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!.!llro duct 10 n: 

Tha purpose of ~hh repor t is a lIurvo7 of numerical me thod 
for Dolving inteeral equations . Only Unear integral equations of r eal 
variablea wil l be considered. ~~ere aTe t hree important types of suoh 
.quat1on8 ~ 

(a) The Fredholm equations of the second k !nd 
4t ~ 

. 5-(')(): a(>t) l' ~ ~(). K( ~, ~)fld)' (non- homogeneous) 

f( )I., ) :: A L.1t I< (x) 'd) 5('d) ~ (homo geneous) 

(b) The Volterra equation 

fix) = ~l~) .... ~: K(Xl'J) t(1)~ 
and 

(c) The equation of the first kipd 

d (~ ) = \,,",~ ( ~; ~ ) f ( 1) tia 
In eaoh of the nbov8 equntions the function f(x) is to be obtained from 
the given functions ' g(x) and X(x,y). Under quite general condi tionw (a), 
and (b) p08sesR unique solut i ons whereas (~) will, 1n general, hRve man;r 
soJ,utions except under oertain restricUve constrA.inte . 

Thus fnr, Bt le~8t by cQI!1pnrison, say, wIth l i near algebraiC 
eqpations nnd differential equation8,l1ttle has been accom_liRhed i n 
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. d(1 elopin& llWllGL·h.u! n~thodn fOl' ("lY.11(; integral eq.'U.€ .. t~O.l:.3o 
( r:! ' ~., ov '( Iffo .n .1al ~q&.lA "'i ana 1 0 xpI't!lBfling m n' ph rEi C I 

, u' only reoently bsen e:.t:llo~ ted • . 

Tn" 'on 1'1 ... 
:,)1'01>" r'f.1 

I n generlll , it lould be nicest t o 1\ttA.ck ench ao..u~,-t...oll:'. .a 
mothnd best sui ied t o i ttl own struetur 0 Thi s put,. a prem1.um on :. ~Y8itJ. 
Tn attitude taken here will be to develop quite gene ral numerical noth= 
odfJ which cnn most ea.sily be treated bY a oOm'!'uter of t ho dig! t al '~ype. 

On the same level of i mportAnce as the design of . a olvljlg meth­
od for an equation is an a"Opreciation of the status of errors in ee.ch 
step of the p roblem . "He81des the usual numerical round~off and 'truncA.Uon 
orror8, all mAthods of solution introduce an irAporta.nt stRbility ~~r 

oaused by the la.pse of a trnnscendental problem into a discret e on 0 In 
general, the numerical met~ods show excell ent Btabi11ty~t 1e st wh r 
unique solutions to t he problem ex1at) due chiefly to t he smoothing prop-

. ertie'S of integration. 
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The equation t o bEl eonddo od io 

, 
r. 

)~ K ( J 'a ) ~ [ i )~ : ( t ) 

".1. th the f'uncUon8 rex) an K( %,y) g1 ven aD.ci gty) 
Exampl es of t hiB tyne of equation ~ra: 

I roO ~vt X 
; t.,): ~ ) 0> e. () (l d ), 

and H )< ) : ~o~ e -)( ';j ~ ( d ) ~ 
orten the sol ution g(y) wlll not be unique ; f or , 
must be added solut i ons, If t hey exi st, of 

a ~ ~: K ( )( ) -a ) ~~ [1 ) ~ 

to be d tenn1l"11 d . 

(The Fourier t t'anr;form ) 

(The Lapl ace ·transform) 

to t he solu t i on of (1) 

(~' =I,.I1..J . . ) 

I n both ot t he above mentionod eXAmPles def i nite inver sion formulae of 
t he tyo. ~ 

~ ( d): )L h( ~ J d ) S(~)j)l. (t." path In the " 1 ..... ) 

71el d ans17tic expr essions for g(y) . In generAl , such i nversion formulae 
do not exist . The i ntegral. equl'.t1on does no t alwnys have solutions, since 
tor a given K(x,y) t(x) must no. ~es~ certain ~ro~erti es dependent upon the 
kernel . It K(x ,y) i s a polynomial in x , t hen t~x) mus t be a nolynomiAl in 
x . Likev1le 1f K(a, y) = 0 for ell 1 and l t t he ' equat i on 1s satisfied for 
all 7, then tea) = O. The fUncti on f (x) i8 not perfectly nrbl trnry, for 
it K(x,y) la a polynomial i n x , then f (x) muat be a :nolyno',ial . That . ls p 
we mult restri ct t(x) to a clal8 ot functions associat ed wi th K( x ,y) . 
A th~rem to t hi l ef fect will be discuesed later . In certai n special 
easel an equation of the firs t ki nd Crul · be r educed t o one of t he second. 
kind and here f(x) can be highly arbitrary. 

As re?,ards the uni ouenes Q of the solution ~ ( y), vhftre r,(y) i s 
conetrp..ined to ,be continuous, the followin~maY be f\~1d . If the kernel , 
K(x,y), 18 -definite- , i ~ e . 

J~ l-<L l( I "a )"'llt)w-l~) J lt~ '> 0 
for all conti nUOU8 w(x). then the equati on 

~~ k ( ~ J d) w '1 )k -= 6 . 
has no continuous eolut1pn w(y) excepd.w(y) = O. I n narticul~r , i f two 
qontlnuOU8 801utZ. ons ~ ( r ) ,.nd e?(y) o.f tl},e equation . 
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r; .. %"d , th ,n" :for lC(x,y) de! nite, g C ) =z. f!,2' ). 0(. J~ 'olut1" , J ': 

'':1 i • 0. III ger..sral a given K(x,y) ~Hl not b d.ef1ni t(, bu~ m/lY ba:L ,0 

by 'th~ ;toll'" ing art!!! 00 Forl1\ : .. 

SiDe L (x , y) Is synmetric 1ta charact~r1c valU08 are real. FUrthe~ore~ 
if f" (x) i s a charact~ristic f'tlnction, 

<PYl{X)::: )n t Lt X, ~) ~(~) ~ .. 
From 'Whioh 1 t f ollod th9.t ~Y\ ~ 0 8ince 

\ ~ ~ n'l ()( )c4:; ~f\r<pt'I()( ) d.,L ro.~ L(X I ~) ~fI(i).~ 

:: ~" C\p~(x).\f f .. b 4>.( i)~ So. b /{ { )</:)I(I 1, t)Jt 

:: }.~ C ( C K ( ll I t )¢. Lt)cJJf a4c 
hence ~n )/0 0 I ndeed if t he l C" (x) 1 f orm B. oomplete 's et » 

): K ()( J t ) 4>YI l X) d x. "* 0 ( )1: .I J 2. J 

1 0 t he.t All ') 0 0 Rence L(x ,y) 18 d,fl n1 t e and t he i n t egral equationg 

I,..((X) : So.lo Lt )l.J ~ )~( .,)J'1 
'Where 

(). Lx) : )(1.b f( t) I" (]C.; i;) cit 

... ) 

haa a unl~ue conttuuoua .olution. If the funot 10n g(y) 11 restri ot ed to 
be contlnuoua f(x) will usUall y be re~uired to sattefy linear condi t ione 

of t he torm g " " 

. - )A- We)C) £ix)~=O ) ~~W"()(.)K(xJ~ ) cI~~O 

An analogy to Unear ale;ebraic e~ur'tion8 'Provee f ru.i ttu.l. The 
eqUt> tion 18 Allalogoue to the ,system: . . 

l )l. : ~ I<)(~a~ (~: ll l. J3J " .... ~) 
11'1, J 6 (J q 

I\~ can he 0 b ta1 ned from 'lhe lIye tEll! 1 n the 11mi t all m, n ... 00 0 The prop.: 
e r t l ee of the 878tem depend on the . rell\tlon bet ween M nnd n . Hence three 
oaBeS can Occut ~ 



( 

G3hr) 
li:llgill cring N t\5 ~''"'1)+3 

(I) II) n. ilnpl1ea the ' tlxiB t .nc~ 0 , ~ rtSlatf on of .he.L '.' 1 

f a.~ ,. Xl'\.(.::; 0 for ~ll ' y 
)(:1 f/' 

~~d then consistency ill d and that f atisfy: 

~t" o:~ Sx "0 X 
~:, 

In the 11mi t t h se rell'ltione may t&ke several formt! , an olv i?ua one bGing: 

)~b a.. (X) f (~)c1 X :: 0 

(2) m = n. A uni que eet of g A 

'} ~ ~ "f: a x K ., ; 
roT1d~d no relation ~~ I 

exists and i s given by ~ 

~ : t'Wi 

~~ Q}C K' )(, ~ = 0 
(all y) 

1. satisfied . 

(3) II <.. n )"ield. an infl ni t e number of eete of solution. but 
particular seta !!lay be obtained by imnoai ng (n a. 1ft) linear condi tions o n 
g • 
if 

Hence , in general , i t i, too MUch to expect that the so l ution 
"tll be unique . An important question , parti culnrly in numerical calcu,.. 
atl on., 18 the range in x over which rex) 10 gi ven. DecreaRi~ the 

range mllY well i nvolve mnking g(y) zero over ~ ~ -portion of the r a nge to 
maintain un1queness . In the particular case of the moment problen of . : co 
Stie1 tjel , f(x) i a defined onl y OYer an enumerable set of values f Xl} i=1 
and the side condi tiona induce 8. unique g(y) . ' 

In general, then, if the condi tione are antiafied vhich will 
make the solution unique ve shall expect to obte1n an expre8sion of the 
fom : 

