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SUBJECT: A PROGRAM TO SOLVE THE CLASSICAL TRANSPORTATION PROBLEM

A program has been written to solve the classical transporta-
tion probleﬁ on the Whirlwind computer using the stepping stone method}

The transportation problem may be stated as follows: A com-
pany operates m plants produeing a commodity, the ith of which can sup-
ply S, units of the commodity. The company sells its production to a
customers, the jth of which desires Dj units of the commodity. The
cost of Eaﬂuracturing and tpansporting a unit of the commodity from
plant i to customer j is cij’ It is desired to find the number of
units x&j that should be shipped from each plant to each customer, in
order to have the total cost of the operation be & minimum,

Thus the problem may be stated mathematically as:

‘minimize C = z

1,1% %13 ()
subject to the constraints = _
3 T3= 0 (2)
£ .
Xij Z 0 (4)

This is a special case of the general linear programming problem,
A set of xij which satisfies equations 2, 3, and 4 is called
a feasible solution to the problem. If the set also minimizes C, it
is an optimum feasible solution conﬁgining, in general, exactly m+n=1
non-ze:o Xij. “ ? N
The process of solution consists of:
1) generating a feasible solution having exactly m+n-1

nom-zerolxijo
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Xij which, if allowed to be positive,
would yield a decrease in C, In the process of in-

2) finding a zero

ereasing this Xﬁj’ one of the non-zero Xij must go

t0 zero in order that equations 2 and 3 remain satis-

fied, Thus the new feasible solution will again have

exactly mtn-1 non-zero Xij‘ )
Step 2 is repeated until there are no zero Xij

changed so as to reduce C., The set of Xij is then an optimum feasible

which can be

solution.

The,Whirlwind program is unique in that a logical search pro-
cedure is used in entering the new element into the feasible solution
whereas other trangportation codes use auxiliary tables through which
many passes. must be made for each step towards the solution. Also, im
finding which zereo Xij should be made positive, the usual procedure is
to search through all of the cost data to find the Xﬁj which eould be
made non-zero to the greatest advantage, The Whirlwind program takes
the first X, ; found that would lower the total cost 1f made non-zero.
This avoids much of the slow and time consuming process of searching
thrqugh cost data at the expense of a greater number of iterations.

Because of these features this program is considerably faster

than other'precedures° A number of problems with 9 plants and 69
customers have been solved in about 1.5 minutes of computer time each,
The average number of iterations was 150, Also, seven préblems with
m= 60, n = 291, have been sqlved requiring sbout 45 minutes and 1800
iterations each.-

The program will handle problems with m £ 127, m#n £ 401,
In many practical problems not all mn possible Ciiuare significant,
Eo error will result if the costs for shipping routes that sre known
to be absurd or impractical are assumed to be infinite, The program
has therefore been arranged to consider as infinite all costs not gpew-.
cified in the data. A considerable saving in storage is made this way.
Problems with up to 10,000 signifidant costs can be solved by the pro-

grams
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The appendix to this report contains detailed instructions

for the preparation of data tapes for the transportation routine and
directions for its use.
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A, Data Tape Preparation

The data that must be supplied to the routine to solve a
problem includes: ‘
a, the size of the problem (m and n)
b, the cost data C13
¢, Supply capacities Si
d, Customer demands Dj
The data tape for a sample problem is given in Fig., A-l.
Specifications for the data tape are given below, The éymbol-¥;donote8
a tabulation, 2 denotes a carriage return., The important parts of the
data tape are discussed in their order of appearance:
1.
"f¢ TAPE XXX~XX-XXXXX"
Tape number and title in conventional €S II farmat.
2,
"32 a.boocd" Output Code

a=0 COSt,data'Cij are supplied on this
tape. ;

a =1 Cost data of the previous problem
are to be used,

b = 0 Supplies and Demands are given on
this tape, The computer will stop
after reading the data fqpeo

b = 4 Supplies and Demands are not given
on this tape. The computer will.
stop after reading the data tape,
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¢ = 0 Output will be punched on paper
tape.

Output will be printed.

Final basis only,

Initial and final bases, A
Initial and final bases and step
data,

d = 4 Final basis and alternate solution

[ =~ I
8
G M O -

~ elements, ,
d = 6 Initial and final bases and alter-
nate solution elements,
d =7 Initial and final bases, step data
and alternate solution elements,

3e
"START AT 56"
(One and only one carriage return?)
4,
"Semple Problem No, 000"

. Title of problem. (This title will appear’
on the results;) The last character of the title line
must be a carriage return. Any flexowriter characters
excepbt a carriage return.may be used elsewhere in the
title.

