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1 Introduction

Dynamic logic [5, 6, 15, 16] applies concepts from modal logic to a relational semantics of '
programs to yield various systems for reasoning about the before-after behavior of programs.
Analogous to the modal logic assertions Op (possibly p) and Op (nccessarily p) are the dynamic
logic constructs <@>p and [a]p. If a is a program and p is an assertion about the state of a
computation, then <a>p asserts that after executing a, p can be the case, and [g]p asserts that after

executing a, p must be the case,

A dynamic logic includes both a programming language for representing programs and an
assertion language for cxpressing properties of computation states; different dynamic logics result
from the sclection of different programming and assertion languages. The underlying assertion
language of propositional dynamic logic or PDL [5, 6, 16] is the propositional calculus; its
programming language consists of regular expressions over uninterpreted program labels and tests,
i.e., the programming primitives are black box programs, and more complicated programs are built
up using the nondeterministic control structures of sequencing, testing, choosing, and iterating.

Although PDI can cxpress many interesting properties of programs, Pratt has shown that
it is not powerful enough to capture the notion of infinite looping in regular programs {16].
However, by adding a natural formula construct delta to PDL, we obtain a programming logic
strong enough to express a useful propositional notion of infinite looping. The resulting logic is
also strong cnough to express all formulae of two other propositional logics of programs:
Mirkowska's Propositional Algorithmic Logic (PAL) [12] and Ben-Ari’s, Manna’s, and Pnueli’s
Unified Logic of Branching Time (UB) [1].

A striking featurc of PDL is that it satisfies the following finitc model property: an
arbitrary (perhaps infinite) model of a PDI. formula p can be reduced to a small finite model of p
by merging those states which satisfy exactly the same subformulae of p. This property plays a
key role in the known decision procedures for PDI. [5, 17]. 'This technique does not extend to
delta-PDL, since there is a formula which is satisfiable in an infinite model which cannot be
reduced to a finite model by merging states. This delta-PDI. formula is therefore not cquivalent to
any PDI formula, and so delta-PDL is strictly more expressive than PDJ. Nevertheless, we shall
see .that delta-PDI is decidable and docs satisfy a finite model property.

Pratt’s criginal formulation of dynamic logic inctuded the programming construct converse
[I5]. Given a program g, the converse of a is the program which runs @ backwards, i.c., which
undoes all the computations performed by a. Converse-PDI1, the extension of PDI. to include the
converse construct, satisfics the same finite model property as PDIL and the known decision
procedures for PDI extend without difficulty to converse-PDI [5, 17].



36

Bibliography

(1]
2]
3]

4]
3]

[6]
[7]

[8]

9]

[10]

[11]

[12]

(13]

[14]
[15]
(16}

[17]

M. Ben-Ari, Z. Manna, and A. Pnueli, "The Temporal Logic of Branching Time", |
Proceedings of the 8th ACM Symposium on the Principles of Programming Languages,

164-176, 1981.

J. de Bakker, Mathematical Theory of Program Correcmess, Prentice-Hall, 1980.

E. W. Dijkstra, "Guarded Commands, Nondeterminacy, and Formal Derivation of
Programs”, Communications of the ACM, 18, 8, 1975.

E. W. Dijkstra, A Discipline of Programming, Prentice-Hall, 1976.

M. I. Fischer and R. E. Ladner, "Propositional Dynamic Logic of Regular Programs”,
Journal of Computer Science and Systems, 18, 194-211, 1979.

D. Harel, First Order Dynamic Logic, Springer-Verlag Lecture Notes in Computer
Science 68, 1979.

C. A. R. Hoare, "An Axiomatic Basis for Computer Programming”, Communications of
the ACM, 8 576-580, 1969.
R. Hossley and C. W. Rackoff, "The Emptiness Problem for Automata on Infinite

Trees", Proceedings of the 13th IEEE Symposium on Swiiching and Automata Theory,
121-124, 1972. -

R. McNaughton, "Testing and Generating Infinite Sequences by a Finite Automaton”,
Information and Control, 9, 521-530, 1966.

