l l J l J 

and transitivity (E. < E., 
l - J 

E. < Ek ~ E. < Ek ) are visibly satisfied. 
J - l -
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Definition of Feedback 

A network of elements has feedback if it is possible to trace a 

complete loop through some sequence of elements by following the input to 

output direction. (Note: A circuit with feedback can still be combinational, 

although these circuits can always be reduced to an equivalent form not having 

feedback. ) 

Theorem 1. A circuit without feedback can be partially ordered and conversely 

a circuit which can be partially ordered does not have feedback. 

Proof: We can describe the partial ordering as a numbering process: 

1. Number 1 to j all elements having direct inputs only (x's). 

2. Number j+n (n = 1,2 .00) n elements having (besides direct 

inputs) as inputs only the outputs of previously numbered 

elements (not necessarily all of them!) 

3. Suppose that at step k we find that the further numbering is 

impossible 0 Now this means that there is no element outside 

the set 1 to k which has inputs from one to k only. Therefore 

in the "non-k" set every element must have at least one input 

from another element in the "non-k" set. Let us start in an 

arbitrary node p of the "non-k" set and proceed "backwards" 

in the out-in direction. Because we can find always an input 

coming from a "non-k" set element we can trace a path step by 

step inside this "non-k" set. Since this set has a finite 

number of elements, we must come back to a node covered 

previously, ioe., the circuit has feedback. This contradicts 

the hypothesis of the theorem: therefore, the "non-k" set 

must be empty, i.eo, we must have numbered all elements: a 

circuit without feedback can be partially ordered by this 

method; conversely, if we have partial ordering} cyclic lists 

are excluded (Theorem 1 of section 505) and we cannot have 

feedback. 

Theorem 2. A circuit which can be partially ordered is a combinational circuit. 

(The converse is not true.) 

Proof: Suppose that we have partially ordered the elements as above; then 
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i.e., by substitution 

By continuation of this process, all node signals can be expressed 

as functions of the inputs only. Hence, the circuit is combina­

tional. 

Remark: A circuit may have feedback and yet be combinational. 

Example: Consider the circuit in Figure 5-18. Its output is 

Z = Xl x2 v x2 x3 v Xl x3 = M(xI x2 X
3

). Such a "majority function" can 

actually be performed by the circuit shown in Figure 5-19. In Figure 5-18 we 

simply apply X3 to two in­

puts of the lower majority 

element and it is evident 

that its output y simply 

follows x3 quite independ­

ently of the feedback from 

z.. But this does not con-
1------...-- Z 

(out) tradict the fact that we 

y 

Figure 5-18 
Combinational Circuit with Feedback 

... -193-

have a perfectly good feed­

back circuit. 

Figure 5-19 
Majority Element 



Sequential Circuits 

There are feedback circuits in which the outputs depend on the 

history of the inputs: such feedback circuits are called sequential circuits. 

x 
1 

As an example consider the circuit of a FF (see Figure 5-20) ~ if xl 

Figure 5-20 

q.!1:~/x2 are both zero, this circuit still 

can exist in two "states": either Y
l 

= 1, 

Y2 = 0 or Yl = 0 and Y2 = 10 Which one 

is "held" depends on which x was last 

made a one. 

Flipflop as a Sequential Circuit 

3. RACE CONDITIONS 

Up to now we have not given any consideration to all the difficulties 

arising from the fact that logical elements produce signal-delays and that, if 

a circuit contains many paths, it is often very important to know which one of 

the possible paths reacts first. Some typical values for delays of individual 

elements are listed below in Table 5-5. 

TYPICAL DELAYS IN DIFFERENT COMPUTERS 

(times given in millimicroseconds) 

10-9 sec o 

° AND °OR °NOT OFF 

Illiac I 

New Illiac 

Fastest Known 

250 

3 

0.3 

250 

3 

0.3 

Table 5-5 
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Consider as an example for timing difficulties the circuit in Figure 5-21: 

assume that the delays are 

5 f O. 

= 0 
x 

z and that the input goes from 1 ---7 O. 

Figure 5-21 

Circuit with Race Conditions 

If we had instantenously acting elements, we would conclude that z is identical­

ly equal to one, quite independently of the input changes. In reality we have 

(as illustrated in Figure 5-22 below) a critical time t where the upper path 
o 

X 
is not yet able to furnish a 1 

(or an inverted 0) while the I 

1 I 
lower path has already taken 

away its (directly transmitted) 
I 

0 I t 
I I I I Jjl I I 

~orL 
I 

I I 
.~O~,. 

I 
I I I 

t 

t ...... 

1. Consequently, the output is 

actually going to drop momentarily 

to 0 and then come up again. 

Such intermediate false signals 

called "transients" can obviously 

totally upset the operation of a 

logical circuit connected to z. 

I 

z t tl 
\:) 

t 

] 
I 

0

1 

I I 

Figure 5-22 

Timing in the Circuit of Figure 5-21 

Theorem 3. In a combinational circuit all transients die out after a time 

greater than the sum of all delay times. 

Proof: The elements clearly can be ordered 1 to k. Then 

Y 1 = f I (Xl ••• xm) is settled after some 0
1 

also 

Generalizing all Y i f S are fixed after 01 + O2 .•• 0 m 0 
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4. TRANSIENT ANALYSIS BY POST ALGEBRA 

Post Algebra will give us a systematic procedure to investigate 

dangerous race conditions in a logical circuit. 

Let us define the following symbols: 

"1" means that the signal-is 'at the one level 

"0" indicates the transition from the one level to the zero 
level, i.e., "the signal tends to '0" 

"0" means that the signal· is permanently at the zero level 

"E: " _ indicates the trans i tion from the zero to the one level, 
i.e., "the signal tends to 1" 

Actually we hav~as usual, bands for the a and 1 signal states in practial 

circuits. Our definitions are shown in Figure 5-23. 

voltage 

?l!J II " one band ~ "1" 

o ! tE 

'\'\\ "zero" band ~ "0" 

Figure 5-23 
Illustration of the Meaning of 0, 0, E:, 1 

The idea is now to examine the behavior of nodes in a network when 

some input is made to change. Such an input change would be the succession 

a ~s ~ 1 or 1 -70 -7 O. If all nodes show allowed sequences, i.eo, OEE:l 

5000 or III 050, the circuit is safe. If, however, disallowed sequences like 

151, OE:O 05E:l appear, the circui~ may be unsafe. Visibly disallowed sequences 

are those in which a rising signal is not followed by 1 and a falling signal 

not by a O. 

Next we attempt to establish some rules for this special algebra: 

Consider an AND circuit (see Figure 5-24). Its performance is described by 

Table 5-6. 

-196-



X
2 

,----------~---------" 
AND 0 0 E: 1 , 

0 0 0 a 0 

0 0 0 0 5 
~~ ... 

z € 0 0 € € 

I 0 0 € I 

Figure 5-24 AND Table 5-6 

The justification of the table is the physical behavior of AND's, e.ge, 

if one input rises and the other one falls, the output tends towards zero. 

If we suppose that we have the ordering 

0<5<E<1 (5-70) 

the AND Tab1.eoo 5-6 says: take the "smaller" one of Xl' x2 ' i.e., z = min(x:t x2 ). 

For example, if Xl = 5, x2 = ~, then z = 5 from table; also 5 < E, hence the 

rule checks out. 

For an OR circuit (see Figure 5-25) we have table 5-7. 

, -
OR 0 5 E I 

/ 

0 0 5 E I 
.0_-

5 5 5 E I 

€ E E E I 

I I I ! I ! I 

Figure 5-25 OR Table 5-7 

Again the justification is the physical behavior. With the same 

ordering of symbols (0 < 5 < E < I) we have the rule for the OR circuit that 

Z = max(x1 x2 ), i.e., if Xl = E, x2 = I we have z = ma.x(E, 1) = 1. 
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Thejfollowihg rules can easily be verified by the tables. 

x v x = x 

(Xl v x2 ) v x3 xl v (x2 v x3J 

xl (x2 v x3 ) = xl x2 v x2 x3 

o · X = a 

o v x = x 

NOTE: The duals of these -
equations are also 

true. 

(5-71 ) 

Instead of complementation we introduce an operation called negation. Consider 

the operation of a NOT circuit (see Figure 5-26): The truth table for y is 

then given by Table 5-8. 
x y 

a 1 

6 E 

x--0- y € 

1 a 

Figure 5-26 NOT Table 5-8 

As before, the physical behavior of NOT's suggests the table. 

Definition of Negation by Cycling 

We define cycling by the stepping forward by one unit in Figure 5-27. 

a > I 

I 1 
6 < € 

Figure 5 .. 27 Cycling 

y = x" means that x is "cycled" one step. We have the rule x" = (x I )', etc., 

and visibly x"" = x. 
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Now we define the functions 

'PI (x) = Ix' v x" v X·,,],·f 

-and y = x by 

~ ,... 
Although we certainly cannot write xx = 0 and x v x = 1 in the 

general case, we still have involution and DeMorgan's theorems: 

tXI x
2

') - ..., . 
xl v x

2 

1Xl v x2~ - -= xl . x2 
(5-74 ) 

~ 

(~) = x 

Example of the Use of P. A. 

Consider a FF of the kind discussed in Chapter II and shown in 

. Figure 5 -28. 

Figure 5-28 Flipflop 

o 
e 

1-
o 
o 
a 

a 

o 
o 

X2 

0 

0 

0 
0 

0 

€ 

1 

5 

0 

From the equivalent OR-NOT combination FF we 

:find that the following sequencing table is 

true. 

~l Y2 State of FF 

0 1 "1 tI 

€ 0 transition 

1 0 

} 1 0 "0" 

1 0 

0 E transition 

0 1 } 0 1 "1 " 

0 1 
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Example 2 

Consider the circuit of Figure 5-29 and let us examine the transition 

110 -? 150 -? 100 at the input. Assume 5 A = 50 :: 0 + oN > 0 

- - .I'WI -~/ 

1 xl x2 x2 x3 x3 xl x2 
x 2 x

3 
xl 

1 0 1 0 0 1 1 0 

x2 z 1 0 5 € 0 1 5 E 

1 0 0 1 0 1 0 0 

X3 

Figure 5-29 
Circuit to Form z = xl x2 v x2 x3 

Since the sequence l~l at the output is an unsafe sequence, Post 

Algebra warns us about a potential danger 0 

One method of avoiding this danger is the use of a trick(which will 

be discussed in more detail later):: From Boolean Algebra we know that 

The apparently redundant xl X3 term actually eliminates the unsafe sequence. 
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CHAPTER VI 
" .... 

SEQUENCING 

6.1 Asynchronous, Speed Independent and Synchronous Circuits 

There are three well-known ways of eliminating the unwanted effects 

of transients inlogicalcircuits~ asynchronous design, speed independent 

design and synchronous design. We shall discuss the circuit modifications to 

be made to the circuit of Figure 5-27 in the three methods. 

1. ASYNCHRONOUS DESIGN 

Principle: We introduce artificial delays ,which ensure the proper signal timing 

~, 

"'.t---'" 

X.,.3--_ 

by creating delay asynunetry in the circuit. In the example of the 

last section we choose a delay ~ in 

z 

the upper path such that A» 0NOTo This 

will certainly eliminate the transient 

in the 3,1,0 -~ :lAO ~ ~0jJ input trans i­

tiona Unhappily this very modification 

now introduces a transient in the 

J,qo ..... .l;q.O .~ J,1,G input trans i tion (all 

other input transitions are safe!). 

Figure 6-1 
Asynchronous Modification of the 

Circuit in Figure 5-27 

20 SPEED INDEPENDENT DESIGN (MULLER THEORY) 

Principle: We provide additional internal paths and interlocks which make the 

output transition independent of the relative speeds of the elements 

inside. 

As noted before xl x
2 

v x
2
x

3 
= xl x2 v X2X

3 
v x

l
x

3
; hence the circuit 

is modified to have the configuration of Figure 6-2~ It can be 

proved that no transients will appear for any input transition 

starting with a steady value. 

f\1ote: Depending on the input sequence, dlfferentsubsets of the circuit 

control the output, and this control path operates in a 
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sequential fashion, i.eo, one can often say that in a speed 

independent circuit the effective topology varies with the 

input 0 In our example only "box 1" is used for the 

J.,J.,O ~ J,qG transition, only "b'o x.. 2" for the J,J,1 ~ W­
transition, etc .. 

-- --- -. ............ ....,., -- -_ ....... ...,.-, , 
I 

....- _ ...... _ ....... - - - - ___ ............... ,........ - - - --I 

, 
l ____ _ 

L ___ _ 

Figure 6-2 

6o~/, 

I 
I 
I 
I 
I 
I -' 

z. 

Speed Independent Modification of the Circuit in Figure 5-27 

3. SYNCHRONOUS DESIGN 

Principle: Inputs are periodically strobed by a clock signal c and internal 

paths are provided with compensating delays so that each subsection 

of the circuit produces ex~ctly one clock period (Tcl0Ck) delay .. 

~: This method in general presupposes very close time toleranceso 

It might actually be necessary to strobe the outputs by a 

second set of AND's. 

Figure 6-3 

In this des~gn we choose 

therefore 

6;:::0 +~::;T 1 NOT ~ clock 

(assuming that 5 AND == 0 OR'~' 

= 0). 

Synchronous Modification of the Circuit in Figure 5-27 
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As an example consider the 1,1,0-> 1,0,0 transition: 

z(l,I,O) = I .. Iv ° I I x/., 

1° 
z(I,O,O) = I " ° v 1 o I 1 

~I ~I when the output appears, i. e. J 

-. t I, Iz.r Igr one clock period after the 

I input was applied: 
~." I I 

1° 

t 

~I 
I z[(v+I)T] = f[xl (vT),x2 (VT), X

3
(VT)]. :0 

.. -t 

J: , j 
I 

0 iC) 

.t 
Z'C~i ~ ~ 

1 IT' ~I ~, 
.& 

Figure 6-4 

Timing in the Circuit of Figure 6-3 

Remark: The example above shows that a synchronous combinational circuit behaves 

in many ways like a sequential circuit. The present output depends on previous 

inputs, i.e., there is memory. There is, however, one important difference~ 

the initial internal state is completely "flushed out" after V clock pulses~ 

where V is the maximum number of layers of logic between input and output. 

The initial internal state of a synchronous sequential circuit can influence 

the output for any length of time. 

40 THEOREMS ABOUT SYNCHRONOUS CIRCUITS • 
Theorem 10 Any logical circuit can be converted into an equivalent synchronous 

circuit. 

Proof 0 We shall show that an arbitrary subsection can be converted. Then 

the theorem follows by converting the finite number of subsections 

of the original circuit one by one. 
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Consider the subsection shown in Figure 6-5. 

:XI ~.J 

Figure 6-5 Subsection of a Logical Circuit 

The equivalent synchronous circuit is shown in Figure 6-6. 

Ye 
• 

~I 

Figure 6-6 Synchronous Equivalent of the Subsection in Figure 6-5 

The additional 'delays A are chosen such that (8k being the 

inherent delay of Ek, etc.) 