%
L

‘"em +n "

Size of Problem

¥Between the asterisks the following characters are ignored
by the computer: =, +, color shift, upper case, lower case, space,
back space, stop character and delete., All others are illegal except
for the digits O and 9 and characters specifically mentioned. Also
a word enclosed in parenthesis will be ignored, i.e, "(costs for plant
2)," Any flexowriter characters may be used in the word except tabula-
tion or carriage return. The "comment"™ word must be followed by a
tabulation or carriage return.
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m = Number of supplies £127
n = Number of demands <= 40l-m

6.

Cost data C,, if inecluded in this tape,

i3

Theid &re four-legal word tjpes which'must be. separated
by at least one tabulation or carriage retmrn,
a) "+ ,08964"

b)

ec)

d)

| Cost data word., Plus-sign and
decimal point are ignored. The dscimal
point is assumed to be at the extreme
left, hence mumbers must be less tham
+1,0, The numbers, which are assumed
to be positive, must have no more than
9 digits including zeros, The first

cost data word is assumed to‘be C,, ufte

less a j assignment word preceedsil
"y = 28"

j assignment word, The next
cost data word will be assumed to be
for column 28 ia this row. The j value
specified must be less.than or equal to
n and must not be zerg, The equals
sign may be omitted.,

.”I»ﬂ.‘

Row termination word. Beneteé
the end of this row. The next cost - )
data word will be assuﬁed to be for
column one in the next row.unless a j
assignment word intervenes,

“ﬂx:ﬂ

Termination word, Denotes the
end of the last row of cost data,
(The vertical bar may not be used to
terminate the last row,)
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For any row of cij’ twice the number of
cost deta words plus the number of J assignment words
mast be less than or equal to 2a. The total amount of
cost data must be less than 13,888 registers, that is:

‘2¢e +m+ ] £13,888 ~(A-1)
Here, ¢ 1s the number of cost data words, j is the numbor
of j assignment words and m is the number of rows in the

ij matrix, Costs which are emitted from the data tape

. are agsumed to be "infinite" ( *1.0 ) by the program,

7o

8,

E Supplies and Demands, Si and BJ it in-
cluded in this tape. There are three legal word types
whieh must be separated by at leagt one tabulation or car-
riage return,

) a) Supply or Demand word. ‘Same specifi-
cations as for cost data word above,
The first.m. such words will be the sup-
plies, SIQeosmo Theé next n. such words
will be the demands D1°’°Dn‘

b)""
Denotes the end of the supply data
words,

c) ™"
Denotes the end of the demand data
words, |
* (See note, Page 5)

"fe ,
s*mér AT oy "
End of tape. (?he *fe" may be the begin-

~ ning of another data tape which will be processed automa-

tically after the first tape.) There must be no flexo-
writer character other than feed out between the "x"
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terminating the data and the "fe". About one inch of

feed out is necessary. One carrisge return must follow
"START AT O".

B, Output Format

Fig. A-2 shows the output for the sample problem., The
”?otalhsupply" and "Total demand®™ are given as a check on the data,
They should not be expected to agree exactly because of grror in con~
verting from decimal to bimary.

, The "Initial basis table" gives the location and value of
the X, 14 in the initial feasible solution., The U's and V's are extra
variables that are useful in obtaining the solution, Their values .
are such that Ui*vj ij for all combinations of i and j for which

ij "is non-zero in a feas1ble solution. They are arranged in erder
by rows.,

The step data gives for each step the row and column'éf the
non~zero Xij dropped and the non-zero Xﬁj added to the feasible solus
tion, the value of the new Xij and the ineremental negative cost of
making the change, - -

The "Initial cost" is the sum of C, 4% 4 for the initsal .
feasible sdlution. The "Total decrease" is the sum of the decreases
in cost at kach step; The "Final cost™ is obtaimed by subbra?tion, -
The “Summed cost™ is given for comparison and is the sum of Ginij-for
the optimnm solution. This will not be exactly equal to the final
cost becauée of round-off error in multiplication, :

The number of "Iteratlons" is the number of steps required
to obtain the optimmm solution from the initial solution. The number
of "Passes" is the number of times the whole set of cost data had te
be searched to find all of the zero Xﬁj that could be brought inte the
solution pf@fltablyo

' fhe "Alternate elements™ are those shipping routes which, if

used, would net increase the total cost.
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C. Performance Requests: Operator Instructions

Once data tapes have been prepared, the problem solutions
may be obtained by following the instructions’below which are given in
the standard form for the Whirlwind machine:

1) si 1 switch off

2) e, £b 219 - 68 - 2000, ri Program tape

3) fe xxx-xx-xxxx, ri

- - - - - Data tapes
fe xxx-xx-xx, Tri

As many data tapes may be run as‘desired on a single read-in
of the program tape. One read-in of a set of cost data may be used
for any number of solutions. However, supply and demand data are des-
troyed by the routine and, hence, must be given for each run,