A. Meyer, "Weak Monadic Second Order Theory of Successor Is Not Elementary
Recursive”, Boston Logic Colloguium, Springer-Verlag Lecture Notes in Mathematics
453, 1974.

A. Meyer and K. Winklmann, "On the Expressive Power of Dynamic Logic",
Proceedings of the 11th ACM Symposium on the Theory of Computing, 167-175, 1979.
G. Mirkowska, "Complete Axiomatizations of Algorithmic Propertics of Program
Schemes with Bounded Nondeterministic Program Schemes”, Proceedings of the 12th
ACM Symposium on the Theory of Computing, 14-21, 1980.

R. Parikh, "A Completeness Result for Propositional Dynamic Logic”, Proceedings of
the Symposium on the Mathematical Foundations of Computer Science, Springer-Verlag
Lecture Notes in Computer Science 24, 1978.

R. Parikh, "A Decidability Result for a Second Order Process Logic”, Proceedings of
the 19th IEEE Symposium on Foundations of Computer Science, 177-183, 1978.

V. R. Pratt, "Semantical Considerations on Floyd-Hoare Logic", Proceedings of the 17th
IEEE Symposium on Foundations of Computer Science, 109-121, 1976.

V. R. Pratt, Applications of Modal Logic to Programming, MIT LCS Technical Memo
TM-116, 1978.

V. R. Pratt, "Models of Program Logics", Proceedings of the 20th IEEE Symposium on
the Foundations of Computer Science, 115-122, 1979.



The two constructs delta and converse interact to make delta-converse-PDL significantly
different from either delta-PDL or converse-PDL. Delta-converse-PDL does not satisfy the finite
model property: there is a formula satisfiable in an infinite model but not in any finite model
This proves that delta-converse-PDL is strictly more expressive than cither delta-PDL or converse-
PDI. The failure of a logic to satisfy the finite model property is often taken as an indication of
its undecidability, but in this case the evidence is mislcading; delta-converse-PDIL is in fact
elementarily decidable, viz., decidable in time bounded by an cightfold composition of exponential
functions.

There is a straightforward proof of the decidability of delta-PDL by embedding it into
SnS, the second order theory of several successors [21]. (This method was used by Parikh to prove
the decidability of a logic which he called Second Order Acyclic Process Logic (SOAPL) [14].) The
upper bound on the complexity of delta-PDL obtained in this way is not elementary, since SnS
cannot be decided in clementary time [10]. In any case, there does not appear to be a
straightforward embedding of delta-converse-PDL into SnS.

Models of delta-PDI. and SOAPL formulae can be viewed as labelled graphs. These
graphs can be unravclled or unwound into tree-structured models in which programs conform to
the tree structure. i.e., programs connect nodes only to their descendants in the tree. The
translation of these logics into SnS depends crucially on this fact. The decidability of SnS can be
established via a reduction to the emptinéss problem of automata on infinite uces [18]. A
quadruply exponential time decision procedure for delta-PDL can be obtained by directly reducing
delta-PDI. satisfiability to this emptiness problem, bypassing the wanslation into SaS [22]. The
reduction involves the construction, for each formula p, of an automaton which accepts, in some
sense. models of p. It follows by automata theoretic arguments that every satisfiable formula has a
finitely gencrable model, i.e., a model obtained by unravelling a finite graph. It is not difficult to
show that this finite graph is itself a model, so that delta-PDIL does satisfy the finite model
property. The quadruply exponential upper bound on the computational complexity of delta-PDL
can be improved by an exponential factor by showing that the automata used to decide delta-PDL
satisfiability belong to a special class whose emptiness probiem is exponentially casier than the

gencral case.

Modcls of delia-converse- PDI. formulae are also labelled graphs and these graphs can also
be unwound into tree-structured models. However, unlike the tree models for the previous logics,
programs in delta-converse-PDL tree models do not conform to the underlying tree structure;
programs can link arbitrary nodes of the tree. 'The presence of such programs prevents a
straightforward reduction of delta-converse-PDI. to the cmptiness problem for automata on infinite
trees. However, the semantics of the converse construct suggests a definition of deterministic two-
way automata on infinite trees such that the satisfiability problem for delia-converse-PDI. is
reducible to the emptiness problem for these newly defined automata. The decidability of delta-

converse-P DL follows from a reduction of the two-way emptiness problem to the ordinary or one-.



