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Abstract

The problem considered is that of recovering digital information stored on a magnetic disc after the disc
has been erased. Even after erasure, the signal that represents the information is present on the disc,
though at a very reduced level. Communication theory techniques are applied to detect the erased signal
in the presence of noise. For this purpose, the signal and noise in the readback channel are characterized.
The signal dependent and nonstationary nature of particulate recording media is investigated. The
average power spectral density description is studied in detail, and its inadequacy in characterizing
media noise is discussed. It is indicated that media noise is completely characterized stochastically by its
autocorrelation function. A time-domain model for the noise is then proposed which makes it possible to
determine the autocorrelation function of the noise, for any general signal written on the disc, from a
simple set of spectrum analyzer measurements. The models for signal and noise are used to design
optimal and suboptimal detection bit detection schemes. The probabilities of bit error that result when
these schemes are employed are calculated numerically for four representative case studies. Conservative

estimates for the probability of detecting digital information from erased magnetic discs are obtained.
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Chapter 1

Introduction

Recovering digital information stored on a magnetic disc after the disc has been subjected to erasure is a
problem of interest in magnetic recording. A specific instance of this problem, which is the motivation
for the work discussed in this thesis, is the quantification of the security of information stored in the
discs, in terms of the probability of retrieving the information after they have been erased. Even after
the erasure, the signal that represents the information stored on the disc is present on the disc, though
at a very reduced level. Noise, which comes from various sources in the recording system, hinders the
accurate retrieval of the stored information, and more so when the disc has been erased. Based on the
statistics of the noise, detection schemes can be designed to recover the stored information. The goal of
this project is to predict the probability of recovering the erased data at various levels of erasure when
these schemes are used for detection. For the specific problem of interest we need to obtain conservative
estimates of ( or upper bounds on ) the probability of information retrieval. We have applied
communication theory techniques to the problem of detecting the erased signal in presence of noise. For
this purpose we consider the readback system as a communication channel over which the information
stored in the disc, is transmitted. The first part of this project concentrates on characterizing the
readback channel to the best possible extent. This characterization involves modeling the signal and

noise in the readback channel. The second part applies these models to estimate the probability of

accurate information retrieval.

1.1. Modeling the Signal

In digital magnetic recording, a "1* is represented by a transition in the direction of magnetization on
the disc, and a *0" is represented by the absence of such a transition. We consider that an inductive
head is used in the readback channel. Consequently, when a string of bits is stored on the disc, the
readback voltage at the output of the read head is a sequence of positive and negative going pulses

which we shall refer to as the signal. The presence of such a pulse within a clock period indicates a *1°%,



and its absence indicates a "0". The shape of an individual pulse, to a very good approximation, is a

Lorentzian [20]. We shall be using this Lorentzian pulse model in our analysis.

1.2. Noise Models

The sequence of pulses described in the last paragraph is not the only contribution to the readback
voltage. There is also an undesirable noise component. As a broad classification, we can consider that
the noise comes from two sources, the readback electronics and recording medium itself. The noise from
the readback electronics can be very accurately modeled as white noise, and is not difficult to
characterize. The noise from the recording medium, which we shall refer to as media noise, is more
interesting. We shall be concentrating only on particulate recording media in this thesis. The media

noise in this case arises due to the randomness in the locations and orientations of the magnetic particles

that constitute the medium.

Previous theoretical and experimental work [18, 1, 16] has shown that the noise from particulate
recording media consists of a signal independent background noise term and a signal dependent
modulation noise term. This signal dependence causes the media noise to be statistically nonstationary.
Tl;is nonstationarity nature is what makes the noise in magnetic recording systems different from the
noise in conventional communication channels. One of the ways to partially characterize the noise in the
stochastic sense is through the use of an average power spectral density description. In the past, models,
based on the physics of the recording process, have been developed [12, 18, 1] for the average power
spectrum of the noise when periodic signals are recorded on the disc. The emphasis in these models has
been to evolve an exact formulation for the average power spectrum in terms of the various parameters
associated with the recording system. Very little attempt has been made to characterize the noise for the
purposes of designing bit detection schemes based on the statistics of the noise. Since this is our goal we

have taken a different approach to characterize the noise.

With the assumption that the noise is gero-mean Gaussian, it can be completely characterized by its
two-dimensional autocorrelation function. We have proposed a model for the nonstationary media noise
in terms of two stationary stochastic processes and one deterministic function of time. The deterministic
function of time depends on the signal and it reflects the signal dependent nature of the media noise.
The autocorrelation functions of each of the component stationary stochastic processes are determined
from a set of spectrum analyzer measvrements. These are then used to determine the two-dimensional
autocorrelation function of the non-stationary media noise when a general deterministic signal is written

on the medium.



1.8. Bit Detection

The existing schemes for bit detection, i.e., deciding whether a particular bit in a bit string is a *1* or a
*0*, include level detection and peak detection. In level detection, if the readback voltage at the center
of the bit period is greater than a prespecified threshold we decide “1* is present, and otherwise we
decide a "0" is present. This scheme is simplistic and results in very high errorv rates. Peak detection is
an improvement over level detection; in this scheme the readback voltage is first differentiated, and then
the presence or absence of a pulse is established by detecting a zero crossing in the given bit period.

Both these schemes are ad hoc, in the sense that their design does not directly make use of the statistics

of the noise.

The detection schemes that we shall discuss in this thesis are more sophisticated; their design is based on
the stochastic characterization of the noise in terms of its autocorrelation function. We formulate the
detection problem as a hypothesis testing prol:lem and evolve a decision strategy for the optimal
detector, i.e., the detector which yields the minimum probability of error. We also analyze the
performance of some suboptimal detectors which are easier to implement than the optimal detector. As
one would naturally expect the probability of error increases with the reduction in signal level that is
caused by erasure. We have computed the probability of error for all these detection schemes at various
levels of erasure. For the present problem of estimating the probability of erased signal retrieval, we ( if
at all ) must err on the conservative side. Thus, we must consider the optimal bit detection schemes
yielding the highest bit detection probabilities even if it is impractical to implement these schemes.

These can, in turn, be used to predict the probability of correctly retrieving a long sequence of bits.

1.4. Prologue

The organization of this thesis is as follows. Chapter 2 provides an introduction to the readback
channel. A model for the signal pulse is derived in this chapter, and response of the channel to the
magnetization of a single particle in the medium is analyzed. Starting with this single particle response,
a model for the average power spectrum of the noise is developed in Chapter 3. Chapter 4 concerns the
time-domain model for particulate media noise, which allows us to obtain the two-dimensional
autocorrelation function of the media noise from simple spectrum analyzer measurements. The design
and performance evaluation of bit detection schemes which are based on the noise statistics is discussed
in Chapter 5. This chapter contains a major portion of the work done in this thesis. Conclusions and

suggestions for continuing work in this area are presented in Chapicr 6.



Chapter 2
The Readback Channel

2.1. Introduction

The use of magnetic recording has become widespread in the last two decades for numerous reasons. A
discussion of these reasons and an excellent introduction to the various aspects of magnetic recording
can be found in [12]. In all types of magnetic recorders, the information to be stored is applied as a
time-varying current in the coil of a gapped-write head; the time-varying fringing magnetic field,
emerging from the gap, magnetizes the magnetic medium which is moving past the head. The magnetic
materials used in magnetic recording have properties similar to those of permanent magnets, such as
high values of remanent magnetization and coercive force. Also the elementary particles that constitute
the mediu’m must be physically small enough and magnetically sufficiently independent of one another
to permit short wavelength recording, and to give a high signal-to-noise ratio ( SNR ). There are two
types of magnetic media which satisfy these requirements; particulate dispersions and thin metallic

films. We shall be concentrating mainly on particulate recording media in this thesis.

In the specific application of interest to us, namely, longitudinal digital magnetic recording, the
magnetic medium is completely saturated parallel or antiparallel to the track direction. The most
popular scheme for storing binary digits on the medium is the NRZI ( non-return-to-zero-interleaved )
code in which a binary ®1® is represented by a transition in the direction of magnetization of the
medium in a prespecified bit period, and a ®*0*® is represented by the absence of such a transition . Fig.
2-1 shows a typical magnetization waveform that is obtained by using this code. The details of the
writing process, i.e. process of Writing transitions on the medium, are not directly relevant to us in the
analysis of the readback channel, and hence not discussed in this report. A reasonably detailed analysis
of the writing process is available elsewhere [20]. It is shown that the written transition can be
approximated by an arctangent function. We shall use this arctangent transition model as the starting

point for our analysis.
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Figure 2-1: Magnetization waveform obtained by employing the NRZI coding scheme

2.2. Frequency Response of a Karlqvist Head

Fig. 2-2 shows the head-medium configuration of a typical digital magnetic recording system in which
an inductive head with gap thickness g, is used for readback. The medium shown is a particulate
recording medium with thickness § and width w. A particulate recording medium is a dispersion of
magnetic particles in a binder. Each of these particles can be considered as a tiny bar magnet oriented in
approximately the same direction as the track. The head moves with respect to the medium at a
constant velocity in the X-direction; and hence, in any analysis, we consider two coordinate systems, one
fixed to the medium and the other fixed to the head. If (z,, y,, 5, ) are the coordinates of any point
in the medium with respect to the medium coordinate system, then the corresponding coordinates,
(=, ¥, 2, ), with respect to the head coordinate system are given by

z, -z -z,

m
Y ™ Vp,»
z, =z, (2.1)

where z == of; v being the velocity of the head with respect to the medium.

To find the flux that links the read head when a certain magnetization pattern is written on the

medium, we make use of a powerful result which comes from an application of the Reciprocity Theorem
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Figure 2-2: Head-medium Configuration

[20]. Let K(z“,yh,xh) be the fringing field produced by the read head when it is excited by a current
which results in a deep gap flux of unity. Then, the by Reciprocity Theorem, the flux linking the the
read head due to the magnetization M(z V', m) of the media is given by?,

&+
é(z) = 4 /‘: - /; - ./;:" — M(’....v,..»fm) - H(zyyp2y) dz, dy, dz,

w &+8
- 4 '/; /‘ /‘v M(z,+z,9,2,) - H(z,,y,.2,) dz, dy, dz, , (2.2)
=00

where - denotes the dot product operation.

In general, M has all three components M, M, and M_. On the other hand, if we ignore end effects in
the Z-direction, the head field H lies in the XY-plane, and it does not depend on z,. Hence, we can
expand the dot product in Eq. (2.2) to get

1We shall be using c.g.s. units in this chapter



w d+6 0o v
#@) = an [ [T [ {Mfaranm) Hiz)
+ My(zh-i-z,yh,zh) Hv(zh,yh) }dz, dy, dz, . (2.3)

The readback voltage? , V (z) at the output of the read head is given in terms of ¢(z) as

V(z) = nn dziz) . - (2.4)

where n is the number of turns in the readhead, and 7 is its efficiency.

Recognizing the integration over z, in Eq. (2.3) as a convolution, we can rewrite it as
w d+6
#a) = an [ [T [ M(emyn) « Hiozy) ] dy, o,

w d+6
+ 47 /o /d [ M'(z,yh,zh) . Hy(-z,yh) ] dy, dz,, (2.5)
where s denotes convolution.

From the above equation it is evident that the response of the readhead can be considered as the output
of a linear system to which the magnetization, M(zm,ym,zm), is an input. Taking the Fourier transform

of ¢(z) with respect to the space variable z, we get
w d+8 .
#(k) = Fo(z)) = 4r /o [ M) X, k) dy, 0z,

w d+6 .
+ 4”,/0- p M,(k.ll,,,th) N, (k’yh) dyh th . (26)

where superscript * denotes complex conjugation, and

00 ks
N (ky,) = /_ - H (z,y,) e dz ,

2We shall be writing the readback voltage and flux as a function of either the space variable £ or the time variable ¢, depending
on which is more convenient, keeping in mind that the z and ¢ are related as z = ot.



Mkw) = [ Hew) e az,
had —jk
M (ky,z,) = /;oo M (z,y,,2,) e dz

00 .
M (ky,z) = /_ M) s 2.7)
From Eq. (2.4), we can see that the Fourier transform of V (z) is given by

V(k) = sknn&k). (2-8)

Using the Karlqvist approximation [9], the fringing field produced by the head, when the deep gap ﬁeld
is H has components, HK and HK given by

H At 9/2 —g/2
H’((zh)Vh)B—[ !( h )_m (_y-;-—)]r
H _(z, +9/27+y,’
H-;((-",,,vh) = - '2-, ln[ 2 !

m

] , for y, 2 0. (2.9)
(zh - 9/2)2 + yh2
We mentioned earlier, when we applied the Reciprocity Theorem, that the field H(z,,y,) is the field
produced by the read head when the deep gap flux is unity ,i.e., when H, g = 1. Hence, by substituting
1/g for H' in Eq. (2.10), we get

z, +9/2 z, —g/2
H,(zhtyh) = ;:-; [ m-l( -h—yh_) - m-l( hT' ) ] ’

1 [ (zh + g/2)2 + yh2

H(z 1”) = T e ’

for y, 2 0. (2.10)

It can be shown [20] that the Fourier transforms ( with respect to z, ) of the field functions in Eq. (2.10)

are given by,

sin (kg/2) _y
ko) ¢

N’(k,yh) = jsgn(k) ¥ (k,y,) for y, 2 0. (2.11)

N (ky,) =

10



Using Eqgs. (2.11) and (2.6), we can can calculate V (k) for any known M(z .y ,z ) written on the
medium. For particulate recording media, the magnetization is not a continuous function of z_, y,, and
z,, because the magnetic particles are discrete. The average response of the head to the magnetization
of all the particles that it scans at any instant is the same as its response to the average or bulk
magnetization of the medium as a function of z, because of the linearity property of the convolution in
Eq. (2.5). This average response shall be referred to as the signal in forthcoming discussions. Random
variations of the response about the signal can be characterized if we know the response of the head due

to the magnetization of the individual particles. We shall analyze these two cases in the ensuing sections.