where ~ maT be bui lt up of linear combinnt1onsof the tyne 

I>(~) d.i;1\ 51 ~ ~~) (H l '1,)<.) 1 (><)# 

In two oalle8 m~ntioned the iI1Teraion formul a 10 of the h1ghl;,' 
~e81rl\ble fOI1D : 

~~~): ) HtdJx) f(",)d~ (L 01118 path) 

L. 
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Only rarely tlill th1.s integ-a.1 'be of -1\s \;~o tYf) a ti. t e. 

i'intn.g f {:t:) . - r a. g(y) may be dhcont:..r.uoua at orre.'.-:: ) and t~ll 
!i~1u. a. Cl')u tiIU.oUb f(x), hen ... G tho 1 r'egl'nl for g(;y) m .st b~ it.:PH {~I 
that is H(y ,x) muat be discontlnuout1 o r . t e limih 'b ~ :lnfl.l1 ·0. 

In t h oe cnsel! wher he equations of condition t\re not ::::. '1a= 
f i ed it v i ll then not be po sible to bt ain ru~ exa.ct repr esentatl r &1 
rex) by an i nt egral . ~At by analogy to .t he mot hod of l east aquaree , tho 
problem of Bolving t he integral equa tion 1e eOBent 1s.lly equivalent to that 
(;1 t minimizing an 1nt gral , 1. e ~ a probl em in t he calcul us ot variation " 
The poi nt bei ng to obt ain t ho best possible approx1m8~ 1on t o rex) i n tho 
leat1 t 8qUfl res sElnse by an i ntegral of the given tyP . A8 in the J. el.l~ t 
squares pr oceodure we may i nt roduce a positive v i ght function ~(A) whi ch 
weights f( x) according to 80me l aw. Then it 

, £(~) = )b Kt1.,1) ~J' d )J(} . 
~ ~ ~ 

~~ t(.) K ( ~, s ) 5-(. )4 :: ~ .. 1 (~) K( " , s)h JQ. 1« II. I '1) ~ l~)..Id-
0 1" 4< s)= y: L..(r,'1) d(~)oId 
where L l s, ,) ~ 5: K ( JI. J s ) K C. ~, i ) 1-( 1. ) J )( 

and <P(S) : )Q.~ ,t )f. ) K( )(JS) 5-(",)ol1G, 

If we a8sume thnt k(x,y) 1a "perfec t" J 1.. e . 

)," K ( x; ~) tA ( I ) J ~ = 0 

impliee, i f u (y) i8 cont i nuous, t hat u (y) = O. The L(s ,y) is defi ni t e , 
and eymmetr i c o Hence t he solution i s un1~ue J but may not posseSB a con­
t inuous solut i on ~(y) . Thie Can be anewered by ascertaini ng the exiet enc& 
or non-ex1stence of a conttnuou8 funct i on g(y) which minimizes 

W -= ) .... It,,) ( T{..) - 1.." k ( ~, '3) '('a ).,('1 r J ~ 
o't'er a eet of values in x. Thh mlzUJ!1UIl may no t Always exlot rut If mAY 
be made a a small 88 de81 r~~» ~nd thuG an ~yprox1mata r epresentAtion f or 
t(x) 1. obtained . 

A r ewardi ng way of examining t he i ntegral equntion of the t irst 
kind 11 ae an operp.tor eqUAtion: 

~( ~ ): l"~()t)j)~(~)J~ as 5- CI) :. L ~ deS). 
eo... ' - 1 

~d t.hen the probl em i8 ~o f i nd L k such t hat 

-I 

its): L ~ fls) 
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and. in general r mIl not be uniq _0 110 nUmerical ,r:' t (j ])robj.ern u: 
'.lnlq1._ nesl'! becomes largely an acadl!1ll1c oue, in any Caean he in' .t~ G'i;i.-
qU8st ion hare it und r what gonsral conditioDS can n oolutlon be :jOt~~r 
how a CCuI'ate will 1 t be; and 18 there a qUi te general, caailY' a!':i. "Ijhml~ ·i:~ed. 
algori thm Mch will yield a reasonably accurRte r nUltc A g n~' n.l ~hGI')­
~em by Ratema proves useful. 

The eqUAtion 1 S ~ 
b ' 

56<)= ~~ '/{( x,~) al,)~, 
Either K(x,y) in symmet ric or it 1s ymmetr1z6d by the o!)0rpt10n: 

U. h ) -::: 5,,-":f l x.) K (S.l ){) 4. ': 50. \0 K ( S'/ x.)cH i b K()(, # )3 (, )"1 
IA( S -= S .. o 1« S,)() K( }O. ,~ ) 4 r~ (1)' = SA-" d J/~)~ 11).i; 

Hencefo r t h K( x,y) vil l be as~ed to be ayrnmetr i c o The theorem then ls: 

(1 ) I f K(x,y) M S a conmlete set of cMrp.c teri9tie functions p 

~ (x) , satl sfyi ng 

n . f. il<. ):: ~ ~ ): 1< ()( , , ) ~. l1 ) J'1 

( 11) rex) can be expanded in an absolu t ely and uni fo rmly con .... 
Ter~ent "Four i er" eer1e8 

co 

r ( >t. ) = r c,., cp~ (X) 
t'\ :: . 

then there exists a g(y) ~uch t bRt 

I f (,( ) - )0." K (}C , i) d(1) l.a I 
lIay be l es8 t han any 8rb1 trA.ry~ > O. "£'he proof of the t heo r em 'Provides 
the Algorithm fo r the sol u tion . 

Proof; 

Def1ne ~ . 
I 

and 



·, 
""31' ; 
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( 

'l'hey im-ol y 

and so each eari e l becomes l es6 than t he exnonentlal aerlss. 

( 

:. - 0( H('Z X) 
~jt J . 

Therefore: . M 

~: K()<, ';)) ~ld)otd :: - \0 ~z. H(Zj X)c./ Z 

-;: rex) - J.1 ( x) M) 
An expression t or large 'M, ot . H(x,M))1 3 to be found . 

. ~ 

Use : ~()I.)= I c., ~~t){) 
t\~1 oa 

:rom: \.0 l-\(lI.,,) f('1~:' hi ~~ ~~(,w;) which cOllTergee . 

AlBO ~ 

) 
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So: 

00 r I CYl d?yl~) I < E 
't\: (f'1 

implies, fOl· m le.rge enough~ 

since (by f o rmal ordering of the «9 genfunct on ) 

Hence: 

where 

So rearrRllging: 

Finally: 

10 now 

I 

, ~ M~ \. I 2. (n e - A" q;YI (X) 1< % ) for M large enough. 

Y\:-I 
:herefore I Htx"M)I< E. 
Hence 

, ~: 1{.()t.I'd) at~)~ - J()() I < € 
IUld 10 the 101ution 1s M 

~ ( d ) ~ 2 fa ~ ( ~J Z )rJ Z 

If, in addition, g(7) 18 con8tr~ined to remain finite over the en t ire 
range of integration, more c.qn be s Ri do It hal beAn 8~01A that 

I ): K ()() ~) a l ~) ~ - 5 c~) I < € 

but DDt that 



( 
1f$ In n~.d .. d;·l l1 ': t .• a fini'~('!leSf'l c(.LditiOil on (~ ' y) 'tre t'dtn'lvnc r;al":le3" 

r.. I A 5;~fI~. ~umrorgent, ~ ."l\ :: I «J.N' I .JH). Ca, b) tolon !"l'~. j 

~.'~i at!J a eC y) cl.)f1 ned by g(y) :.-..: . ? )-P lI'( Y ) 7. ) C.2 Ii £1..... • 

o 

r rio 
J LX) = J(J., K ( X J d) ~ ( '1 ) of 'j 

~ueh that 

where F(y,z) i9 dof1ned by t he serio£; on pA.ge (7) . 

As an example cf this method of solut1on~ .onsidar the oqu.!'\tion: 

e -S 'a. = 1 CIG d ( t) C6l. s t Cit 
o I _ t't~ 

'fhe so luU on .is kncl WIl t c be d (7t):: ffl e 
The function F( t, x) i s f ormGd: 

r '~ ". F t t.l ~ ) ': X J, e. -S ~ s t ds: 
o 

+. , i •• . 

, 
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The CClLlU ';/O:D.O fot' the xistence of a ElOllt.1Z) ot' · ':'h~ . '" to .! 
oi th first kh.d may be rl1ther nea.tly Bt~.ted in teli\s of or hl)Gt-, 1 j 

fum.:t1ona. The treatment w111 be 1'"8stricted to filllu,'ltlonR and. il llC'\,~.UIl.G 
uat:l. sfying the follo\rl.ng conditions: 

(1) 'l'he variAble '1 18 real on (a , b) ; t he v ar' able :It i 0 .. :ea.l 
on the eRme finite interval of def i nition (n , b). 

(11 ) The functlon rex), k(~,y) are r eal . 

(111) The kernel k(x,y) is bounded and i te~rable 8qUR r~d (L2) 
in x and y ; t he function f (x) i s integrable squared (L ) i n (a,b) . Rence 
~(y) 18 L2 i n (a, b) . 

I t will be conveni ent to sey that i f 

C ( t(~)- ~(~lr ~ ""0 

A eet or real run.Ct:lonB ( ~ (x) 1 are ortho-norma]. · L 
2 

on (a, b) 
if they t'lat1Bfy~ 1. " r: 4l.(X) ~(~'d" =S ..... 

If t he let 18 orthogonal and L 2 on ( a , b) 1 t May be ml'A.e ortho­
normal . The eet ·10 ~ald to be cornnlete i f no functio n u (x) lnL2 exi s t 
tor which 

It the 8et~~:'(('\~ 1 no t com-plate , It rnay be com:ol eted b'1adjoi n1nr: t o it 
a setf4>tll(k>( (13) which 18 called t he com:nlement u'1 set t o 1<t> /)C) f 0 

Bes sel ' e inequal ity 18: . . ? ())(~) f"McI.t< t :: i f"2~ C Hx)1. ,h 
If t he s e t f(>"'{JI )} i s compl e te the eq,uali ty hol dl . In A.ddi tion, 'for a 
complete eet, t he r el ation 
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i vt;.lide If !lO '\; comnl otG ,he €lQ.u.n~. ty hc ... ue if and on.1y if 
h 

~4 ~ [ )( ) cPr! (I< ) d ;( :; 6 )\ :. I.J 1... 

implies 

)4. b fl~) (l(X) 4= 0 

for all g(x) on L
2(a,b) . T~5 can be put another way. I n order t hat 

rex) be orthogon81 to all g(x) which satisfy thG Above, i t i B ~f1cl nt 
t h..'l. t rex) be ort hogoMl to t he set f ~_ 16<) J complementary to f ¢" 6() J · 

!he.,-.f'undamental Riesz-Flscher theorem stat es : i f f rtf J ~l exist s 
Buch that . ~ ~,. 00 t hen there exists and f( x) in L2 (a, b) BUcfi 
thA.t t t\ < 

where 

Y'l ::. I, 'L) . . . . 

and if the let ~ fn(X>} 11 comple t e , f(x) 1s uni q,ue except possibly for a 
aet of measure zero. 

One point which m~. nov be made clear 1e t hat there tnnctions 