35

In addition, Parikh showed that adding additional axioms

9 p = [da >p
0) p — [a Ka>p

to the above complete axiomatisation for PDL yields a complete axiomatisation for converse-PDL
[13]. A natural question to ask is whether there is are one or more axioms concerning the A
construct which, when added to the above complete axiomatisations for PDL and converse-PDL,
yield complete axiomatisations for delta-PDL and delta-converse-PDL.

Conjecture:  The following two axioms

(1) Aa < <DAa
(12) [a*[p = <@p) - (@ — Aag)

are sufficient to produce complete axiomatisations for delta-PDL and delta-converse-PDL.

The complexity theory results in this thesis have depended very heavily on results
concerning finite automata on infinite trees. Below are two interesting open problems concerning

two-way automata.
Open Problem:  Can nondeterministic two-way automata be simulated by one-way automata?

Open Problem: How many states are required to simulate a two-way automaton with a one-way
automaton? In particular, is there, for infinitely many #n, a two-way automaton with n states which
n v 22n

cannot be simulated by a one-way automaton with less than 27 (or 22 or 22 or 22 )} states?



way emptiness problem.

Although deita-converse-PDL docs not satisfy the finite model property, the models of a
delta-converse-PDL formula are recégnizable by a finite automaton. As before, it follows that
every satisfiable formula has a finitely generable model, i.c., a model obtained by unravelling a
finite graph. Although in general this finite graph is not a model of the original formula, it is a
representation of a model, so that delta-converse-PDL satisfies a finitc representation property.
This clarifiecs why the logic is decidable.

Most of the results in this thesis which concern delta-PDL originally appeared, in different
form, in the author’s Master’s thesis [22]. A preliminary version of the results in this thesis
concerning delta-converse-PD 1. appeared in the Proceedings of the Thirteenth ACM Symposium on
the Theory of Computing [23].
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6 Conclusions and Open Problems

The main results of this thesis are elementary recursive decision procedures (i.c., algorithms
which run in time O(exp™ n) for some m, where n is the length of the input) for delta-PDL and
delta-converse-PDL.  The existence of these algorithms cstablishes upper bounds on the
computational time complexity of the satisfiability problem for these logics. Unfortunately, the
best lower bound for these logics is the following one proved by Fischer and lLadner for PDL.

Theorem 6.1 [6]: There is a constant ¢ > 1 such that DI (and hence its extensions) cannot be
decided in time ¢” where n is the length of the formula tested.

The large gaps between the best known upper and lower bounds, doubly exponential in the
case of delta-PDI and septuply exponential in the case of delta-converse-PDI, leave room for
further work in the complexity thcory of these logics.

Open Problem: What are the exact computational complexities of delta-PDL and delta-converse-
PDL? 1In particular, does either or both require doubly exponential time to decide?

Since PDL is decidable, it has an uninteresting complete recursive axiomatisation: the set of
all valid formulae. However, one would still like to find a simple and natural complete
axiomatisation. In the case of PDI, a completeness proof for the following sct of axioms was first
announced by Segerberg [20]; the first complete proof to appear is due to Parikh [13].

Axioms:

(1) All the tautologies of the propositional calculus
Q@ ldr = @ — (dp — ldg

Q) [ablp < [dblp

(4) [aUblp < [dp & [blp

() [a*lp = p & [dlp

6) [a*lp — [a*]a*]p

) [alp = lap — (@ — [a*]p)

@ [Plg « @ — 9

Rules of Inference:

(Modus ponens) If p and p — g are thcorems, then g is a theorem.
(Generalization) If p is a theorem, then so is [a]p.



2 Syntax, Semantics, and Expressive Power

In this chapter we formally define the syntax and semantics of delta-converse-PD1. (which
contains PDL, delta-PDI, and converse-PDL as sublogics). We then show how a large number of
logical constructs used in proving program correctness can be expressed in delta-converse-PDL.
We next prove some relationships between delta-converse-PDL, its various sublogics, and .two other
propositional logics of programs, the Propositional Algarithmic Logic (PAL) of Mirkowska [12] and
the Unified Temporal Logic of Branching Time (UB) of Ben-Ari, Manna, and Pnueli [1].