2.3. Bulk Magnetization Response

The bulk magnetization of the medium is in the direction of the track, i.e., in the X-direction, for
longitudinal recording. Therefore, M'(z m,ym,zm) and M'(zm,ym,zm) are zero. For a single positive going

arctangent transition written at z =0, the bulk magnetization is given by

2M. . z,.
M:(zm,ym,zm) = -;r_ tan (—;-) , (2.12)

where M, is the saturation value of the magnetization in the medium, and a is the transition width

parameter.

Computing the Fourier tranform of the arctangent magnetization is not straightforward since the

integral of |ta.n"1(zm/a)| over the interval (—o0,00) is not convergent. If we write
tan Yz /a) = %/2 — tan"Y(a/z ), (2.13)

then it can be argued that [20] the Fourier transform of M, with respect to z, is given by

oM,
M (k) = 2 M, x§k) + j— ¢ lkle (2.14)

The delta function in the above equation is misleading because it attributes a d.c. value to the
magnetization which, as defined in Eq. (2.12), does not have any d.c. value. We shall consider the delta
function as representing the divergence of the arctangent function. Since the voltage is proportional to
the derivative of the flux, this introduces a factor of k, which eliminates the delta function completely as
we shall see shortly.

Substituting Eqgs. (2.11) and Eq. (2.14) in Eq. (2.6), we get

11



sin (kg/2) My e [
¢(k)=47rw—m—[2M‘1r5(k)—JTc ]./d e hdyh
sin (kg/2 1—c k8 2M, _
T™w -(T(g/g2/—)) eIkl -—-Ifl-;-i-—- [2M‘1r6(k) - JT ¢ lkla] . (2.15)
Finally, using Eq. (2.8),
sin (kg/2) _ 1—e e
V(k) = 8rn m— eIkl --I-;I—_ ¢~ Ikle M‘ . (2.16)

The following terms can be identified in the above equations;

Writing Process Loss : ¢/l
. sin(kg/2)
Gap Loss : 9
Spacing Loss B
116
Thickness Loss

k|
All the loss terms tend to suppress the high frequency content of the magnetization waveform so that
the flux waveform, for a transition written at z, = 0, is also a transition at z = 0 but with a larger

transition width. In fact, if we assume that the transition in the flux is also approximately arctangent in

shape, i.e.,

29, z
é(z) = Ttan—l(?), (2.17)

where ¢_ is the saturation value of the flux, then it can be shown [20] that ¢ and a are related by

¢ = % V@ + 4(d+a)(d+a+8) . (2.18)

Note that, as expected, ¢ = a for d = § = g = 0, i.e., when the recording is distortion-free.

12



2.4. Signal Model

We can rewrite Eq. (2.17) in terms of the time variable ¢, by replacing z in the equation by vt. We shall

also include terms n n in the flux expression, so that the readback voltage would be simply the time-

derivative of the flux written in this way. Hence,

26
o) = — (<), (2.19)

where 0 = ¢/v, and ¢,=nno,

The readback voltage as a function of time for a single positive going arctangent transition can now be

written as

d 2% 1
o) = = 8) = — [1 n :2/02]' (2.20)

The above model, which can be identified as a Lorentzian pulse with width parameter o, will be used as
the model for the signal pulse in ensuing discussions. Note that in digital magnetic recording, we can
have both positive and negative going transitions. Both these represent a digital *1*. Hence, the signal
pulse for digital *1* could be either positive going or negative going.

2.5. Response Due to a Single Particle

Let us now consider the response of the head due to a single particle ( sth ) which is represented by a
bar magnet m of finite length ! and infinitesimal cross-section, located at coordinates ( z, Y, 2 ) in the
medium with orientation ( 6, ¢ ) as shown in Fig. 2-2.

The particle makes an angle § with the X-axis. The angle 8 can take on values in the range [0,7].The
projection of the particle on the YZ-plane makes an angle of ¥ with the Y-axis. The angle ¢ can take on
values in the range [0,27]. If the magnitude of the dipole moment of the particle is m, then the

components of m in the three directions are given by

m, = mocosﬂ,
m = mosinﬂcosqb,

m, = m,sinfsiny. (2.21)

The magnetization of the medium represents the dipole moment per unit volume of the medium. If we

13



consider the medium to be made up of only the fth particle, then we can write an expression for °

M(z, y,.z,,) as

M(z, y,.2,) = _:;_1 6{y,, — v, — (z,,—z,) tan 6 cos ¥} (2.22)
X 8{z, — z, = (v,—y,) tan ¢} [u{z -z} — u{z —(lcosd + z)}],

where u{} denotes the unit step function.

The above expression for the magnetization is only a mathematical way of representing the fact that any
volume integral of M(z,,y, ,z,) containing the ith particle can be reduced to a line integral along the
direction of orientation of the particle. If & denotes the distance parameter along the particle direction,

then the following constraints hold for the line integral.
z, = ecosd + z,,
v, = esinf cosy + Yy,
z = esinfsiny + 2,

0 < s < I. (2.23)

From Eq. (2.2) we get that the flux linking the read head due to magnetization of the i-th particle is
given by

w d+§ poo
¢;’(z) = 4r ./'A-o ./;h_“/; - M(zmrym’zm) * n(zhrylpzh) dzls dyh dzh
A

v d+é -]
= 47 /o /; / M(zm,ym,zm) . H(zm—z,ym,zm) dz, dy, dz . (2.24)
—00

Again, using the Karlqvist head fields

w d+6 00
¢ z) = 4n _/o ./d " [. - { M [(z,.9,.2,) H(z,—2y,)
+ M ’(zm,ym,zm) H ,(zm—z,ym) }d:::"l dy, dz,

4 J .
= T,r ./.. o { mcos § Hz( & cos 6+z—z, & sin fcos Y+y; )

14



+ mgsin fcos ¢ Hy( & cos §+z ~z, & sin fcos Y+y, )} ds, (2.25)
where H_ and H' are given by Eq. (2.10).

Using the shifting property of the Fourier transform we get

ar [} . :
4,'“) = T./;=o {mocoso X, ( k, & sin 0cos¢+y'~)

+ msin fcos ¢ )l:( k, & sin fcos Y+y, ) } ¥ cos b) + Jkz; g, , (2.26)

where X_ and )l’ are given by Eq. (2.11). Hence,

(k) = 37’: m, % oIk, -'iik(:/gT/z) { cos 6 — j sgn(k) sin fcos ¢ }

/' c—lkla sin fcos ¥ cjln cos § ds
=0 ‘

in (ka/2 —|k|isin fcos ¥ Hhlcos 8 _ 4
= 4rm,_ % My sin (kg/2) ¢ ]
0 kg/2 l
[ cos § — 3 sgn(k) sin fcos ¢
—|k|sin 6cos ¢ + skcos 8 ]
c-—lk]lsin bcos ¥ jkicos 6 _ 4 _ 4
l ] . (2.27)

z. —|kly. &b (kg/2)
= 4r mocﬁ ie M”l ’mkg/g2 [

Hence, the Fourier transform of the read back voltage due to the magnetization of the s-th particle is

given by,

c-lklhin bcos y skicos _ 4

' ] . (2.28)

V(k) = 4rngpm, =i eIkl 'ink(:/‘;/z) [
This is the response due to a single particle. However, during readback, the readhead is influenced by
the magnetization of a very large number of individual particles, which could have arbitrary
orientations, positions and sizes. The response of the read head can hence be considered as a random
process whose mean value is the bulk response which we derived earlier. Variations of the response
about this mean value can be modeled as an additive noise. In the next chapter, we shall see how the

above expression for 'V,.(k) can be used to calculate the average power spectrum of this noise.
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2.6. Summary

In this chapter we provided a fairly detailed analysis of the readback process with the objective of
studying the frequency response of the channel. We first considered the response of the channel to the
bulk magnetization of the channel and showed that the channel behaves as a cascade of loss factors,
namely, gap loss, spacing loss and distance loss. We then considered the response of the channel due to
a single particle in the medium. This will be used in the next chapter to calculate the average power

spectrum of media noise.
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Chapter 3

Average Power Spectrum of Media Noise

8.1. Introduction

In Chapter 2, we mentioned that the fact that particulate recording media are made up of discrete
magnetic particles causes random deviations about the bulk or average response of the readback
channel. In order to quantify these deviations, which we shall refer to as media notse, we need to
characterize the noise stochastically. One of the ways to characterize the noise partially is through the
use of an average power spectral density description. We emphasize the word partially, because, as we
shall show in the next chapter, average power spectral densities yield a complete characterization only
when the noise has the special property of stationarity, i.e., the statistics of the noise are insensitive to
time shifts. It has been well established that particulate media noise is signal dependent and hence does
not possess the property of stationarity. The advantage of using a power spectrum description, however,
is that the power spectrum of the noise can be easily measured using a spectrum analyzer. Comparison
of experimentally observed average power spectra with those obtained from theoretical modeling can

yield a good insight into the nature of the noise.

Most of the existing models for the average power spectrum of the noise use the frequency response of
the head due to an individual particle as a starting point, and compute statistical averages of this
response to obtain the desired average power spectrum. One of the first papers that discusses such an
approach is by Mallinson [13]. He assumes that all particles are identical and have their orientations
perfectly aligned with track direction, so that the only randomness is in the sign of their magnetic
moments. Thurlings [18] has done a similar analysis without the assumption of perfect alignment of
particles and with clustering of the particles taken into account. Anzaloni and Barbosa [1] have extended
Thurlings’ analysis in an attempt to explain the dependence of the noise power spectrum on signal
frequency. Tarumi and Noro [17] have identified another contribution to media noise, namely, surface

asperities which cause random fluctuations in the head-to-medium distance. In this chapter we shall use
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ideas from all these papers to arrive at a model for the average power spectrum of particulate media

noise.

3.2. A Simple Model for Particle Interactions

A particulate magnetic medium is a dispersion of elementary magnetic particles in a binder; the
position, shape, and orientation of the particles are random variables whose statistics are governed by
the manufacturing process. In the dispersion process, the particles do no£ distribute themselves
uniformly and independently; being magnetic, they interact with each other to form agglomerations.
The magnetic interaction of the particles in the medium is a complicated matter, requiring the

simultaneous consideration of all the particles in the medium.

head

clusters
medium

S
;@

subclusters

@ — @ equivalent particles

at high writing frequencies.

Figure 8-1: A simple model for particle interactions in terms of clusters and subclusters
In order to arrive at a simple model, we assume that the interactions are either very strong or weak.

Fig. 3-1 is an attempt at representing these two types of interactions pictorially. Very strong

interactions cause the formation of subclusters, which are sets of particles strongly interacting with each
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other and weakly interacting with all other particles not belonging to the same subcluster. Since the sign
of the magnetic moment of the particles also depends on the applied external field, the final state of
magnetization of the particle depends on the applied field and on the attributes of other members of its
subcluster. For a slowly varying applied field, the magnetic moments of all the particles of a subcluster
are forced to have the same sign. However, when the signal frequency is high, strongly interacting
particles in a subcluster may end up with opposite polarization, canceling each .other and thus reducing
the equivalent size and magnetic moment of the subcluster. Under these conditions we can consider the

subcluster to be an elementary particle whose size decreases as the signal frequency increases.

‘Weak interactions between subclusters, during the manufacturing process, cause them to form clusters.
The horizontal position of a subcluster within a cluster depends on other subclusters within its cluster,
but is independent of the subclusters not belonging to its cluster. We model the cth cluster by picking an
integer N_ from a given distribution and putting together N_subclusters. We shall assume that the
bhorizontal positions u of the centers of the clusters are uniformly distributed along the track. Th;
horizontal position w of the subclusters with respect to their respective cluster centers is drawn from a

distribution with probability density function p(w). Hence, the horizontal position z of the subclusters in
the medium is given by

T =u + w. (3.1)

The 'robability density function of z can be shown to be [14] the convolution of the density function of
u and the density function of w. The density function of u is uniform over the entire length of the tape
whereas the density function of w, p(w), is limited to the region of the cluster. The convolution of the
density function of u with that of w is hence also approximately uniform if we ignore the distortions at
the medium boundaries. Hence, the distribution of the horizontal positions z is approximately uniform.

Similarly, the distribution of the vertical positions y of the particles is also uniform.

3.3. A Model for the Average Power Spectrum of the Readback Voltage

The readback voltage can be considered as a random process r{t) whose mean value is the desired signal
(t). The noise in the readback voltage n(t) is defined to be any random deviation from the signal so
that, by definition, n(t) is sero-mean. Hence, if we model the average power spectrum of r{(t), we can
obtain a model for the average power spectrum of the noise from this by subtracting the average power
spectrum of s(t). The average power spectrum of r(t) is defined by [14]
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T .
S (w) = Tl_i_.mm -2-1-7-,E{ | /_ Tr(t) e dt)?). (3.2)

Eq. (3.2) is called the time average definition of the average power spectrum of a random process. In the
next chapter we shall be defining the average power spectrum in a different way in terms of the Fourier
transform of an average autocorrelation function. The reader may be familiar with either of these
definitions. We shall show in the next chapter that the two definitions are equivalent. We can rewrite

Eq. (3.2) in terms of space variables, using z=vt and w=kv, as

. 1 T —ikz
S0 = lim | f_ ROt S (3.3)

In the limit as T — oo, we can replace the integral in Eq. (3.3) by the Fourier transform of r(z) to get
S0 = lm —E(|B)), (5.4
T oo 20T
where p(k) is the Fourier transform of a sample realization of the random process r(z).
If Np.is the total number of particles ( subclusters) in the volume of the medium from —uT to vT, then

Nr
AE) = 3 VK, (3.5)

t=]

where 'V..(k) is the Fourier transform of the voltage contribution due to one subcluster as given in Eq.
(2.28).