(6-1) 

Furthermore, we introduce strobing AND ci~cuit whenever direct 

inputs occur. 
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New· Definition of y' 

In synchronous circuits we shall designate by y'the value one 

clock period later rather than the "value if all arguments were fixed" as we 

did in the last chapter: 

y~(VT) ~ y[(V+l)T] = f.[XI(VT), ... , y (VT)] 
11· S 

(6-2 ) 

In the example we have 

y~ (T) 
1 

fi[Xl(O), x
3

(0), yk(O)] 

f k LXI ( 0), x2 ( 0 ) J 

The Qlock period will be dropped from the argument in what follows, i.e., we 

shall write 

y(VT) == y(V) (6-3) 

If now we assume that the initial state is known, i.e.,.that all signal values 

of the internal nodes are given at t = 0 (as well as the inputs), we have 

Yk(l) y~(O) = fk[Xl(O), x2 (0)] 

Yi(l) y~(O) = fi[xl(O), X
3

(0), Yk(O)l 

and 

From the y's at time T and the input at T(i.e., the set yk(l), Yi (1), y£ (1) 

and x1(1), X
2

(1), etc.) we can 'calculate the next motions of the circuit, ioe., 

the internal states at time 2T, etc. 

At this pOint it becomes convenient to introduce vectors to represent 

input combinations, the set of signals at the internal nodes and finally the 

output combinations. These vectors may be thought of as column vectors, 

although other interpretations may be useful. 

s m n Definition: Let S = 2 ,M = 2 and N = 2 where s is the number of internal 

nodes, m the number of input lines and n the number of output lines. 

If x .. 
II 

Xmi is a given input, Yij 0.0 Ysj a given internal state 
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and Za .. '" znk a given Qutput,ve define input vectors Xi' 
state'v.ctors Y ;' and output· vectors~ Z. by ....... -----~-. j J - . -:x _ 

x == {Xli' 00" , x.} i • 1 .M 
i ml 

Y
j 

::: {YlJl o o· 0, 1Sj} J 5 1 s 

~. :: f!tnl c·,,·., 11 Ink } k :;: 1 N 

(6.4) 

If we vent to indicate· val~es at clock period y. we may also write 

x(v) = {X1(V), b i 9 J Xm(V)} 

1(v} = (11 (v), " • q ~ y s (v)} . (6-5) 

Z(v) = {%1 (v-), -0 0 s)". Zn(V}} 

Symbolically our eqv.a.t1ons . (6 .. 2) : or the equi valen~ (5 -69) can now 

. be written 

(6-.6 ) 

We· see, then, how successive 1nterhal states can be constructed 

iteratively. It is, however, not clear ho~ the outputs can be . 

. obtainede· It is sometimes useful to consider the z's as forming 

together with the y's a new set of node~ but this can lead to 

. conf.usion. : We $hall theref'oreunt11 further notice make the 

following. 

Convention: It will be assumed that we have an ln~tt:l.nta.neous decoder (ioe." 
a.n infinitely fa.st combinationsl clrcui t) wbich forms the z' s either from 

tbe yls al.one (~ore machin4;t) or trom the y's and x's (Mealy machine). 

SYmbol i cal.ly 

or 

Z(V) = G[Y(v)] 

Z(v)? H[X(v), iev)] 

(Moore) 

(Mealy) 
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Theorem 2. In any synchronous circuit (combinational or not) the initial 

condition of all internal nodes and the sequence of all inputs 

determine uniquely the output behavior. 

Proof. (6-6) shows how we can calculate Y(n) recursively: 

Y(l) F[X(O), Y(O)J 

Y(2) F\X(I), Y(l)} = F[X(I), F[X(O), Y(O)]} , etc. 

y(o) and the sequence X(O), X(l), etc., therefore determine Y(n). 

Similarly this sequence also determines Z(n) since Z(n) = G[Y(n)] 

or H[X(n), Y(n)]~ 

Theorem 3. If the inputs are held fixed in a synchronous circuit of s elements, 

Proof. 

s the output~ show, after not more than S =- 2 clock periods, constant 

signals or a cyclical behavior of the outputs, the cycle length 

being ~ 2s clock periods. 

Assume that we start from Y(O~which is one of the possible 

internal states Yl .0. Ys. Let us wait S clock periods: we have 

then gone through S + 1 states, i.e., a certain state Y(v) must 

have occurred twice. Since the ~utput X is constantly equal to 

X(O) we shall therefore have the condition X(O), Y(v) both at 

clock period v and again before'.8. From this point onwards 

everything is repeated by virtue of (6-6). It is also obvious 

that the cycle length is ~ S ~ 28 periods.' (6-7) or (6-8) then 
s show that the output is cyclic with a cycle length of ~ 2 periods. 

The case where Z is constant simply c'orresponds to a cycle length 

of one periodo 

Theorem 4. ,Any system i~= f'(XIJ ,o'Jx , Yl' •• oIY ), ioe., Y(v + 1) =. 11m . s 

Proof: 

F[X(v), Y(v)] can be realized when" infinitely fast c-ombinational 

logic is available (or the clock period is made long enough). 

Figure 6-7 below shows how one can simply delay combinational outputs 

(formed in a time short compared to the clock period) by one clock 

period before feeding them back into the circuit. The combina­

tional circuit can obviously be made to give instaneously all 

f. (xIJ ••. J X I y,1 ... y ) functions. The description of its operation 1 m~' s . 
with delays inserted is clearly y~ = f .. 

1 1 
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:lally, 

.... 
X1(v) init 

xl (V + 1) 

after y'6 
, 

,are f~d back , , , 
t· 

• 
JC: (V) ini t 

III 
1a11Y, 

X (v 1- 1) 
. 111 . 

... .... 

after y's are fed ba.ck ' 

... 
t ...... 

I 

• 
ys(v + 14 

Figure 6 ... 7 

Yi (at v 

, , 
Infinitely Fa.st , 

Comb1nat 1 onal Logic , 
t , 

. , , 
I 
t , 

y,J(at v 
s· v 

Q ~ 

A' .. 

Moqel of a General Synchronous System 
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6.2 State Dia_rams and Matrices for Synchronous Circuits 
i 

i ! 

( 1. STATE DIAGRAMS 

A state diagram is a linear graph in which bircles represent the set 

(or a subset) of states YI, •• o,Y
S 

and arrows the transitions under given input 

conditions Xl'." J XM ~sually written next to these arrows). The state 

diagram may also contain information about the outputs Zl"",ZN: in the first 

two examples, however, we are going to neglect the outputs. 

Example 1. Suppose that a silTll'le minded animal has the three states "Eating" 

(Y
l

), "Awake" (Y
2

), and "Asleep· (Y
3

) and that the transitions are cause by 

four inputs "Darkness" (Xl)' "Light" (X
2

), "Stomach full" (X
3

), and "Smell of 

food" (X4 ). Then Figure 6-8 sho'Ws a possible state diagram. 

X, 

X.t, 

Figure 6-8 State Diagram for a Simple-minded Animal 

It is to be noted that transitions only occur periodically (when 

the "brain" scans the sensory perceptions) and also that as long as it is 

ligh~ food will be absorbed, except when the stomach is full. 

Remark: It happens quite often that the complement of the signals at internal 

nodes is available. If this complement is formed instantaneously (as in the 

two outputs of an Eccles Jordan flipflop) it is not necessary to introduce 

separate nodes for the complement. One sometimes expresses this by saying that 

we only have to choose the cardinal points, i. e., a subset of outputs ins.ide 

the circuit which completely define the state. 
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Example 2" Consider the system shown in Figure 6-8 formed 01' three flip-flops, 

various gates and an input xl" The internal nodes are 1, 2 and 3 with signals 

Y1, Y2, Y3· To simplify the argument we shall suppose that Y1, Y2' Y3 are 

also available. We sh~ll also assume that each flipflop has a time delay 

equal to the ,clock period and that other element act instantaneously • 

. XI 

I o o 

I I 

FF3 

Figure 6"'9 Three Flipflop System 

The "setting" eq~atiqn6 of the FF's (i.e., the combinations setting 

the flipflops to 1 and tozero'respectively) are: 

for FFl f 1(Yl) == XiY3 fO(Y1 ) * X1Y3 

FF2 Sl (Y2) 
- g(y ) =y = y 
1 2 1 

FF3 h1 (Y3) :;;: Y1 v Y2 hO(Y2) :t YlY2 

Now we are in the position to construct the transition table (see 

Table 6-1) of the system. Tne question is: given a stateJ to which next 

state will the system go for the condition xl = ° and for the condition xl = 1. 

It should be noted that care has been taken in the design of the circuit to 

avoid "1,1" input$ to flipflops. 

Although we can simply operate with states designated by (0,0,0), 

(0,0,1) and inputs ° a.nd 1 respectively, our example can be converted to 

more general notation by calling Xl the input a and X2 the input 1. Similarly 

we can assign the names 11 ••• Y8 to (0,0,0) through (1,1,1). The relationship 

between Y and Y' for the conditions Xl and X2 are then expressed by the Huffman 

Flow Ta.ble given in Tabl'e 6 .. 2. Figure 6-10 gives two equivalent forms of the 

state diagram. 
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x 
1 

a 
1 

a 
1 

a 
1 

a 
1 

a 
1 

a 
1 

a 
1 

a 
1 

TABLE 6-1 

--- "-'. ----- .. ~- - .. - -.•..... --. .. ,- . - -- .. - - - - -
Y~ Y~ y' Y1 Y2 Y3 x1Y3 

x
1Y3 Yl Yl Y1vY2 Y1 Y2 3 

1---- - . .- ~.- .-... _._.-.,_ .. ~ -..--- - -_. _._--- --- -... _.-.-

a a a a 0 1 a 0 1 a 1 0 .-
a 0 a 1 a 1 0 0 1 1 1 0 

,,- ._- -.. --.-.---.,..~~ -..... -_. 

a 0 1 a 1 1 a 0 1 0 1 0 
-- f--.--.. ------1--......... _ .. - . . -._'",---- t---

0 a 1 0 0 1 a '0 1 a 1 0 -...... ~ ... --.. -. _.- .. _- .. ...4'··.· .... _ .... · .... _ 

a 1 a a a 1 0 1 0 a 1 1 
.- ------ --.----.-.-.. ~-.. - .- .... ,---_ ..••.. -.". .. _-_.---

a 1 a 1 a 1 a 1 0 1 1 1 

a 1 1 0 1 1 0 1 a 0 1 1 
------------ -.-.. --- .. -- .. - ---_._-_.- ----_.-

a 1 1 a a 1 0 1 0 a 1 1 

1 0 a 0 0 a 1 1 0 1 a 1 
.... -.- -...... _.-"-- . - -'-"' - ..... .... _ .. ,- --'.---.--._.- . --.. -- ..... -----

1 a a 1 a 0 1 1 a 1 0 1 

1 a 1 0 1 0 1 1 0 a a 1 . 
...... - .. ~- . - ._--_.'- . '--'''-- .- - -.... --- .. _.' . •. .-._- -_ ... _ .. - -- ... ---.......... -.- .. -~.- ....... - .... _--_ . ., -_ .... ..--.-. __ ._.-

1 a 1 a a a 1 1 a 1 a 1 ; 

1 1 0 a a 0 1 1 0 1 a 1 ---- ... - ----.•. - -_ .. _-- -"---'-'--'-" ~--.,. 

1 1 a 1 a a 1 1 a 1 a 1 I 
1 1 1 a 1 0 1 1 0 0 0 1 I ---.~ .. -_ .... _- -.. - .-.. __ ..... _. __ ... _ .. - .. ---.-
1 1 1 a a 0 1 1 0 1 0 1 

..... _-_. -.--....... ...:......----- .. ~ .- -._-__ -- -.' ..... --_ ... _.-i 

Signal Changes in the Circuit of Figure 6-9 

y 

Yl 

Y2 

Y
3 

Y4 
Y
5 

Y
6 

Y7 

Y8 

TABLE 6-2 

y' 

for Xl for X
2 

--~ -_ .. _--_. _. 

Y3 Y7 

Y
3 Y

3 
Y4 Y8 

Y4 Y4 

Y6 Y6 
Y6 Y6 

Y6 Y6 

X2 Y6 
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Figure 6-10a Unencoded State Diagram 

I V X.e 

Figure 6-10b Encoded State Diagram 

We see now that the circuit admits two types of cycles (0,1,0) ~ 

(1,1,1) ~ (0,0,1)·~ (0,1,0) 0.0. for the input sequence 1,0, (o~), 1. 0 0 and a 
(0,1,0) -+ (1,1,1) -+ (1,0,1)-+ .0. (1,0,1)·~ (0,0,1)--+ (1,0,1) for the input 

sequence 1,1 1,0,(Jr), 1 . 00, ie., the input sequences which prod~ce cycling 
a . 

are 1, 0, x, 1, . o. 1, 0, x, 1, arid 1, 0, x, I, 0, ., •• •• 
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Rules for State Diagrams (including output information) 

1. From a given state draw arrows to all states which can be attained by the 

allowed inputs in that state. 

2. In case a state does not admit all inputs two cases are possible: either 

certain inputs are actually prohibited or the transition is simply not 

defined for these inputs. If the latter is the case, it is allowed to 

define the'transitions for these inputs. 

3. Every input must lead to a well defined state, i.e., the machine must 

be deterministic. 

4. In the so-called Moore-model it is assumed that the outputs depend only 

on the state. In such cases we write inside each circle representing a 

state the corresponding output, i.e., terms of the form Yi/Zk (called 

state/output pairs). 

5. In the so-called Mealy -model it is assumed that the outputs depend on 

the state and the input. In such cases we write next to each arrow the 

input and the corresponding output, i.e., terms of the form Xj/Zk (called 

input/output pairs). If several inputs cause a given transition, we write 

an OR-sum. 

2. DESCRIPTION OF MACHINE BEHAVIOR 

The following items are necessary to describe completely how a 

machine behaves: 

1. 

2. 

A list of a) Inputs Xl' •. • X 
M 

b) Internal states Yl , .. • Ys 
c) Outputs Zl' • .. Z 

n ( 

where X = {Xl' · .. , x } 
m 

Y = {Yl' · ... , Ys1 

Z {zl' · .. , z } as discussed in (6- 5). n 

A transition map T written symbolically 

T -) {Y
i ... Xk --7 Y,e} (6-9 ) 

and usually given in the form of a Hoffman flow table (see Table 6-2). This 

is a matrix form of the function F in (6-6). 
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3. An output map n. 

a) For a Moore machine, n is denoted symbol.ically by 

(6-11 ) 

This map is usually written in the fo~ of a column vector associated 

with {Yl' eo., Ys}. It is the matrix form of G in (6-7). 

b) For a Mealy machine, n is written symbolical.ly 

It c~n tak~ the tonm of addition columns in the Huffman flow table or 

of a set ot outi1ut vectors 01 ;: {Zll Zl2- ••• ZlS 1, 02 :;; {Z~l Z'22 •.• Z2S)' 
etc., associated with the states Yl, •• "YS and the possible inputs 

Xl~""XM' Here we have the matrix representation of a in (6.8). 

