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Tumber Sysbens

Whirlwind I hardies informa'i;idn in blocks éailed "words" which
consist of 16 "bits". A "Hit" is sssentially the resuli of a choice bo- |
tween two allernatives,; one of .which must be true, bubt not both, f‘or
example, & yes or no answer to 4ho quastion "Has My, G. smoked 'Camels in
the past week?" is g "bit" of information, It 4is conceivable and even
v practical o0 wse digltal computers %o work with data of ‘infommation in
- this form. One important example of this type of applicatioﬁ of digi‘bal '
- computers is the design of swi‘teiﬁng circuits, where each bit glves
information as to whother a particular relay was opan or closed. Clearly,
the number of “states™ orx "’pat%erngﬂ that can be represented by one bit
15 2%=2 and the mumber of states represenbable by 16 bits is 216 = 64,586,

| However, one of ‘the mogh common uses of "worda™ oi' fnari:a of
words in Wnirlwind is to ‘represem'i: numbers. There are many ways in which
this could be accomplished and in ract thers are ssveral ma“‘choés in common
use by digital compubters. ALl of Snose methods, and in fact all methods
of s’soﬁng information in words, dogend upon a Ypositional"™ system. This
moans that the significance of a hit depends on its position from left to
vight in a given oxder. The bits in Whirlwind words are convan"cionallﬁ

numbered fram left to right with the 1nbegors 1, LyeesslBe

0 31 2 35 4 5 6 7 & 9 10 13 12 13 14 19
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A very common example of a positionsl system is the decimal repressntation

of numbers where the siguificancs of each dipit depends on its position,
For example, in the numbsr
+125

/

the pover of 10 by which a given digit is understood to be multipiied is



- determinsd by the poéi%ion of the digit. The first digit to the right
of the decimal place is muliplied by 1/10 = 10"1, the second by
1/100 = 1/3.03 = m”c. ote.  That ic .135 iz shorthand for ',

1x 107t 2 53072+ 5 % 32070 .
’Similarly 85 is shorthand for

45 x 10 + 3 x 10°
where lookﬂ 1. The number 10 is' called the "base" or “wadix" of the
‘represen%ation. It is quiﬁe_possible Yo use representations with other
bases than 10, ag long as it is clearly understood what base is io be
used, If é bage r were used instead of 10, whers r could be any positive
integer » 1, then only 4he diglts O, 1, eee, P~1 Can occur in any pogition -

if the representation is to be useful as otherwise there would be too

many ways %o represent the same number., In fact, for representations with
base ¥ greater than 10, it is almost necessary to invent new single ehaéae-
ters to replacé 11, 12, eeox=l, our to agres that each position will be
reprosented by two or more Qigiis,

Since infbrmation in most digital computers is shorved in %ﬁe
form of bits, the number 2 is a very convenient base for the representation
of nnmbeis,‘sincé in this cage ocnly 0 and 1 can oéeur in’any position, and
hence sach pési%ibn containe exactly one bit of informmtion. Representation
to tﬁé base two is called binary vepresentation, ard %he binary.represén%a»
tion of a nuwber is sometimes loosely called a "binary number. As an
example, the binary representation of 53,125 (déeimal),is

110201,001 = 1(2°%) + 1(2%) + 0(28) + 1(2®) + o(2})

- +1(29) + o2=%) + o(27®) + o(2=%)
' Sincavsuch reﬁresentaﬁions ave frequently used ﬁy digital com-

puters, it usually becomes necessary for programmers to change‘the epre~

sentation of a number with a given base to a representation with a new baaeo;"
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It will suffiée to be abls to perform thisveonveraion for posi-
tive nuitbers only ag a minus sign can be neglected for the duration of '
conversion ind &Qﬁﬁﬂu@kﬁﬁ&@@é&fﬁw&h rosult, For this reacon, 6n1y the
conversion of positive nupbers will be considered in the following., As a
alep in this diroefion, oné obzerves that if either the new base or the
old base is a power of the other, tho problem is very easily solved. Foxr
axample; i the 0ld base is 2, the ropresentation with this base is 110101,001
and the now base 1s 8 = 2°, one proceeds by begimiing at the deciml point
‘and factoring ou’ the largest possible power of 8.
110101,001 with base 2
= 1(25) + 1(2%) + 0(2%) + 1(2%) + o(2h) + 1(2°) + o(27])
+ 0(28) + 1(2%%) |
122)(23) + 22)() + 0(2%) + 12®) + o(2h) + 1(2°)
+ 0(22)(29) + 0(21)(2=9) + 1(2-3)

12®) + 1(2) + 0 (2%) + 1(2B) + o(z) + 1(29)
+ 022 v o) ¢ 1 (279)
- 4+2+0 8%+ 4+0+1 8%+ o+0+1 &t

s(et) + 5(&°) + 1(8™%)

65,1 with base 8 _
Convorsely, to get the binary r@presgntation by using the
binery ropresentation of each digli, sinco 85.1 with the base §

= g{al) + 5(0) » 1{e=*)
- 6(25) « 5(20) + 1(27%)
- 223 ¢ 2(2Y ¢ 0% (2B) ¢+ 1(2%) v o(2}) + 1Y) (20

¢ 02 + ofgh) + 1) 18D



. ‘ , 4
= 1(2%) + 12Y « o) + 1027 + 02 + 1(20) « o(2™)) < 6(2™D)

’ . 1(2-45) . | ¢

= 110101.001 with base 2.