We can rewrite Eq. (2.28) as
.v.(k) = &; cikz‘ H,(kﬂ,-,mo,o.'l’,l) ’ (36)
where ¢, is the sign of the magnetic moment of the particle, 6 is now restricted to 0 < ¢ < /2 and H;

is given by

- —|kly;
H, = 4rnpm e "V

sin (kg/2) o~ Iklisin bcos ¥ skicosd _ | ] | )

kg/2 l

Therefore
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T (k) = hm -—-E{|2 s, H i |*)

=]
_ N, N,
== 'k(z —t)
Tll’moo 2UTE{§Z:1¢0HH ¢ v}
Np NT NT
= lim — E E(H, )} + 3 S E{sHH" M%) (3.8)
T—ooo2T[ ie=1 l=1l9¢ ]

Let the N, subclusters be distributed among clusters with Nc subclusters in cluster ¢. With the exception
of z, and &, We assume that all the random variables associated with a single subcluster are statistically

independent. Furthermore, if we assume that the subclusters are statistically identical, then we can

write the above equation as

Np Np _ )
5k = lm —-[ o(1:)2: N, +B®HY T A(k)] (3.9)
im=1 I=1l9¢0
where
Byk) = E{|H,’},
B\(k) = | E{(H;}|?,
Ak) = E{s o, eM=7%) ) (3.10)

The sign of the magnetic moment of a subcluster will *follow® the magnetization written on the disc. In
other words, the probability of the sign being positive is larger at places where the written signal is
positive and vice versa. One of the ways of describing this dependence is through the use of the following

joint probability density function for the random variables s and z.

Ne,z) = ——[ {1+ -M(—)} &e-1) + {1 - MA%)} 6(a+1)] . (3.11)

Using the above joint density function, we compute A(k) for the following two cases.

Case 1:

The subclusters ¢ and I are located in different clusters; i.e., the random variables z; and z; are

independent. Then we can write
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A(k) = E{s g™} E{se™*1} = | E{s **} |2, ' (3.12)

where

vT
E{G ejkz} — Z—T -, {1 M )} ejkz _ 2_2_7_' —VT{ _.A_/I.(._).} c-""’

.1 UT M(z) e)*z
4T -.gT M'

1M A
T M, (in the limit as T— o0 ). (3.13)

Thefef ore

1 M (k) |
= l M( 2” ) (3.14)

Alk) =

The total number of such contributions to the double summation in Eq. (3.9) is given by

2 > NN,

c defe
Next, we consider the case when the subclusters s and ! are located in the same cluster.

Case 2:

The subclusters s and ! are located in the same cluster; i.e.,

T, = u + w and 7 = u + w.

Now, the random variables z; and z, are not statistically independent but u, w, and w, are independent.

Hence we can write the joint probability density function of 8, 8, U, W, and w, in the following way.

f(‘,-y‘puyw.-’wl) = I(‘;’w.'/") ,('pwl/“) S (u)

1 plw) M(u+w) Ad(u-!—w )
= [+ —— Y fo 1) + {1 - ——} He;1)]
plw) It'l(u+w) )\l(u-i—w )
X [ (14—} &o1) + {1 ———1) s(a,+1)] (3.15)

Therefore
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A(k) = E{e 8 M)}

1 M(u+w) M(u+w)) -9 3 dw d
= m—_‘-/“‘/‘;‘ /w‘ p(w') p(w‘) M. M s 4 w'. w‘ U

8

1 M{u+w+z) M{u+w) '
= ;—;z—‘/"/w /;p(wl+z) p(w) Ml i, ! ¥ dz dw, du . (3.16)
f )

8

Now, in the limit as T— oo

/ plw+z2) plw) dw, = p(z)ep(—2) = Rp(z) , (3.17)
Y1

and

L M{u+wyz) Mu+w) du = M(2)eM(—2z) = R, ), (3.18)

where Rp(z) and R, (2) represent the autocorrelation functions of the deterministic functions p(z) and

M(z2) respectively.

Hence,

1

Alk) = 2
2T M ,

/' R’(z) R\[2) ** dz

1
2T M?

[F{R(2)}sF{R\f2)}]". (3.19)
But from Eqgs. (3.17) and (3.18) we get

F{R()} = | FApw)} P = S,

FR L)} = | AM2)} P = | M(¥) I*. (3.20)
Therefore
2
A(k) = -2%7-,5’(1‘7) - -‘-’:{-A:-iz)-'— . (3.21)
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The total number of such contributions to the double summation of Eq. (3.9) is
> N (N-1). (3.22)
[

The total average power spectrum of r{t) is obtained by summing all the contributions of the type given
in (3.14) and of the type given in Eq. (3.21), and substituting in Eq. (3.4). We get

. 1 1 | MK
S0 = i g B N+ BRI S B NN
M 2
+ Bl(k)E:-E,[Sp(k) LE(—)—L] Z N,(N1)]. (3.23)

Now we shall try and quantify the statistics of the clustering process. We shall assume that the

probability of having exactly N clusters in length L ( = 2vT ) of the medium is Poisson distributed with

Poisson parameter a, i.e.,

a N
L) = S et (3.24)
and
E{N} =Var{N} = alL. (3.25)

Hence we get the following.

N
E{E}Z N} = E(3F,N} = vaR,,

N-
(2v7‘)2‘:‘1a§¢ NNC’)"’E(N( I)Nz} o’ N?,

E{E%,El N(N-1)} = E{%’ N.(N-1)} = aN_(N-1), (3.26)

where the overbars indicate average values of the quantities below.

The term
1
lim — | M (k) |? (3.27)
T—oo 2
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represents the average power spectrum of the magnetization written on the medium, which we shall

denote by § MFE)

Substituting Eq. (3.27) and Eq. (3.26) in Eq. (3.23), we get

T\ k) : S \AK)
S (k) = a NB(k) + a B(k) N_(N-1) ['F‘ Sp(k)] + o® B(K) Nf-;z— (3.28)

The third term in the RHS of Eq. (3.28) is the average power spectrum of the signal. The relationship
between this and the bulk magnetization response derived in Chapter 2 is not immediately obvious, but
will become more apparent when the expression for Bl(k) is written out. The first term in the RHS of
Eq. (3.28) is the signal independent background noise. The second term, which arises due the
phenomenon of clustering, is the signal dependent modulation noise. We can analyze these terms in

more detail if we find Bi(k) and B, (k) in terms of the statistics of the random variables associated with

the particle.

Since we have assumed a uniform distribution for the vertical position y;ofa subcluster, we get

(3.29)

Also, we can simplify the expression for H in the following way.

“e-lkllsin bcos ¢ skicoed _ | . ( e—|k|hin beos ¥ g {kicos 6} — 1 )2
l = 2

(¢ Melisin beoe ¥ i, {Kicos 8} )2

+ E

e—-2|k‘l§in fcosy _ 26-“‘&" bcos ¥ o og {klcos 6} + 1
2 '

(3.30)

With the assumption that |k| € 1/ ; i.e., for frequencies much less than the particulate limit, we get
¢~ 2klisinbeos ¥ oy _ o|klisin fcosypy + K 1% sin 26 cos 2y

¢~ Iklisinbcos ¥ oy o( 1 — |K|l sin 6 cos ¥ )
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K12 cos 26
cos(klcosf) ms 1 — — (3.31)

Therefore

e-—(k!kin bcos y skicos§ _ 4
7 |> ~ k?[cos?6 + sin%fcos’y]. (3.32)

Using the above approximation and Eq. (3.29), we can now write expressions for B(k) and B,(k) from
Eqgs. (3.10) and (3.7) as

_ sin (kg/2) 2 2 —2kd (l-—e—zlm)
Bk} = 4, [ kg/2 ] e 26’
sin (kg/2) _ (1—e k)
Bk = 4, [ e J? k2 e2te [-—'-;l-g—-]'*’ (3.33)
where
Ay = (47n n)? m°2 E{ cos?d + sin%0 cos?y } ,
A = (4rnn)? m‘)2 [ E{ Veos?6 + sin26 cos 2y } 2. (3.34)

We observe that B, (k) has all the loss terms that we derived in Chapter 2 when we analyzed the signal.
The term Bo(k) has nearly the same functional dependence on k indicating that the background noise
has a power spectrum which is very nearly equal to the channel response. This means that the
background noise can be modeled as a white noise source which is added to the magnetization M(z) and

it gets modified by the readback channel in the same way as M(z).

We also observe that B, (k) and B, (k) depend on the value of the magnetic moment m of the subcluster.
As we mentioned earlier, m, decx:eases with increasing writing frequency, and, hence, Bo(lc) and Bl(k)
are scaled down by the same amount with increasing writing frequency. This means that all the three
terms in the average power spectrum of the readback voltage get scaled down by the same amount with
increasing writing frequency; but the signal-to-noise ratio remains unaffected. We shall make use of this

fact when we model the noise in the time domain in the next chapter.
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3.4. Noise Average Power Spectrum

From Eq. (3.28) we can get the average power spectrum of media noise §n(lc) by subtracting the signal

power spectrum, i.e.,

S Y ()
S (k) = aNBK) + a Bk, (Nc—l)[ — -Sp(k)]. (3.35)

As mentioned earlier there are two components in the noise power spectrum, background noise and

modulation noise. We shall now discuss both these terms in more detail.

8.4.1. Background Noise

The background noise as the name suggests is present even when there is no recorded signal. This noise
can be best described as the output of the read head when the medium h&s- been a.c. erased to ensure
that the bulk remanence in the medium is zero. Background noise arises purely from the fact that the
medium is made up of discrete particles, and would be present even if there was no clustering. As
méntioned earlier, this noise term can be considered as white noise which is ®colored® by the readback
channel. This is the type of noise that is encountered in most communication channels and a host of

communication theory results have been developed for signal detection and estimation in the presence of

such noise.

8.4.2. Modulation Noise

This npise term arises as a consequence of the clustering phenomenon. In fact, the term that
*modulates® the magnetization in Eq. (3.35) is directly related to the probability density function of the
position of a subcluster within a cluster. The simplest way to measure modulation noise is to record a
periodic magnetization pattern on the disc and to observe the average power spectrum of the readback
voltage around the fundamental frequency and harmonics of the periodic pattern. The modulation noise

appears as "shoulders® around these frequencies.

It should be mentioned here that particle clustering is not the only reason for a modulation noise term.
Tarumi and Noro [17) have shown that asperities on the surface of the medium also cause a modulation
noise which has much smaller bandwidth than the modulation noise produced by clustering. In the next

chapter we shall attempt to obtain a general time-domain model which could be made to include both

these modulation noise terms.
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3.5. Summary

In this chapter we derived an expression for the average power spectrum of the readback voltage based
on a simple model for particle interactions within the particulate recording medium. This simple model
for particle interactions classified the interactions to be either very strong or weak. Weak interactions
cause the formation of clusters, and very strong interactions produce subclusters. We showed that
clustering of particles causes a modulation noise term which is signal dependent. Subclustering causes
the two noise terms and the signal to depend on the writing frequency. We noted that even though both

signal and noise depend on the writing frequency, the signal-to-noise ratio is independent of the writing

frequency.
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Chapter 4

Time-domain Model for Media Noise

4.1. Introduction

In Chapter 3 we established that the noise from particulate recording media consists of a signal
independent background noise term and a signal dependent modulation noise term. We made an attempt
at obtaining an exact formulation for the average power spectrum of the noise in terms of the various
parameters, both random and deterministic, associated with the recording system under consideration.
In the past such a characterization of the noise has been mainly used to calculate, in a very restricted
sense, the signal-to-noise ratios in these systems [13]; very little attempt has been made to characterize
the noise for the purposes of designing bit detection schemes in the presence of this noise. Our goal is to
evolve criteria for designing bit detection schemes based on the statistics of the noise. Hence, we need to

characterize the noise completely in the stochastic sense.

Media noise, observed as a function of time ¢ at the output of the read head, can be considered as a
sample realization of a governing stochastic process. Typical media have about 10 particles per cm® 50
that the read head scans some 10° particles every instant [12]. Since the noise is the combined effect of
the randomness in the location and orientation of such a large number of similar particles, by the
Central Limit Theorem [14], it is reasonable to assume that the governing process is Gaussian. This fact
has been further corroborated by experimental work done by Filar and Wright [8]. Recent work by
Barbosa and Anzaloni [2] demonstrates that we do not need to make the Gaussian assumption since the
N-th order probability density function of particulate media noise can be obtained from some simple
particle interaction models. However, the Gaussian assumption makes stochastic analysis tractable
because Gaussian random variables have very useful properties [14]. A host of communication theory
results have been derived using this assumption, and applied in many practical cases for which the
statistics is far from Gaussian. Since in our case we have strong reasons to support the fact that the

noise is Gaussian, we are more than justified in making this assumption.
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A Gaussian noise process n(t) is completely characterized stochastically by its mean function n(t) and its

autocorrelation function R (t,t+7), defined by ,

n(t) = E{n(1) }, (4.1)
and

R (tt+7) = E{[n(t)—n(t)] [n(t+r) —n(t+7)] }, (4.2)
where E{.} denotes expected value.

The noise process is said to be wide sense stationary if n(t) is constant for all ¢, and R, (t,t+7) does not
depend on t, i.e. , n(t) = n, and R (t,t+7) = R (7). It should be noted that for a Gaussian process,
wide sense stationarity implies stationarity in a strict sense [14], i.e., the N-th order statistics of the
process depends only on time differences. Hence, we shall be using the terms ®stationarity® and "wide

sense stationarity® equivalently. The Fourier transform of Rn(r), denoted by Sn(w), is called the power
spectral density of the stationary stochastic process.

For a non-stationary Gaussian process with constant mean, an example of which is media noise which
has gero mean, the autocorrelation function Rn(t,t+r) is not independent of ¢. In this case, we define the

average autocorrelation function of the non-stationary process as [14]

/2

S |
R (0= Tliomoo T Lo R (t,t+7) dt . (4.3)

The Fourier transform of R'(r), denoted by ?n(u), is called the average power spectral density of the
process . We can obtain Rn(r) from measurements of yn(w) using the inverse Fourier transform.

However, in general, measurements of gn(w) cannot be used to obtain the autocorrelation function
R (t,t+7) which is needed to completely characterize a non-stationary Gaussian stochastic process.