Remark 1: Iq an incompletely specified machine some of the outputs or 

transitions are not defined. We tp.en writ-e So hyphen 1n the corresponding posi .. 

tion, except if the transition i~ prohibited: we then write a O. 

We shall only discuss M~aly 'machines in all that follows. In order 

to facilitate the discussion, we sha.+1 now introduce two further types of 

matrices. 

The Connection Matri~ {Hahn} 

The general element c
ij 

of the connection matrix 

is g1venby 

(6-13 ) 

where Xa, ~ .... are the inputs that :produce a transl tion from state Y1 to state 

Yj and Za .,. the corresponding outputs. Note that we are only talking about 

Mealy machines. 
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The Transition Matrices 

where 

With the input X
k 

we shall associate a transition matrix 

k 
t .. 
lJ 

if X
k 

does not produce transition Y
i 

-? Y
j 

if X
k 

does produce transition Y. -~ Y. 
--- l J 

(6-14 ) 

(6-15) 

It is to be noted that due to the deterministic behavior of machines 

a transition matrix has only ~ 1 in each row. 

Example. Take a Mealy machine with a state diagram as shown in Figure 6-11. 

Figure 6-11 Mealy Machine 

Here we have the connection matrix 

a 

c = o 

and from the definition 

(Xl! Zl v X2 ! Z2) 

Xl !Z2 

X2 !Z2 
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[: 1 

~] [~ 
1 

~] ~ = 1 ; T2 ::;:: 0 

0 1 

Furthermore, the output vectors for Xl and X2 respectively are 

Z1 Z2 

n
1 

= Z2 n ::;:: Zl . 2 . ? 

Zl Z2 

Theorem 1. Let Xi be an input and Ti the corresponding transition matrixo Let 

Z.. be the output for input X. and internal state Y. (i 0 e., the 
~J. 1 J 

Proof. 

Zij 's are amongst {Zl •.• ZN)). Form the diagonal matrix 

u. = 
~ 

o 

o 

·Then the connection matrix C is given by 

where the sum is to be interpreted as an OR-sum. 

(6-16 ) 

(6-17) 

The process described above takes Ti and multiplies its successive 

rows by x./Z. 1, X./Z'I"'l'. etc. Suppose that Ti has a 1 in position 
1 ~ ~ ~c: 

mn, then the product will give X./Z.. If any other input X
k 

also 
~ ~m 

bas a 1 in position Inn, we add ~/Zkrn' i.e., if inputs Xi' ~ •• 0 

give the transition y~ Y we shall find in .r, X./Z. v Xk/Z-. ·.0000 n m . ~ m -~ 

Visibly the o~tputs are precisely those that correspond to the 

inputs and state Ym, i.eo, those we would expect in the connection 

matrix. 
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Example. Take a machine with a state diagram as shown in Figure 6-12. Form 

C according to (6-17). 

X2./ Z2., 

Figure 6-12 Example of a Mealy Machine 

C = 

where the second factors are simply the transition matrices T~ and·~ cor­

responding to Xl .snd x2 • Since 

Zll = (output for Xl in state Y1 ) = Zl 

Z12 = (output for Xl in state Y
2

) = Zl 

Z2l = (output for X
2 

in state Y1 ) = Z2 

Z22 =:: (output for X2 in state Y1 ) = Z2 

as is seen from the state diagram, we can write 

c = 

This is indeed the connection matrix as shown by direct inspection. 
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Remark: If' a row of zeros occurs in C in row m it simply means that we cannot·· 

leave the' corresponding state Y . 
m 

,', " 

Theorem 2. The product of two transition matrices is a possible transition 

matrix itself, i.e., at most a singlel can occur in a given row • 

Proof. . By ~efinition of a matrix ~roduct, the element ron ,of the p~oduct 

of twotrahs'i tionmatrices Ti and Tj is gi veri by 

. . i 
Now row m of T has a single 1 at most: l~t it occur ~n column ~ 

(a particular value of A),· Consider now column n of TJ: if and 

only if it ha.s a,·l in position t"-n ¥t€ shall obtain a 1 in position 

ron of the, product. Now conSider-an ,el~ment rtlp with P ~ n in ro~ In: 

The €lement :mA giving' a 1 is still the s~e. Let us look at 

colwnnp of TJ: -if again the .l occurred in position ~ we would have 

a seco,nd 1 ih row m of' the product. But this would imply that 

TV had a 1 in.positiont). and tA ' i.e., twol's in the same row. 
I\n . p 

This being impossible, the theorem is pr-dved. 

Theorem 3., 'rhe· resulting state after the input sequence Xl ~ ~. ~ is ~pplied 

to a machine initially in state Yv' is given by the.vth row of 

* the. column vector Y • 

(6-18) 

where y == 

Proof. For a singletransi tion'We have 
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S 1 
L tl,Y, 

j=l J J 

S 1 
L ts'Y' 

j=l J J 

1 Suppose now that we start from yV and that tv~ = 1, i.e., that under 
I 

the influence of XII Yv ..... Y>,.' Then our assertion is that 

S 1 
L tv' Y' 

j=l J J 

which is correct. Now for two transitions we have 

Suppose that we, start in state Yv and that under the influence of Xli 

Y ~ YT}' i. e., that t l 
n = 1. Also suppose that under the influence 

V ,V'I 2 . ' 
of X2, YT} -? YIJ.' 1. e., that tT}1J. = 1. Then ObV1ously Yv -) YIJ. under the 

influence of Xl' followed be X2 • 

Consider the vth row of Y* :;: TIT2y, i.e., 

1 
t 

vT} 
• t

2 
Y 0 0 0 v v v ••• 

T}IJ. IJ. 

1 · 1 · Y Y IJ. IJ. 

Again this agrees with our direct observation. Clearly this method 

can be generalized to any number of transitions, i.e., the theorem 

is true. 
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*' Remark: If Y has- a zero, it means that. :for the .given input, sequence the 

result is not speci:fied. One says that such input sequences are not allowed. 

Example. Take a state diagram accord!ng:to Figure 6-13~ neglecting outputs. 

Here 

=.[. ,0. IJ . ° 0 

F:l.gure 6"'13 Simple Machine 

T2- _[0 01 - 0 IJ 

and therefQre 

x 2, -

meaning that if we start in state Y1' input sequence X1X2 leads ~~, to state 

Y2' whl1-e if we st~:rt in 12 the result lquns:p.eeified. 

3. ,INPUT/OUTPUT POLYNOMIALS.. SEQUENCES OF GIVEN LENGTH 

Si:q.ce we have inputs Xl •• " XM .and outputs Zl .. 0.. ZN there are 

M • N possible inl'ut/output pairs of the formXi/Zk .. Let us number them 

P r" ... ~a ••• l? e ".-.', P MIt 

Definition: An inpu.t/ output polynomial of degree. 'r -1s the OR-s'l.l!llof products 

having each r fae-tors taken from the- set PI .... P
MN

, 

It is natural to interpret the pr?,duct PaP~ = (xi/zk)(Xj/Z£) 
(say) as meaning that we consider the input seq'lJence XiX

j 
and that the observed 

output sequence wa~ ZkZ£. A product of length r then co:;rresponds to a .definite 



input sequence involving r-inputs and adefini te output sequence involving r­

outputs, i.e., each term of the OR-sum in the input/output polynomial represents 

a certain input/output sequence of "length r." 

In a similar way we -shall interpret the OR-sum Pa v P t3 = (Xi/Z
k

) v 

(xj/Zt) as meaning that input Xi ~ input Xj has been applied, the output 

being Zk ~ Z.e depending on the case, More generally an OR-sum of r-factors 

shall mean that the input/output sequence corresponding to the first term 

or that corresponding to the second term, etc., has been applied. 

It is easily seen that we can operate with these input/output 

polynomials according to a set of laws not unlike· those of Boolean Algebra: 

There is a O-element, namely a polynomial "0" corresponding to no further 

stepping forward of the clock time. There is, however, no analog of a l-element. 

Rules for Input/Output Polynomials 

Let f,g and h be possible polynomials. Then 

1. f v g ; g v f (commutativity w.r.t. v) 

2. fg f gf (non-commutativity w.r.t .. ) 

3. f v f f (idempotency w.r.t. v) 

4. f v 0 o v f f (0 is the unit element for v) 

5. f· 0 o · f o (zero annuls a sequence) 

6. (f v g) v h = f v (g v h) (associativity for v) 

7. (fg)h=f(gh) (associativity for .) 

8. (f v g)h fh v gh (distributivity) 

9. f(g v h) fg v fh (distributivity) 

(6-19 ) 

(6-20 ) 

(6-21 ) 

(6-22 ) 

(6-23) 

(6-24 ) 

(6-25 ) 

(6-26 ) 

(6-27 ) 

Remark 1: (6-23) may astonish at first sight. All it means is that a sequence 

represented by f (say of length r) cannot be made into any longer sequence 

when the clock is stopped. 

Remark 2: The set S of all input/output polynomials is (comparing to the 

definitions in 5.1) a commutative idempotent semi-group (with a unit) with 

respect to v. It is a non-commutative, non-idempotent semi-group (with a zero) 

with respect to 0. 
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The rules given above allow us now to calculate powers of the con­

nection matrix. We have 

Theorem 4. The entry mn in Cr gives all input/output sequences of length r 

starting with Y and ending with Y • m n 

Proof. Let us denote by (Cr)mn the entry mn. By the rules of matrix 

multiplication (with + replaced by v! ) we have 

• • • 'cv ·n 

where L.is taken in the OR-sense. '. All these sequences are of length 

r since they correspond to polynomials of degree 'r o They all start 

with Y because the first term is c , (which may be an OR-sum of m m/~ 

several input/output pairs) and all end with Y because of c . 
n vn 

They also go via all possible intermediate states since "A., J-L, 0 •• 

can take on all values between 1 and S. Of course it is entirely 

possible that no sequence exists, i.e., that for instance cAJ-L = 0 

.i (CT
) for all lambdas which make cmA rO: then mn = O. 

Example. Take the machine shown in Figure 6-14. 

Figure 6-14 Binary Pulse Divider 

As is easily seen, this is simply a binary pulse divider • 
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::;: ~XI/Zl ) (X1/Z1 )v(x,j'h )(x,j~) 

~X,jZ2 ) (X1/Z1 )v(XiZl ) (X,jZ2 ) 

(Xl,/ Zl ) (X,j Zl.)V (X,j Zl) (xi Zl ~ 

(x,jZ2 )(X,jZl )V(X1/Z1 )(xiZl d 
meaning, for instance, that we can go from state Y

l 
back to itself in two steps 

by the two input sequences XlX
l 

or X2X
2

, the output sequence being in the first 

case ZlZ~ and Zl Z2 in the secondo 

6.3 State Reduction in the Case of Few Input Restrictions (Hohn and Aufenkamp) 

1. ALLOWABLE SEQUENCES, EQUIVALENT STATES AND MACHINES 

Hohn and Aufenkamp have developed a method which allows·the simpli­

fication of machines in such a way that the input/output behavior is unchanged 

but the number of internal states Y
l 

••• YS' of the "black box" is reduced 0 

This method is at its maximum efficiency in those cases where all inputs can 

be applied to all states (no "input restrictions lt
) but it remains useful in 

cases where there are a few input restrictions. In case there are a great 

number of input restrictions, an extension,of the method--due to Aufenkamp-­

can be applied: This case will be treated in Section 50 

Definition 1: Given a state Y., a sequence is called allowed if it corresponds 
l 

to a path on the state dia~r~ which does not violate any input 

restrictions. 

It is to be noted that in a machine without input restrictions--

also called a "completely specified machine"--all inputs are allowed in all states. 

Definition 2: The state Y. of a machine M is said to be equivalent to a state 
l 

Y~ of' M ' if all their allowed sequences are identical. 
J 

Defini tion 3: A machine M is s.aid to be equivalent to a machine M' if for every 

Y
i 

in M there is at least one equivalent state Yj of M' and vice 

versa. 
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Let us now agree to write the transition of a state Y. or a set of' states 
l 

{ .• " Y
i 

•.• 1 into a single state Yk or a set of states \... Yk .. o} under the 

influence of X. with an output Z symbolically 
J m 

X.jz 
J m 

Y. :> Yk l 

X.jz 
t e •• 

J ... m 
{ eo. 

• • 0 1 or Y. H.}- < ) Yk l 

The general idea of state reduction can then be introduced by the following 

example. 

Example of Machine Reduction 

X,ji., 

Figure 6-15 
Example of a Machine 

without Input Restrictions 

Let M be represented by the state diagram 

shown in Figure 6-15. Here there are no 

input restrictions. 

The connection matrix of M is visibly 

Xl/Zl 
I 
I X2/Zl 

0 0 

_1-

X2/Zl 
I 0 Xl/Zl 

0 
C ::: 1 

X2/Z1 
1 0 0 Xl/Zl 

X
2
/Z

l X1/Zl 
0 0 

-226-



Here we see that 

the latter meaning that the states Y2' Y
3 

and Y4 are permuted by input Xl· 

It we "collapse" Y
2

, . Y
3 

and Y4 into the state Y2 of a machine Mt 

and call Y
l 

now Y1 of Mt (for consistency), it is clear that the input/output 

behavior of M' (shown in Figure 6-16) cannot be distinguished from that of M: 

They both respond in the same way to a given input sequence and are therefore 

equivalent. 

Figure 6-16 Reduced Form of tne Machine in Figure 6-15 

Note that this example simply shows that reduction is possible. 

Instead of discussing more cases and deducing rules from them, we shall treat 

4irectly the general method developed by Hohn and Aufenkamp. It will turn 

out that if C can be partitioned (see example) into submatrices having in each 

row identical entries (obviously, however, in different columns!), all states 

corresponding to a given partition are equivalent! 

2. PERM.UTABLE MATRICES 

Definition 1: A matrix containing input/output polynomials as elements is 

. called a perm utable I-matrix if: 

1) The same entries appear in each row (but perhaps in dif­

ferent columns, perhaps all in the same column!) 
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2) . All non-zero input sequences are different in each row o 

3) All non-zero entries are OR-sums of the product of r input/ 

output pairs. 

Remark: The second condition simply means that we are talking about a 

deterministic machine. 

Definition 2: A square matrix is symmetrically partitioned if the columns are 

grouped in the same way the rows are. 

Example: 

A = 

a 
l5 r all I a12 a13 I a14 

- -I - - - - - -1- - -
a 

21 I 
a a I a

24 
a 

22 23 
1 

25 
I 

a 1 a a I a a 
31 I 32 33 I 34 35 
--~------- - --

a I a'42 a
43 

I a
44 ~45 ·41 I I 

a I a a I 
~54 a'55 '51 I 52 '53 I 

All A A13 12 

= A2l A22 A23 

A3l A32 A33 

where All :o;;all; ~2 = [a12 a13 J; A13 = [a14 a15 J, etc., is symmetrically 

partitioned because (going downwards) we have groups of 1, 2 and 2 elements 

and going across we also have groups of 1, 2 and 2 elements. 