tor which the e~ation ( 1) hRl no solution. For if f ( x) L2 on Bome (a,b), 
then for lOme or thogonal ' Ret on (at b); 

(1':: tH<.) ®,.lX) ./.¥ ::: C A" (1) ~ ( 1 )"'~ 

'!'hen 
Ar\(j): f~" k ( ")~) @,;Cx)oIx 

Cn '\. ~ )C4" All" ( '1 )oI'j S~b d{ 1) \;J~ . 

where 

r"" , 1.. 
Ja.- A" ( "1 ) J ~ :: Gt~. 

" 10 that ~ be bounded i8 a necessary condi t i on if f( x) is to be a 

Let 

CA,.'" 
.olutton ot (1) ; however i t 11 not suf f i c ient. Eut ~ 
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c.: "" 
.~, +l .. _.. ,; .' •. c_ ·' (., ~ tl 

t': t 
':, t t h!)I' '; n. .ct 

. ,. 0'- • 1. .... 

1... ~t.\ .,. "..1 (:"'1 wO ~~'~I) ',t~ t 
~.~ I { ',.. , 

Ic~~ (A,"'Ipl": : ~ ':"N )1 
C{ " ..... 

'rn;.{Jh (' ..... 
..-. 
a ,'V <- 1.::- l.. 

'- Cn ::. L 1\ar, = 
)1= 1 -(1_ I 

:! t 10 1'0 9 ibl to rl!duc" the ~olut:\on of the given cq' , t1 to t ~ nf 
~ . ., 

thld f ol l owi ng prahl : Being given a. d(~nu"!laro.b e sc·t of cona~;ant\J ~ C,..J 
nnd ~. Bet of fun:t1!)ns t An (y) 1 p to :rind f.l. g( :r) \1h1 ch flat i s f1 e/'l~ 

n:: I) 1-/ C" = t A~ ( , ) ~ ('1)d:J 
The f ol l owi ng may be said a t onc s: If th A (y) f o n all ort ho -" l'Irru 
s et on (a., b) the necen!'lf'.r y ruld auffi c ie t con~i t . on fo r. n aolu lou. g.(yj 
1 8 tha\ 

)'\ : 1 

t hen the solution if! t he lim! t~ i n t h ", woan, of 
M 

l (1'1 A,J '1) . 
tt ': • 

solutions ':) 1": 
b 5 A,,( ,) ~(~ oI~::o 

C(., 

If th8 t An(y)Iare not o I·tho~1lO I'mal , t hey rnny be mAd 11;'aa.1'1y 

ind.ependent by 8uppr sns1ng thoso ,., '1 ch o l ley r el? tions of t h e form : 
¥I - I 

A (I \ ~ ) -: .f 6" ( 1\) A ( ) 
I.~ I .A. .. V 

This c r entes s1~ 11ar oquation among th0 c 'a: 

(VI -= ~ '(. (VI) ( . 
. L "" A' 
A.~ I 

The remaining equations a.re ortho- llonnaH.z ad . Henc~ Olle ets ' I:ls:z-'l ea of 
the form 

0'0 L (a,(t'I C I + . ' . 

l': I '1\: I 
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which un.; COllV' rg alld. the olut on h t·he limit 1;1 tIl an of 

'" r h~ B~(~) , 
11= I • 

..:hore {:a y) 1 are the dt:Jrivcd ortho-norma1 SGt . c~ 'versely f thin ·~)l'O1). 
lem is ob1.v8d, whare t he 0 are the Fourier coefficients of r(x) ,' '~ha 

n equation i solved . 

The solutions previou ly given demnnd knowledge of tha charac~ 
teristio values and function! of the kernA1 or of t he symMetrized d ·!i~ 

nite kern 1 oonstructed f rom it . 

It w111 nov be show that solving t he i ntegral equat ion l s equi­
vAlent to that of mlU:imlzing a functional equation who!Oe maxi mum value, 
If attained, 18 the solution. The conditions that the maximum be ttain­
ed, then , are t he condi tiona previously obtained which insure the solutions . 

The functional R( g) 18 defined AS 

( ~ ~ )~ 
~Q. f ( )Co) ~ L )( ) fA)( -

where L(x , y) i8 the previously defined symmetrized kernel : 

L ( X J ~ ) = r~" k ( ~ ) -t) K ( ~) t) dt i 
f(x) i8 defined by: 

L('IL): \ .. " J " )'" K ( )( I 1 ) j ( 1 ) J 1-
And g(x) 1s all7 L

2
(a,b) function. The denominator of H[ gJ is bounded 

away from zero if L(x, y) 16 "c10Ied" or if rex) i8 ortho~nA.l to each 
member' or the comp1imentA,I7 set of eigen functions of L (x, )") " Thh will 

-f .. 

be assumed. Define now the FOurier coef~i cient8 : 

~(J.,. f (~) 4>.. (~J J x. 

ro. Ia ~()(.) 4>~ ()() J. 1< 

where the f ¢1(x)3 are the char8.cteristi c functions of L(x,y) o Then nfgl 
can be wrl tten as : 
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No introd:l1ce th ilianUty: 
fJ 

t.J ~ 
,., 

1 .... 
~. 

~ l; [h I-' 
v ( L Cf L ' bi i I 2 (; (0.,' b J' 

" • J - - t I~ , L tJt,.. ... 
2. " ./ ... 

t' ; I 
II: I i :t J : I 

l. ': f 
.,.:a 90 

No ao N -=to 00 , 11' r 2 
and 2:" bi t hen ~ ai bicouverges and 8

i 
conver ge 

n=l n=l n=l 
hence t he series . 

.0 A 

'" ) (a. , l ' - ' a ' b , ) ~ ,L L ~J J AI 
l :. 1 J : ( "" 

converges . The . 9uboti tuU on a1 =10i»b i = ~/;A, yield8, the i nequ.a.1ity 
N tJ _ 

~ ) ,1.. ( .~ >: ( if, ~;. C~) ~ 
L I'.c, L '" " "'~ i =, \" ;'~ , ~i,~;.'" 

Now let N -T 00 ; t he r ight eide apnroache s R(g) and it the 8eries con-
'f'ergee Beg) i s bounded . Fur themo re f ' ~~/A:" converges 80 t hat 

, 4 
the Identi ty can be wri tten: ~ : I 

(-- ",,,.J. 010 ;" (IV IV 2 

H(d)=i '~ ~4C, _",11' • 2 r l c~ ~ -j~ c~ ~" ) 
( r 7)~ ) L;1 -s : ( , ~.. A

J 
~ : , 

NOw put gl ~ ~ ~ ci " Henee for t he functi on g(x) pO tl eessing t hese Fburler 
ao '1. \. 

coefficients R( g) a t tA.1na the maximuma Hence 1tthe eeriee . ~ A,' c.: 
~ ~ '~I 

converges e.nd ,l 'A:""C\' con'f'ergea, t hen t here exieta ag(x) ..,ho e 

~~ I 2 
Fourier coefficients are~i Cland whi ch maxtmizee thG functional H( g) ; 
furthermore, thi s g {x) 'BatiafieB the i nt egrAl equAtion (l) o 

N . '\ 2 ~ 
For llUJIleri cal work » one would defi ne ~ ::'I I\i 01 fo r i _ - , and 

~ = 0 for 1 > N. The N being s~lected a.s la.rge All nece8sary for a good 
approx11'18t1on . The method used for t he TlU'i l'lt lonal proceedure would be , 
perha~8 the Trefftz Tnriation of the RAYleigh Ri tz method. But here Again 
a knowledge of the chara.cteristic T~lues ot L(x,y) a.re neceBsa ryG 
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Tl oq If. 101i t o b ((l vod :.. i ~ 

" b 
~(x) t ~"- KC)C.)O) dt 'O)J 'd =0 

W f ON L (x,y) : 

t ; Cx) K ( x J ~ ) d x : 

L(~Jt);; 

~ ~ K (,~I ~) d oX I h K (x ) t ) "J ( t ) J-r 

Su. ~ 1\ ( >" 'J ) K ( x) t) d x 

L. ~ L ( "J J t) d ( t)J t :: - I/' ( d ). 

So we wleh t o f ind a g (t) such that 

and the solution of this problem i8 the lame &8 "of (1) Q • 

The method ot steepe t descents Can be used as an iterat ive method 
providi ng certain conditions are 8at isfied. I t will be aDsumed that L(x,y) 
il ~oh that, fOr all v(y) under -consideration,: 

(1) 

(r ) can be written as : 

. m >0 
J 

Now if the oharacteristic tunotions ot L "(y,t) f~rm a 0108ed set, an m can 
be found suoh t~t (x.) hold, true for all v(y) vhi ch are t 2(a, b) 0 If' the 
charact erlltic f\1notionl of L (y,t) dO not fo rm a cloled set, a set l4> 't'1)l 
il adjoined to yield the complete 8etli('1)J= t<t(,):) t l~'(1)J 
Then for there to extBt an m, must all v(y) be orthogonal to the compl ementar, 

D~t 1 ~ ' ( 1)! 0 " 



( 

r~· , ., 7 

• I 

.t\p!lly tho Soh'ra];'tr, ~,n qu .1i1y, n(;'W, t,·, ',II) (~ar~ obtrdu: 

\- b "7. ~ b r 1-., 1 r t) ( 2.. 
r) dt J i £(..(t-f)t!V{1 )O!LiI !~, d-t J "'I L~ 1Jt )/'c!tJ t ~~ 1/) d~ 

Cl- . U ~ c. , 
~. .. , 

L. [ 'f~(1)"'J I~ (Li1,I;)/J1dt 

~ M L.~ V \~)d~ . 
' 2 So (II) t ollows if the lto:rnel L (y, t) i6 L '(a , b). As i n th3 08e 8 I~ tUgs,. 

braic '!quation8 the functional 'I (g) i de! nClci by 

• b b Wid) :: 12 ~ ~( ~ )d ~ ~ U1J t)~(t)d t t- L "(~)~ ( '1) d~ 
0... ~ 

1. considered. Squari ng 

y1 eldu t he inequalU'yg 

l2 ): ~t~)di t L( ~/t ) (J(t )dt 1 W(~) + r t liN d( ~ )d';) t~ 0 , 

Sohwartz 's i nequal ity appl i ed to the s eoond i ntegral end cond1 tion ('1') appli­
ed to the first gi ve ~ 

~'" ( r: Ii;;l. { 1) d~) Wl~ ) T r ~t( 1) dd )",0 .,'(1) II ~ ~ 0 

nono., W(~) ~ - J 5: V-'(1)J~ 
rr, , 

and W(g) haa f inite l ower bound i ndependant of g(y) . 

Now, t o i mprove and approximation, g(V) (y), we con8ider t he functio nal g 

W (d(V+ll) :: W ( ~ ( y) 1- Y W("1» 

whsr~ Yp a real ~umber , and v(y), a funct i on , are t o be determ1nedo 



( 

.- . ) 

Ih'J!·; .• IW ;;-:l.l ''!'I.~~ E=.lL:·.) 

011 oting terme in poweru of Y: b ~ 

W( (/"') = W(ct' ) l' d ¥.) .. W-(~I( ~)<1 1 )" L(~) /;) '('i( -t- ).,/-1; 

+ C.r(~) iNU)( 1)cl ~ ] j- Y' r iNl -'(1 ).(d r [1) t) WI"(t ).it i 

In agreement with th~ r, ey1t obtained i n linear algebraic eyetame where 
the oorrectio n vector urV i s taken along the gr~di8nt of a funotional W 
and turnl out to be the residue , the tunction w\V) (y) 1& taken as: 

W l.-