If the quantity 2¢ + m # j)in Equation A-1l of section A on
data tape preparation)is greater than 13,888 but less than 20,480 the
problem can still be Handled by transferring the program to the buffer
drum. The operating procedure is as follows:

1) si 1 switch off

2) e, fb 219 - 68 - 2000, ri Program tape
3) £b 219 - 68 - 3000, ri Tape to transfer
’ » program to buffer
drum,
4) fe XXX=XX-X } Data tapes

If this procedure is used, parts 1, 2, 3 and 8 of the data
tape must be in 556 binary form, Otherwise the transportation routine

on the buffer drum will be ‘destroyed by the CS II conversion program,

Performance Requests: Input-Output Equipment

The amount of imput-output equipment used by the program is
as follows: _

Direct typewriter - two lines for each set of supplies and

‘demands read in.

Auxiliary Storage Drum - groups 0 - 10.
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Magnetic Tape - unit #3. The amount of magnetic tape used
may be found from the following equation,
Number of feet = N

3-2% [(1 +a)(m+ n)(18 + 20C) + b(25 + 20C)B + e(9v) + so_o]
| (a-2)

Where: a = 1 if initial basis is requested

b =1 if step data is requested

¢ =1 if alternate elemsnts are requested

A = Maximum number of digits to the right of deci-

mal point in the data,
A =  Number of iterations.

v = Number of alternate elements,

“Performance Requests: Time Requirements

The approximate time required to solve a given problem may
be estimated from Fig., A-3, About one minute is required to read in
the program tape. '

Performance Requests: Alarms

There are three possible print-outs on the direct typewriter
that can result from a faulty data tape., Their possible causes are
listed belowg

1, "wrong count"

8., Too much cost data was given in this

row of the Ci matrix,.

] b, Exactly m rows were not given for the
cost matrix,
Co. Exactly m supplies gnd exactly n deé
mands were not given.
20 "illegal character®™
8, The output code specified in part 2 of
the data tape was illegal. :
be An illegal flexowriter character was

used improperly,
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3. "number too long"
a8, More than 3 digits appeared in m or n.
b, A j assignment value greater than n
was used,
¢o More than 9 digits appeared in a cost
or a supply or demand word,
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Figure A-:l

fe TAPE 219 - 68 - 000 DMIS

54 0.00007

START AT 56 “

Whirlwind Transportation Routine - Sample Problem

*5 (m)

+8 (n)

(Cost Matrix): ,

012 989 011 010 007 014 008
003 7 014 008 011

=3 o008 007 004 j=" 013 010
j=2" 010 009 015 006 008 004
/00’5 007 011 i=6 011 009 013
(Supply) |

25 16 06 19 10

(Demand ) , : A

04 08 05 20 06 03 26
xfe

START AT 0

005

04
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Whirlwind Transportation Routine

+7599
«7599

Initial basis table

Total supply
Total demand -

x
2 1. .0399
2 4 .0000
1 T .1899
3 4 .0599
U
+ 20000 + .9915
v .
- . 9885 ’ - .9915
- .9875 + .0080
Step data
11 J1 12 J2
3 4 3 5
2 3 4 3
1 5 4 5
2 T 4 T
5 6 5 1
2 1 1 2
L} 3 1 -3
4 L 1 4
4 5 1 5
1 2 2 1
1 3 2 3
5 1 5 6
Initial cost 076005815
Total decrease .070395821
Final cost .005409994
Final basis table
1 x
2 1 .0399
2 y 0700
1 T .1199
3 5 .0599
Summed cost 005409994
4]
+ .9Th5 + <9755
v
- .9725 - .9665
- .9625 - .9665
Iterations 12
Passes 3

Alternate elements
1 3 : i
3 4

Sample Problem

FEPU
+oouv N

+  .9875

- .9835
= .9905

B &R,
e O

+  .9715

.9675
.9655

]

.0799
.0000
20399
.1299

+ .970§>

- L9645

Fig. A-2

+

+

+

(G RV g ]

&N

9985

.0069

.9735

L9675

A~ O

O\~ OV

Page 13
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Time Required for Solution
Fig. A“3
4 .
5001 -
t
L
4
: .
! .- A760x291,
! - 000 Steps
L & - Py
200; P Average of 7
c 3 P - runs,
+ H 30x51
4
100§ L an.
4
€ ! -
) ' -
D 7~
. P oxss
"= s0f 50 St
! epsSe
< Average of 15 runs,
'
u '
M '
o 208
:
14
k]
1
107
T % [ L3 (3
1 2 5 10 20 4

Time for Solution in Minutes