Theorem 1. The sum of two permutable r-matrices A and B is a permutable r­

matrix provided each row in A has its set of input sequences distinct 

from the set of input sequences in the corresponding row in Bo 

Proof. We can directly apply the definition 1 above. 

Remark: It is evident that permutable matrices are not necessarily square 

matrices. 

Theorem 2. The product of a permutable r-matrix and a permutable s-matrix is 

always a permutable (r + s)-matrix,if the product can be formed. 

Proof. Property 3 of the definition 1 is evident. Let us consider property 

2: all non-zero input sequences in a row must be different.. Let 
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A [a .. J, B 
lJ 

[b .. J 
lJ 

Then element ij of the product is given by (L. --) OR-sum) 

(We shall omit the limits for A in all calculations: they are 1 

and S respectivel~) We want to show that if J f J the input 

sequences in (AB) .. are different from those in (AB) .. and that 
lJ lJ 

for a given j all sequences in (AB) .. are different for the dif-
- lJ 

ferent values of~. The latter point is evident since the 

sequences :in ai~ f the sequences:in aiA. when~ f ~, A being a 

permutable r-matrix and the interpretation of ai~bA.j is "sequences 

in aiA. followed by sequences in b~j": The ai~-part being different 

the whole sequences must be different. This argument still holds 

when we consider J f ~ and different ""s. The only new case is 

then an identical A and ~ f~: Then the sequences in b~l f from 

the sequences in b
Aj 

because B is a permutable s-matrix and because 

of the above mentioned interpretation of ai~b~j' 

Lastly we want to show that property 1 holds, i.e., that the set of 

all entries in a row is the same for each row. To this end consider 

a certain term t = ai~b~j in row i. Then the part alA. ~ust also 

occur in another (arbitrarily chosen) row ~ as ai~ since A is 

permutable. Similarly the part b~j must occur inrow ~ of B as b~ 

since B is permutable. Hence t appears as ai~b~j in row i. 
== 

Remark: We shall use below an interesting property of two symmetrically 

partitioned square matrices A = [a .. J and B = Lb .. J where the partitioning is 
lJ lJ 

identical: one proves easily that in forming the product it is allowed to 

multiply the submatrices together as if they were single elements. It is also 

noteworthy that all submatrices multiplied in the operation are conformable 

(i.e., the number of columns in the first factor equals the number of rows in 

the second one). 
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Example. Let 

all : al2 al3 

A ::: , --T--'--
a21 I a22 , a23 

I 
I a3l, a

32 
a

33 

and set 

All = ~ll BIl = b11 

A12 = [a
l2 

a
13

] B12 = [b
12 

b
13

] 

~l= [21J B21 ::: [b21J 
a

31 
b

31 

A22 = 
[22 

a
32 

a
23] 

a
33 

" ,B
22 

= [b22 
b

32 

b23] 
b

33 

Then 

since for instance 
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Theorem 3. If a given symmetrical partitioning of a connection matrix C 

(say C = [CijJ) results in permutable l-matrices, then an equal 

partitioning of the rth power of C (say Cr 
= [C~.J) will result 

lJ 

Proof. 

in permutable r-matrices. 

The theorem is clearly true for r= 1. Now we use induction: 

suppose that the theorem holds for r = k, i.e., that C .. and ~. 
lJ lJ 

are permutable matrices. Since 

by the previous remark, we conclude from Theorem 2 that each product 

CiA~j is a permutable (k+1)-matrixo Furthermore there are no 

common input sequences C .• C~. and C .• C~. where A J A because C is 
l~ I~J l" ~J - T = 

a connection matrix and the;efore C. '\ ~nd' C .,\':have no common input se-
l~ . l/~" 

= . k 
quences. Therefore by Theorem 1 the OR-sum L,Ci,,-CJ.,.j is a permut-

able (k+1)-matrix~ 
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Theorem 4. If a connection matrix C can be symmetrically partitioned into 

permutable I-matrices, all states within a submatrix C .. are 
lJ 

Proof. 

equivalent. 

Consider a sequence of input/output polynomials of length r given 

by the terms in Cr. By definition we have partitioned ~ and 

therefore also Cr,into submatrices C~. which are permutable 
lJ 

r-matrices. Hence the input/output sequences for all states 

inside a submatrix are identical, i.e., the states in a submatrix 

are equivalent. 

3. THE HOHN-AUFENKAMP ALGORITHM FOR STATE REDUCTION 

1) Separate the states in the connection matrix C into groups of maximum size 
1 2 Y Y , •• such that there is no overlap, and such that all states in a 

given group have the same input/output,pairs ~sually in different columns). 

If the partitioning is trivial (i.e., each group has one member only), 

the matrix cannot be reduced. 

2) Reorder the connection matrix C by puttinglYfirst, then' ~Y, etc., and 

also reorder the column in the same way, i.e., partition the result sym­

metrically: if all matrices are permutable we have found a reduced 

equivalent machine. 

-3) If the submatrices are not permutable, separate the states in .1y into 

lly, 2lr, 3l y, etc., such that the rows in each new subgroup in the first 

column have identical entries (i.e., repeat essentially step 1). 

4) Reorder Caccordingto 11y, 21y, 31y, 000, 12y, 22y, 32y, ... and partition 

the result again symmetrically (i.e., repeat essentially step 2). 

5) Continue steps 3 and 4 until all matrices are permutable (meaning that we 

succeeded) or have only one element (meaning that M cannot be reduced) 0 

Theorem 5. Let the final partitioning lead to groups of states ly, 2y, .•• ~ 
(Q~ S, where Yl 0 •• YS are the states of M) and let the submatrices 

corresponding to this final partitioning be C.. (i, j = 1, 0 Q. Q) ~ 

Now place a.ll states in iy by one state Y! of l~, 0 Describe M' by 
~ 

a matrix obtained by putting in position 

of all entries in C .. (see Figure 6-17). _ lJ 

ij an entry d .. = union' 
lJ 

Then the reduced machine 

M' is equivalent to the original machine M. 
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Proof. 

I I ___ + _. __ -.J ___ 1 __ _ 

I I I 
I 1 I 

I - - - +- - - -1- - - .t- --
t I ABO 
I lOA B I 
lOB A I 

------~-----
I I t I 

Cij 

yf 
i 

yl 
j 

I 1 

- - -, - - I - - -: -
1 I I 
I I I 

---1---,------
I I 
I A v B I 
I I ~ 

L - - -,- - -1- - f T - -

d
ij 

Figure 6-17 Partitioned C-matrix and Matrix of Reduced Machine 

Let D = [dijJ. The matrix D has the properties of a connection 

matrix since d .. f d. ~ (since all entries in C.
j 

are unequal to 
lJ l~ l 

entries of the -C .. , ~ecause the algorithm leads to groups with lJ . 
non-overlapping input/output sequences); 

We want to show that if we have an input/output sequence of length 

r starting in Y! and leading to y! there is an identical sequence 
l . J . 

starting in ~ state of ly and ending in some state of J y • 

All sequences of length r starting in Y! and ending in yl of M' 
l j 

are given by the element ij of Dr, i.e., by 

r number of terms 

= L (all sequences leading from any state in iy to any 

state in ~y) x (all sequences leading from any state 

~Y to any state in ~y), etc. 

Any term in (Dr) .. is therefore of the form (input/output sequence 

from a particula~J state in iy to a particular state in ~y) x etco, 

i.e., there are particular statesin iy, Ay ••• which give a se­

quence of length r and identical to the term of Mt .. 
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Conversely it is easily seen that any particular sequence from a 

partic1llar state in iy to a particular state in j Y will occur in 

L. d. ~ d').lIo 0 0 d . because d .. is the union of all possible entries; 
1", '''tA' V J lJ 

therefore, M is equivalent to M' 0 

Example. Consider the machine described by Figure 6-18. 

Xz./1:/ V' 'X// i I 

Figure 6-18 Machine to be Reduced 

The corresponding ~onnection matrix is 

1 2 3 4 5' 6 7 8 9 
1 0 X1/Zl X2/Z1 0 0 0 0 0 0 

2 0 0 0 X2/Z1 'Xl /z1 0 0 0 0 

3 a 0 0 0 X2!Zl X1/Z1 0 0 0 

:4 0 a 0 0 0 0 XI!Zl X2/Z1 0 

C = 5 0 0 0 0 0 0 o X1/Z1VX2!ZI 0 

6 0 0 0 0 0 0 0 X2/Z1 
XI /Z1 

7 \1;vX2/Z2 0 0 0 0 0 0 0 0 

8 xjZl vX2/Z1 0 0 0 0 0 0 0 0 

9 X/ZI vX2/Z2 0 0 0 0 0 0 0 0 
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We see at once that a first partitioning leads to: 

Now C must be reordered: 

1 2 3 4 568 7 9 

1 0 X1/Z
1 

X2/Z1 a a a a 0 0 

2 0 0 0 X2/Z1 x1/z1 0 0 0 ° 
3 0 0 0 0 X2/Z1 X1/Z1 0 0 ° 
4 0 0 0 0 00 X2/Zl :x1/zl 0 

c = 5 0 0 0 0 0 0 xl/zlvX2/Z~: 0 ° 
6 0 a a 0 a 0 x2/ ZI 1- 0 xII Zl 

a X1/Z1 VX2/Z1 a a a a a a I 0 ° 
7 x;.Tz

1
vx

2
Tz

2
"-o---O- - - 0" - - 0 - - 0 -- 0-1 0-- 0-

9Xl/zlvX2!Z2o 0 a a ° ° I 0 0 

1 We note that Y can be partitioned further: 

11y = [Y
1

, Y2 , Y3' Y
5
, Ya} 

21y = 
{Y4' Y6} 

2y = {Y7' Y
9

} 

Again we reorder C as shown below: 
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1 3 5 8 4 6 7 9 

I 0 xl/zl X2/Z1 0 0 I 0 0 0 0 

2 0 0 0 X/Zl 0 :X/Zl 0 1 0 0 

3 0 0 0 X2!ZI 0 I 0 XI!Zl I 0 0 

1- I 
5 0 0 0 0 XI/ZI VX2/Z~ 0 0 I 0 0 I 

c = 8 XlZlv~Zl 0 0 0 0 I 0 0 1 0 0 
- - - - .. -~ - - ._ - - - - - _. - - __ .. , __ ._ .... _1", ___ _ 

4 0 0 0 0 X2/Z1 I 0 0 1 xII Zl 0 
I I 

6 0 0 0 0 X2/Z1 1 0 0 I 0 Xl/Zl - - - - - - - - - -- - - -- -i - .... - -- _ ... - --I' . _ .. , _ .. - -
7 xjZlvX2/Z2 0 0 0 0 I 0 0 I 0 0 

9 xjZl VX2!Z2 0 0 0 0 I 0 0 1 0 0 

Further separation is possible: we obtain 

Illy = {y y y? 
l' 5' 8 r 

211y = [y 1 
.2 { 

After reordering/C will have the form: 

1 582 346 7 9 

C = 

I I I! I I 1 I 1 0 1 0 , 0 LXI Zl I X2 Zl 0 0 1 0 0 
- -- - -- -- 4- -- - -- - - -1- _.- ---- -- - --

5 0 1 0 iX;z vX /z I 0 I 0 I 0 0 I 0 0 
- - - - -1:.. - L l_2 -2_rJL - - I-- - - "I - - - - - _1- - - - - -

8 Xl!ZI VX2/Z1' 0 0 I 0 I 0 0 0 I 0 0 
_____ 111_ - L - -,- - - 'I - _.1 - - - - - - L - - - - -

2. 0 .: I Xl/ZI 1 0 1 O. I 0 I X2/Zl 0 I 0 0 
- - - --,- - -1- -'-1- - T--+-'--- - -1- -- - --

3 0 I X2/Zl I 0 I 0 I 0 I OXl/Z1 I 0 0 
--------~---·------r - - ---1-- ----

4 0 I 0 ,X2!Zl I 0 I 0 0 0 I X1!Zl 0 
I I I I 

6 0 I 0 I X2/Z1 1 0 I 0 I 0 0 I '0 X1!Zl 
--- - _1-_- -f-~--.l- __ .1_ - -i - - -- __ L - - - --

7 X1/Z1 VX2/Z2: 0 I 0 I 0 I 0 I 0 0 I 0 0 
I I I I I 

9 X1!Zl VX2/Z21 0 I 0 I 0 I 0 ! 0 0 I 0 0 
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The groups are .. now • I " 

lIlly = {Yll 

211ly = {Y5' yS} 

~lly = {Y
2 

} 

311y = {13 1 
2ly= {Y4' Y6} 

~y = {Y7' Y9} 

No :reordering is necessary, but we still·do rtot have permutable ma.trices in all 

pos:i .. tlons.. One last parti tioning attain~ .QUI' goal: we must s.pIi t up 2111y into 

12111y = fy
5

) 

22111y::: {YS} 

Again no reordering is c~lled for and this time all submatrices ~ permutable. 

The sets .of .states that are equivalent are thu.s {Y4, Y6} and f Y7' Y9} giving 

Y' ::: Y 
1 I 

Y' = Y5 2 

Y' ::: 
J Y8 

Y4- = Y2 

Y' = Y3 5 

Yl ::: {Y4' Y6 } 

Y+ = [Y7' Y9} 
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Then we have a reduced connection matrix D 

l' 2' 3' 4' 5' 6' 7' 

Y' 0 0 0 X1!Zl X1/Z1 
0 0 

1 
Y' 
2 

0 o X1/Zi v X2/Zl 0 0 0 0 

Y' 
3 

X1/Z1 v X2/Z1 0 0 0 0 0 0 

D = Y' 4 0 xl/zl 0 0 0 X2/Z1 0 

Y' 
5 

0 X2/Z1 0 0 0 X1!Zl 0 

Y' 6 0 0 X2/Z1 0 0 0 x1/zl 

y' 
7 X1/Zl v X2/Z2 0 0 0 0 0 0 

and the corresponding state diagram 1s that of Figure 6-19. 

X,Ji.,,, X2-/t:J. ,.Xf. /'2:., v 'X, ~, 

Figure 6-19 Reduced Machine Equivalent to That in Figure 6-18 

Remark: It is often, customary in discussing ,state reduction problems to call 

each "collapsed set" (i.e., the Yj ~ ~YaYb •• 0 })by the name of the state of 

lowest number in the original set: if states Y4 and Y6 and states Y7 and Y9 
are respectively equivalent, the states of the reduced machines would be called 
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y' 
1 

Y
1 

Y' ::::; 
5 Y5 

Y' = Y2 Y' ::: {Y7, Y9} 2 7 

Y' = Y3 Y,' = Y8 3 8 

Y4 .... [Y4' Y6} 

Note that there is no Y6 and Y9' Often it is even desired to leave off the 

prime symbol (to avoid confusion with "next states"). We shall follow this 

practice and redraw Figure 6-19 in the form 6·20. Evidently topologically 

equivalent state diagrams (the equivalence ~xtending to the input/output pairs) 

represent the same machine. 