' 'A usoful fact in tho problem of comversion is that regardless of
tho base of & representation, Sho digits to the left of the decimal point |
&re multiplied by pesitive or zero powers of the basa and the digits to |
| the right are multiplied by negative powers of the basa; In othoer wards;
| the decimal poiﬁt separates the ropresentation into the representation
of an iﬁteger or a whols numbor and the reprosemtation of a Propaxr frace -
tion. It is ’easy to soe that if two numbors written as the sum of an
infeger and a proper fraction are equﬁl, theiz tho integers must be oqual
and the fractions must be oguel | | |

(ath = c+d a,c, integers Zil; 0&b, 441 then (z‘r#b)A- (c+d).- o .

and fa-c] = gd-bi :
but if |a-o|F 0, 1t 1331 but ja-bj<1
hence |a-of = 0, amd |a-b| =0 )}

A methematicien would say that this property of the decimal
- point ;a mﬁaﬁaﬁt under change cf bass,

Sinee the decimal point has an invariont meaning, "decimal
point” is perhaps bad terminology since it implies restriction %o the
~bage 10, "Radix point" is somelimes used to avoid this pmjudice,‘ but we
will continue %o use "deelmal polntT. | ‘

1%t ic important to observe that if a number 18 multiplied by r then
the deciml point in its representation with bgsa r is shifted ono posifiion
to tho right. Similarly, Givision by T shifts the point ono position to
the lef%. Thoss properties of the decimal point will be used shori:liin :
converting from a representation with one base to the representaiion

with a difforent base.
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In general, when changing from an old base %o a new base, there

ere thres mothods available. Two of these involve arithmetic in the old
| base and the other imvolves arithmatic in the new. Usually, @ither the
new or old representation will use a decinsl base and advantege may be
takon of femiliarity with decimal arithmetic in either case. The throe
mothods usualiy involve: | |

1) A table of powers of the 0ld base mpresaxitéﬁ in new base,
- addition in nsw base arithmatio

2) A téble of powers of the new bass represented in old bése,
subtraction in old basoe arithmetic . -

3) No tables, dbut multiplieation or division in arithmetic
of old bass.

In order to wepresent decimally ths octal (base 8) number

372,73, method 1) would usually be used as the others involve arithmebiec |

iﬁx the octal notation. With %his mothod, one obtains from a table
(perhaps memorized or calculated) the value: |
g% = 64
gt=8
80 =1
g°l = 125
8% = ,015625
and calculates
E 5(%) = 192,
7(st) = 56,
2(8% = 2.
7(8”t) = .a75-

3(8"%) =  ,046875
550.921675

as the decimal repressntation.
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In order to represont octelly the decimal number 133.375, withor

method 2) or 3) could be used in the abseonce of facility with octal arithé-

metic. ulith method 2), a tabla of powers of the new ’baae (8) as decimal

numbers is reqnired as beforse.

g® = 512
6= 64
la 8
0u 1

gy

and the procecdure is to'smtraet the largest possible power of 8 as many

timos as possible withou! getting & negative remainder. The number of

sub’t;ractions posaible wih a given power of 8 is the corresponding digit

1n the octal repreamntaﬂon. ‘I‘hus,

133.375'

-5l2

0

. {con%. on mext page) -



Hence the result is
- 0205.3 or 205.3 ochal
With method 3) no w‘:ables would be necessaiy.
Let 133,375 (dec.) dlagas% s d58.d, (octal) but from the
invarlance of the decimal polnt ’ |
133(dec) = d;8,d,4 4(63‘3)

~ 378(dec) = .453.4, (00t}

where the di represent the digits in the octel representation which

are %o be found. Then -
8 8

5
168 = 4, (8%) + a,(8") + a5(e%) + a, (8 l)g 21858z .a4 |
and by equating fractiomal paris

0o al ’ DR

fg*u a.(8 ) or ‘g’(ﬁ@e) = ol (oct) 6 =d,
and by equatmg integral parss

16(&@0) - dlagﬁso(oc%)
dividing by 8 again gives ‘
2(dee/ - d d (act) O{aae) -, s(oet) 0 ds

and ggsin

O(dac) = dy.(oct) E(aoe) = .agloct) 2 =@y

4, = 0, hence 133(dec) = 205(octal)
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The fractional part is dome similarly by using fhe inﬁriance
" of the decimal point (or equating intogral and rracfional 'pa'x'ks) and
sﬁccessivo mult:lplication | | |

+375(de0) = .dgdgdp(oct)
8 X 375 = 3.000(&00) - dso dsd,,(oct)
3.(d) = a5(0) 45 = 2

.00(a) = Jdgdplo) dg =0 dp =0