I(1)-: )a,1t L("fJ d(~J(t)Jt ttr(1)' 

Henoe, the next approximation 1s: 

q (vtdl ~) ~ ~(VJ( '1) t Y (.v(") (,) 

q rl, 11I»)V 
-:: (t'(~) W l-)(~) k (1-1 (1) d~ 

) )' L( 1) t) iN li ) Id) wl
>')( t)d ~dt 

(). 0.-
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11m • . ( ",,(~(VI) - W(~(vtJ)) ) ==0 
V~OO 

and the denominator sa t i sfies ( I I ) so t~t the equation yields the r esult 

r b( (VI ( )'1. J . 

~l:;;. J~ ~. . 'iJ "'3': 0 
The Bequence 1 w( ) (1') ~converge l!l to t ho null function . 

\. -

lhlt , by (1) and by the I'JAJhvartz ~nequa11ty: 

( f ( ~ (~I I~) - ~('i- I)l~) )~~)[}: ( ~: L! ~Jt) (~«()rt )- d I. r ; l(t It" 'J ] . 

'Z.. 

~ ( ·1 1.( l~) (v't~)) I r to ((~) (tlt l? )Jt) 
7 0.- ~ (1 )- d ( ~ ) ~d },.~L( '1I 1:) d (t} -j ( t ) 

~ m1. ( L~[ ~(" (~)..;. ~(~t")( 1)f J.a r 
Honco: I \~ Lt~lt)!~I·J(t)-l(·t\'J(t-))Atl ~rn I f: ({t11- J(' tI'Y1i)d.a I 
Ther~fore(j.. t he ee9-uence, g (V) (1') , conver ges to a 11m! t func t ion g{y) . 
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Then the "tr1Rngle~ inequali ty gives : 

1 ..... I I (
.) I 

~( Ii q 'l; I . 
~ . () i 

( (6 U11/ t ) q (t )dt"r V!~) I :!: I r\hh t q(1Il t) tv(~) i 
. ~ d ~, 

cd LI" Ll ~ l"e) ( J(kkH -3 !YI (t J ! d'r 1 

and , in t he limit, 88 v o";: ~, t is seen t hat the limit funct:lon g( t ) 
eathfies t he given equatIon. f() ,,. 



The method of bact: sub tit.UtiOll can ,!>" ~ ... p-;;l1 d to the 11:'. :~, (l) 

ir.toGral equa tiOlls of the i! r~t kind: 
b 

5 Lx) ;: . ~u, l ( X I ~) ~ ( d ) J ca 
"here L (x ,y) B8.tisfies the condi tion of the -previous section. At, i~el'"a-.:o 
tion algori thm, 

CRn be easily obtained, for 

where the integrnl o'Per~tor p(y,x)~ (x) dx 1s the operator( if it exists) 
that has the p:"operty t P( '1 1 ,,) (h{ »(X J ~) I>(~)da );: r (-a) 

for a p(y) in L2(a , b) . In g0neral, snch An operator does not exint; and 
in flVery CB.8e of interest 1s not known ; for thl. 18 equIvalent to hRvlng 
se,lVed the~rQblem . Then replB.Ce the o:!,erator by B reBl 8calar operBtor . 

, and fr} 1) (y ) i8 definedby . , 
10 f t '\1) = d lO( 1) t '( [ )4. L (~) X ) 't'{x.)J)( - 5(1)]. 

This eqUBtion is BMlOp,oUB to that obtained in the method of 
steepest descent; however, 1n this Ca88 ~, being a real conetnAt, doee 
not vary from one Iterntion to the nen. This reduces the rate of con= 
vergence but lessens considerably the number of calculati ons Involved , 
J'Ilrthermore, t11th t he kernel eatiaf ring condItions I and II a ~ can 
alway. be chosen such that t he iteration method converges, 1. e . 
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for a.lmost all on (a, b) 0 To n 0'1#3 thin salect 

Than , uoing an obv1ouo oPGra~or formalifJm, 

~ II I ( ~ ) ::; '6 ( E + 0 L) f ( ~ ) - r J ( 1 ) .. 

Rence : 

00 that 

Then it 18 necessary and ~tficient f or convergence of the iterat i on 
proces8 that 

lim (~t '( L )'" + I :: [0 1 
. V..It flO 

where[ 0 ] 1. the null operator . 

(v) ' 2 
Since all of the function. g (7), v ~ 0 ,1 5 2, • • • are L 

(a,b), it is sufficient to consider a function ~i(1') sati sf yi ng 

4'~{~): A~): ll>'J1) <PJa)d'a ' 
Renee lim o (E + ~L) v ~i (7) = 11m . (1 +.f ) v ~i (1') 

V~- ~, 

SiDee both}' nnd '( Are real it is neoe8Rary p.nd suffici ent that ~ ea,t.1 ef'y: 
I-

0< - '0/",;.. < \. 
J'urthermore from the nature of L(x,y) it tollove that, Bince &ll l i are 
pollUve, '1' mU8t be negnt1ve . Let the~. be eo ordered that -. 

Then, convergence i8 asured if (') <. - (( < }. 0 The condi tiona on L (x,y) 
insure that ), > 0 0 . 

An obvious e8timate for ~ mi n . = }.i8 obtai ned by conei dering 
the defining equAti on 

<P I [~) = AI )«.1. L ( ..c J 1 ) ~I ( '1 )d(1" 
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Ths,u: 

or, using an accepted notation: , -

l"urthermore, even if L(x , 7) 18 not "closed" but i8 "defini te , t he above 
estimate w111 lneur" convergence o 



( 
.: .. 1 ~ 

A rathor 0' loue 0;. '~p ·onch 1 to ra~tal':: o . thn . ntl!g" ru. C':t· ·.. c.m 
to e t of' linear algobrnl.c equation l1hoG!3 Jlu~ .on 111-. ptOt.'l~·· Illy 
g1v an appro:ximn t:i.on to t e fu.nc.tion g(y ) 0 This may Of; clonl'J i e, c" if " 
53veral way • 

,,_., Firetly p t ho int egral may b aPPTo:dmat ov er sc>m( et c:f:'vnlu. B 

~ d~ l' by a 8uitftble quadrntur e formulated. As an example 9 1130 r .• e'"' b 
It-:I 

mad9 o f the Ga.u B quadrature formula. Th rsnge (a, b) ill r nnsf'orm d to 
(=1, 1) and t he integral i s apnrox1matod by: 

5
l 1\ l ) 

-t K( ~,'1) d(1 )d ~ = E t(~ W\ 1-( (X J ~.~) ~ ( ~~ ) 

where the values ~;,.(n) are real cons t~ .. s vhi ch dQI>end on ~hl! numb r of 
po inte cOOeen. The set of Valuetil~ "i' =n are the n soluti ons o f Pn(y) = 0 , 

th lz1 
where P (y) 1. the n LogBndre po lynom:1al. These zero es ar r eel , d1 . C> 

tinct , ~ lie in the r ange (- 1,1). They have been t abulated !I r f airly 
I l arge values of n . By this doubl ch01ce of we1ght fac tors and or dinates 

t he i ntegral, evaluat ed by n pOinte, 11 exact 1f the tuncti ons integrated 
a r e pol ynomials of degree 2n - 1 or 108so For mall n th1 i s 6 decided 
1mprovement over the Lagrangian interpolation polynOjlial. The givon :f\u:1c­
t1 0n f (x) 18 t hen evaluated at the oet of pdinte { Xi~=n with each xi=)"i 

. 1=1 
1=1 ,2, a 0 0 n and the 8Yltem of f)Q.uat1ons g . 

~ ) ~ t'(~) :. .J... ~}~ K()(j J ~~) '( ~~) 
, : . j ; I ~ t ) . . . . J " , 

1. IOlved fo r g (1
i

) (1 = 1 ,2 , ••• ,n) the anewer being obtained ao a let 

of valU8~ { g(1
i

) J 1=11 <> The integral eqUAtion m87 be used to aff ord 
1=1 some idea of the error. Once t he 8:!>"rox1mat1one a r e 1nt r oduoed , there 

1e little po 1nt in debating over unlQ.ueneee o f solution. Obvl ou 13' this 
method may well gi v e a solut i on to t he algebraic po rblem where there 1s 
DODe to the i ntegral eQ.uat ion . However, i f no r el ation of t he. form 

V\ . . .r: 1'.(. K ()( j J 'jA) = 0 ( Q/I X) 
c, :: I 

i. sati sfied, thi s metho d ehould give a r easonAble apnroximat1on com­
mensura. te with the number of points used. In actualIty 1f the r anges 
i n x and y are diff erent, a eet of linear equa t ions with a singular 
matri x will be obtained p r ov1ding the intervals in x and y ftTe 
diff erent0 



( 

6345 
E~1Bin ,")!'bg l-fo 'bl!\£,l 1;~lh3 

In add t ::'Ol'L to t he mothod rumUoncd or;r -r>f tho 5. elath e s"h.,li'l ~ 

for- £lol ing -a~mul tp...n~oue equnt10na mv.y be uoed to a dv..,nbgs. 

How0v~r t he irrt:?or t ::-.nt fM: to r of solution ·tt"lbHi y rm,o' i) kept 
jn l'>li nd . The r oducM on to a. 9YGtOOl of algebrFtic oqUationo iI1.vol '? tJ one 
A."pproximnt e qu..~dr ;'l tuI'e and the rema.i ni ng calculations a.re e1e;ebr aic. An 
i terfl t i ve scheme l i ke t he s t eepest descent or bAck=suboti tut1on mot hode 
involves repeat ed i ntegrntlons each of whi ch is approxim t but eoaent1al= 
l y no solu tion of a ee t of 11ne8.r aq:u .. ~tio n8 . 

I t is A. matter of ext reme complexity to make a. prech "er ror" 
analysis when an Int~gra.l equation is solved by numerical met hodn; however, 
t he need f or such an analysis is pre8~1ngo Of course once a sol utio n 1s 
obtai ned t he error is immediately calculable from the equat i on i tself . 
An a pri ori estimation of error ) i . e . of the n eded f i nenes s of the 1~ 

t 9gl'ntion Bcheme, or of the degree of a:pprorlma.ting polynomie~e, hO\1ever p 

1 R usual l y a p ro blem of the Rpme oOrder of magnitude as t he 80 lution of 
the given e~uatlon o Si nce iteration methods tend t o fo r estal l t ho UDP 

l i mited accruelne of round-off and truncRtion er rors which occur i n each 
calculat ion, it appears t hat an iterative method would Ihow more s t ability, 

The functions can be maint ained as t nblee of ~nctional values 