Hence, the adequacy of the average power spectrum derived in Chapter 3 in characterizing media noise

is questionable.

Here, a time-domain model for the noise, which expresses the non-stationary noise process in terms of
two stationary stochastic processes and a deterministic function of time, is presented. The deterministic

function of time depends on the signal and it reflects the signal dependent nature of the media noise.

3See the Appendix section at the end of this chapter for details
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The autocorrelation functions of each of the component stationary stochastic processes are determined
from a set of spectrum analyzer measurements. These are then used to determine the autocorrelation

function of the non-stationary media noise when a general deterministic signal is written on the medium.

4.2. Time-domain model for media noise

We model the non-stationary media noise n(t), as seen at the output of a readback channel in which an

inductive head is used, as follows :
d
n(t) = :l-t‘ { "l(t) é(t)} + no(‘) ’ (4.4)

where ¢(t) is related to the readback signal s(t) as

_ de

ot —. (4.5)

The function ¢(t) is directly proportional to the net flux linking the read head, unless equalization is
used in the readback channel. The terms n (t) and n(t) are assumed to be zero-mean stationary
Gaussian stochastic processes. We also assume that n (t) and n(t) are independent, so that expected
values of the cross products of n,(t) and n (t) are zero. With these assumptions, if Rnl(r) and Rno(r) are
respectively the autocorrelation functions of n (t) and n(t), we can express the autocorrelation function

R, (t,t+7) of n(t) in terms of these as follows.

R (tt+1) = E{ n(t+7) n(t) }
d d
= E{[n(t+1) ?(H-T) + ¢(t+7) an(t-}-r) + n(t+1)]
Lo 4(0) + ¢ Zmy(6) + ng®)1}
d d d d
= E{ n(t+7) n(t) } ;?;S(Hr) ;txﬁ(t) + E{n(t) Z"I(H'r) }o(t+7) ?(t)

d
+ E{n(t+7) %nl(t) } #(t) %¢(t+r) + E{ %nl(tw) E;nl(t) } #(t+7) &(t)

+ E{nft+n)ny) } . (4.6)

Now, since n,(t) and n(t) are stationary processes

E{n(t+)m())} = R, (),
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Also from results given in [14] for derivates of stationary processes, we have the following.

d d
E{nt+1) gm0} = B, , &) = —3-R, (1,

d d
E{ -n,(t+f) n(t)} = R, ,,l.(—r) = "a—rR»,("’) i R"l(')’
d d? '
{ % l(t) 5 —=n (t+7) } = -‘;;R,,l,,,ll(r) = —;;R,,l(r)- ) (4.8)

Substituting Eqs. (4.7) and (4.8) in Eq. (4.6), and using Eq. (4.5) we get
d
R (tt+1) = ‘-i;¢(t+r) -;t-¢(t) Rnl(r) + ¢(t+7) %d’(t) %'R"l(r)
— ¢t i¢t iR - ¢t t i’:‘? R
(t) ' (t+1) X ,,l(f) #(t+7) 4(t) P ,.l(f) + ,,o(f)
= 8(t+1) o) Rnl(r) + ¢(t+7) o(t) Rnl'(r)

— ¢(t) a(t+7) R“l'(r) — ¢(t+7) ¢(t) Rul"(r) + Rno(r), (4.9)

where superscript ! stands for differentiation with respect to 7.

The average autocorrelation of n(t) can be obtained from R (t,t+7) as follows.

F() = lim 2 / R (tt+7) dt

) 1 rT/2
= Rnl(r) Tl:.mw T [_ 772 s(t) s(t+7) dt
d .1 (T2
+ R, () lm 7 /_ g 44 0
d
- -—R (r) T / é(t) s(t+7) dt

d? 1 (72
- - i o R (7). 4.10
dr, Rnx(f) Tl:omoo T/_r/z o) glt+n) dt + "o(f) 410

j ¢(w) denotes the average power spectrum of ¢(t), then we get the following equations in the limit as
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() ¢(w) denotes the average power spectrum of ¢(t), then we get the following equations in the limit as
T tends to infinity. Here ¥ {} denotes the Fourier transform with respect to r of the quantity within the
brackets.

F{h l/mitdt—l' 1 <a!s‘—1'l 2=T
T_.mooT —T/2¢()¢( +7) }—Tlmoo—ﬁw) (w)—TLmoo T|¢(w)| = ‘(w),

F{k L [T dt} = 1l L o*
(fim [ g PO S At} = lim 2o 0(u)] 8°(0)

-+ 00

1
= Jim zw |8 = T W),

7K 1 (T/2 .1 . .
(Jim 2 [ LA o0 ) = m 20(u) [ 9(u))

= lim 2= i) [ = T,

.1 (T2 . . .
F{lm o /_ a0 o3t} = Em 2L 8(u)] [ 0] (4.11)
1
= lim =’ | oW > = *T (w),

Let S, (w) and S, (w) denote respectively the power spectral densities of n (t) and n(t). Then we get
1 0

the following set of results from well known properties of Fourier transforms of derivatives.

F(ZRD) = 305,

& R -u?S (4.12)
> "l(r)} = —w ”l(w) . .

f{;—

From Egs. (4.10), (4.11) and (4.12), and by making use of the fact that the Fourier transform of a

product of functions is the convolution of the Fourier transforms of the functions, we get an expression

for the average power spectral density gﬂ(w) of n(t) as follows.
S, = F{R,(1)

= S, @[5 W] + 2[0S, W]e[wF )]
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+ [ Snl(w)] «5,(w) + S )

= wz[Snl(w)t§¢(w)] + S"o(“’)' (4.13)

The transition from the second line to the third line in the above equation may not be obvious to the

reader. We have provided the details of this transition in the Appendix section at the end of this
chapter.

We shall show in the next section that the average power spectral density of Eq. (4.13) is consistent with
spectrum analyzer measurements of the noise power spectrum for specific signals. The agreement of Eq.
(4.13) with experimentally observed power spectra coupled with a close look at the physics of the
readback process provides a theoretical basis for the model in Eq. (4.4).

If we compare the average power spectral density of Eq. (4.13) with the average power spectral density

of the noise derived in Chapter 8 ( Eq. (3.35) ) we find that they are very similar. For the purposes of
making a comparison we shall rewrite Eq. (3.35).

S,k
S (k) = aNBk) + aB (KN, (N-1) [-IF- . Sp(k)] : (4.14)
8
Comparing Eqgs. (4.13) and (4.14), we see that the first term on the RHS of Eq. (4.13) represents
modulation noise and the second term represents background noise. We note that the modulation noise
term, i.e., the convolution of S (w) with §¢(w), arises due to the multiplication in the time-domain of a
1
stationary noise process n,(t) with the flux ¢(t). In the ensuing discussion we shall show that the choice

of this multiplicative noise model for modulation noise was not made arbitrarily.

In Chapter 3 we saw that the phenomenon of clustering was one of the ways of explaining the
modulation noise term in the noise average power spectrum. If we follow the steps taken to go from Eq.
(4.4) to Eq. (4.13), it is easily seen that a time-domain ( or space-domain ) model for the noise which
produces the convolution term ng) . S’(k) of Eq. (4.14) would involve the multiplication of the
magnetization waveform with a stationary noise process which represents clustering. This multiplicative
noise term then passes through the readback channel, represented by Bl(k), and gets affected by the loss
terms and the differentiation of the read head just as the signal does.

Now, the model for modulation noise described in the above paragraph is more reasonable than the
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model of Eq. (4.4), but obtaining the parameters of the model is going to be very difficult because we
would need to calculate Bl(k) which requires a characterization of the various random and deterministic
variables that are associated with the recording system. Also, when bit detection is done, what is
available at the input of the detector is the readback voltage and not the magnetization. A model which

expresses the signal dependent noise in terms of easily available quantities is hence more useful in

designing optimal bit detection schemes.

The approximation that we have made in the model of Eq. (4.4) is that the signal dependent noise
multiplies the flux and not the magnetization. The approximation is much better if equalization is used
in the readback channel, because the flux waveform would then have approximately the same shape as
the magnetization written on the medium [20]. The flux as defined in Eq. (4.5) is easily obtained from
the readback signal by integration. The process of integration does not, however, yield the d.c. value of

the flux. But this should not pose much of a problem because, as we shall see in the next chapter, the
d.c. value of the flux is usually known beforehand.

4.3. Experimentation

The functions S.l(w) and Suo(w) were obtained with an HP8568B spectrum analyzer on a recording
system using a 750 Oe, 0.75 pm thick particulate disk and a MnZn-ferrite recording head with a 0.375
pm gap length. S-o(w) was measured by amplifying the readback voltage from an AC erased disk. It is
noted that this background noise also includes noise from disk imperfections, and non-media noise such

as head noise and instrumentation noise. The resulting S, (w) is shown in Fig. 4-1.
0

The signal dependent modulation noise term shows up as a convolution of the average power spectrum
of the flux 5 ‘(w) with Sul(w) in Eq. (4.13). When a periodic signal is written on the disc, 5 ’(w) consists
of delta functions at the fundamental frequency and the harmonics of the signal. The convolution of
S.l(w) with these delta functions results in shifted versions of Snl(w) around these delta functions scaled
by the average power in ¢(t) at the corresponding frequencies. Hence, to measure Snl(w), square wave
signals were written on the disc at frequencies greater than the bandwidth of S"l(w). Saturation
recording was used so that the flux ¢(t) in all these cases had the same amplitude. Fig. 4-2(a) shows a
string of pulses measured at the output of the read head when a square wave is written on the disc at a

frequency of 1 MHs. Fig. 4-2(b) shows the corresponding ¢(t) obtained after integration and d.c.

correction. The saturation value of the flux can be obtained from this plot.

Curves (a)(c) in Fig. 4-3 show plots of these modulation noise power spectra measured in a bandwidth
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of 1.0 MHz around the fundamental frequencies of three square waves, written at 500 kHz, 1.0 MHz, and

1.5 MHz. Since the power contained in the fundamental frequency of ¢(t) in all these cases is the same,

the difference in the modulation noise term w? { 5 ¢(w) * S, (w) } around the three center frequencies
1

should be due to the multiplication by w®. In order to verify this, we performed a division by w? in all

the plots. The resulting plots of 5 ‘(w) * S, (w), which are simply scaled versions of S, (w), are shown in
1 1

Fig. 4-4, curves (a)-(c). As expected there is considerable similarity in these plots.

It is well known that d.c. erased noise is larger than a.c. erased noise in particulate media [18]. This
increase can be explained by our noise model as a modulation noise around w = 0. To verify this, we
saturated the disc using a large d.c. erase field and measured the modulation noise power spectrum up to
a frequency of 500 KHz ( see Fig. 4-3, curve (d) ) . Fig. 4-4, curve (d) is a plot of the power spectrum
after division by w?. The 3 dB difference between Fig. 4-4, curve (d) and Fig. 4-4, curves (a)-(c) can be
explained by the fact that the d.c. modulation noise shoulder is one-sided.

It should be noted that measurement of modulation noise cannot be performed independently of the
background noise. Hence, to obtain the average power spectrum of the modulation noise alone, the
background noise power spectrum has to be subtracted from the total measured power spéctrum. Also,
the signal spikes and the very narrow band modulation around them, which is due to fluctuations in disc

velocity , must be suppressed. This subtraction was done to obtain all the modulation noise power

spectra.

We computed Sﬂl(w) from the data that is plotted in Fig. 4-4. The autocorrelation functions R"l(r) and
R”o(r) are computed from S"‘(w) and S”o(w) using the inverse Fourier transform. Plots of R"l(r) and
R"o(r) are shown in Figs. 4-5(a) and 4-5(b), respectively. We observe that both R ”l(r) and Rno(r) look
very much like sinc functions, indicating the band limited nature of these noise terms. We can see that
Rno(r) has a very small width in the time domain

( = 0.1 p—sec ), indicating that it has a large bandwidth. The modulation noise term, however, has a

much larger width in the time domain ( = 0.05 m-sec ), which indicates its small bandwidth in the

frequency domain.

From R, (7) and R_(r), we can obtain the desired autocorrelation function R (t,t+7) for any general
1 0
magnetization pattern written on the disc. In the next chapter we shall see how we can make use of this

autocorrelation function in designing optimal bit detection schemes.
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4.4. Discussion and Conclusions

Most of the existing theoretical and experimental work regarding particulate media noise has dealt only
with its average power spectrum. The emphasis in the past has been to come up with an exact
formulation of the average power spectrum of the noise in terms of the various parameters associated
with the recording system. The model that we have presented in this chapter has parameters which can
be obtained from simple set of experiments, and it is general in the sense that it can be made to include
any noise terms which are similar in nature to the background noise and modulation noise of the media

noise. For example, the modulation noise due to clustering and that due to surface asperities can now be

treated on the same footing.

Since average power spectrum measurements cannot be used directly to obtain the autocorrelation
function of particulate media noise, Tang [16] suggested the use of time-domain measurements to obtain
the desired autocorrelation function. These time-domain measurements are far more complicated than
the spectrum analyzer measurements and are prone to timing errors. The main point made in this
chapter is that we can in fact use spectrum analyzer measurements to obtain the autocorrelation
function of media noise. Also, unlike Tang’s time-domain method which can only be used to determine
the noise autocorrelation function for a specific signal, R"l(r) and Rno(r) as presented in our model can

be used to deduce the noise autocorrelation function for any general signal written on the disc.

It should be noted that this simple noise model does not explain some of the observed features such as
the decrease in total noise power with increase in writing frequency in case of particulate recording
media. But as we mentioned in Chapter 3, both the signal as well as noise terms are affected in the same
way when the writing frequency increases, maintaining the same signal-to-noise ratio. We shall see in the
next chapter that in the design of optimal bit detection schemes, it is not the absolute values of the
signal power and the noise power that are important but rather the ratio of these two. Hence, we are
justified in using the model as a useful tool in designing optimal detection schemes for recorded digital

signals in the presence of media noise.
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4.5. Appendix

4.5.1. Details of the derivation of Eq. (4.13)

Consider the following example.