We are given a set I1, whose elements are called atomic programs and a sct @, whose
elements are called atomic formulae. Capital letters 4, B, C, . . . from the beginning of the
alphabet will be used as variables over HO, and capital letters P, Q, R, ... from the middle of the
alphabet will be used as variables over @,

The set of programs, I1, and the set of formulae, ®, of delta-converse-PDL are then
defined inductively (note the use of letters @, b, ¢, . . . as variables over IT and p, g r, . .. as
variables over ®):

m: ) n,cn
() If a b € II then ab, aUb, a*, a € Tl
(BYIf p € & then p? € IT
®: (1) & C @
(2) If p € & then —p € @
(3) If a € I and p € @ then <@p, Aa € ®

The sublogics of delta-converse-PDI. are defined as follows. The formulae and programs of
converse-PDL are those not containing any occurrence of Aa.  The formulae and programs of

delta-PDL. are those not containing any occurrence of a_._ The formulae and programs of PDL

are those containing neither Aa nor a .

Definition: A structure is a triple-§ = <U, =g <> where
(1) U is a non-empty set, the universe of states.
(2) =g is a satisfiability relation on the atomic propositions, Le. a predicate on U x I,
(3) <>¢ assigns binary relations on states to the atomic programs.

Definition: A structure S = <U, F= . <> > is a iree siructure if and only if U is a tree and for all
states w and v and atomic programs 4, u<A> ¢v only if u and v arc neighbors in the tree, i.c., cither
v is a successor of u or vice versa. The tree structure S is one-way if and only if for all states u
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and v and atomic programs A, u{A>¢v only if v is a successor of .

Definition: Given a structure S, F=¢ and <>¢ can be extended to arbitrary formulae and programs
as follows: '

(D) u =g 7p iff not u k= p.

(2) u By <wp iff Iv. warey & v Bg p.

() u =g Aa iff Juy wy, . . . such that u; = wu and
Vn > 0. ulargu, . '

(4) wab>gv iff Iw. ua> w and w<bd g v.

(5) ulalUbr v iff uda>gv or u<brv.

(6) u<a*>¢v iff udad g*v.

) u<a_)Sv iff wWa>qu.

®) wdplr v iff u = v and u =4 p.

If a and b are programs, then a;b is the program which executes first @, then 5. The programming
connectives U and * are nondcterministic; if ¢ and b are programs, then aUb is a program which
permits a choice of either a or b, and a* is a program which permits a choice of some number
(possibly zero) of iterations of a. If p is a formula, then the program p? can be thought of as an
abbreviation for if p then skip else abort, i.e., it permits execution to proceed if p is true and
interrupts execution if p is false. If a is a program, then @ is the converse of a, i.e., it undoes the
computations performed by a (however, since g can take several input states to the same ouput
state, doing « followed by a can take a state to some other state besides itself). If a is a
program, then Agq is a formula which is true whenever there is a way to repeatedly execute the
program a without stopping.

The primitive constructs of delta-converse-PDL can be used to define many other interesting

constructs as abbreviations. For example:

A correctness assertion; lalp = 4y ~<@>—p
Boolean operators: p& g =4<pPq
' p—q=4lrNq

pVag=4"10—¢q
peqg=4p—=2q9&g—p

Propositional constants: true = PV 7P
Jalse = ;P& TP
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Rabin [8, 19] has shown that every nonempty automaton recognizable set of infinite trees
contains a finitely generable tree, i.c., an infinite tree which can be obtained by unwinding a finite
graph. Although delta-converse-PDL does not satisfy the finite model property, Rabin’s result
shows that every satisfiable delta-converse-PDL formula has a finite representation. In the case of
delia-PDL formulae, however, it is possible to transform the generating graph for an image for the
formula into a finite model

Theorem 5.11: For all delta-PDL formulae p, if p is satisfiable, then p has a finite model.