for given ordinates or a s t abl ee of coefficiente of intero~lntion ~oly~ 
nomi altl, i n which cnse pre8uma.bly the quadr atur es CAll be performed exactly 
except for round- off error . CertAinly , t he c~e of the kernel, a functio n 
tW0 variables , if 100 points were requi red, 10 values need be s t ored, 
whereaR an i nterpolntlon ~olynoolal of 9q degr~e would require n~ much 
8tor~ee for its co-efficl ents~ 



( 

I .' 

70 TID ~."(:t}"""d ~lf Fr.', rid:' .t ' .. ·J-n· .... ·" 
~!... •.• -,- ... ~ •. --... - .,.-.. . -.-~ ----- .. _ .... ------ . .......... ,.;..._,-

,....,c.t) 

tc"',' .4 \ V{y.. ' \·l)~('1)d~. 
• .J_ co , <J 

Tr·:\;;. m thed ~d.L b I1mitc(\ t · thO l50 1)e,rt ' '. .ar casaa '.1ho:ra k(:r..~y) in 
o:t thl3 lye,S kex .. y ) t k(x+;l ) or ~ ( ~.). :By a s imT'la v~ri f'.l) ... a tl'P..nflfoTlrRt10 
ene'1 f thei.lo C n 1)0 tr .nsfOl"IllO i nto k ex-y) . So !;!~ 1I:i 1 e to f.lol~1J 

::rOl'ffia,l1y we c nn obtai r. a solut i o l in the folloY:i.ne; way. 
FO :r'il\ally ~ 

let x ::::; t + Y 

Ther8fore ~ 

. . 
\f ere G(u) and K(u) (;;.1'0 the li'ourier t r nnsfo:rms r e spec lval::r, of ~(y end. 
k ( . 

Jl'iru. ll;V \~ ob ta.i n : 

I.' ...L. OJ (IJ ) -:: lfi1t" 
~n ur deBiTed reeu t s 
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C· I; r; .. . 
ti :j:. l~.r 1_· ~ !~ .. t·e tJ ~ ~. t 3 

; oC"l.t in y:.u.rel'T f :!,·';lI~1.. 

;;1.0 '",',' 1d' ty of int9l'ch r giJ 
:;;.:)0 fel !.f)~~ 1 ne; 't:lt' 0 :.'C."fl !iOlf.~S"~ ~ A-, 
~ . ts ~ 

(ii) ( ) 

Then if And only if 

( ii) FllA..) -K l\t) 

L t( - rP/ 0<:. ) . 

or th., .",1°10:. 
11 o!·d~ .. ,' : .l._ ~ '0,1 

)!!l 0 f tlf1C :!. n r.UI,ll;t nn. C t':' c 11. 

? -ot> 00) 
I 

, 
t 

We ' ar e spec ifically ints:raa ted in a. numArica. .. so l tion when 
the gi ven function f(x) has certRln p opor t1e 

:l: • 

( 1) t is dofi n d, oithe r t hrough lp.ck of coronl t e info rmation 
or fa rronveni nc~ , ~t but a. fint t o number of point • 

(1i) ThoBe ~o lnts, e~cept pArh~pe for an n ~ed cons tant va.lue 
at 00 , are di tributed over B fi nite portion of the real aXis . 

(H i ) It 1.1111 ueually be t ca.se that the values . tabulAted 
over t he set c.f points t x

1
\ \1111 not be r ( x!) but f ( x

t
) + € (::(1) or even 

more likely r(x
t

) + e (x) , "h~re € (x) 18 an error fu ction . That ill, 

the simplest Case is wher e the error at a~ point 1 ~ f unct i onally 
defined by 

Usually, through hRvine interpolat~d by one meann of another to obtain 
each f( xl) ~ the error at any uoint x

j
, wi ll depend on all points p i . e o 

e :& E-( J) 0 

NaturallY va are going to aseume that a uniQ.ue ol utio n to he 
equation exists . And , due to the incomple t eness wi th whi ch r CA) is 
given , we must exoect to get at best an a~nroxlmation to g(y). 

The NumericAl Solution 

(a) J=' l \.t) = . ...L ~ <10 f ("') e ~ CIt. )t. J x. 
Uilr -gO 

) Xo f(x ) e L ~~ J'f-.. 1"" Ie )(.0) v..} 

- "'0 
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the solution h diffic..'Ul t to es timate . Hence we have h~r a r:.r. t 1~~' 

mitntion. It hi naco sr.ry tAAt 's finHo::: axiat !!Iuch that !b~ *u.) 
, 0 

'Ii 11 b sufficiently smB11. Since F (u) e:cieth this clul d ap::"l a.r tl'\ lriaJ., 
but if r (,::) 1 a tnb'Ul nted func ti n 0 B,n experimenta.lly nlOu. U ad q\.'.an~ 
t itYJ k novledge out to xo ' at 1 sst, i s r o u red . It is po ~1ble t e 

then tha t the range of defi nition of f( x ) rnny be so l i mited t hat I( ,t ) 
, 0 

wil l be of auch a 8ize as t o a r Ander a good sol uti on imnoSR bleD Thio 
dlf-riculty will be di scus f'l od Int r . 1"0· thA moment we f i1 Stlsumo ' (:It ,u) 
t o be suff iciently smel • 0 

The 0Vnluation of the transfo rms requires that t h rfl be avail­
able tables o f slne~ and 0 0 inas 0 • thf' t they may be c nvonten t ly manu­
factured in t he machine during thA proca~~ of olution. We a8~e so~c 

o f trigonometri c functions tiil1 bo !wnilable. 

Furthe r , on the x Benle, we 6!'lume, sinca t .lifJ \1111 u p.ually be 
mos t oonven1 nt, t he VA-lues o f rex) to be spaced equi di ' t antlYj then let 

e ~""'1J- ....-.>. e t.Ti.t.hw I. __ L 
/ / n 0 J I} 2.) . .. . n m ~)' 

and let y. 0 -7 h~,\)C . Then h -.:: 1tt .... :I'I/ X. We have: 

~ >'0 
UllT f,:'(IA.) ': ) "' ~~ [~(;<.)l e~lT~hw 

__ t\ /III , lIo X~~ 

We can alv~y~ ~ake dh = 1. 
formul fl.. 

Usi ng, .n effeot the Euler-MacL~urin summation 

~ M"~ 
:&. t [f] l. tr ~ ~w h (~) , e 
IW\~~ I )(~ h 

-hl'\\ ~)I.. 
Similarly, fo r the ker nel, 
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~ 

-~-
13, ,. - ,1_, 

_.,.v.:-.:;.Y... 'I; alu 9 of \f (;0 !,ca~.J nd.i ~-J.: "\ t".. o 
l . 

. l rr t\ 
T lRt J!I~a.n th .t for 0:.. 1 _ 1 ~ U l'U1l9 0'1101' 0 ~ u = __ . CI>t V. < 

mu ~~ 
o 

Ne!1:t we fO'l'7Jl ~ 

#, S~(~ ) e- '; Y 
- cP 

~( 1):: CtA::' ..L ) F t Li) e 
1.1i li11T -ca !((l<t) 

-c;N 

tTr ~' i) - ( ' " ~IM e ~ lAd 1- ( lit MU ~). - v\ 
-u v... 

/1.'(\;\\ 

The Eul er-MacLaurin 1 tegra t10n cho 0 gi" 3: 

~:. r\) M ))',. 

:llT ~ t 1) d -) 'Z :: 
tJl\~r~ r: [ ~)J -,1T"~m e 
IYIII,Cl K \1) ~ M:: - U,.4I . 

and ng in let 6 1ft = 1. The vnriable r r.ngs8 are a f ollo\(: 

( 1) x: 

( ii ) h: 

0 

0 

0 

t o 

to 

to 

Xo 

H(= h ): h= l mnx 
W(::z \of ) (~ay 0 · 250 of Ii cycle) max 

hence from H value of the integrnnd , \If get 

R Aw-- values of Feu) " 

(1) u : 0 t o l.1T It W* 
- )(0 

1!.tcf 

W1 

of the li ."al,ues of [ 1=(~)1 ",s .may uso allf or an 8q,u1d.latant 
/1..". K(~) JI.l - h\l 

subset 1n ev~luat1ne g(y). 
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( 

" .~." 4-:r; . ,... .. -". ; 

= }r:~ ; 1 Ll1 int 6[~e • 

(vi) z : o 0 Z( = ~ ) 
nl8.X 

henoe from M valu.es ot [~)1 we ob t ain 
• 1'\ 1L4) u.~ tJ/" 

z/ z V r~ue s of g(y) 

for which: 

(vii) y : 

y~z 

7" rr M,1. )( ":: 
o to ltrHW (J 

11 2 \/ 
HW ~o' 

. 
'- ... ,.1\ 

Mo re may be BRid about the act~l ev~ luation of t he t rnngform • 
We enA RlwP..,Yt'l choose our zero on the x ax ia eo a s to mn11"1tRin t he [0110 \1-

. i ng sYI''l:1etry: 

F(\A) : Irk (Xu( [5-C1.)t- fl·)( )J ~\A~ rA. [fl)() - f(- )n]sIM V)( ~ dx. 
vlif Jo l 

and likew1 8G for K(u) . Roth F(u) nnd K(u) Pore evaluated over t he ~nma 
sets of ~o1nt8 . And 

Sinoe we integrate over (- c;P t OO) all odd terms vanh b Hence e mus t 
furnish : 

aDd 

FK c c 

g (y) over the range 0 to y will be the (cosi ne + cine) transform o f 
maY G(u) , while being the (coune - e ne) t r r- nsf orm of G(u) over ""y to O. 

max 



( 
~l 

~'-l.~=-':"::".~"~6 ~'n g) ~ "td.: .,~. " .., 
'.:'" (.J'! ~ll' j 11 .;;.;:. 6Ijlu~jlr::!l \.f th c Y';'" 'l:l(;ll' 0 r , 

7.'!~e e:ldt.:!t 'ti .. ~· r,h tll~dr :',,,! ,.Ul"lll./J,tiT" m:·.'··e(~t en 4,;1") ... 
.. "'1~1 ~ t (letm'i,~.n. r:,'lC r. nr9 \:~o v.~.:-.\.l O::lce: in '·~.1 

-:;~~.r.; .. ::'~.u:-.(o ·'0 i!1~)" I:z.qi; t"'.':.:i r3 Y' f.,)o fI'rc;" ~1~~: 

' i T10 I~Dn~~an 
fl'lc t ) i ~ 5.nc ol1l':>lot ' .y dcfin .. d 
cop" pa so ly -r 2' Ii con ta.nt 

ft." I! i:v lor "':,. oug O: . j edi')no~ ~ tj.' " I. 

a n, e.9 1"1entionl d be:f:>Z'o, ~JiJ. l nev .: (j:..t~ 

A1 u' , ~ gi V'Gn over t L ent I' r p-,]_ (c. d\ 

(11) I n ~d 1t l on, ~aeh v~lue , f( . ) 

(11'1'01" '. These wil l be , at 1. nat . tr ca'tion e r ror 9 . 

( U ) The infini t e l .. e:gral ~ 'MU t ~? ''lAYs . 
be ev al unt c e~l.\ctly 1)' AOm alytlc 1'1- ced 1'0, be cu ~ 

value . Thi s i a aq.uivalent~ a s mentioned before , to t he 
prec1a t rans f orm ~ &1i at t he otop fune 'i on <; j ~ v.. ){. 

lot )<0 

u.nlGl'" ' nt-y c· n 
of~ ..... t r.ome fin1 t 
fOld_ llg of th 

i f x ': c; ,hs 
o 

cut=off value . Thi Il Meano hat the frequ ency pect rum o' b ) io WeI 

by this fQctor . 'hat i , l"Io1'e i t1!lortrult , t ho gh , t h \'1al-pi ng cannot bo 
r emoved, form g(y) by any unf olding. 