The function z(t) is obtained from two other functions z(t) and y(t) by taking the second derivative of
the product of z(t) and y(t). We can express 2(t) as

d2
() = pr { =(t) u?) } (4.15)

By expanding the second derivative in the above equation, we get

A{t) = [%z(t)]y(t) + 2[%:(:)] [%y(t)] + z(t)[:—;y(t)] (4.16)

Using well known properties of Fourier transforms, we can express the Fourier transform of z(t) in two

ways.

From Eq. (4.15), we get
Zw) = - {X(w) e Yw) }, (417)

where Z(w), X(w) and Y{w) denote, respectively, the Fourier transforms of z(t), z(t) and y(t).

From Eq. (4.16), we get
Zw) = —{PXW) oYW} - 2{wXwW}e{wYW)} - Xwe{Yw)}. (418

Equating the RHS of Eqgs. (4.17) and (4.18) gives us the following equation which should explain the
transition from line two to line three in Eq. (4.13).

W {X(w) « YW)} = {o® X(w) * YW)} + 2 {wX(w)}* {wXW)} + X(w) o {«* Yw)} .(419)
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4.5.2. The Average Power Spectrum Definition

Consider a random process z(t) with autocorrelation function R,(t,t+7). As in Eq. (4.3), we define the

average autocorrelation function of z(t) as

1

P:(r) = Tlimw E,[;R’(t,t+r) dt . ‘ (4.20)

The Fourier transform of Pz(r), denoted by gz(w), is called the average power spectral density of z(t).

We shall now show that 3"(«-;) does represent the average power contained in z(t) as a function of

frequency.

Proof :

If z(t) is passed through a linear system with transfer function H{jw), then the average power spectrum
of of the output g(t) is related to the average power spectrum of z(t) as [14] .

T () = IHG)P ). (421)

We choose the linear system to be a very narrow band filter around a particular frequency wy- In
particular, we choose H{xv) such that

1/Aw < Aw/2
G = { / bl < B2, (422)
otherwise
Now, the total average power in g(t) is given by
. 1 (T . 1 (T
Tl-lamoo o —T-E{y’(t)} dt = rl:.mw o [_ TR,(t,t) dt
1
= R (0) = e _wa(w)dw
~ l?'S"(w ) (4.23)
2r ' 0

We can make the narrow band filter as narrow as we wish, and by doing so we can extract the average

power of z(t) at w,. This implies that J(w) is indeed the average power spectral density of the random
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process z(t). This definition of the average power spectral density as the Fourier transform of R(7) is the

8o called ensemble average definition. When measurements are made in practical systems what is

normally available to us is only one sample realization of the random process z(t). In this case we obtain

an estimate of the average power spectrum of z(t) as

r
Tlw) = 51?| /_ O

(4.24)

We shall show that the above estimate for the average power spectrum is unbiased in the limit as

T — oo, i.e., that

Jim B(3w)) = 5,

We proceed as follows

E(3{w)} = E{-;i[_rrz(u) i du/

T .
Tz(t) ot dt )

1 T [T .
= z‘r/_r ./.r R(t,u)e™ %4~ dy gt

Therefore,

1 (T T .
. w - . u .M.—t) "
Jim B(T ) = lim o /_ R du dt

T—o0

Also from the ensemble average definition of 3':((0), we get

= [

Rz(r) 2T dr

00 1 T or
= i -— t te
/ lim 2T.[.1'R(t’ +7) dt e dr

rem—00 T =+ 00

1 T 00
= lim —
T— o0 2T Jiwm—-T) rem—c0

R(t,t+1) %" dr dt

(4.25)

(4.26)

(4.27)
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1 (T 00 .
= lim — / / t,u) e 0=t gy dp . 4.28
Tooo 2T Jt=-T u--ooR( ) ( )

Comparing Eq. (4.26) and Eq. (4.28), we see that in the limit as T — oo they are equal, i.e.,

?z(w) = Tlimoo -2-1&-,E{ I/_TT z(t) e * at |2} . ' (4.29)

The above equation is the definition for the average power spectral density that we used in Eq. (3.2) of
Chapter 3. Now, even though the time average estimate for the average power spectrum in unbiased, it

is not consistent, i.e., the variance of the estimate does not tend to zero in the limit as T — oo. In fact

we can easily show that

Tlimm Var{ T ()} = [3(w)]*. (4.30)

Most spectrum analyzers estimate the average power spectrum of a random process by computing §7(“’)‘
For stationary processes we could reduce the variance of this estimate by splitting the time interval into
nonoverlapping intervals and averaging over the estimates obtained in each interval. For a
nonstationary process, however, we cannot do this, because in this case the nonoverlapping intervals can
have entirely different statistics. Hence, in order to reduce the variance of the estimate we need to
artificially introduce eyclostationarity or periodicity into the random process. This is essentially the

reason for considering periodic written bit sequences when we measure the average power spectral

density of media noise.
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Chapter 5

Bit Detection Schemes For
Erased Signals in Noise

5.1. Introduction

In Chapter 2 we developed an approximate model for the signal pulse that represents a digital "1*; the
approximation made was that the corresponding flux waveform has an arctangent shape. In this chapter,
we shall extend the signal model and flux model to include the case of d.c. and a.c. erased signals. Also,
in Chapter 4 we developed a general time-domain model for particulate media noise which allowed us to
express its two-dimensional autocorrelation function in terms of the one-dimensional autocorrelation

functions of two stationary processes. We shall approximate the one-dimensional autocorrelation

functions by reasonable analytic functions in this chapter.

Using these models for signal and noise, we can analyze the performance of various bit detection
schemes, both optimal and sub-optimal, which can be used to detect the signal pulse in the presence of
noise. The criterion that will be used to compare these detection schemes is the probability of bit error (
or the bit error rate ) that results when these schemes are employed. The bit error rate for a given

detection scheme increases with the level of erasure. This dependence will be studied for both a.c. and

d.c. erasure.

In order to facilitate the calculation of the error probability we use a discrete-time version of the
readback voltage for analysis. The readback voltage in a given bit period is discretized into N samples
which form a vector r. The Lorentzian pulse which represents a digital ®*1* is discretized into /N samples
that form a vector s. This pulse could be either a positive-going pulse or a negative going pulse as we
saw in Chapter 2. We shall be assuming that we know the sign of the pulse beforehand. This assumption
has certain implications, when we consider estimation of a sequence of bits using a bit-by-bit detection,
which we shall discuss in the next chapter. The two-dimensional autocorrelation function of the noise is

discretized to form an NX N matrix called the covarsiance matrix.
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We shall consider four bit detection schemes in this chapter. The first of these is the optimal bit
detection scheme, i.e., the scheme which yields the lowest bit error rate. We shall show that this
detection scheme is quadratic, and hence difficult to implement. Next, we shall assume that the detector
is linear and find the best linear detection scheme. Then we shall consider a very simple linear detection
scheme called the Correlator. All of the above detection schemes assume a knowledge of the exact nature
of the signal and statistics of the noise, and are hence referred to as parametric detection schemes.
Nonparametric detection schemes, on the other hand, require only a partial knowledge of the signal
shape and noise statistics. We shall consider one such nonparametric scheme called the Sign Detector.
For the three parametric detection schemes, we shall obtain analytical expressions for the error
probability which can be evaluated numerically on a computer for specific test cases. This will serve to
compare the performance of these detection schemes. For the sign detector, however, it is very difficult
to obtain an analytical solution for the error probability, and we have not attempted to obtain one.

Hence, only the detection strategy has been presented in this case.

5.2. Analytical Models for Signal and Noise

5.2.1. A Model for the Erased Signal

We shall assume that erasing the medium causes only the amplitude of the signal to decrease, while
maintaining the shape ( equivalently the frequency content ) of the signal. This is an approximation
because in most practical systems erasure causes some distortion in the signal shape. Also, in deriving
the arctangent model for the flux in Chapter 2, Eq. (2.19), we assumed that the recording was done at
saturation so that the d.c. value of the flux was sero. This condition of gero d.c. value is not valid

under conditions of d.c. erasure. Hence, we generalize Eq. (2.18) as follows.

2q¢m t T T
¢(t) = x t&n—l(;i‘) + ék ’ -'2' S. t <'2'r (5'1)

where ¢_ is the saturation value of the flux, ¢ is a dimensionless quantity representing the level of
erasure, T is the bit period, pT is the transition width parameter, and ¢, is the d.c. value of the flux.
The quantity p is dimensionless and it represents the normalized transition width parameter, the
normalization being done with respect to T. The quantity g can take on values in the range [0,1); ¢ =1

represents no erasure, and g = 0 represents complete erasure.

Under conditions of a.c. erasure, the flux does not have a d.c. component. This condition is described in

Fig 5-1. In this case, we can write the flux as
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2¢¢

b.0) = — ™ (=) “Tei<l (52)
ac T pT 2 2

Under conditions of d.c. erasure, ¢(t) is saturated at either +¢m or —-¢m. The d.c. value of ¢(t) in this

case is determined by both ¢ and the level of erasure g as is shown in Figs. 5-2(a) and 5-2(b). Hence,

we get

<t < (5.3)

29 4, t + _ T T

t) = -t — , -—— -
¢at) m [ x oo ( pT) -1 49 ] 2 2
The readback signal in both cases is given by the familiar Lorentzian pulse shape, shown in Fig. 5-3,

which can be written as

29¢m 1
T [l+t2/pzTc] , -

d
o) = T 4(0) =

oIN
IA

t T 54
<3- (54

If we normalize the flux with respect to ¢m and the time variable ¢t with respect to T, then we can

rewrite Eq. (5.1) in terms of only dimensionless variables* as

2q _,, ¢ 1 1
t) = —tan - ——< t <= 5.5
M) = Fwn (=) + 4, = <t <3 (55)
We also get the following equations as a result of this normalization.
2¢q 1, ¢t 1 1
—_ “1 (- -— < - 5.6
b4 = T () S <t <z (55)
2¢q _,,t + 1 1
) = —t - 1 T g, —-<t<-. 5.7
du) = Fun (=) 17 g S <t <; (5:)
d 29 1 1 1
t) = —¢(t) = — | — | , -—-<t<=. 5.8
@0 = 40 = 2[5 5 St <3 (558)

Eqgs. (5.8) to (5.8), which are expressed in terms of only normalized variables, will be used in the

numerical computations of bit error rates.

4Strictly speaking all the normalized quantities which we shall be introducing in this section should be represented by different
symbols from those we have used for the unnormalized quantities. The fact that we have not done so should not confuse the
reader.
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5.2.2. Noise Model

To characterize the noise we use the time-domain model that we proposed in Chapter 4, i.e.,

w) = = (n 040} + ngld). 9)

As discussed in Chapter 4, the autocorrelation function of n(t) can be obtained from the autocorrelation

functions of the background noise, no(t), and the modulation noise, nl(t), as
R (tt+7) = Rnl(r) a(t) s(t+7) + Rnl'(f) B(t+7) o(t)
— R '(n) ¢(t) s(t+7) — R "(r) 6(t) d(t+7) + R, (D), (5.10)
1 1 0
where superscript ! stands for differentiation with respect to 7.

In order to simplify the analysis we shall assume that both the modulation noise as well as the
background noise terms are band-limited white. If Bl and B0 are, respectively, the bandwidths of the

modulation noise and background noise ( B, » B, ), then their power spectral densities can be written

as
Nl
_— =27B, < w <2nB|
Sn (w) = { 2 ’
1 0 otherwise
N,
—_— -27B, < w < 27B
S, () = { 2 0 °. (5.11)
0 0 otherwise

From Eq. (5.11), we can compute the autocorrelation functions R (1) and R_ (7) by using the inverse
1 0

Fourier transform to get

Nl
Rnl(f) = o sin (21!’311') ,

N,

0 .
Rao(f) = E’—r-fsm(%rBor) . (5.12)
If we set
fy=BT ad [, =BT, (5.13)

where ,1 and fo represent normalized bandwidths, then
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N.f
1 T
R"l(r) = -7 sine( 2!15-,),

N.f
oo . T
R"O(T) = —T-—slnc( 2]05,) , (5.14)

where the function sinc(-) is defined by

L. sin (7z)
sinc(z) = —- (5.15)

By definition, R (7) is dimensionless, and R (7) has the units of square-volts. Hence, in order to
1 0

normalize all the variables in Eq. (5.14), we normalize 7 to T and R, to ¢m2/12. This procedure for
(

normalizing the autocorrelation functions is consistent with the normalization of Eq. (5.5). After

normalization we obtain

N,
R () = sinc(2f,7) = r, sinc(2/7),
L3 T
Nyf,T
R(7) = 7;—3inc(2f°r) = r,sinc(2/,7), (5.16)

where o and r, are dimensionless variables representing, in some sense, the notse-to-signal ratios of the

background and modulation noise respectively compared with the peak power in the unerased signal.