Figure 6-20 Different Notation for the Machine in Figure 6-19 

6.4 State Assignment 

1. SIMPLIFIED METHOD 

In this simplified method we shall aSsume that no complicated feed­

back loops exist inside the machine, i.e., that the internal states Y
1

,8 .. ,YS 
will be determined by the combination of states of an appropriately chosen 
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number flipflops--say t--and that we only have to design the AND and OR gates 

combining the inputs XI,.",XM with the outputs of these flipflops. We shall 

furthermore assume that each flipflop is set at each clock period, independ­

ently of whether it may actually already be in the right state or not. That 

such a simplification is possible will be shown by the success of the method. 

The first question is: how many secondary· variables YI'.'.'Yt 

(representing the flipflop states, or more precisely· the signal on the "I"-output 

side) are necessary. We shall include the answer in'the State Assignment 

Algorithm. 

State Assignment Algorithm 

1. For a machine with S states take t flipflops w~ere 

but (6-28 ) 

(i.eo, the number of combinations of flipflops states must be at least 

equal to the number of internal states!). 

This fixes the number of secondary variables y·l ·, ••• , Y t • Note that we have 

chosen t rather than s since there is not necessarily any relationship 

between the number of nodes (s) and the number of flipflops (t). 

2. Associate arbitrarily (we shall improve on this in the next section) the 

combinations of the y'swith the Y's by some coding scheme: 

i = 1 ... S· . (6-29) 

Ob;viously there may be many combinations of y's which are unused. When 

they occur in a table wei may consider the corre.spondingY's to be don't-

cares. 

3. Repeat steps 1 and 2 for Xl' .,.,Xm and ZI, .. o,Zn' i.e., determine the 

appropriate number of binary input variables m and the appropriate number 

of binary output variables n such that we can establish an (arbitrary) 

code 

k 1 M (6-30) 

j 1 ••• N (6- 31) 
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4. From the connection matrix C write down a modified Huffman Flow Table using 

secondary variables. Besides the usual "next state" columns, write down 

for each input XI""'~M YI""Yt as column headings twice and mark the 

5. 

two parts fO and fl' Mark an * under fO and Yi in group Xk if this input 

correspoilds to y. = 0 in the "next state" part of the table. Mark an * 
l 

under fl and Yi if Yi = 1 under the influence of ~, 

Determine the functions fo(Yi ) and fl(yi ) which are necessary to set the 

flipflops from the table in step 4 and the encoding of the inputs (6-30). 
Note that fO(Yi ) means the "O"·setting function for flipflop i, This 

function will generally depend on Yl""'Yt and xl"",xm' 

6. Simplify the fO and fl functions by appropriate methods (Roth, Karnaugh). 

Note that under the assumptions of the present method 

so that we can actually just determine the fl-functions. 

7. Design a decoder such that for each combination (Xl,···,xm)(yl , .•• ,Yt ) we 

obtain the correct (zl"",zn) when (6-29), (6-30) and (6-31) are used. 

This is a (in theory simple) combinational problem. 

Example. Let us reconsider the machine of the last example, drawn in the form 

of Figure 6-20. 

Steps 1-3: We have only two inputs Xl and X2 and two outputs Zl and Z2' There­

fore we have m = 1 and n = 1, i.e., one input variable Xl and one outputvari-

able zl suffice. Let us encode as follows: 

o 

= 1 

o 

1 

To represent seven states we need three flipflops, i.e., three secondary 

variables Yl Y2Y3' Let us encode as follows 
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· Y2 ~ 0,0,1 

The combination 1,1,1 is left over. 

Step 4: The table below shows the aspect of the modified Huffman Flow Table: 

'IIABLE 6-3 

x = 0 x == 1 xl = 0 x :;: 1 
1 1 1 

State State' State' fl fo fl fO 

Y1 Y2 Y3 Y1 Y2 Y3 Yl Y2 Y3 Y1 Y2 Y3 Yl Y2 Y3 Yl Y2 Y3 Y1 Y2 Y3 

0 0 0 0 0 1 0 1 0 * * * * * * 
0 0 1 1 0 a a 1 1 * * * * * * 
a 1 0 a 1 ·1 1 0 0 ¥ '* ~ * .* * 
0 1 1 1 0 1 1 1 0 i* * * * * * 
1 0 0 1 1 a 1 1 0 * * * * * * 
1 0 1 0 0 0 a a 0 * * .* * * * 
1 1 0 0 0 0 0 a 0 * * * * * * 

Modified Huffman Flow Table 

Steps 5 and 6: From the table we can write down the l-setting conditions for 

the first flipflop; if we take the order xIYIY2Y3we have: 

f1(Y1 ) = 0001 v 0011 v 0100 v 1010 v 1011 v 1100 

= -100 v 101- v 00-1 
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00 01 11 10 
_ ....... -

00 0 1 1 0 

01 1 0 x 0 

11 1 0 x 0 
-----1·._··,· i 

r 
.. '- --.---

0 
I 

0 1 1 I 
__ .... 1, ... 

10 

Figure 6-21 KBmaugh Map for fl (Y1) of the Machine in Figure 6-20 

as can also be seen on the Karnsugh Map 1n Figure 6 .. 21. Note the presence of' lC 

(don't care) for the two equares corresponding to the unused 111 combination 

of secondary variables. Here obviously we shall choose x :; o. 

Similarly' 

f 1(Y2) = (Xl v Yl)Y2Y3 

f 1(Y3) = X1Y1 (Y2 v Y3) v X1Y1Y2Y3 

and, as we discussed before: 

fO(Y1 ) = f 1 (Yl) 

f O(Y2 ) = fl (Y2) 

1'O(Y3) = f 1 (Y3' 

Step 7: This is rather trivial since Z2' i.e., Zl :; 1 only occurs when we are 

in state Y7 (YIY2Y3 -+ ,l,D"l) and when'we also have input X2 (Xl;;; 1). A 

simple ANDclrcuit can decode thi-s combination: 
\ 

2. ELIMINATION OF PERIODIC SETTING OF FF' S 

The flipflops will not have to be "adjusted" at every clock pulse if 

they are already in the correct state; therefore, we use the following principle: 
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Principle: On the fl (Y
j

) map replace all 1- entries in rows having Y
j 

= 1 

by don 1 t cares. Similarly replace on the fO(Y
j

) map by don't 

cares lIs in rows having y. = o. 
J 

Since the original fl and fO maps (without the new don't cares 

introduced above)&re complementary in all positions corresponding 

to assigned secondary variable combinations, we can factor (i.eo, 

simplify) either lis on fO or the corresponding O's on f l - If 

now the new don't cares occur, we would put an x in place of a 1 

on fO; we can therefore also put an x in place of those a's on fl 

for which Yi is zero. We shall call flO such an fl map on which 

we actually factor 0" s and which has x in all positions in 

which Y
i 

= 0 and the square is 0 on the original fl map. 

It is clear that after choosing values for the don't cares which 

may differ from one map to the other, the fO and fl are no longer 

necessarily complementary: we pay this price to gain greater 

simplicity. 

Example. Let us go back to the map in Figure 6-21. 

Y2Y3 
r'~----~------' 

00 01 11 10 00 01 11 10 00 11 01 

0 0 0 0 00 Ior~-
- .. -

00 1 0 00 x 1 1 
....... _-

01 1 0 x 0 01 x 0 x 0 01 I 0 x 
--

I 1 0 x 0 11 
~ ~ 

11 0 x 0 11 1 0 x 

! 
: 0 0 1 1 10 10 I 0 0 .1 1 10 

I 
x x 1 

10 

x 
--

0 

0 
.. 

1 L. __ --l ____ . __ .... __ f--.. __ I L_. __ ._ --... ~.~. -- - ... --.. -.-

Original fl(Yl ) without 

don't cares (factor "ones") 

fl(Yl) with don't cares 

(factor "ones") 

flO(Yl ) with don't cares 

(factor "zeros") 

Figure 6-22 Don't Cares in the KffiT.augh Map of Figure 6-21 

Figure 6-22 shows how we first arrive at an fl(Yl ) map with don't cares: the 

two leftmost "ones" in the original fl map become XiS becuase Y
l 

is actually 

"one" in their rows. This means that we can simplify the map by setting the 

two next x's to 0, the old ones equal to 1 and obtain a simplified 
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-
; xIYlY3 v Y2Y3 v xI YI Y2 

. We than factor zeros on the flO (Y l) map. Here it is useful to make the x' s 

in the 00 and 10 rows equal to 1 and the x's in the two middle rows equal to 

O. This leads to 

by applying the blocking technique shown in Chapter III: here we block the 

two leftmost "zeros" by (Y2 v Y3). 

3. OPTIMIZATION OF STATE ASSIGNMENT 

At the beginning of this section w·e agreed to choose the "code" for 

the correspondence between Y1, •.. ,Ys and the combinations of YI'''''''Yt 
arbitrarily. We shall now improve our methOd, i.e., choose the code in such 

a fashion that the ga.ting circuitry is simplified. We shall judge our success 

by the ease of factoring of the ~O and fl maps, in particular we wOllld like 

to make the largest number of maps as simple as possible. We shall, however, 

completely neglect the output "code": This calls for a separate treatment. 

Definition: The assignments 

are called neighporing if they differ in as few digits as possible. 

Since Y. and Y. are different states, the. two combinations must 
l J 

at least differ in one digit: The optimum for a neighboring 

assignment is therefore one adjacent assigmtlent in the sense of 

a Karnaughmap. 

The idea is now to cons ider the foe Y m) and f l( Y n) maps for a 

gi ven assignme.nt of the form (6-29). We shall also go back to 

our assumption that the flipflops are set at each cycle, 
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independently of whether this is actually necessary or not. In 

order to simplify our reasoning we shall assume that there is only 

one input variable xl ( i 0 eo, xl = 0 or xl ::: l) and that there are 

only three secondary variables YlY2Y3e Let us now draw 

1. A Present State Map 

This is aKarnaugh map containing in each square one of the state 

symbols YI'o~~,YS. This map will be symmetric with respect to 

a horizontal line through the center, since we do not take 

account of the input (Xl = 0 or xl ::: l)~ Let Xk (see Figure 6-23) 

be a state corresponding to two symmetrically placed sequences. 

2. A Next State Map 

3. 

This is a map in which a given square contains the state following 

the state in a similar location on the present state map. Since 

this new state depends on whether xl ::: 0 or Xl = 1, we can no 

longer expect symmetry. In Figure 6-24 we have Y. and Y. 
]. J 

Xl 0 Xl ::: I 

respectivel~ where Y
k 

:;;. Y
1 

and Yk 
~ Y.o 

J 

An fa 2!-fl Map for Yn 

Whether we choose fO or fl depends on whether in the Yk~ Yi 
transition (i.e., the upper half of the map) the variable y 

n 
has to be set to 0 or to 1. (By virtue of our hypothesis that 

flipflops are set at each cycle one of the maps will contain 

a I. ) 

The idea is now that if Y.has an assignment neighboring to that 
. J 

of Y
i 

the y. 's of Y. 
]. J 

the square -> Y. will 
]. 

i 0 eo, the f l( 0 r f 0 ) 

change when those of Y
i 

do: a 1 or a 0 in 

give the same symbol in the square -~ Yo, 
J 

maps for most of the y. 's will have sym-
]. 

metrically placed 0 I S or I' s and will be easy to factorize 0 

This amounts to saying that two next states Y. and Y. (symmet-
]. J 

rically placed) should have neighboring as signments.o 

Remark: Since we have only treated the xlYIY2Y3 case it is difficult to 

generalize the geometrical rules. It is, however, not too difficult to find 

the modified rules in more general cases. In the case of xl x
2YlY2Y3 one sees, 

for instance, that all next states in a vertical column of the five-variable 

Karnaugh map should oe neighboring in their assignments. 
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A {

OO 
Input 

01 

{

II 
Input 1 

10 

00 01 11 10 
--

Yk 

Yk 

--
Present State Map 

Figure 6-23 

I 
I 
i 

00 01 11 10 

Input o~: f-- ...-,': 

Y1 

~ {Il 
Input 1 . 

10 

I' 

! 

Y.; 

Next State Map 

Identical entries if 
Y. and Y. have neigh-
b

l . J. t orlng asslgnm en s 

00 01 11 10 

Input oro 
01 .. 

---7 {ll Input 
1 10 

~ .. 

Reason for Neighboring State Assignments 

It is to be noted that in order to draw Figure 6-23 it is necessary 

to make a tentative assignment. But it is also clear that the result will 

not depend on this tentative assignment, since the symmetry properties do not 

depend on it. 

Example. Let Figure 6-24 give the state diagram of a,certain machine. 

X, " X2. 

X," 'X.2, 

X,VX1 

Figure 6-24 Assignment Example 
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Let us make the following tentative assignment 

Y
l 

-7000 o 

Y
2 

-7001 1 

Y
3 

-7010 

Y4 -7 OIl 

Y
5 

-7100 

Y6 -7101 

Y
7 

-7110 

Y
8 

-7111 

Then the state diagram gives us the Present State and Next Btate maps shown 

in Figure 6-25. 

00 01 11 10 00 01 11 10 
.... --... ,~.~ ... .,----, , 

00 Y
l 

Y2 
Y4 Y

3 
00 Y

2 
Y

4 Y
4 

Y6 
I 

01 Y5 Y6 Y8 Y
7 I 01 Y

8 
Y
8 Y

2 Y6 
f ---, 

11 Y
5 

Y6 Y
8 

Y
7 

11 Y6 Y
6 

Y
2 

Y
6 

10 Y
l Y2 Y4 Y

3 
10 Y

3 
Y
5 

Y4 Y6 

Figure 6-25 Maps for the Assignment Example 

We now deduce directly from the right,-hand map that the following pairs should 

have neighboring assignments: {Y2" Y
3

), tY4, Y51 and tY6, Y81. Comparing 

Figure 6-10a in Section 2 to Figure 6-24, we see that the two state diagrams 

are really the same. In Section 2 the state assignment (dictated by the 

actual layout of the flipflops and their gates) was 
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. Y4 ~ all· J 
neighbortng 

Y
5 
~ll1 

neighboring 

and actually does sa.tisfy our criterion for'optimization. 

6.5 Machines with Prescribed Input/Output Behavior. State Reduction in the Case 

of Many Input Restrictions 

1. DEFINITION OF A MACHINE BY SEQUENCES 

It is possible to design a machine by. specifying its output sequences 

when given input sequ.ences are applied •. Such a specification takes the fol-

. lowing form: 

11 1 1 11 J l 
X. Xj ••• X.k -7Z'~' •. 00 . 