However, we can make 80111 em. nmt i ons about f( ) f o r l a.rge X 
find develop an error f Ol"lnul a f o r the cut - of f. We obsEn:'v e tha t a ve 
two cut-of~ integr~l s to 0v~~uata ~ 

( 8,) leO !( -)d e - u..)( ~ }{ 
XI/ 

( b) )<0 f (x. e" III )( d 1. 
'X 41 

As x ~ 00 • t hes e errors --Y 0; a nd t h0 h igh frequency 
F(u)oshou1d bd lA.rp,ely tranoformed at any rea onably 1prg 
1y for the cut- off error in the evaluetion of K(u) 

The l nteerl\ tioll Bchame 

conrnonents of 
x end B ,mil~ r·· 

o 

The evaluation of F(u) and G(u) i ~ to be done num erical l y and 
in those cases where i t cp~not eA.si ly be evnluated analyti cally K(u) vill 
bo a.l~o BO t r oRted. 

Since we are oval ua t ing speci al tynes of i ntegrl"!.l s p 10 <30 Four1 ar 
t rflns forms , it is best t ha.t we use an I nt egr?tion scheme 1}11ch a llows u s 
to make most ul3e of the duplicative p1"onertlea of sines and cosi nes . 
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.1 ~nkt 1) ·~t '\.'I-p co<-' ~'!J ('Oil'l'Cl~t:·"t3 :!. ·' rr1tf.(l "'t . "\,C "': : • ."le:.·J' t'o . \" 'i::C 

: l'YO(;C1S ;i~'\ t ['J:'.(i;' ~,i i;~ --T':' '''',0 \ DW,)O.n r i:8 i':."O;] • r .. !. '':.' 
1::.'3;' nf sil":e(, _n't G.,rL ,,,a. Fer ~:Ui .c: 3~" t·,) ·':1J. !1t " <.l f)'!"~ (}.'" 

i,;;·.r-tt· .• ·h. in t O~T, .t,:!.I:J:i) C:lC"\f) $ 5 r .. ; A 1l~ d .• " ~/1 ",.tly fl,L 'f~C':'c'. T';) i t 'i 

)"\ W l I _ i') 

r , t I '," ' {( \ f ( ) "'1 . ..., f( ) \ r 'I .)(' '1 ... )'1.t ) j i::) 1 ' -:. Z ... 5 I ) r ' ~\ _ + 1-1 rt - J j ~ 'l;,', ,) I ( .~ 1(1 '" 

\'/he r e 

~r<! a rt! to evaluntf'l an int~grA1 ot' t he fo rm : 

where r/-c ~o s h",..l'IC 

The sum formula yi elds : 

r I-t r( 1. In. hW"' d J j n) e h :: 
o 

\'1:'(.. I 

An lUl81ys1s o f the e ror term is desi rp ble for it develops certA.i n fnets 
Rbout the' r elation of t he hand w i ntervale . N~tural ly as the number o f 
i ntervnl a ~ 00 t t he func tion S(h)""'::' O. The function!l1 r Alatlon= 
ship ~etveen the error and the interval length resides , of cours e in 
Se ll) . We will assume that l r(h)l < H. M 8. f i nI t e constant , over (O» H) . 
This i s not unreasonable .. \"e consider the error f or W = 0 . 

F( 0 tt h M r H ( ~ .J... 5w.. l. tl1T " ) d h 
) )0 L l tl '0' 

I 

:; M 5. H ( ~ - 'Iz. - [ h") )d 11 ":. 0 
o 

( [ h l ie the' l e('.st i nte68I' i n (0 , 1 ) , (1 , ?) , • • 0 etc) 
Fo r W = , 1A = integer 

L
oo 

-( I ) M IH \.lT ~M h . d'-r:. ( M ) - --:' e ~'~ 1.. IT Yl h ... , 0;-
J; I H:: ..., t'f'\ 1T L7i L/YI 0 

YI :: I 
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:C" '(;h-=:. e:.: !'or to 1.) 
b '. 01· ,,1. 0[.: '1H1 t ,O 
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'~ S!·~ rt. 
J.~ . 1~fi·4~ 

~\ ":. 
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Bunce it 't:ould s:rp'3e.r t hnt , ~inG3' == 0 ' is Ft V[-l. UO 10 · I b~3 : llie 3:'~uJ 
t houe:h. the peal. about \'i:= 1 h n :u-r ou ;liMi t ~I{ to lie c rtci nl;".. JP the.; 
range 0 ~ W ~ C < 1, t o n ini rn ize t he ~rro :t' u Thh of cou rs a ~ . A ... '\. .on-~ 
aequ ence o f t h f act that we El.r e or t unate to be danl int; w1. th J)5 1"1 0 cl c 
func t ions, e2TTihw , super-icilposed. Ul)On, .r.3 we :ve n8~umod, a func·l.ion .~ 
cont a i n1Df1; PI' cti caJ.ly no f r eq ancie s a. ove some fi n! t cut- ff po1nt . 
Thi s concl udes th analy t ic . d isC1t sion o f t he a r ro r s excl usive o f t h a 
occurring f r om r ound- off, truncnt 1on, o r i n tho f uncti on f ( ) i t self . 
Those l at ter can probrbl y be tx'ente;d e t::lti ~ tl c~lly a.nd t hi s ma y n.c t~l'l11y 
be done 1 Rt er . 

Conver~nce Factors 

Before go i ng on to t h More numeri cAl treatment e mus t men­
tion some i~portAnt con~ider~ tions conce r ning convergence . We assume 
t hnt F(u ) and K(u) exist and are finite . !fence F (u ) mu s t have 8. highe 
order zero at i nfinity than K(u) to InAure converRence of 

(:t:) 

ca(""),: J- r ~) e - \. 'j \Ad \A-

lit JoO Kl~~ . 
But i t is p reci sel y tho se f ent urAs w~l ch we lack i n any an-roximate 
soluti on which make t his extremely difficul t to achieve , Ev e ry erro r 
tha t @ccu.re in t he procedure has the ef fect o f adrling into F(u) , 
'Fourier com'OOnente wh ich ext end the r~p'e in u on w~ich F(u) mai ntai ns 
appreCiable value . It is ohly throu{",h e. Ba.cri fi ce in "resol u tion of 
g (y) tha t we vill be nbl e t o obtain a conver~ent numeri cal s olution . 
NeVertheless , admI tt i ng the nec e s 1ty , and ev en ju~t l ce J o f such a re~ 
solut i on depl s t i on vo can obtAin solutions v~ich are ~uite good ~ The 
e x tent of th iB "SMudgi ng out" o f g{y ) wil l depend , t h en , on t he natu re ' 
of g{y) , the ex t en t of defi ni t ion o f f ( x ) , and , o f cou rBo, t he accuracy 
v e mai ntain i n the numerical comput ations . A de t ailed eYaMple will be 
shown l a t e r where the functi on g(y) is a sum of b = functio ns . Even 
though its tr~nsform doos not converee we are nble to o btain a partial­
ly reeolved s olut i on; indeed i n this wors t pO!ts t bl e c a se ve do obtp.1n a 
resolution a s fine as des i r abl e by merely extrRct i ng Rn lnc r eaAl ng num= 
ber of valuos of f ex) and r efin i ng our i nt egration scheme, a c cord.ingly. 
Hence to ob t a in a g( y) , we must u Bually expect to be f or ead to int r oduc e 
a convorgence factor . A conv eni ent one, s i nce up to cons~ent amplitude 
and hol f -vi d t h f actors 1 ~ transforms into i t s el f, 1s a- ax c Another 8 

AAd s til l a third 1a 2. e.. -Q..~ z. As i n the f o rmati on o f 
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We int:-odu ce ' the f ltctor T(u. and. r,e t: 
tft . , 

~ , _.l- r ~l\.{) , 1-(11\.\ ... (, ~ \;l 0( 
c, {II)) - Ltr) ·- } e 
Q 1/ r:fo Kl~ ) 

,.. \110,:) 

-' 

I .~' C 1,. r ., j ~.) 

... J 1', . J- • 

:. joe ~td"S)tt ) ~S. 
In ahort, our olution iB "folded ~ainst the trrns ora of T(u) . Tl1t'J 
f!lte..p functlon yi eld.s . ~ (y) which has o GcillrJ.tions of dec28Ming a!l'tp= 
::.1tude RI1d ob€lcul"!9(l mu.ch of the l:"esult . r.t'he function a- a.u t rAn f04~tl! 

_ ~i'I.. S· ...:. ' 
nto <> » up to an EUJlplitudo f.otor. 'j!his mea ~hnt tho 

~llA.) 
grea.ter the 'VFl.lue 18 U !'i t "'hich K(t() remains \:fel l behaved, t llEl.I'roIJCl" 

\1111 be the spread by which 8!'lch :point will be wetghted in t ho ~ (y ) , 
This 1 Almost poeti c i n :1. ts j atic (3, . For in just t hh Va:! does the 
i ncomplete defini tion of rex) affect the regult. 

y-1 eldg 

or 

We fom i 

!.!P, cttic exampl:!, 

Consider the LnIllace i nter;rl\l equat on 

tlO= ): e - f, ~l1 ).f 'l 
1'h tranl'>foT1"1El..t on 

) 

e,'I. 5ee):: 

e:'" ~ (,. ')= 

\= ll..( ) = I -
Ui"n--

K('wt) ~ L 
\ltl< 

x e 

\'oA e y.. 5C)'- )d 1wJ<~c( ~ 
~ j: e,- ete, t e !. "'- t-oft 
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"1 (, t!\ .,. ' ) ... r c') tf'{·.) (~_,' I.J ~f "'clv. 
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' "(1 " 1"\ ~ 1. j 

~·ji~h thh kernC'J,K(u) can ba o7ruuat.o:l anf~JrHcnllY' [.n~. is A<,\i';1:'J ... o~a 
';.c bo the El.ll a~ int6sral for.J. r (1 + i.u) . LlkC"fl1so a n8CEHlC i \J'Y t.! d 

~f1 CJ 

Guffic:lollt condition for th behe.vior of fex:) for la.rge x(100. ;11:) con 
be IJtated. With '~rJ:pec t t o he t\."C' cut off i ntegral s it is no f ~lo~e~ 
The cu·t off intep,rA,lll are: 

( a) )C:P e -X 5(- .x)e.-~U)\~'f-.. 
~o 

.b ) Sr* e t-- rlx) e·Ll.{ )(cL,c , 
• 'I f) : 

'1'hen fo r convergenc0 9 it is both n ec es!:1pry and sufficient that , f or (8.) p 

for l El rg9 x, f( . .,x), bQ O( e!UC), n < 1 or rex) be 0 (e- nx), n < 1. ; IUld 
t hat for (b) , fo r lA.rge x , r(:x) be o (anx) ~ n < - 1. For both th Be casee 
ftn error f ormula CAn be eimply obtained by a single integra tion '7 parts., 
They are ; ( _ I) X 