In order to compute R (t,7) using Eq. (5.10), we need the first and second derivatives of R, (7). We
1

compute these as follows.

d sin (27, 7)
' -—— R
R"l (0 = dr {n 2nf.r

N i
= —cos (@2rf7) - -;sinc(2]lr) . (5.17)
r, cos(2nf.7) r, sin (27f.1)
R "(r) = di{.f__‘_} - di 2
1 T T T 21rfl1’2

2r 2r

= -}lsinc(ﬂlr) - -;lcos(mrflr) - rl(21r[1)2 sinc(2f,7) . (5.18)

We mentioned earlier that we would be using a discrete-time version of the readback voltage for the

detection problem, which would require the use a matrix called the covariance matrix to describe the
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two-dimensional autocorrelation function of the noise. Let us choose the NN elements of the vector r

representing the readback voltage as

ro= ), 1<i<N (5.19)
where
T . T
t, = —'2' -+ (1—1)'1V—_'—1. (5.20)

The above definition for the elements of the read back voltage vector implies that the signal pulse

representing a digital *1* should be discretized to form a vector s whose N elements are given by

s, = o), 1<i<N. (5.21)

The corresponding noise covariance matrix is obtained from Eq. (5.10) by choosing the (i,7)th element of

the covariance matrix X as
E..’.=Rn(t..,tj), 1<i<N,1<j53<N. (5.22)

It is important to note here that the noise covariance matrix as defined above is going to be different for
a recorded "1* and a recorded *0". In fact if we denote these two matrices by Z, and X, respectively,

then the (i,5)th elements of these matrices are given by

Tois = Rult;=1)., for a.c. erasure,
Zoij = Ry ;= 1) — ¢, 2 Rnl"(tj— t), for d.c. erasure ,
Ty = R t)elt) olt) + R, [(t;— 1) ¢(t) olt)

L =Ry ee ) = R, 1) 66 60

+ R, (t;-1), 1<i<N,1<j<N. (5.23)

From the above equations it follows that L, and Z, are symmetric matrices. Furthermore, L, is a
Toeplits matrix, i.e., a matrix which has equal values on each of its diagonals. The covariance matrix Z
depends on the signal and hence changes with level of erasure. It can be seen that if we reduce the signal

level to zero both matrices will be equal, as expected.
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5.3. Bit Detection as a Hypothesis Testing Problem

The problem of detecting the signal pulse that represents a *1*, in a given bit period, in the presence of
noise can be viewed as a hypothesis testing problem. The two hypotheses under consideration are )(l (
signal present ) and X ( signal absent ). Since we are dealing with a discrete-time version of the
problem, the readback voltage in a given bit period is discretized into N samples which form the vector
r. If there was no noise, r would equal s under hypothesis )ll, and equal O under hypothesis ¥. In this
case we would not have any problem deciding whether a *1® or a ®0" is written in a given bit period.
Now, if we add noise to the readback voltage, there is a possibility that a *1* might be interpreted as
0" or vice-versa. This constitutes an error in detection. Intuition would have it that increasing the
power in the noise with respect to the signal power would increase the probability of error. The goal of

hypothesis testing is to evolve a scheme based on the statistics of the noise which would minimize this

error.

We mentioned in Chapter 4 that a Gaussian random process is completely characterized in the
stochastic sense by its mean function and its autocorrelation function. The discrete time equivalent of
this statement is that a Gaussian random vector is completely characterized by its mean vector and its
covariance matrix. The random vector r has different statistics under each of the hypotheses. If #, and
#, represent the mean vectors of r under the two hypotheses, and Z, and 21 are the corresponding

covariance matrices, then we can write the following equations which define them.
By = E{x/N),
B, = E{r/d},
Z, = E{(e-ng) (e=ng7/¥;} ,

E, = E{(r-n,) (r—-n) /%), (5:24)

where, superscript T denotes the transpose operation.

For our detection problem, a *1* is represented by the signal pulse vector s and a "0" is represented by

no pulse or an all-zero vector. Hence,
By =0,

po=. (5.25)
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With the above definitions, we can write the following equations for the joint density functions of the N

components of r under the two hypotheses as given below [14]. These joint density functions completely

specify the statistics of r.

o/ ) = i p (= 3 = 5,7 -0
1
1
p(r/¥) = W exp{— 3 ! Zo"l r}, (5.26)

where |-| denotes the determinant of the matrix within the vertical bars.

Now we are in a position to write an expression for optimal detection scheme. Using Bayes criterion,

the optimal detector, i.e., the detection scheme with smallest probability of error, can be written as [5)

Ur) =

ple/¥) _ P(¥) X
re€ {

1
A 2 P(Nx) " (5.27)

0

where, P (X)) and P(Nl) are the a priori probabilities of hypotheses ¥ and X, respectively. In the
absence of any information about the hypotheses, both these a priori probabilities are taken to be equal,
in which case the RHS of the above inequality would equal 1.

In words, what the above inequality says is that when the LHS of the inequality is greater than the
RHS, we decide that r came from )ll, i.e. we detect a "1°". Simila.rly", when the LHS is less than the RHS
we detect a *0". It can be easily shown that this scheme does indeed yield the lowest probability of error

[5]. The term [(r) is called the likelihood ratio and is the basic quantity in hypothesis testing.

Sometimes it is convenient to use the logarithm of the likelihood ratio instead of the likehood ratio
itself. Then the decision rule becomes

X,)

h(r) =In {{r)} 2 In [P( ] —H — re{:‘. (5.28)

0

The RHS of Eq. (5’.28), represented by H, is called the threshold of the detector. If the h(r) is greater
than H, we detect a *1*; and vice-versa. Using Eq. (5.26) we can write the log-likelihood ratio as

z
h(r) = - ln |—-°-| + -l- TL‘ 1y — -(r—-)T ~1(r—s). (5.29)
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For a given detection problem, E’o, 21 and s are known. Hence, if we are given a particular readback
voltage vector r, we can decide whether it is a *1* or a "0" by first computing h(r) using Eq. (5.29),

and then using the decision strategy of Eq. (5.28).

The probability of error that results when the above decision strategy is used obviously depends on Zo
El and s. We analyze the following two cases in an attempt to find an analytical expression for this

error probability.

5.3.1. The Equal Covariance Matrix Case

We first consider the simple case when the covariance matrices under the two hypotheses are equal, i.e.,

Z

o = £ = 2. This is true when modulation noise is absent. Even though it is not a realistic case
study when we have modulation noise, the results we derive here will be used for later comparison

studies. In this case the log-likelihood ratio ratio reduces to
T -1 1 7.
h(r) = s 2 7' r - e 7 s. (5.30)

Since h(r) is produced by a linear transformation on r in Eq. (5.30), it is also a Gaussian random
variable. Let 7, and , denote the mean values of h(r) under the two hypotheses, and 002 and 012 denote

the corresponding variances of h(r). Then, we can write the following equations for these quantities.
L |
"0 = E{k(r)/xo) = —E. z 8 = -1,

m = EGE)/X) = zof 5 = 4,
002 = E{[h(r)-—qo]z/)lo} =2 1sg =29,
02 = E{lh(r) —n,J}/¥} = TE s = 21. (5.31)

Now, since h is Gaussian, we can write the probability density functions of A under the two hypotheses

in terms of only means and variances as

(h=ng)® 1 (h+n)?
h/¥) = (- ) = (- )
HR/%) 2r o, o 2"02 Vam - 4n
(h—m,)” 1 (h—n)®
ALY = c—) = & (5:32)
M T e A
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If we now consider the detection strategy specified by Eq.(5.28), there are two ways in which we can
make an error. The first is when r actually belongs to X, and the log-likelihood ratio A is greater than
H. The probability of this type of error is represented by €, The second type of error is when r belongs

to )(l and A is less H. The probability of this type of error is represented by € Hence, we can write the

following equations for €, and ¢,.

¢ = f: plh/X;) dh ,

¢ = /_ Z p(h/X.) dh . ' (5.33)

These error probabilities can be written more explicitly as

© 1 h+n)?
0 4
H tm n

00 1 v
==/ Y- -—-exp(--z-)dy

(n+H)/ N
(n+H)
= = — erf{ }, (5.34)
R -

where erf{.} is defined by

1 [t v
erf(z) = E fo exp(— ) dy
and erf(—z) = — erf(2), z € [~o0,00] . (5.35)

Similarly
00
g = 1= [ plb/¥)dh

© 1 (h—n)?
=1—L —‘/4:m—exp(— P ) dh
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% 1
] - — —_—-—)d
NS R

= % + erf{ (n-H)

}. (5.36
7o )

The total probability of error , ¢, can be obtained from € and €, as

e = ¢, P(X)) + ¢, P(}). (5.37)

We see that in the equal covariance matrix case the calculation of error probabilities is a fairly simple
task. The optimal detection scheme in this case consists of computing a linear transformation of the
readback voltage, as given by Eq. (5.30) and comparing the resulting quantity with a threshold. The
continuous time equivalent of this strategy would involve passing the readback voltage through a linear
system and comparing the output of the linear system at a specific time instant with a prespecified
threshold. This linear system is called a matched filter and is discussed in gréat detail in communication

theory literature [19]. We now consider the more interesting case when the covariance matrices are not

equal.

5.8.2. The Unequal Covariance Matrix Case

In the detection problem of interest, when the noise is signal dependent, the covariance matrices of r
under the two hypotheses are unequal. In this case the log-likelihood ratio cannot be reduced to a linear
transformation of r as we did in the equal covariance matrix case. Hence, h(r) is no longer Gaussian,
and finding the probability density function of A under the two hypotheses is a much more difficult
problem. We first simplify the detection problem a little in the following way.

Since r has a normal distribution, we can always find a linear transformation which diagonalizes both
covariance matrices, Z‘o and El, simultaneously. Such a transformation matrix, A, is one which contains
the eigen-vectors of Eo"l L, as its rows [5]. If we pass the random vector r through this transformation,

the random vector that we obtain at the output, y, has components which are independent random

variables under both hypotheses.

y = Ar. (5.38)

The mean vectors and covariance matrices of y under the two hypotheses can be shown to be (5]



E{y/{)} = A0 =0,
E{y/d} = As = d,
Cov{y/¥;} = AZ AT =1,

Cov{y/¥,} = AZ, AT = 4, : (5.39)

where 4 is an NXN diagonal matrix containing the eigen-values, X ,...\p, of 20'1 L along its
diagonal.

The log-likelihood ratio, in this case, has the form

My) = =gl () + 3 {7y —-af 47 o=d) ). (5.40

It is easily shown® that the expressions for the log-likelihood ratio in Eq. (5.29) and Eq. (5.40) are

equivalent. This means that the transformation, A, preserves the optimality of the detection scheme of

Eq. (5.27).

By diagonalizing both the covariance matrices of y, we ensure that the N random variables, y,,...,yp,

which constitute y, are independent. Hence,

N
P(y/x,') = H P(y;/’(,') » §=01. (5.41)

=1

If we define the log-likelihood of the /-th component of y as

ply/X,)
'f(v,) = In VAR (5.42)
then
N
hy) = > hy). (5.43)
=1

Our goal is to first calculate p(h/¥ ) and p(h/X,), from the density functions of the h(y)) s; and then,
use these to calculate the total probability of error, . There are two approaches to this problem. The

first involves a rigorous, exact calculation of ¢; and the second is an approximate calculation of ¢ which

is valid for large N.

5See the Appendix section at the end of this chapter
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65.4. Exact Calculation of Error Probability

Here we use a characteristic function approach to find the desired density functions of h. The

characteristic function of a random variable® , Z, is defined by

¢,(w) = E{exp(pwz)} . _ (5.44)
Fory € }l.. , $=0,1, the characteristic functions of h(y), ¢'J(w) are defined by

$4w) = E{exp( suhly) )/¥;} . (5.45)
Similarly, the characteristic functions of h(y‘) fory e X ; » are given by

¢uw) = E{expl uh(y) )/X) . (5.46)

From Eqgs. (5.43), (5.45) and (5.46), we get

N
¢(w) = I ¢uw)- (5.47)

I=1

From Eq. (5.47) we get the following two equations for the absolute value and argument of ¢ (w)

N
o)l = TI 18,
=1
N
Lpfw) = Y Lofw). (5.48)
=1

Hence, if we can find the absolute values and arguments of ¢“(w), we can use these to obtain the

characteristic functions of A under the two hypotheses.

From Eq (5.39), we see that each of the components, y, of y is a Gaussian random variable with, mean

0 and variance 1, under )(o; and with, mean d‘ and variance Ay under }ll. Hence,

1 v
P(V,/’lo) = E exp(— -5') ’

(Vf‘d‘)z
2)

ply/N) = —— expl(-

(5.49)
21r)‘,

i

6We have used the symbol ¢ to represent flux earlier on in this chapter.
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Substituting the above density function in Eq. (5.42), we get

(y‘_d‘)2
A

1 1
h(y) = -5l + E{yf— }. (5.50)

i

Proceeding from Eq. (5.50), we can show that’ the absolute value and argument of ¢ {w), i = 1,2, are

given by
b.2u?
1 sl
o)l = ———; =0 [ - —].
! (l+w2a“2)l/ 1 2(1+w2a“2)
2 2
26.0) = StanYaw) — Su[h 4B
{w) = =tan" (a.w) — = . —
ll( 92 i 2 w[ il + l+wza“2] (5-51)
where
1 1
ay =1—- —,
)‘I
dl
by = T
]
2
h bo, + ln)X ( )
o =7 n ’ 5.52
1-a,, l
and
a, = AN-—-1,
1/2
by = >‘¢/ d,
2
bll
hy, = - Tta, + In),. (5.53)

Hence, using Eqgs. (5.51) and (5.48), we can compute the characteristic functions of A under both the
hypotheses. Our goal is to make use of these characteristic functions to determine the total probability

of error, €. The procedure is as follows.

TSee the Appendix section at the end of this chapter for details.
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From the characteristic functions, ¢ ‘.(w), we can compute the density functions p(h/ )('.) as

plh/X) = % f_ : ¢ (w) exp(—swh) dw . (5.54)

Also, from Eq. (5.33) we know that

H
_ plh/) an,

6 = /: /¥y ah = 1 - [

¢ = /_ ':o p(h/X.) dh . (5.55)
where
H lnP (¥,)
= TP n) (5.56)

Using a familiar rule of the Fourier transform® we get,

p(h/}(..) dh = -—2—- - — -J—w— exp(—xwH) dw . (5.57)

Now, ¢ '(w) has an even real part and an odd imaginary part. Hence, the integrand on the R.H.S of Eq.
(5.57) has a real even part and an odd imaginary part. Therefore .