\.... 

length Ll 

X. X
J 
.••• Xk ...... Z. Zj .0. ~2 I (6-32) .l2 2· . 2 \.. 

12 2 

> V 
~. 

length L2 

X. Xj ••• Xk -7 Zi Z. •• 0 ~ 
1 g g . g \" g J g gl 

..... ·V 
length L 

g 

-249-



In case the length of any of these sequences is infinite (i.e., infinitely many 

terms) we shall assume that it is periodic after a finite number of terms 0 In 

such a case we shall write down one complete period (on both sides~ underlining 

it and marking it "cycle." 

Remark: We are not saying that we can alwSlfs start the desired machine in the 

same state to obtain the above correspondence. All we are trying to obtain 

is a machine M which started in some appropriate state will show the desired 

input/output behavior. By virtue of Theorem 3 in Section I and its proof we 

can ~lways attain the appropriate starting state by applying a fixed input for 

a sufficiently long time. 

The design procedure is quite elementary: we design separate machines 

MI, M2 .•. , etc., for each one of the sequences, i.e., we draw up an appropriate 

state diagram. We than merge all stat~ diagrams into a single, one by re­

numbering all states. Although this "merged" diagram is formed of isolated 

pieces,it is ,a perfectly acceptablediagra.m. of e. machine M. 

The next step would be to simplify M and to obtain a reduced machine 

M' by the Hohn-Aufenkarnp method. Unluckily it turns out that tl1.e ve'ry' fact 

that we have disconnected sub-dia~rams means that only very few inputs may be 

applied to a given state (iee., we have severe input restrictions). The 

ordinary partitioning of C leads usually to nothing. Happily there is an 

extension of the method (due to Aufenkamp) which gives useful results. It 

will be treated after an example .. 

Example. Suppose that we are given the following sequence requirernents~ 
! 

Xl' Xl' Xl ,4> Z1' Z2' Zl 
I I I , 
cycle cycle 

Xl' Xl' X2 ~Zl' Z2' Z2 
I I I I 
cycle cycle 

and 
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wnere "cycle" means that an infinite succession of the underlined terms on 

the left gives. an -infinite succession of the underlined te~s on the right. 

By the procedure outlined above we find the following partial state. 

diagrams for the four "partial machines": 

M, @ 
y, )'t 

M!, l @ 
Y3 'f,o 

M1 ~ 
X'l.!i.z. X"/i., ~/~ 

y~ 'I, y" '113 

Ha1! @ X,/21. (fil:i£~ 
Y7 Y g 'X,/i:., '{,t-. 

Figure 6-26 Partial State Diagrams 

The union of ~, ~, M
3
, M4 forms a machine M which 1s obtained by re­

number1ns the sta.tes as shown in Figure 6-26, i 0 e'., Yi becomes Y
1

, Y2 becomes 

Y2' etc. We can wr'1te down the connection matrix for M: due to the disjoint 

structure of its state diagram and the fact t~tall states only allow an Xl 

£!: an X2,input partitioning according to Hohn-Auf"enkamp does not lead to any 

reduction. However it is clear that the machine.£!!! be reduced: Figure 6-27 

shows a machine M' having exactly the prescribed input/output behavior and 

on]:y two internal states! 
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Figure 6-27 Red.uced Machine Cor;res:pond1ng t~Tha.t QfFigur~ 6-26 

2. NON .. P!RMUTABLE MATRIC~S 
Ii, W 

The stete reduct10h methotl d1~cus$eti in Section,3 can be g.enerali~edo 

Aurenkamp foun~ tha.t if the terms tt.qu1vs!ent tt and "permuta.ble" are repla.ced 

by "compstible" ana t1nQn",permutE1ble tt respectively in tbe statements of 'that 

.section, moet ~ij~l.ts can be interpreted to h$ve Et, more S4inerel meaning, 

The senera~ idee. is that if' two s'tates 40 not h$.ve to rS(aet to the 

same input, they mBy:oe contracted into one, although they are c,rta1nly not 

equivalent. S1nce the Theot'ems (~s .ell a.s their proote),areve'lY $1m11ar to 

tboEle in Seet10n 3" ,W~ shall not give any pro,?fs: they ma1 'be lett a.s an 

ellerciae for the rea<1~:r, 

Defini tion ~. A state Yj. of a machin~ M is compatible vith {3, s·tete;} YJ of e. 

machine M' if for those inRut sesuencee t~el might have in 

common tbe output sequenC~$ of M e.nd Nt ere 1<l:ent1cel. 0 

, · .•• · .. rS ... c: 

Remark: Note tha.t this' mea-hS thf:lt tw-o states maybe eompat1ble eunply because 

they do not hav~ any, inputs in common. In case all allowed sequences are 

common to both Eltates, the not1oh of compatibility r~ve"a to thet of 

equiva1.ence t 

Defini tion :2, ~o machines M e;rid Mt are compat,ible if and only it for every 

st&te YiotM thare is a.t least one compatible ~te.te Yj of' Mt 

and vice verss'e 

Definition 3~ A set of states of M is called pseudo-equivalent if they are 

all COmpEltibleo 
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Definition 4: A matrix containing input/output polynomials as elements is 

called a non-permutable r-matrix if 

1.. whenever two rows happen to have "the same input sequence, they are 

associated with the same output sequence. (In the permutable 

case all input/output sequences would occur in each row.) 

2. in a row all non-zero input sequences must be different. 

3. all non-zero entries are OR-sums of the product of r input/ 

output pairso 

Using these definitions, the following theorems can be stated (The proofs 

are analogous to those given in Section 3; hence, will not be given here.): 

Theorem 1. The sum of two non-permutable r-matrices A and B is another non­

permutable r-matrix if the entries in each row in A are different 

from those of the corresponding row in B and if furthermore when­

ever an input appears in different rows in both matrices, it is 

associated with'the same output. 

Theorem 2. The product of a non-permutable r-matrix and a non-permutable s 

matrix is a non-permutable r + s matrix if it can be formed 0 

Theorem 3. If a given symmetrical partitioning of a connection matrix 

C = [Cij ] gives non-permutable I-matrices and furthermore all 

submatrices in a row have different sets of entries, the rth 

power of C,partitioned in the same way (i.eo, C~j),has as its 

submatrices non-permutable r-matrices and the submatrices in a 

row again have different setsof entries. 

Theorem 4. If C can be symmetrically partitioned such that all submatrices 

are non-permutable I-matrices and such that all submatrices in a 

row hay disjoint input sequences, then all states in a submatrix 

are pseudo-equivalent. 

3. THE AUFENKAMP ALGORITHM 

1. Parition the states Y
l 

0.0 Ys in the connection matrix C into groups of 

maximum size ly, 2y 00. such that there is no overlap and such that the 
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rows in each set fonn non-permutable I-matrices, 'and such that if two 

groups are united, the result is no longer a non-permutable I-matrix 0 

(There usually is more than one solution 0) If the p~itioning is tri ial, 

the matrix cannot be 'reduced Q 

20 Reorder the connection matri~ by putting ly first,~h~n 2y, etc., and 

part1 tion symmetricall~:. if all 6ubmatricesa,:re non"'perrnutable l-matrices 

~nd ell submatr1ces in ~ ~ow have. disjoint lhput seQuQnces we terminate: 

4. 

all state~ 1~oa part1t1bn are pseudo-equivalent, 

If the submatrices a:f't:er Step 2 are not non-permutable l'!"matrices" repartition 
1 2" '1../ - " 

inside of I, Y, OQ~II ~ ~he res~lt istr1v1al,there are no pseudo ... 

equivalent states. 

~f the partitioning 1s Step 3 is successful, reo·rde.rand partition the 
G 

matri~ symmetri cally 0 

/ 
5. Continue Steps 3 and 4 until all matric~S' a.re ·nol'1 .... pennutable l~'matrices 

(meaning that we succeeded) or have only one elamen~ (m$aning that M 

cannot be reduced). 

Theorem 5. If th~ pseudo-equivalent sta.tes of M obtaine~ by the Aufenkamp 

algorithm are replaced' by a single st~te ofa machine M' and the 

connection matrix C' ofM' is obtained by forming the union (OR­

sum) of the entries in the submatrices of C after the final 

parti tioriing, then M' is compatible with M. (Thta means" of course, 

that for those input sequences they may have 1~.common~ the output 

, sequenc~a will be ~denticaJ.~' ) 

Theorem 60 The reduced mach~ne M'can a.cce:ptall input seQ.uences of M but 

not vic~ "ersao 

Proof ,'" This rather "importa.nt fa.ct , (the reductiohwoUld. pewi thout . sense 

otherwise) simply follows. from the red}1ctionmethod~ no inputs 

are lost in the partitioning and. the format1ort ot the firial OR­

sumo 



Figure 6-28 Machine to be Reduced 

Consequently C is given by 

C = 

Note that by the Hohn-Aufenkamp metho~ C is irreducible. The Aufenkamp method, 

however, gives the indicated partitioning: there are two pseudo-equivalent 

states Yl (corresponding to Yi) and Y2 (corresponding to Y2 and Y
3

). . The 

reduced state diagram is shown in Figure 6-29. . 

Figure 6-29 Reduction ofth~ Machine in Figure 6-28 

4 
Example 2. Let us apply the Aufenkamp algorithm to the machine (M = L Mi ) 

i=l 

discussed at the beginning of this section. Its connection matrix can be 

symmetrically partitioned and reordered as follows: 
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1 3 5 7 9 10 11 .12 2 4 6 8 13 

1 0 0 0 '0 0 0 0 0 X1/Z1 0 0 0 0 

3· 0 0 0 0 0 ·0 0 0 0 Xl/Z1 0 0 0 

5 0 0 0 0 0 Q 0 .0 0 0 X,jZ2 0 0 

7 0 0 0 0 0 0 0 0 0 0 0 X,jZ'2' 0 

9 0 0 0 0 0 0 0 0 X1!ZI 0 0 0 0 

10 0 0 0 0 0 0 0 0 0 XJ'?2 Q 0 0 

11 0 0 0 0 a 0 0 0 0 0 0 0 X2!Z2 

12 0 0 0 0 0 0 0 0 0 0 0 X1/Z1 

'2 0 0 0 0 xl/z2 0 0 0 0 0 0 '0 

4 0 o· 0 0 0 Xl /Z2 ·0 0 0 0 0 0 

6 0 0 0 0 0 0 X,jZl 0 0 0 0 0 

8 0 0 0 0 0 0 0 X,jZl 0 0 0 0 

13 0 ·0 0 0 0 .0 0 0 0 0, 0 0 

Hence M has effectively two pseudo-equivalent sets of states: 

This agrees ~ith our previous find1ngso 

6.6 Asynchronous Circu.1t Theory (Muller-Bartky) 

10 TARGET STATES, SURROUNDING STATES,-+ RELATIONSHIP 

It will turn out that in the disc'Ussion below we will need not only 

what corresponds to a '''next state" for each state Y
1 

0 0 '. Ys but also "SUl"­

rounding sta.teso" Furthermore we must often distinguish sequences of states 

starting with a given initial state and even discriminate between the signals 

at the circuit nodes for each one of these: if Yi were a given state, 
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surrounding states would have to have two indices Yik, the signals Yl .00 Ys 

three indices, ioe., Yik = (Ylik, Y2ik 000 Ysik ) and a node signal for a 

sequence a fourth index. In order to simplify matters we shall often call 

the states A, B, 000 Y ••• Z (we will not be concerned with outputs and can 

use X and' Z for states), i. e., A = Yl , B = Y
2 

••• etc 0 The" surrounding" 

relationship will be indicated without using a subscript, a sequence of 

states starting with A will be written as A(O) A(l) ••• A(n) ••• and the 

internal signals of A(n) by (al (n) a2 (n) 0 •• as(n)). 

In synchronous circuit theory we had the equation 

Yi' = f.(xl,···,x , Yl'·o~,y ) 
. 1 m·· 6 

In asynchronous circuit theory we assume that the input & ar~'held constant 

while we examine the transitions of the machine, i6e., that we actually have 

(6-33) 

The inputs may be thought of as parameters that can only be changed after the 

machine has settled down. We suppose, as usual, that it is always possible 

to choose appropriate internal nodes or "cardinal points" such that the state 

of the {input-independent) machine is completely ,specified by their signals. 

Definition 1: The state Y' = (Yl' , •• 0' y') defined by (6-33) will be called . s 
the target state of Y = (Yl" •• 'Ys ). 

Remark: The target state Y' of an asynchronous machine is defined in the 

same way as the next state Y' of a synchronous machine. In the present 

case, however, there is no guarantee that the machine will ever attain Y' 

because of internal races. 

Definition 2: A state W = (wI' 0 •• , w ) "surrounds" state Y::; (Yl' Q 0 ., y ) with . s s 
target state Y' = (Yl' ••• 'Y~) if i.ts signals agree with those 

of Yand y' whenever the latter agree: 

y' 
1 if Y = y' 

i . i 
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Otberwi se we,.6halJ.. -allow· w. to have either value, i 0 e . , . 1 

Yi 
Wi :: { if y. I y ~ (6- 34 ) 

.11 or Y
i

·· . 

(Note that (6-34) contains· the case Y i = Y ~ :, For such a state 

W surrounding Y we shall write Y .... W· (W surrounds Y or Y .is 

s'I.lrrounded:.bY' 'W),. with the explicit understanding that W.~ 

come after Y but must not and that there was no intervening 

state. 

Remark 1: The -~relatlon5hip is denot.eq 'byte in Mull.er's original papers. Also 

his de:r1nltions incl.ude the case 6f more than two sienal values. 

Remark 2: It is clear from the definition that Y -~ y' and Y --) Y. However it 

is usually ~ true that Y ~ W imp11~s W ..... Yo 

Remark 3: If Y' diff'ers from Y in k: digit positions (i.e., signals), Y is 

surrounded by 2k states (includingYand Y' themselves'. 

Theorem 1. Any state following Y di:r~ctly must surround Y. 

Proof. It is clear that the next state after Y will corresponq to a change 

in none, some or a~l the ~1~nals, exceptifig those which. remain 

constantin :passing. trom Y to Y' 0 A following state is theref'bl:te 

a surrounding state. 

Example.· Let Y = (0,0,0,0) and·Y' = (0,,1,1,1). Then the states su;rrounliing 

Y (an~ l from Yand y.) are (0,0,0,1), (0,,0,1,0),(0,1,0,0), (O,O,l,l), 

(0,1,1,0) and (Q,l,O,l), i.~ .• ,they are obt~ined by changing the dj.gits one 

at the tim.e, two at the time, etco Fisur~ 6,,30 shows this relationsp,ipon a 

tesseract. One can sa.y tha~ all surrounding states lie on a cub~ pa.ssing 

through the initial state and·the ta;ra~t $tate~ 



00/0 
~------------------------IOIO 

TARGET SlATE 

OliO Ik---;--~-I------~~-J 

~~------------~----~--~~Jooo 

'\ INlrlAL STATE. 

0100 1100 

Figure 6-30 States Surrounding State (0,0,0,0) with Target State (0,1,1,1) 
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Theorem 2. A machine is in equilibrium if and o~y if Y = Y'. 