(al I (e -~ O (e " ' ) e-·"~of t I ~ I .~, o(e· ") I 
Xo 

t ~ I r.p u ( e (,.. f ) YO
) e -i l{ )( c.tx \ 

\l\ - J I })« ) 

I ( .;0 e- 'l.o (e ft 'l.) e"~ {,( "ix I til­
. ) Xo 

~e( V'- ' )~~ 

/ )1 -11 - t v. 1 
(b) yields o1m1larly~ 

\ l; e)( f( x.) ~ ~ I.t 'l(J.x 1 ~ 
o 

Oe ( n t l )X" 

1)\ ;11 - /IA( 
A more spec i f i c resul t holds fo r the cut-off in form ing K(u) . 

We obse rve thnt t hene two fo r mulas yiel d an 6xn.C t expr esAi on for t he 
error i n the t wo cut_of fQ e • They arc : 

rd" e-et
e t e d y.Jt -;. In ~ ('+ i, l.t) t r ( I + ~ ') 

l~ ~ ~ ~. 
o 

and r X • e -e \ -t e ~ t .... d t" _ f 4 .d I + ; (,t) . . 
- ell \'J~re n ()f.. ) refer es to t ho 1n.~ 

compl ete et1mma function o f x with lntegr l\ t1o n limit j n 
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If) tha_ 1~(i..') t1.J..l':.l)l:lnht.!'l .. p.:ti'Je 'Q-,i(~ 
,'~ctCll' ::s nec(}'isa'Y l e~ US i 1":rO\~uc~ 

. 

..,., - c: 

.,. 3~- _ ..... 

y, 2;' 'Ej ~ j nr. l-F: 1':' • (',0, i.VC ' 1 '. 

·~·;lU · t' i C~:. ~ t' 0'..1.1' f! 11" i":! r\·:: {1. 11 

, ~ b ' b h i A \= !\It) i " .!. ! f,;ove_'ne(l. Y ,.111'1 e ,"1, 0 r 01 i.il-' aCi \,1 nc:\·en~:)9. .1'0 :aecc' nnr'''' 
'. ~~J ~ 

Jd,0(3tt!I!c:-} o f l"Ol!'lped FO'Ll·1er t l-ms in F(u) :i,mplies that foI' Or.l~ 
value of 'O? th quotient il l b<3gi to l'Sl'O¥ id'ithout bound. \'1 solc ~ 

an "a !'juch t hnt ~'1 e.-e\. IJ,....'\r \1Ul b ea~m1 icily 'Ze r o f o l!' u.11 
, K \I.\ ) 

\l b y ond t h critical Vn ue . H nee ~le have: 

L 
L1\ 

.p '\.. ' 
\ . t "" ) - c.t,1"l,. - I" ""-- 'j cJ 
) .!.---r ( . ) e e lA. 
- ob \ -t" \.. 1.I.. 

a d we e 8 1 a t onc e t ho way in vt'ich a small Hat! ( 1. e . a l a rge c ri tical 
"u ll ) yields a 'good ~ (Y) n Here then is the crux of the r eflolut on 
p roblem . It L ' a11 bound un i n t he constant It a" ~ The- 'si ze of IJ ,. will 
then depend u">on just hoy \fel l we can dronp ou t the "no1 stl in t he evalU= 
potion of F(u) . TMt it CM be made to be A. t-1 nAP.r zero aD we wi s h 18 a 
consequ ence ot the uniquenes s of t he solution . 
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Tllfl .L.U1l c t :.onn ,:r(x > f(x) " a.::lt (X, t) a ' 0 l'iS '.L'wo. to to :-:""1,1. 
i'unctiona of the real variables x ! Y' 0 A in th p '3coe:ding ,ec~, i0 ~':~ :f 
K(x. to ) is not symmetrical it may b made to yield a s~ netrl e .. FI":' 'l'. e 

:i:h al)Qve equ tion l'.llay be tv'rt t'ten 'n ymbol1c form~ 

w r. x) -:: ~ C)f.) + .:t rr w (Yo.,), 

or 
~ (~) ~ (E - ). T) VJ l y. ) ('. ) 

,.,herb :; 111 t he 1 den' ty operat or and If is the integral ops ratorn Obc­
viously the quation 18 solved if (E ~ AT)=l can be ootai nedc In general. 
i will be shown ha such an inverse exists) subject 0 ce r tain condi= 
tiOllS . EI,8 an 1n!1n1te s ries in powers of T(l os " as aUlllB of i terated in= 
t gr?lB) , 

Left multiplica.t i on of both sides of ( ) bl' (1.1: ~' i\ T)b (th tr s 
po e) ye1lds 

",he l ' L 1 B 8 s)'lIlI'let rc 1 ntegral 0 pa ra to r p.,nd hene has 011 y r eRl eigen= 
v~lue . The equation to be consi dered t hen is either (~) or (1) 0 For 
these aquatio s the follo~',1 ng exis t ence theorem is fundamenh,l ~ 

I f the lolo n funct ions g ( ) alld K(x,t ) are i ntag ""bl squar d 
over (a. , b ) J t hen is '",{x) i ntegrAble sQUP.red over ( a p b ) , Fu 'thermora 
if ). 1s s'lch t hat 'the homogeneou s equat ion 

cp(~) = A 'r~(lI') 

has ~nly t he solution ~(x) = 0 » t h n there pxl s ts a. unique sol ution 
vex) ~ If ~ ho"/8ver , the homogeneous equat i o. ', hRe m i ndapendant BoluUo'ns 
then there ElXiBts a ( x) if and only i , .. g( x} i s orthogonal t o each of the 
m so lut10ns of 

't ('I) -: ,,'T I ~ ( )() 

The soluti on x) 8 not unique for there can be a.djoined to it any incar 
cornbi ne>.tion of t he III soluti ons of t he homogen ous f:l uEttion o 

2 . ~he Simple I t eration PrQcedur~ 

W fom~ from ~ 

U. ()(. ) = ! l }<: ) f I ): L ( '/.; t ) f~d t ) c1t 
the t e rat ion procedur~ ~ 



( 

( 

_. ;:.nc .. ( ,. -' 

t" au . • . ' ,. T;:!. • , 
H ') -I-~, ':r t:) t 

-n R't\: A r ( o(x ) . 

11:3'" I Uo (x ) I ~ u _ then . )'\ 

II Rn II ~ I All 1/ U I II T II 
B. necesSi;\.ry and suffi cient condit i on f o r conv:er gence 18 thEl.t limo /I R II -: 0 
£10 tw>t ~ QO n 

1,~ . I A~ I II TlIlf ~O i 
'I\ ~ ~ 

a sufficient condi t i on i 8 ~ of course $ 

IAIIl T4 < I 

I ~ III L 1/ < I 
e de! ne t he mo rm of ~ by the f ol l owi ng equat i on8 ~ 

, It 1. 'Ia. 
IIL I! : ( ) ) I Le x/O }! d~d~) 

• 0...4.. 

\/e def'1 ne ~ 

II T tl (X)U ~ If Til 
1/ u ~)II 1 0e o t he l eas t number for whi ch the 

i neqUAlity is t rue o It fo l lows that 
2 i 

Il T u.IIZ~ IILJI IIIA ( )I. ) /l 

f rom the Schwar h inequall ty ~ Hence ~ 

It T II ~ II L /I 

Furthermore 

Il T t'< IAt,o \\ ~ /I T il "T 1<-1 V. (,,) II . 
Hence , if 0() 

SY\ ::: I +- L 7"" ,,-:., 
we have 

II Sl1 ll L I + 1\ T il til T 11/ + 
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( 

( 

The sol ~t.or.. '" 0 ~'~a',ned .j e ' )!l: _'l .G 0 :~BjO:r "",b",e,. ~hvn, ,S _0' to 
;-w:':~ u", of .,: _ t. l.·at_ S Jl-o'! t:G 'f~)', a;,r. II ).. L \I ,> .. I ' 

, et 1I\~(.:r?) II b bound ..... dc. ~'n,:.1. an [_.~ r.:r'nic: PI' cc(l.ur"" ~ , • 
1:"s adjoi ned io tha i teratioll procedure to pr()v::~da 'a 01.1 .... .:01 -",I' .;. 

/I;, L (xjy ) U ~1 0 It :i. altla;tB pose1blf:. to find a e'~ of fi.1il"tion '\.{:') 
Bi ( : ) such thRtg N 

or 
If L be I d) - I A~ ( x) 11~ l~) II <. l 

N 

u )( , ~) - 'f A ... Cx) 'B.t ('1 ) + M (x,~) 
<I. ; , 

where N i s chosen so that 1/ M(x .y)~.(. 0 Hen .s M( x ,y) has an i nv~rse l. ~ 
consi sti ng of conTergent i nfi ni t e series of integral operators a Then~ 

N b 
Ll{')(): J l{ y. ) + , ~(jA ~£>d) ~ B~ (~ ) u. ( 'f)oI~J 

t~1 L 

orj using an obvious notation: tJ 

( BJlx.), V.(lC)) ~ (Bj (x») j f(~) i- .r (€j (l()J T A.: £X )) ( f3~ ( 1)lfA{~ ) )) . 
.. :. I 

Us ' (ll) ""l~ » : r~ BJ'(x) ~l)()cAl<; 
J I l .. 

The eolution t hi s Bet of linear eq\lat i:Jna fo r (:a (x) ~ u,(x) ) when sub­
stituted in the equati on tor u(x) fields the des~red Bo lution u (x) o 
This method~ in essence , can be regarded ~8 a double iter at i on scheme » 
1f the algebraic equations are so 801ved " 
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Tll. . CJyllt10u. 

~~)::. 'at",) + A 5~ k(~<J\J) fly) d'd : 
in operator form 1s 

(E - ). T) :U('l-J :;. '1 (x) 
. I ~ 

and Twill b E'c.SSUIn d to be a. positive operato ro Then, 1 01101'16 thA.t 
the inequal1 t1 " B 

0<. m )Q..~ ~ )() 't- cA~ oS L~ fl~)J)(~'\.b K()( ld)H'?)~ ~M.hl;)fC.)()1..4)( 

are satisfied» the f i rst from t he positive nature of the operator~ the 
second from th bounded natur e ot t he operator and SchwEl.rtz~ B inequa.l1 ty " 

The f unctional w(f ) 1s defined by 

W( ~ ): 'iz. )(~" . ~ tl,c.>"-A f(y. ) L~ k( )( /a )r(, )~!J)I, t So." f&")'Je )(.)Jx . 

Squari ng t he expr ession .. 5:} 5 ~( ]I) - A ~ ()(.) )~~ I~ ( x,, ) 5- (1 )cl11 Jx r [4." f6d'j (')C )cf~ , 

yields t he 1nequali t y '. 2-

;t (): f ~ \'" -~ ~C;<.) r 1<'(" 'l) fl~ )d'11h )Wl /I ~r f0<) 3C~) d",) ~O 
from which follows 

;l M ( )~~ r~( )<. ) dx) W{ /) + )~b P\,,) c1t k ~ '0 t( }() 4 ~O . 
Therefore w(f) hae a finite l ower bound, independent of f (x) , given by 

\JJ ( ~) ~ - ro.le ~ 1. ( )C. ) at X ---.-(v) rn. . {v+l ) 
If f ( x ) i. an approximation , then an improvement , ! ' ( x ) 

1 e obt ained by considering . 

w( ~t\l1'I ) ) : w ( ~WI(",) T ' ti.. n {y'/()(.) 

wh~re~ p a r eal number , and r (V) (x) are to be determined , Then . 

\tI ( ~ (tTl ) ) = w ( r) I + <I. { \ : ~ Il' "(x) f ("Ix) - A f\ ("(x.> CK I, ,1)fl' } 1)1'1} J 

t d..C-a(l<) ,t"{1J ax + ~ ~ ))n'''lxi - >- 11" 'C"'{ b K (" , ~ ) n"'( ~)ltid, 



( 

r f 
f.. .. l 

Oi: in sho:rter no Cfl.vicng 