”f;%) exp(—joH) dw = 2/:"1%[33;—2:2 exp(—soH) | du

—00

o |¢,-(“’)|
-2 / sin { 26 {w) — wH } dw . (5.58)
0

w

Also, from Eq. (5.45), we get that ¢ (0) = 1 . Hence, Eq. (5.57) reduces to

H oo [6{w)|
/wp(h/}l'.) dh = % - 1fo — sin { £6u) — uH } du. (5.59)

n

8See the Appendix section at the end of this chapter for a derivation of this result.
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Substituting Eq. (5.59) in the two equations of Eq. (5.69), we get the following analytical expressions for

€% and €

1 1 /00 |¢0(“’)|
0

© =73 + o ~ sin { £¢(w) —wH } dw . (5.60)
o [6,(w)| |
€ = }2- - ;r./(; . sin { £¢,(w) —wH } dw . (5.61)

In any practical case the above indefinite integrals have to carried out numerically. Fortunately, the
integrals are 1-dimensional and hence the integration is manageable. Because the integrals are indefinite
there are two factors which determine the accuracy of the result; the sampling interval and the total
length of integration. For small error probabilities, the accuracy required in the computation of the
integrals may be s0 high that it is not practical to go through the process. In such cases we may have to

depend on an approximate calculation which is less tedious.

5.6. Approximate Calculation of Error Probability

In Eq. (5.43) we saw that the log-likelihood ratio of h(y) can be written in terms of the log-likelihood
ratios h(y) of the components of y as

N
h(y) = 3 h(y)- (5.62)

l=]

In this method we make the following approximation. Using the Central Limit Theorem, we claim that,
for sufficiently large n, h(y) is approximately Normally distributed, i.e. p(h/¥)) and p(h/X,) are
Gaussia_.n density functions. To recall, we defined the log-likelihood ratio as

My) = =i (M) + 3 {37y~ (-af 47 (-d) ). (5.9

In order to compute the error probabilities we need to know the means and variances of h under the two
hypotheses. If n, and 5, denote the means of h under the two hypotheses, and 002 and 012 denote the

corresponding variances, then we can show that? these are given by

°See the Appendix section at the end of this chapter for details.
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1 1 1
e = —go{Ml} + ju{l-47) - ~dT4 4. (5.64)

2

ny - -%m{w} + %tr{A-—I} + %drd. (5.65)
0 = %u{(x—r‘f} + dT4 24 (5.66)
0? = -;-t.r{(A-l)z} + dT44, | (5.67)

where tr{.} denotes the trace of a matrix.

With the Gaussian assumption, we can write the probability density functions of A under the two

hypotheses in terms of the means and variances defined above as

(h_')o)2
plh/Xg) = exp(—- —) ,
27 % 20,
(h—n,)?
ph/¥y) = exp(- —) (5.68)
2r o, 2"1

The probabilities of error under the two hypotheses, ¢, and € can hence be calculated in the same lines

as we did in the equal covariance matrix case.

H—-qo
- / ph/H) dh = = — erf{ —
%
H 1 H-n,
= ‘/;oo p(k/’(l) dh = 5 + erf{—o-;—} . (5.69)

The Gaussian approximation that we made in the beginning of this section requires two conditions to be
correct. The first is that the component random variables in Eq. (5.62) must closely resemble each other
and the second is that N must be fairly large. The first condition is not met when the covariance
matrices are very different from Toeplitz. If the contribution of the modulation noise is significant, ).'Jl is
going to be very different from Toeplitz as Eq. (5.23) indicates. Hence, we might get misleading error
probabilities using this method even when N is large. In the next section we discuss one way of
obtaining an upper bound on the error probability which may prove to be a better method of estimating

error probabilities when the modulation noise is large.
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5.6. Upper Bounds on Error Probability : The Chernoff Bound

It is evident from the discussion in the last two sections that calculating error probabilities in the
unequal covariance matrix case is, in general, a difficult task. Even when the observation vectors have a
Gaussian distribution, we must resort to numerical integration of some form. The approximate
calculation described above is one way to get around the problem. Another way is to seek an easily
computable expression for an upper bound on the error probability, because in many practical cases the

upper bound is all the information we need.

One such set of upper bounds on the error probabilities ¢, ¢, and ¢ are the Chernoff Bounds [5] which

can be represented by the inequalities

P(X))

¢ < [F(-;(;-]‘/” exp[-u(%)].

P(3)
¢ < ;;-(-’7(:—)]’/2 exp[—u(;i;)],

¢ < [POWYPORT el -u(3)], (570

-

1
where u( 3 ) is the Bhattacharya [3] distance between the two hypotheses, defined by

r+2Z
Wz) = 5o [—5— ] + g QU5+ Z)2) - T I5)15)) (5.71)

It can be shown that [5] the Chernoff bound is very close to the exact error probability when the error
probabilities are very small, but could be very different from the exact value when the error
pmbsb_ilities are large. This fact is very useful because, as we shall see in the last section of this chapter,
numerical computations of the exact probabilities are much simpler and more accurate for large error

probabilities, and we would not have to use the bound anyway.

5.7. Linear Detection Schemes

From Eq. (5.29) we can see that the log-likelihood ratio h(r) for the optimal detection scheme is
obtained from r by a quadratic transformation of r. This means that if we implement the optimal
detection scheme by passing the readback voltage through a filter to obtain the log-likelihood ratio, the
filter that would have to be used would be a quadratic, i.e., non-linear, filter. Implementing a non-linear

filter is, in general, not an easy task. In this section we shall approximate the log-likelihood ratio by a
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linear function of r, and find the coefficients of the linear transformation vector which minimize the

error probability when this detection scheme is used. We write h(r) as
T
hir) = V'r + v, (5.72)
where V is column vector of size N, and v, is a constant.

The decision strategy that we use now is

T ’(l
h(r)=Vr+vozo —ore{x. (5.73)
0

Since r is normally distributed, h(r) as defined above is also normally distributed. Hence, in order to
obtain the probability density functions of A under the two hypotheses, we need to calculate only the

means and variances of A under the two hypotheses. These are given by
ne = E{h(r)/4,} = VIE{z/¥)} + v, = v,
n, = E{h(r)/¥;} = VIE(r/} } + vy = VT8 + v,
o = VIE(rrT})V =VIZ Vv,

0 = VIE{((c—8) (r—s)T} V = VT 5, V. (5.74)

It is easily shown that the total probability of error that results, when the decision strategy of Eq. (5.73)
is used, is given by

c= P00 [T ep=Eyan + P L (=) an (5.75)
€ = —exp -— — ——-—exp — — . .
O Jrtes vz Ve TN

Our goal is to find the coefficients of the linear transformation that minimize the above probability of

error. Hence, we differentiate ¢ with respect to V and v, and set the resulting quantities to zero.

0 1 "2 d n 1 "2 ad o
€ 1 1 0

— =PX)— exp(— — )= | -—=|-P(¥)— exp( = — )= | - —
av 1 Var 2‘,12 av[ ”1] Y Vo 2002 av "o]

2 T
1 7 . (V-+vo)ElV
= P(}{)— exp(——) | — +
¥ Jom 20,° [ (VE, V2 (VTg V)2 ]
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'702 %<V

1
- P(No) - exp( - )
or 2002 (vT ZV )3/2
2
1 O m
= —P(X) exp(——-—z)[l-———EEIV]
20 (4
01 o 1 1
2
1 T M
- P()(o) exp( — — ) - 20 V =0. (5.76)
00 2n 200 0'0
and
] 1 n’ 3 n
€ 1 1
ay = PO —= el =) o[- =
° Ve 20° %t 9
2
1 Mo o Mo
- PO — exp(-—;) o~ [- =
2r 20, Y%t %
2
1 ™ 1 o’
= — P(H) ——= ep(~—) + P(¥) —— exp(——) = 0. (5.77)
o 2r 2’; o,Vr 20,
Using Eq. (5.77) in Eq. (5.76), we get
Mo m
_——XV - —_— =
3% [ 0221"] 0,
1
. n Mo
ie., . = [;—; L, - = 80] v. (5.78)
1 %
Also, réwriting Eq. (5.77) we get
At —— p =) = ) el = 2 (5.79)
A exp( = =) = o) —— exp(——). .
01\/5; 2’12 Uom 2002

Solving Egs. (5.78) and (5.79) yields V and v, which minimize the probability of error ¢. Unfortunately,
an explicit solution to the above equations is very difficult to obtain, and hence we need to use an

iterative procedure to find the solution.

A simple iterative solution to this set of equations was first suggested by Peterson [15]. Instead of
solving Egs. (5.78) and (5.79) directly, the minimum of ¢ is sought under the conditions of Eq. (5.78) as

follows.
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V=a[a$°+(l—a)21]“|, (5.80)

where
2 2
1 n Mo
-————, (5.81)
a
o, % .
and
2
ny/0,

aQ =

- . (5.82)
2
( ﬂl/0'12 - '70/’0 )
Now, since ) = v, and g, = vTis+ v, and a 002 7, + (1—a) 012 1, = 0 from Eq. (5.82), v, can be
calculated as

a 002 vis
v | ——

(5.83)
a 002 + (1-a) 012

From Eq. (5.83) we can see that if V is multiplied by a, v, is also scaled by the same factor a. The

decision made by vir + Y% Z 0 is the same as the decision made by a Vr +av 0. Hence, € is

0<
invariant under the scale change. Therefore, by ignoring the scale factor of a, we can plot ¢ as a function

of oneparameter o as follows.

e Calculate V for a given o with a = 1.
o Using this V, calculate 602, 012, VI and Y-
@ Calculate € using Eq. (5.75).

e Change a from 0 to 1 continuously.

From this plot, we can find a for which ¢ is minimum. We then use this value of o to calculate V and

v, for the linear detection with minimum probability of error.

8.7.1. Correlation Detector

A special class of the linear detection schemes is the Correlation detector. The correlation detector has

V and v, which are given by

V =8 , (5.84)
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1 P (%) |
Y = —-2-lTl - m (5.85)

The detection strategy that results from the above choice is

P(¥) 1 XN

T > 0 T { 1
sr In =——— + =8" 8 r . . 5.86
< P@) 2 - r€ X, (5.86)
The LHS of the above inequality is the dot product, or the correlation, of the readback voltage vector
with signal pulse vector. This is the reason for calling this detector a correlation detector. The
correlation detector is very easy to implement, and is very commonly used in scenarios when the noise is

stationary and white because it can be shown to be optimal in this case [11].

5.8. Nonparametric Detection Schemes : The Sign Detector

All the detectors that we have considered so far assume that we know probability density functions of r
under the two hypotheses. If the actual probability density functions of r are the same as those assumed
in determining the detection scheme, the performance of the detector in terms of error probability is
good. If, however, the actual probability density function? are considerably different from those

assumed, the performance of the parametric detector may be severely degraded.

Nonparametric det.:iors do not assume that the input probability density functions are completely
known, but only make general assumptions about the input such as symmetry of the probability density
function and continiuity of the cumulative distribution function. Since there are a large number of
density functions which satisfy these assumptions, the density functions of the input may vary over a
very wide range without altering the performance of the nonparametric detector. Of course, the
perforximnce of the nonparametric methods will be inferior to the parametric optimal detection schemes

when the statistics are completely characterized.

We shall consider one such nonparametric detection scheme in this chapter, namely, the sign detector
[6]- The sign detector utilizes only the polarity of the data to make its decision. We assume that the
signal takes on positive values, i.e., all the components of s are positive. We have seen earlier that in
digital magnetic recording the signal pulse is either a positive going pulse or a negative going pulse.
Since we assume that the sign of the pulse is known before hand, the analysis that we do for positive

pulses can be easily repeated with minor modifications for negative going pulses as well. We also make
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the assumption that the input data vector r has components which are statistically independent. With

this assumption we can write the probability density functions of r under the two hypotheses as

N
pr/¥g) = TI #lry/34),

I=1

- |
pir/X) = T #lr/¥). (5.87)

=1

Since we are only interested in the signs of r,, we do not need the entire density functions of r, under the

two hypotheses. All we need are the probabilities that r, is positive ( or negative ) under the two

hypotheses.

Under hypothesis No, since we have only noise which is zero mean, each of the r, s is equally likely to be

positive or negative, i.e.,

P{rl?_O/ﬂo}-=l—P{r‘<0/)lo}-=%. (5.88)

Under hypothesis Nl, each of the rs is more likely to be positive than negative, i.e.,

| 1
Plry20/4} =1-Fr<0/¥}=np, p> s (5.89)

To recall, the decision strategy that yields the minimum error probability can be written in terms of a

likelihood ratio and a threshold as

Ur)

ReN) PO ¢

1
T /N < PO T

: (5.90)
)

Using Eq. (5.87) we can express the likelihood ratio (r) in term of the likelihood ratios of r,, I = 1,...,N,

p(r/X)) N pr/¥) N
I(l') = ;(—;770- == n m = H l(r') . (5.91)

=1

From Eqgs. (5.88) and (5.89) we can write {(r)) as

2p for r 20

r) = 5.92)
(r, {2(1_,,‘) for r <O (
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For a particular observation vector r, let L + denote the set of values of ! for which r‘ is positive and L_

denote the set of values of I for which r, is negative. Then we can rewrite Eq. (5.91) as

(r)y = [T 27, J] 200-») (5.93)
L L_

+

Hence, the decision strategy to be adopted is

2 2(1 > PO * 5.9
H{ ”'}E{ (""”<FWJ""E{NO‘ (5.84)

Even though the above decision strategy looks fairly simple, error analysis for this detector is not easy.
Gibson and Melsa [6] have obtained an analytical expression for the error probability when the
components of r are identically distributed, i.e., all the p, s are equal. This condition is very far from
true in our detection problem, since the signal has much larger values at the center of a bit period than
at the extremities. Hence, we would have to either simulate the detection problem on the computer or

conduct an experiment on real data, to find the bit error rates when the sign detector is used.

Since our goal in this project is to obtain conservative estimates of the probability of detection of an

erased digital signal, we will not pursue this sign detector any more. Rather, we will concentrate on the

performance of optimal detection schemes.