Proof. If Y = Y' there are no surrounding states I Y: the following state 

can therefore only be Y and this means equilibrium. If the 

machine is in equilibrium all surrounding states must be the same; 

now Y' always surrounds Y, therefore Y = Y'. 

Definition 3: A sequence of states yeO), Y(2), 0 •• Y(j), Y(j+l) ••• is an 

allowed sequence if and only if it satisfied the following 

conditions: 

I. Y(j) ~ Y(j+l) 

(Y(j+l) surrounds Y(j )) 

2. Y(j+l) I Y(j) 

(Y(j+l) differs from Y(j )) 

3. For no internal node i can we 

Yi (j) constantly < Yi (j) . 

or Y. (j) constantly> Y! (j) . } 
1 ~ 

(target condition) 

(6- 35) 

(6-36 ) 

have for all j > 0 

(6-37 ) 

(Here> and'< are taken in the Boolean sense, which simply 

reduce to the ordinary numerical 0 < 1 and 1 > 0). 

Remark 1: The second condition eliminates the trivial case when the machine 

hangs up in one state. 

Remark 2: The third condition simply means this: when for a given node the 

signal in the target state is different from the signal in the present state 

and "pUlls" constantly in the same direction, the n a de will finally " give 

in" and change in the direction of the "force." This excludes by no means the 

possibility of the target state pulling sometimes in one direction and some­

times in the ··other. In such a case we shall say that node i is variably forced. 

A sequence of different states following each other and variably forced for 

all nodes (or simply '''variably forced") is always an allowed sequence. 
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Remark 3: A cyclic sequence is perfectly allowed if its states are variably 

forced. 

Remark 4: A subsequence of finite length in which (6-37) is not necessarily 
-

verified, is called a partial allowed sequence or simply a sequence. 

Defini tion 4: We ·shall say that a state K "follows" a state A if there is a 

sequence A = A(O), A(l), 000 containing K. We shall then 

write A:FKo (There are, usually, many intermediate states.) This 

sequence does not necessarily satisfy the target condition. 

Theorem 3. For any state A there is at least one allowed sequence starting with 

it except if A = A' (equilibrium!). 

Proof: A' surrounds A and we can form A(O), A(l), 000 by making A(O) = A, 

'A(l) = At = A'(0),'A(2) = A'(l), etc'. It must come to an equilibrium 

state or go into a cycle: in both cases the target condition is 

satisfied (aI(j) = ai(j+l)!) 

Theorem 4. An allowed finite sequence ends with an equilibrium state o 

Proof: There would be a continuing allowed sequence from the last state K 

(say) if K f K'. 

2. EQUIVALENT, TERMINAL, FINAL AND PSEUDO-FINAL SETS 

Definition 5: If two states A and B are "reversibly joined", i.e., if A8f3 and 

B~A we shall say that they are in the same equivalent set and 

write A~Bo 

From the definition it follows that the ~·relationship satisfies the 

following rules: 

A~A (6-38) 

A~B --7 P4A (6- 39) 

A~B and Ee'C ~~ AtC (6-40 ) 

Let us denote the equivalence sets by Greek letters a,f3 .... Note that their 

number is finite since the number of states S is finite. 
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Definition 6: We shall write o::1f3 if there is a state A* in a and a state Bit- in 

~ such that A~B*o 

Theorem 5. If A is any state in 0; and B any state in ~ and aJ~, then A1Bo 

Proof: There is an A* in 0; and & B* in .~ with A*~B*o Also by definition 

. AeA* and BeB*, There are, therefore, sequences from A to A*, from 

A* to B* and from B* to Bo 

Remark: Clearlya7t3 does not imply t3Ja, for then all states in a and ~ would 

be reversibly joined and the sets a and t3 should have been collapsed into ,a 

single set. 

Theorem 6. The equivalence sets 0;, t30 9' form a poset. 

Proof: ~ in the ordering of 0;, t30 9 0 can he replaced by :s in the rules for 

a poset in 505g 

~A (reflexivity) 

Agt3 and t33a -~ a = t3 (anti-symmetry, see remark above) 

@t3 and ~, -) 0;".1-, (transitivity) 

Definition 7: A final set ~ is a set such that there is no set ~* with ~~~*o 

Theorem 7. For any' equivalence set 0; there is at least one final set j.l such 

that ~9 

Proof~ This follows from the partial ordering: any poset has at least one 

maximum and one minimum element. 

Definition 8: A pseud.o-final set is an equivalence set of states containing 

more than one. state--which is not final and variably forced. 

(The last conditiori means, as usual, that no node i may have Pin 

constantly < p~ or p. constantly> p! for all n~ where' In In In ' 
P = (P1n'o .. , p )! ) n sn 

Definition 9: If an allowed sequence yeO), Y(j), Y(j+l)ooo has the property 

thatfoJ;" j 2: m all states are in the same equivalence set T, 

thi$ equ1 valence set 1s called the terminal set of the sequence 0 . 
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Theorem. 80 Any allowed sequence attains a terminaJ. set., 

Proof: The number of equivalence sets is finite and they are partially 

ordered: after having left a certain set as we go along in one 

sequence we are never allowed to go back to ito So the sequence 

slowly exhausts all equivalence sets and must, after some time, be 

trappeq in a last one. 

Theorem 9. The terminal set of an allowed sequence is either p6eud~-final (in 

this case we have a cycle in it) or final (in this case we have 

several states and a cycle or just one state and equilibrium)., 

Figure 6-31 shows all these possibillties. 

Proof: Suppose that ~ is final. If it has one state K, this means that 

we cannot go anywhere from Ko But we always have K .-~ Ki: we must 

have K = Ki
, i.e., equilibrium. Conversely if we go to equilibrium 

in a state K of 1', K must be the only sta.te in "t': any other state 

M preceding K (and in T) as we go towards K must be reversibly 

joined to K (since both are in T). K being an equilibrium state, 

we cannot go anywhere from K, in particular not to M. Therefore 

M does not exist. The target condition is satisfied since we have 

equilibrium. 

If we still suppose that T is final but contains more than one 

state, we can evidently have a cycle. Then the variable f9rcing 

condition must be satisfied for the states of the cycle since we 

have an allowed sequence. 

Now we shall suppose that T is not final~ then it is an intermediate 

set with more than one state. (One state K would mean equilibrium":'­

since T is terminal--and then K = K'means that there are no states 

surrounding K~ . we cannot leave K and T would be final.) Since 

it contains an allowed sequence the target condition becomes the 

variable forcing condition and the set must be pseudo-final." 
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F1nal Set with 

One State (Equilibrium) 

Final Set with 

Several States 

Pseudo-Final Set (Several States) 

Figure 6-31 Ultimate Behavi'or of an Asynchronous Circuit 
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Theorem 10. !f A is a state in a and ~ is any final or pseudo-final set fol­

lowing a (ioeo, ~~), there is an allowed sequence A; A(O), A(l),ooo 

whose terminal set ~ is ~o 

Proof: If ~ is final, this is evident,for we can go from A to a certain F* 

in~. From F* onwards we can take the target ~tate sequence: this 

is trapped in <:p since it is final an d it is allowed (as are all 

target state sequences!). If ~ is pseudo-final we can still go 

from A to F* in ~Q Let F* ; P of ~c From P we can go to P I . n p n+ 
(since they are in the samE;!eq,uivalence set), from Pn+l to Pn+2, 

etc., 00. up to Pro From Pr ~e go back to PO. T,hiS sequence 

p(O) ,=Pn, P(l) ::: next state on path from Pn'to P
n
+1, etco,. is 

cyclic, has all different adjacent terms, is entirely in ~ and 

satisfies the target condition because the states in ~ satisfy the 

variable forcing condition. ~ is therefore a possible terminal 

set T of this allowed sequence. 

3. METHODS FOR FINDING . EQUIVALENT STATES 

The discu·ssion of an asynchronous machine amounts essentially to 

finding the equivalence sets of all its states. This can be done by the 

following algorithm. 

Equivalence Algorithm. 

1. Choose the necessary number of cardinal points (say s) inside the logical 

diagram.andestablish (fo!' a given fixed input) the relationships between 

states and target states, ioeo, determine 

2. Assign states Y
1

, 0 • 0, Y .to all the possible combinations of y¥ S Q 

. S 

Draw up a table of target states by list·ing alongside each present state Y. 
J 

the corresponding (Yl' 0 0 o,y ). combination and calculating from it the y. IS. 
. S 1 

List the y. IS in order on the same line and via the assignment of Step 2 
1 

determine the target state corresponding to Yj , i. e ., Yjo 



4. Varying all signals differing in Y
j 

and Yj one at the time,two at the time, 

etc., calculate all other states surrounding Y. and draw up a table of 
J . 

surrounding states. 

5. Take a state, say YjJ and investigate how it is connected to its surrounding 

sta.tes, i.e., if Y
j 
~.Yk,investigate whether there is a sequence from Yk 

back to Y
j 

(meaning that Yj 9Yk ~ Yk~Yj' that is Yj~Yk)' To this effect 

draw upa stepping diagram as follows; 

ao The first column contains Y .• 
J 

b. The second column contains all states surrounding Y
j 

except Y
j 

itself. 

co Examine this column and strike out all equilibrium states or states 

leading solely to equilibrium states in a few steps (scan the table of 

surrounding states for thiS!). 

do Next strike out in this same column all states leading to other states 

in the column or to the left of it in very few steps. 

e. Finally strike out in this column all states leading to the same states 

as another entry in the column in very few steps. Do not stri~e out 

this other entry. 

) 

f. Iterate steps c. through e. after having formed a third column containing 

all states surrounding the states in the second column (except for these 

states themselves!)o 

6. The process in Step 5 will reduce the possibilities for a path back to Y .. 
J 

As soon as we find such a path, we terminate the process and we know that 

Y'~Yk' 'If, however, we find only paths that avoid Y. (in particular if we 
J J 

only find a closed cycle leading back to Yk without touching Y
j

) we know 

that Yk is in another equivalence set. 

Example. Take the circuit shown in Figure 6-32 in which the element r is 

defined by the fact that for it 

output = (input 1 v input 2)(input 3) 

We clearly need four cardinal pOints (namely the outputs of the four elements) 

and the circuit equations are 
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y' = y 2 1 

Y3 = Y4(Yl V;2) 

Y4 = Y3 

We ,now assign to all combinations (0,0,0,0) through (l,ljl,l) the states 

YO "'1 9 Y15 when the index is simply'the ,decimal equivalent. of,tbe ~1nary 

combination. , The target state table is shown belowo 

It) 

Yt, 

Figure 6-32 Example of all Asynchronous Circuit 



'l1ABLE 6-4 

Table of Target States, 

I 
--,.,....-_ .... -_._-,- ,--, ." ...... 

1 
Target I 

State Yl Y2 Y3 Y4 Y' 1 
y' 

2 
y' 

3 Y4 State 

YO 0 0 0 0 0 1 1 1 Y7 

Y
1 

0 0 0 1 0 1 0 1 Y
5 

Y
2 I 0 0 1 0 1 1 1 0 Y

14 

Y
3 

0 0 1 1 1 1 0 0 Y12 

I Y4 
0 1 0 0 1 1 0 1 Y

13 f 

Y5 I 0 1 0 1 1 1 0 1 Y
13 

Y6 
i 0 1 0 0 1 1 0 0 Y

12 

Y7 0 1 1 1 1 1 0 0 Y
12 

Y8 I 1 0 0 0 0 0 1 1 Y
3 

Y
9 

1 0 0 1 0 0 0 1 t Y1 

Y
10 

1 0 1 0 1 0 1 0 Y
10 

Y
11 1 0 1 1 1 0 0 0 Y8 

Y
12 

1 1 0 0 1 0 1 1 Y
11 

Y
13 

1 1 0 1 1 0 0 1 Y
9 

Y
14 

1 1 1 0 1 0 1 0 Y
10 

Y15j 1 1 1 1 1 0 0 0 Y8 
"""-M __ '_' .,. 
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The next step is to drav qp the surrOUDding state table: 

TABLE 6-5 

Surrounding State Table 

.~~-.......... --- .•. ,-,-_.,------.---_._-
Target 

State State Other Surrounding States 
of"'''''- ._. _ ....... , .... _ ..... , .. __ •. _ •. - ........ ~. __ 

YO Y4 Y1 
Y
2 

Y
3 

Y4 
Y
5 

Y6 

Y1 Y
5 --

Y2 Y14 Y6 Y10 
. , 

Y
3 

Y12 YO Y1 Y2 Y4 Y
5 

Y6 Y
7 

Ys Y
9 

Y10 Y11 
Y
13 

Y14 Y
15 

.~.~,.-'--

Y4 Y
13 

Y
5 

Y12 

Y
5 Y13 --

Y6 Y12 Y
4 

Y14 

Y
7 

'. Y12 Y4 Y
5 

Y6 Y
13

· Y
14 Y

15 

Ys Y
3 YO Xl Y· 

2 Ys ' Y
9 

Y10 

Y
9 

Y1 --

Y10 
Y
lO 

I 
--

I ! 
, i , ! Ys Y

9 
Y10 I Y11 1 

Y12 Y11 1S Y
9 

Y10 Y13 Y14 Y15 

Y13 
Y
9 I 

--

Y14 i YlO --
. , i 

Y15! YS I Y
9 Y10 Yl1 Y12 Y

13 
Y14 

.. -



Let us now take a state, say YOo We see that it is surrounded by 

YI and the question is: can we go back from Y
I 

to YO by some path? Here we 

need not even draw up a stepping diagram since the only sequence starting with 

Y
I 

is 

This sequence avoids YO and YI is therefore not in the same equivalence set as 

YO' 

Let us now try the next state that surrounds YO' namely Y
2

0 Here we 

use a stepping diagram: 

TABLE 6-6 

Stepping Diagram for Y2 to YO 

Y
2 Y6 Y4 " ~-- Y

l2 
Ys 

~ ~ Y
9 

I 
YIO 

'IYIl , 
Y
l2 

~ : 
j Yi3 
t . 
~ 

1 Y14 

We note that in the fourth column (after/striking out Y
5 

because we know that 

we can only have Y
5 

--7 Y
l3 

-.:, Y --7 Y -) Y !) Ys will lead back to Y 0 Continuing 
9 I 5 .. 0 

this process for all states and all their surrounding states, it turns out 

that there are four equivalence sets~ 
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(Note that not all surround Yo; some surround other states 

in. the set. ) 

t3: {Yl 
Y
5 

Y
9 Y13} 

r: Y14 

0: YIO 

It is to be remarked that set l is not final,although it contains just one 

state. This state cannot be an equilibrium state by a preceding theorem. The 

partial ordering of the sets is shown in Figure 6-33. Note that it can be seen 

that a itself is pseudo-final: it is variably forced. 

FINAL 

(CYCLE) 

'PSEUDO - FINAL 

fU.JAL (EQUI1- I 13RIUM) 

Figure 6-33 Equivalence Sets for the Circuit Shown in Figure 6-32 

66 7 Speed Independent Circuit s 

1. SPEED INDEPENDENT AND TOTALLY SEQUENTIAL CIRCUITS 
i 

We' .. have proved that an asynchronous circuit attains either an equilibrium 

state or that it cycles in a final or pseudo-ftnal set. In the first case we 

have true static equilibrium, in the second case a sort of "dynamic" equilibrium. 