,I:ompleti ng th.a t3qtla.l·S in e\ g 

) I C':I/)2 111(' 6}, \ ' 
W ( ~ ''1+ 1 )- W ( i ( oj )) = @L ( cj.. + y~ ~ - '''f 8L ). 

v (t) decreases most r apidly whon 

r:J.. -::. -'/~ @ 
@X 

as befora ~ t he :function r(V~x) 18 tak n a s t he r esidue , i "eo 

n. (,I(X) c fl~/(X)_) )"'v K()( l d )~'f'(r)d~ -:- ~ C x..). 
The next approxima.tion 1s 

rlvtl}(x) ~ ~(V)()() ... iJ.. n(IIJ(y.) 

and t his is ' the 1 teration algori thmn The sequence p t 
monotonic decreasing, has a f i nite lower bound and BO 
unique limi t» f rom which it tol low. t hat 

~iM [W( Ill/tI l ) - w ( rV))]::;o 
Y..II)\lIC) 

which by a previous inequality implies 

...tiM. ~. Il(VJ(x) z, clx -:: 0 

( f (V){X~ » 'baing 
conve rges t o a 

V .#II t:P "'-

from which' 1 t ollows thAt t f (V (x ) ] convex'gas to t he sol u tion rex) jjI 
almo s t everywhero J 



( 

T} e ql:.C.t:lOr.. i·n b.:: (!-nn~. d l' ~o . 'j~ 
·fly) d (J(.) {. t\ f~:C I"~ (x, "1) f{ 11 d If 

~L'l.'E) operato ::' :':on qllcbt5cn ;-r!£,.y 'h~ lne.de "dflti d tel er.f rel1.lc~i n J;Og 

-S- (~):: fallj ) +")~ ~(( / '1) ~(><) cl>( J 

t I ~ )c.... K C',I. I '1 ) d t.. }G\.b }-<- ( X, 'a) S ( ~ ) d d . 

or 

The i "" er ation cham 1s ~ 

and 
f(VT ' ) ( ~):; fl"( VJ )+- rJ.. ht 'lJ( ~) 

( 

wholoe r " f lIn( 
rt.( \f '(~)~ .j {II'("1) - A J~ Ll'l.. ) '-O )()CJ x - ~ vJ) 

and ~ 1s to be chosen 8 0 the.t limo ' rev) (y ) , = 0 
~~ 

tv"' ) r " f lll t /) / n (,,+II{'1 ) ::: f t r)- A Jft L ( xi i) ()( ) tilt. - ' (Ii) 
Then~ 

:: f /" ( '3 ) t <1\ It ( "l ~ ) - ..\ f"," t.(~ . ~) n (, ( )I.) t ", \t I' 1( ><.5]0\)~ 
and - d ld)' 

It(H/)(~ ) -; (l 1~ '( '1) "" 0<. I..t tl J(~) _ Ao< f: l( ~I..,) Q(VIe; )dx 

or , in opera t or notation ~ 

l1(lf1'I)( '(1 );" ( E + 0(. ( f3 -Ai' ) tt P/
'(1)' 

Si nce t he operato r s are bounded an commut e this becomes: 
. y 

n. lilt I I ( 1 ) -:: [ € 1- g.. ( &' - ~ T) J fl, (1/ ( d) 

. (v+l ) 
and 0< must now be cho sen so that lim r (y) - 0 , Since he functions 

. 2 v.~ 
considered are L (a s b) and T i 8 a bounded "po si ti oper a to r , 1 t wil l e 
assumed that 

0< rn fa."j \ )L)4 ~ r:!()C)A-x. hI,L(;<J ~ )tl~)old !: MfA· f "'l ;<')c1~ 



(' 

( 

, , 

<) 

f.az· [n:I' f(.x) 1:) r'·'(e_:b) .o _~l'C" the L.b ve it i 'o)Jo'"S ti:n.i 

II n(t!''lll1) I =.: If t~ 1- rA(E-/ -r)IIV (n,lIJ(l1}'! 

:-l 'C)n cQ limo II r ( ·t-l ) (y) II =: 0 
l'~OO 

if ani only if 

II ~+ o'(~-~ T )/I < I 
or 

, , 
• .:.... i 

yield. a relA.tion for (j., 0 At this poi nt 1 t might be ment oned t hat t he 
convergence crt t enon is the !!lAme as f or Ne",ton li 8 method ~ with d... == = '( 

Rence , subject to thi s cbange in sign, the two methods oonverge 0 1' di­
verge togetbere This oetbod also fa,ils 9 then~ f or A ::: >--..:, , a ch? rac­
ter1st1c value of the homogeneous equatlono Newton 0 8 method will ~ i n 
general , however , converge more rapi dly . 



ij!,5 
~l"£r: ...... !) 1.'.::) If . 1)0 '\ C:)ll~; 1, '~ 

110 

~Ph 'q"J.r-ttion 

f(1-)= ~L'~) + X ~~OK(",/-t ! ft-t)d-t-

defined on the interval (a ,b), where E is the 1d~nt1ty o_erator and T 
i s a posit1v Cl i ntegral operator . Ail. op rator (E - ~ T)-l xht and 
in the case of A. X(x, t) D < 1 1 repreentable as an infinite sari s in 
iterated integral operating on g(x) . Newton 's method e ~ployed 
to obtain (E ).T)-l ~ in t hose casas where ,\K(x , t)~ ? l. 

By analogy to the Nlmtori algor1 thm for obtaini ng reciprocal 
of numbers, the equation 

p {'1 tl ) -: \,,(V) [l E - (E - X T >p' llI] 

i formed where the operator p(v) 1B 9Uch that 

11m p ( ~ 1 :: ( 1: - ,\ T ) - I , 
V~ ()C) 

Cone1dfb~t1ons of commutnt:lvi t;r may f~) ignored i f ,(0) = ( J e. scalai' . 
Then P I and hence, by induction» p (V:::l 1 ,2 .... ) commute vi th the 
integral operator) T. Thi s is quite obViOUelfv(\ ouf'f1c i ent, and even 
convenient, but not n~cos~ary constrai nt on p } (v - 0 , 1,2, • • • ) ~ 
By applying th recurrence relation i t 18 seen the. t 

Hence 

f - (E: . ~ -r ) r l v) ':: (t;. (~ - AT) P CQ ) ) 
2 

b (II .... 
11m r -

~ ..:,~ 

( 
-I 

G .. " T) 

if and only 'if 

'lot 
11m II ~ - (C- - t. T ) P ( \») 1/ := 0 

\1"-'00 

A 8ufficient condition thnt thi B be 80 18 that 

V 



t . 
• > ~ 

, , 
',0'1 By n JI:t'oper ch eEl of p ::": '( thi C t..'! ·r.:;~ tva 

··.~tho J. ':U .11wH:m y~.~l~. E. c~l 'd "'101-' 
L.p.; of t" .. r£le, la o'!icr~toL' r,[' ig t·o 
~ .. lC"'). Obv ou ly if ,,:::: ; i i 

the inequality above ie ' no t sl'lticf1ed. Like,flae s'I.!ci,1. a. v 'o:nt, .. ;r." 
necessary condiM~Dp 100 6 hat all chara.cterhtic "'nlnes of the orator 
E ... (E ... A T) P lie outBids the unit circle in the co~lex p .c.n", for 
with a 1\::;: ).. 1 the oJ) e rn tor has a chax-actorht1 c vA2. UE!I on tM . 1 t 
ci rcleo . 
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~~e Fr ftbo equat i on 

(~):; ~()<.) -r fo.~ I«~! I vjl f("/)d. t1. 
fJay be r egarded (and . &R ISO t r sa.ted origi nally by -EX' dbo ) :.I.e .11. 
limi t ing cas of n ~1mul taneous ~near algebraic ~9uatic e 

t( '(.J -;. ~( )(~ ) + (Vd~~1 1'< (x~ J ~O 1 f( 1j ) j. , - ') "-) ' ) ~ , 

8.8 n .... 00 0 It ~15 no a charl? c teristi c va us of the omogeneou 9 e<tua,= 
tion, the above , for n 1prge enough. may be asstmled t o y el d a solut i on 
f {xi ) 1- lt2 .<o,n, which closely approximRtes f{x) a t least at n uoint s v 

Since fI, soluUcn can only be obtd ned for a finite number of' point e ~ i n 
any case, when msmarlcal me thods p..re employed the above appears t o be 
attraotive way to dispose of the Jreo~lm equation by reducing the tran8~ 
cendont~l to an algebrai c problem . 

The above eqUation represents a solution at "n" distinct point s 
equidistantly spaced. However , it involves the most primi tive quadrat r 
method ., A linoar quadrature schema "'hi ch best approximates the integral 
1s desired . One method is to approximate the functions involved by iDF­
t erpolat1on pol ynomials» and prevail 'upon an exect IntegrA.ti on t o give 
the a.1geb A.ic system . Lagrangian or orthogonal polynomials are mo st 
commonly employedo Another method involves the use of non equidistantl,. 
spaced points and the concopt of Gaussian mechanical quadratur eo Fi rstly 
the interval (a, b) i s mappod into (-1&1 ) 0 The integral i s approximated 

I ' 1\ ( 

( KCy-/(]) H~)d~ .:: ,~ rA;(I) I{(x )~~"\) f( ~ .("' »). 
) j ;\ ~ , J 
-I 

'11th a gi,ven :f1~ed no The ~J (n) are \feights which VB.ry "lith j and each 
n o 'The points y{n) j= l,2,ooon are the n reA.l, distinct , ferces of t he 
nt h Legendre pol~m1al and 11e in (-1,1) 0 Tables of the y~n) are avail­
able f or n ~ 10 and, in time, will be no doubt available for l a rger n D 

Such a quadrature yields an exe.ct evaluati on of the integral i f t he lJ>.=. 
tengrand is a polynomia l of degree 2n - 1 by the use of only n poi nt eo 

The method may be generalized to t r eat any int erval providing 
the point s and wei ghts are chosen to depend upon that polynomia.l ortbo= 

( ) 
C' '''W-o', 

gonal over a,b wi th r espect t o a unit waight func tiono The mo r o.\or-
' thogona.l functions may be used providi ng the p roper weight func tions a r e 
lntroduced o For example » on (- 1,1) the Tchebi chof polynomials may be 
ueed if the i ntegral 1& wrl tten A.e ~ l'I ' _ 

I ) · 1 \" (l..l..,l (~ f( l~») . r. ( '1 )1-

S" [I{(~IO f(~'F'11.4 cl 'd: ,Lt I"i Klx l~J ~A v 1- '1 ... 
- , iJ'"i-'ti" \I ., I. : I 

(n) (n) 
Here the f3 are identical for all 1. and a giTen n p though t he y a.r e 
not equ1di~\antl" spa qed being the n zeroes of t he Tchebichef pol~m1al 
T (y) 0 L1~ew1Be use ~ be made of the Lagu.erre polynomials over (0 J 00) 
wfth ",eight function ~-Xl\nd Herm1 te polynomials over (- C() 1..0 ) with 
weight e- x 75/2 0 

/ 
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