5.9. Numerical Evaluation of Error Probabilities

5.9.1. Case Studies Considered

In order to evaluate the error probabilities for the various detection schemes that we discussed in this
chapter numerically, we need to assign specific values to the various dimensionless quantities that we
defined in the first section of this chapter. These are : the normalized transition width parameter p, the
level of erasure g, the normalized bandwidth Il and noise-to-signal ratio r, of the modulation noise, and
the normalized bandwidth f, and the noise-to-signal ratio r, of the background noise. Another
parameter that can be varied is the type of erasure, i.e., a.c. or d.c. In general, all the above parameters
could be varied to form different combinations which could represent various recording systems. Here,

we shall only consider a few case studies which we consider to be fairly representative.

In all our case studies we shall assume that
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p = 0.2,
,1 = 0.1,

f, = 150. (5.95)

These values have been chosen to correspond to the experimental data that we obtained in Chapter 4,
for a bit period of 0.5 p-sec as shown in Fig. 4-2(a). We can easily see that for T = 0.5 u-sec, the
transition width parameter, pT would be 0.1 u-sec, the modulation noise bandwidth would be 200 kHz,
and the background noise bandwidth would be 30 MHz, which is approximately what these values are
for the data in Chapter 4.

To study the dependence of the bit error rate on the level of erasure, we shall vary ¢ from 1 to 10", ie.,
vary the signal power from the unerased level down to -80 dB, in conveniently chosen steps. Note that

when the signal level is reduced by erasure, the modulation noise is also reduced correspondingly, but

the background noise remains unchanged.

The four case studies we shall consider are :

® a.c. erasure, low modulation noise ( r, = 102, r, =10*)

1

e a.c. erasure, high modulation noise ( r, = 102, r. = 102)

1

e d.c. erasure, low modulation noise ( o= 10’2, r= 10 )

e d.c. erasure, high modulation noise ( r, = 102, r= 102 )

The values of To and r'1 in case studies 1 and 3 correspond closely to the values that we would have
obtained for the autocorrelation functions described in Fig. 4-5. These values indicate that modulation
noise level is about 20 dB below the background noise level, and hence cases 1 and 3 will be referred to
as low modulation noise cases. For the sake of comparison, we also consider cases when the modulation
and background noise are of the same level. These are represented in case studies 2 and 4, which we

shall refer to as high modulation noise cases.
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5.9.2. Software Developed for Numerical Computation

Using the analytical expressions we developed in this chapter, we have written Fortran programs to
numerically evaluate the error probabilities when the three detection schemes, namely, the optimal, the
best linear and the correlator, are used for detection. For the optimal detection scheme, we calculated
the error probability in the three ways discussed. Of all these programs, the one that does an exact
calculation of the error probability for the optimal detector is the most tedious since it involves the
numerical integration of two indefinite integrals. We used Weddle’s Rule [4] to compute these integrals.
For most of the matfix operations, we used IMSL ( International Mathematical and Statistical Library )
routines. Except for the program which calculates the exact error probability for the optimal detection
scheme which took about 40 minutes of CPU time, all the other programs took about 1.5 to 2.0 minutes
of CPU time to generate one value of the error probability on a VAX-11/750 processor. The resulting

error probabilities for these detection schemes, for all four case studies, have been listed as a function of

the level of erasure in Tables 5-1 to 5-8.

As we mentioned earlier, an exact calculation of the error probability for the optimal detector involves

the evaluation of two indefinite integrals ( see Egs. (5.60) and (5.61) ). For small error probabilities,
~ each of these integrals is going to differ from 0.5 by only a small amount. Hence, if the error
probability is of the order of 10™, we need to have at least n decimal places of accuracy in the integral
to get a reasonable result. We have used double precision arithmetic which provides 16 decimal places of
accuracy in the computation of the integral. Hence, however fine a sampling interval we use for the

integration and however long we choose our integration length, we cannot calculate error probabilities

which are smaller than 10715,

5.9.8. Results of Numerical Evaluation of Error Probabilities

Tables\ 5-1 to 5-4 show values of the the error probability for the optimal detection scheme in three
different ways. The Chernoff bound is in the form of an exponential and hence the exponent can be
calculated even when the error probabilities are very small ( 10347, as Table 5-1 shows ). The smallest
value that the approximate calculation can yield is determined by the smallest value that is allowed by
the double precision arithmetic, which is == 1038, When the modulation noise level is high, as in Tables
5-2 and 5-4, the approximate calculation can be so inaccurate that it yields an error probability which is

greater than the upper bound. In such cases we have marked the value of error probability obtained by
an asterisk.
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Tables 5-5 to 5-8 list values of the error probability for the two linear detection schemes that we have
considered, namely, the best linear detector and the correlator. We can see that the best linear detection
scheme yields smaller values of error probability than the Chernoff bound in most cases. Since the
optimal detector will perform better than even the best linear detector, when an exact calculation of

error probability for the optimal detector is not possible, the linear detector results can be used as a
better upper bound than the Chernoff bound.

Tables 5-9 to 5-12 have been listed to compare the performance of the three detection schemes at erasure

levels for which an exact calculation of error probabilities of the optimal detector is possible. We can

observe the following trends :

1. In all tables the probability of error increases with increasing levels of erasure. Since we have assumed
that the two hypotheses are equally likely, the largest value that the error probability can take is 0.5,
and this happens when the signal information is not used in making the decision, i.e., whether a bit is a
*1* or a "0" is decided completely randomly. We see that this indeed is the case, i.e., the error

probability in all tables approaches 0.5 at high levels of erasure.

2. At a given level of erasure, the error probabilities for all three detection schemes are, in general,
larger under conditions of d.c. erasure than under conditions of a.c. erasure. This is to be expected since

d.c erasure introduces an additional modulation noise term around zero frequency.

3. The optimal detector performs better than the best linear detector, which in turn performs better
than the correlator, in terms of minimum probability of error at low levels of erasure, but all of them
perform equally well at high levels of erasure. As we mentioned earlier ( See Eq. (5.23) ), high levels of
erasure cause the covariance matrices under the two hypotheses to be equal to each other. The optimal
detector for the equal covariance matrix case is a linear detector. Hence, the best linear detector
performs just as well as the quadratic optimal detector at high levels of erasure. Also, since we have
assumed that the background noise is band-limited white noise in our analysis, the correlator, which is

optimal for white noise, performs almost as well as the linear detector at high levels of erasure.

4. For a fixed r, ( 102 ), changing r, from 10 to 10 does not increase the error probability very
significantly at erasure levels greater than 20 dB. This is again because of the fact that the modulation

noise is suppressed when the signal is erased whereas the background noise is unaffected.
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5.9.4. Probability of Retrieving Sequences of Bits

So far we have considered only bit error rates. Let us denote the probability of bit error by Pe. From Pe,

we can find the probability of correctly retrieving a bit P, as

P,=1-P,. (5.96)

Now, information is stored on the disc as a sequence of bits. This sequence could. be encoded by RLL

( run length limited ) encoding and by error correcting coding. Hence, in general, the probability of
correctly detecting a sequence of bits depends not only on P, but also on the specific encoding schemes
used. As an illustrative example of how one can obtain probabilities of estimating sequences correctly,
let us consider the probability of detecting a "byte® ( = 8 bits ) of information when no encoding is

used. In order to correctly detect a byte, we need to correctly detect each of the 8 bits. Hence,

Probability of correctly detecting a byte = [ P, ® (5.97)

For example, at the highest level of erasure ( 80 dB ), the bit error rate is approximately 0.498 for all

case studies, i.e.,
P, = 0.498 and therefore P, = 0.502.
Probability of correctly detecting a byte = (0.502)8 = 4.03 X 103,

We note that the probability of correctly detecting a byte is two orders of magnitude smaller than P, in

this case. If we go to longer sequences the probability of correct detection will be even smaller, though

this value can be increased by the use of error correcting codes.
5.10. Appendix

5.10.1. Proof of the equivalence of Eq. (5.29) and Eq. (5.40)

Starting with Eq. (5.40) we get,

My) = — gl ) + 5 (37y~ -7 4 o)} (5.9

Now, since A is a diagonal matrix that contains the eigenvalues of }_'.'o_l Z'l as its diagonal elements, we

get
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Al = 15751 =
o “1 AR
Also, from Eq. (5.38) and Eq. (5.39), we get
Yiy = [Ar)T[Ar] = PTATAr = rTEO'lr,

and

(v —d)T A (y = d) = (Ar— As)T 47} (Ar — As)

= (-8 ATAA(r—8) = (r—8)T 2,7 (r—»).

Substituting Eqgs. (5.99), (5.100) and (5.101) in Eq. (5.98), yields (5.29).

5.10.2. Derivation of Eq. (5.51)

Starting from Eq. (5.50), we derive Eq. (5.51) as follows :

(y;‘d‘)2
A . }-

1 1
h(y‘) = _Elnx; + E{yf—

Now, Eq. (5.46) can be written as

s) = [ explohly) ) olu/4) dy;.

From Eq. (5.102) and Eq. (5.103), we get

' : —d)? y
o oo (v—d, 1 I
bl = [ e [Zn -} ] —= e-5) @,
o - 2+ N Von 2
o 1 1 Yy y) 2jwdlyl} ﬁ‘dlz o Inx
= —-exp[-- y (1—w+3)- - -
- \/om 2+ N N 2), 2
2 2
bmw

7 = Tl
(1—sway)'/? L7 Bigeag) "2 )

where

(5.99)

(5.100)

(5.101)

(5.102)

(5.103)

(5.104)
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1
d
[
b = X’
i
2
bou
hy = — + In),. ‘ (5.105)

ol

The absolute value and argument of ¢ (w) can then be calculated as

1 l’ozﬂ“’2
ol = ———; xp [ -=——5 ]
(l+wzaolz)l/ 4 2(1+w2am2
2 2
1 1 o501 @
Lo (w) = =tan"Ya w) — —w[h +———-]. (5.106)
Ol( 2 o D] ol 1 +w200,2 -
Similarly,
o : (y—d)’ (y-d)*
oo, WY %
bi) = [ e[GO0} ] el - @

.21r)«‘

© 1 1 . . .
-=f exp [———{yf(l—pk,+;w)—2y,dl(l+w)}—
ﬂ)“ l

. 22 . 2
jod? jwln), d

2, 2 2,

b, 2w?

1 u X
\=—-———exp[————f———£h ] (5.107)
(l-—jwau)l/z 2(1—jwa,) 2 M
where
a, = >‘l -1,
— 1/2
by = >‘1/ d,
b 2
u (5.108)
hu = ~ite + mx,. .

u

The absolute value and argument of ¢”(w) can be calculated as
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2 2
b”w

)l = ———; o [-—— |,
(1 +w2a1 ,2)1/ 1 2(1-1‘-«..&2411 12)
2 2
1 1 % u
Lo (w) = =tan"Na. w) — =w| A, + —— .
ll( 2 lad 2 [ u 1 +w20u2]

We can combine Eq. (5.106) and Eq. (5.109), to get Eq. (5.51).

5.10.3. Derivation of Eq. (6.57)

Starting from Eq. (5.54), we get

L i p(h/X) dh = /_ I; dh % f_ : ¢ {w) exp(—soh) dw .

- 51;/:0 $ () /_I: exp(—jwh) dh dw .

From a table of Fourier transforms, we get

H J
[ exploioh) dh = expl—sob) [ 7 8) + 27

-—00

Substituting Eq. (5.111) in Eq. (5.110) we get

¢'.(0) § o[> ¢;(w)

- Ph/H) dh = —— + == v exp(—jwH) dw

¢.—(°) 1 reo ¢,-(W)

— o — = [T expljuH) do.

2 27 Jooo W

5.10.4. Derivation of Egs. (5.64) to (5.67)

We begin by first establishing some simple equalities shown below.

N N
E{yTy/¥} = 3 E{y}/¥)} = 31 = u{l}.
b=1 =1

(5.109)

(5.110)

(5.111)

(5.112)

(5.113)
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N N
E{y-a)T (y=d)/¥,} = 3 E{y—d)/%) = T A, = u{4}.

=1 =1

N N
EyT a7 y/u) = 3 BN = N7 = w{a).

I=1 =1

N N
B{y—a) 47 r—a)/3,) = Y Bllyma)?\7M) = 30 A= w1}
=1 =1

' N N N
E{(yTy)z/No} — Z E{y“/’lo} + E E E(yf ym2/y0}

=1 =1 m=1,myl

N N N

=3) 1+ Y ®=cz2u{l + [u{n]).

=1 =1 m=1myptl
N N

N
E(GT AT /M) = BN + Y T B, BTN

=1 =1 m=1,msl

- 32 N2+ Z Z S Wit

=1 m=1,myl

= 2tr{A7%) + [u{a 1} ).

N N N
B{6Ty) 0T a7 v/} = Y By UMY + Y S E{y BTV
=1 =1 m=1,m#l

N N N
al DIEE D DD DR W

=1 {=1 m=1ml
= 2tr{A} + w{l}u{a7}.

(5.114)

(5.115)

(5.116)

(5.117)

(5.118)

(5.119)

Also, we know that because y, 8 are Gaussian random variables, all third moments are zero. Therefore

E{(y"y)y/¥} = o,
E{(yTy)yT/¥,)} = oT.
Similarly
E([ r-4)f (y-4) 1/¥} = 2u{A’} + [w{4} ]*,

E{l y-a)T A7 (y-a) P/¥} = 2u{1} + [{1}]?

(5.120)

(5.121)

(5.122)

(5.123)
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E{[ y-d)T (y-4) ) [(3-a)T 47} (y=d) I/¥,} = 2tr{4} + u{4} {1}, (5.124)

E{(y-d)T (y-d) (y—d)/¥,;} = O, (5.125)

E{(y-d)T (y—d) (y-a)T/¥,} = oT. (5.126)
Using Egs. (5.113) to (5.126) we can compute E{h/X }, E{h/},}, Var{h/}} and Var{h/3} } as follows.
1
Eh/¥y) = = 1n(Al) + 3 EGTy/X) — 3 BT A7 3 /%)
- | -
+ EyT A a/N) - ;44 q

1 1 1 1
3 In {|4]} + z tr{I} z tr{A™"} 2 d 4" d

1 1 1 :
= -z {4} + Eu{x-r<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>