However, we must realize that for a given initial state A there are many possible 

pseudo-final and final sets following the equivalence set of A. Each one of 
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them i~ a potential candidate for the terminal set of an allowed sequence 

starting with A. This means that in ~eneral a given initial state can lead 

t.o almost a.ny machine behavior 0 We shall now introduce "speed independence," 

ioeo, a foreseeable machine behavior by a new definition. 

Defini tion 10: A circuit is fI speed independent t, with respect to an initial 

state A (we shall then write si(A» if every allowed sequence 

starting with A ends up in the same terminal set To 

Theorem II. A circuit is si(A) if and only if the equivalence set aof A is 

followed by a single final set and ~pseudo-final set. 

Proof: Let cp be the single final set. Then there is an allowed sequence 

beginning in A which is ultimately trapped in~. Since there are 

. no pseudo-final sets it cannot get trapped on its way to ~ and 

there can be no other sequences leaving A and not attaining ~ 

because they would have to end in a pseudo-final set (and there 

is none which follows a) or a final set (and there is none different 

from ~)~ It is seen that the condition is not only sufficient 

but that it is necessary by a similar reasoning. 

Definition ll~ A circuit is "totally sequential" with respect to an initial 

state A (we shall then write ts(A)) if there is only one 

allowed sequence starting with A. 

Theorem 12. A circuit which is ts(A) is also siCA). 

Proof: The only allowed sequence leaving A will (as any allowed sequence 

be trapped after some time in a terminal set. This must be a 

unique final set (for if there had been another one, there would 

have been another allowed sequence leading into it) and there 

cannot be any pseudo-final sets in between because then there 

would be two allowed sequences: the one trapped in the pseudo­

final set and the on trapped in the final seto 

Theorem 13. In a totally sequential circuit on~y one signal changes at a time 

(i. eo, parallel action is excluded!). 

Proof: Since the target state sequence can always be constructed, it 

is clear that in a totally sequential circuit the one and only 
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allowed sequence is precisely the target state sequence, i.eo, 

A(j+l) ::; A'(j). If two signals were to change we would by the 

construction of surrounding states have more than A'(j) following 

A(j") and there would be other sequences. This not being the case, 

- only one 9ignal can have changed. 

2. SEMI-MODULAR CIRCUITS 

It becomes apparent that although a totally sequential circ~it is 

safe in the sense that it is actually speed independent, the advantages of 

parallel operations cannot be reaped. Happily there are speed independent 

circui ts which are not totally sequential, the prime example being semi-modular 

circuits. 

Definiti-on 12: A circuit is "semi-modular" with respect to an initial- state A 

(we shall then write sm(A)) if for a state C sur~ 

rounding a state Bin.a sequence starting with A we can 

establish that B' surrounds C, i.e., 

if B --7 C } 

C -) B' 
(6-41 ) 

Theorem 14. In a semi-modular circuit a node which is excited remains excited 

or acts as we go to the next state but its excitation does not 

disappear before it has acted. 

Proof: Suppose that in state B (surrounded by C) node i is excited, i.e., 

that b ~ f. b." Then the semi-modularity conditions show that we 
l- l 

must have simultaneously: 

[) c. b~ } B -7 C meaning l l 

or ® c. b. 
l l 

0) b~ c. } C -?B' meaning l l 

or ® b' ::; c~ 
l l 

-273-



If Q'l is true, node i has effectively changed and condi tion (~). is 

automatically satisfied. If (§) is true, ~ is untrue and there~ 
fore f4\ must be true: c~ = b! " here we have thus c' = b ~1 b.· = c \.V l l i l i l i' 
i.e., in state C we still have this node' excited. 

We ~~st now establish that semi-modularity does indeed mean speed 

independence. This will necessitate the introduction of the notion 

of min-max state and of p~rallel sequence: 

Definition 13: In a circuit which is sm(A) let K be a state following A and 

let Band C be states surrounding K. We then define the 

"min-max state" M of Band C with respect to K (written as 

M = Mrn K[B,C]) by its oomponents (TItl , · 0 ., ms ): 

max (b. , c.) if k. < k~, i. eo, k! = 1 
l l l l l 

m. min (b. , c. ) if k. > k! , i.e., k! = 0 
l l l l l l 

k. if k. k~ 
l l l 

or symbolically 

m. = min-max k. (b., c.) 
l l l l 

(6-42 ) 

Theorem 15. M surrounds K, B and C. 

Proof: First we show that M surrounds K, i.eo, that m. = k. = k~ whenever 
l l l 

k. 
l 

k! . This is evident because K 4 Band K --~ C means that 
l 

k. = k! implies b. = C. 
l l l l 

. m. 
l 

= min-max k. (b., c.) 
'l l l 

k. = k~ arid therefore 
l l 

k. = 
l 

k~ 0 

l 

Now let us show that M surrounds B~ i .. e 0' that m. = b. = b ~ whenever 
l l l 

b: = b~. Because of semi -modularity we have B -> K I or k' b. b I 
l l i l i

O 

There are three sub-cases~ 

If k. = k~ we have the case above; i oe. J m. = min-max 
l l l 

withb. = c. = k. = k~ and therefore m. k. b. 
l l l l l l l 

of our hypothesis that b. = b! 0 

l l· 

this means that k! = 1 and since k~ = b. If k i < k~, 

see that b. = 
. l 

l l l 

1 and m. = min-max k. (b., c.) becomes 
l l l l 

m. == max (b. ~ 
l l 

c.)=l=b. b~o 
l l l. 
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l 

k. (b., 
l l 

c. ) 
l 

because 

b ~ we 
l 



If k. > k~, this means that k~ = a and since k~ = b. 
l l l l l 

see that b. = 0 and m. = min-max k.(b., c.) becomes 
l l . l l l 

m. = min (b., c.) = 0 = b. = b!o 
l l l l l 

b~ we 
l 

Definition 14: Suppose that we have a sequence (not necessarily satisfying the 

target condition and therefore not necessarily allowed!) B(O), 

B(l), B(2), 000 B(j), B(j+l) 000 and that B(O) is surrounded 

by a state C(O) f B(O). We can then construct iterative+y a 

"parallel sequence" as follows: take BeO), B(l) and C(O) and 

take 

C(l) = Mm B{b)[B(l), C(O)] 

C(2) = Mm B(1)[B(2), C(l)] 

C(j+l) == Mrn B(j )(B(j+l), C(j)J t 

obtaining 

B(O) ~ B(l) ~ B(2) 
~,J, ,J, 

C(O) -~ C(l) ~ C(2) 

-7 B(j) ~ B(j+l) -7 00. 

J, "- J, 
-7 C(j) -~ C(j+l) -7 .00 

where the arrows have their usual significance of "surrounded 

by" by virtue of Theorem 15. 

We see·. that the parallel sequence we have formed has the 

property that each of its terms surrounds the preceding term 

of the new sequence and also the two corresponding terms in 

the original sequence 0 

Theorem 16. Let pea), 000 Per), p(O) be a cyclic sequence (not necessarily 

allowed, ioe., not necessarily fulfilling the target condition) 

and Q(O), .. ., 0 Q(r), Q(O) the parallel sequence constructed by 

(6-43). Then for any node i for which 

1. p. (j) = q. (j) we also have p. (j+l) = q.(j+l) 
l l l l 

2. P. (j) < q. (j) we also have p. (j+l) <: q. (j+l) (in this case 
l l l l 

P.(j) < p!(j)!) 
l 
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Proof: 

3. P.(j». q.(j) we also have p.(j+l) > q.(j+l) (in this case 
. l II l 

P.(j) > p~.(j)!) 
l l 

i.e., all inequalities and equalities between pairs in parallel 

cycles are propagated through the whole cycle. 

Let us first discuss the case ~i(j) = qiiJl. There are th~ee sub­

cases: CD p ~ (j) = Pi (j ) I ® P ~ (j ) >p i (j) and Q) p ~ (j) < Pi (j ) • 

Case CD. Remembering that 

~p(j) ~ P(j+l) ~ 
~J. ~ t ~ 
~Q(j) ~ Q(j+l) ~ 

where Q(j+l) = Mm p(j)[P(j+l), Q(j)] we see that P~ (j) = :Pi (j) 

implies that q.(j) = p.(j+l) = P.(j) = p~(j) and q.(j+l) = 
l l l l l 

min-max P.(j)[q.(j), p.(j+l)J = P.(j) which here is = P (j+l), 
l l l l i 

i 0 e. J q. (j+l) .= p. (j+l L Note that we did not even have to use the 
l l 

hypothesis that p. (j) = q.(j)! 
l l 

Case 0. Here clearly Pi(j) 0 and p{(j) = 1. By our hypothesis 

q.(j) = O. Therefore q.(j+l) = min-max Pi(j)[q.(j), p.(j+l)J 
l l l l 

= max [0, p. (j+l)J = p. (j+l). 
l l 

~~. Here clearly Pi(j) = 1 and p~(j) = O. By our hypothesis 

q.(j) = 10 Therefore q.(j+l) ='min-max P.(j)[q.(j), p.(j+l)] 
l l l l l 

= min [ 1, p. (j +1 ) ] = p. (j +1 ) • 
l l 

We see thus that equalities are effectively carried forward in 

all cases. 

Part 2. Now we have to discuss the case .:e.(j) < q.(j), implying 
l l~ 

p.(j) = 0 and q.(j) = 1. Let us again split up the discussion into 
l l 

the three sub-cases above: 

Case~o This case is clearly impossible, since it implies (as 

shown above) that Pi(j) = qi(j) quich contradicts Pi(j) < qi(j)· 

Case ~o This case is also e~cluded since Pi(j) = 0 and 

p~(j) < Pi(j) Gontradict each other. 
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Case 12\. We must therefore have case 12', i.e., p.(j) < p!(j) ----~ ~ l l 

whenever Pi(j) < qi(j)· This means that p~(j) = l,and 

q. (j+l) = min-max p. (j )[q. (j), p. (j+l)] :: max [1, p. (j+l)] = 1. 
l l· l l l 

We have yet no proof that p.(j+l) = 0 so as to give p.(j+l) < q.(j+l). 
l l l 

We do know, however, that p.(j+l) I q.(j+l) because otherwise by 
l l 

. Part 1 we would have all successive pairs equal--coming around in 

the cycle we would have P.(j) = q.(j) which is contrary to our 
l l 

hypothesis in Part 2. Therefore, p.(j+l) = 0 while, as shown, 
l 

q.(j+l) = 1: this carries the inequality one step forward. 
l 

Part 3. Here we suppose that p.(j) > q. (j). The reasoning being 
-l l-

symmetric in P.(j) and q.(j), it is evident that the proof of Part 2 
l l 

is sufficient. 

We now come to the central and final theorem of our discussion. 

Theorem 17. A circuit sm(A) is siCA). 

Proof: We shall show that the equivalence set a of A is followed by a 

single final set ~ and no pseudo-final seto Using Theorem 11 we 

obtain the desired proof. 

Part 1. Let us first show that a cannot be followed by two final 

sets ~ and ~* (which a priori does not exclude that it is followed 

by a pseudo-final set). Let F be in q> and F* in ~* 0 Then we know 

that we can form sequences A(O), .. o,F and A(O), .• o,F*-where 

A(O) = Ao Evidently F !F*, but some states in the sequences may 

be common to both. Let A(j+l) be the first state in the first 

sequence from which we can no longer go to F*. Relabel A(j) 

(from which we ~ go to F*) simply B(O). Then there is a sequence 

B(O), B(l), .ooB(k), F*o Call F* now B(k+l). Then we can construct 

the parallel sequence C(l)o .. C(k+l) to B(l) .00 B(k+l) by the 

min-max process, obtaining 
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A(O) = A 

J, 

A(j) = 

* A(j+l' 
J, 

J, 

F 

B ( 0) -+ B ( l) -+ B (2) -+ • •• -+ B (k + 1) = F* 

~J, ~J,~ ~ J, 

-+ C(l)-+C(2)-+ ••• -+C(k+l) 

Now consider C(k+l): this state cannot be in cp* for if it were, 

we could go from it to F* and that would imply that, contrary to 

our hypothesis, we could go from A(j+l) to F*. Therefore, C(k+l) 

is outside CP*. But by the construction of the parallel chain we 

can go from F* to C(k+l) outside: our assumption that cP* is final 

is, therefore, wrong. There can, then, be only a single final 

set cp following o. 

Part 2. Now we must show that a cannot be followed by a pseudo­

final set (say T) composed of states T(O), •.. ,T(r). Since L is 

not final, there must be a set 0 f. T following T. Let D be a 

state in 00 We can then construct a sequence T( 0), • 0 ., D: in 

it is a first state--say Q(O) which is not in T. We can assume 

that the states in T can be labelled such th~t Q(O) surrounds 

T(O). Now let us construct a cycle T(O) •.. T(l), T(l) .•. T(2), 

T(r) ••. T(O) containing all states in T and let us show that 

this cannot 'be an allowed sequence, i.e., that the target condition 

is not satisfied. Note that if we chose a subset of states in T 

as our cycle, the hope of satisfying the target condition would 

even diminish. Let us rename our cycle P(O), .'0, P(r); then 

P(r+l) = p(O). Finally, let us construct the parallel cycle 

Q( 0), 0 0 0' Q( r) to p( 0), 0 •• ' p( r ) 0 We then obtain: 
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A(O) A 

. .1 

= p(o) ] in 't ~ 
/ 

P ( 0) ~ P (1) ~ P (2) ~ . •. ~ P ( r) ~ P ( r+ 1 ) 

.1~ .1 ~.1~ "'.1 ~ .1 
not in 't ~ Q(O) ~Q(l) ~Q(2) ~ .0. ~Q(r) ~Q(r+l) ::; 

.1 '--------

J. 

D 

Since Q( 0) f p( 0) (They are even in different equivalence sets!), 

they must differ in at least one signal, say p.(O) f q.(O). There-
1 1 

fore, we can only have P.(O)I> q.(O)--Case fi\-- or p.(O) < q.(O)--
1 1 \.::J 1 1 

Case (0. 

Case ~. By the proof of Theorem 16 this must imply that 

p.(O) >p!(O). Since p.(O) > q.(O) is-propagated and gives 
1 1 1 1 

P.(j) > q.(j) for all jo This also means that for all states of 
1 1 

our cycle P.(j) >p!(j), this visib~y violates the target 
1 1 

condition: our sequence is not an allowed sequence and 't cannot 

be pseudo-finalo 

Case r:;}\. The assumptionp. (0) < q. (0) leads to p. (0) < p! (0) and 
~ 1 1 1 1 

by iteration to p. (j) < p~(j) for all j. Again the target condition 
1 1 

is violated. 

Thus there is no pseudo-final set following a but there is a unique 

final set following it: the circuit (started in state A) is speed 

independent! 
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