Proof. 1f p is satisfiable, then by the preceding-results, there is a scheme § = <7y, = 5 <> S>
for p whose image f is finitely generable. Hence there is a finite subtree 7 of Ty, and a
generating map J: fronT) — in(T) such that f = fo J*. Define a finite structure R = <7, k=,
<>g> as follows. For x € T and P an atomic program, let x F=p P iff x =g P. For x and y €T
and 4 an atomic program, let x<A>py iff either x € n«T) and x<A4>gy or x € fron(T) and
Jx){ 4> gy. We will prove, by structural induction on formulae, that for all y € Ty,jand g a
subformula of p y Fg g if and only if J*O) F; ¢

If g is an atomic subformula P, then y F=¢ P iff J*(y) F=¢ P, since the image of § is generated by
Tand J. By the definition of R, J*(y) k= P iff J*()) =y P. If g is a negated subformula, then y
=g g iff () =, q follows from the inductive hypothesis and the definition of negation.

If g is a diamond subformula <a>r, then suppose y = ¢ <a>r. Then by Lemma 5.2 there must be
an execution sequence b, * - b, € L(a;r?) and a sequence {y }o< <  Of elements of Ty,
such that y, = yand for 0 < n< k y,<b, 1>y, ;. We leave it to the reader to verify that for 0
< n <k O N6, 2pS*0,), so that Xy = y)) FEp <or

Conversely, suppose x = J*) and x = R {a>r. Then thcre must be an execution sequence
by -+ + - b, € I(a;r?) and a sequence {x,}j«, < Of elements of T such that x; = x and for
0 < n<k x2b, 175X, .1
follows. Let y, = y and having defined y, define y,, ; in accord with the relationship between
x,and x, . Ifb, | isatest then x, ., = x, solety , =y, Otherwise, b, , is an atomic
program (since p is converse-frec), and x, , , is a successor, the mth say, of x, if x, € inT), or of
JHx,) if x, € fron(T). In this case let y, , | be the mth successor of y. It is now straightforward to
prove that /*(y,) = x; for 0 n < k and that y,<b, ,>¢y,,; for 0 < n< k. Hence, y Fg<arr.

Inductively define a sequence {yn}0<”< x Of clements of Ty, as

If g is a delta subformula Ag then y F=¢ Aa if and only if J*(y) F=p Aa follows by an
argument almost identical to the previous one for diamond subformulae. We conclude that A Fp
p since A F=¢ p and p is a subformula of p. Therefore the structure R is a finite model of p.
i



Program constants: skip = 4 true?
abort = y; false?
Deterministic control structures:
ifp then a else b = 4 (pT:a) U (Tp1;b)
while p do a = 4 (pl;@)*;7p?
Dijkstra’s guarded commands [3]:
IFp—allg— bFI = (phi0) U (¢7;))
DOp—allg— bOD =, ((p%:a) U (g%:0))*(Tp & 7g)?

de Bakker’s weakest preconditions {2]:
a=p =yldlp
de Bakker's strongest postconditions [2]:
acp =4 <a >p
Hoare’s partial correctness asseirtions 71
- platq =4 p— ldlg
A well-foundedness or convergence assertion:

Va =df—'Aa

An infinite looping assertion [6, 11, 16], defined inductively:

04 =, false

00(a;b) = 4, ®a V <a>0b
00(aUb) = 4; a 'V 00h
00(a*) = 4;<a*>P0aV Aa
00(p?) = 4p false

(Alternatively, one can amend the syntax by adding the 00 A's to I, allowing structures to
decide arbitrarily which primitive programs loop and which do not.)

Dijkstra’s weakest precondition operator [4]:
wpa, p) = 4clalp & <a>true & —10q
Definition: 1f p € & and S is a structure, then S is a model of p or S satisfies p if and only if u
¢ p for some u € U, and p is satisfiable if and only if some structure satisfies p.  The

satisfiability problem for delia-converse- PD{. is the problem of deciding whether or not an arbitrary

delta-converse-PDI. formula is satisfiable.
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converse-PDL satisfiability can be decided in time O(exp8 k), where k& is the length of the formula
tested. 1

Theorem 5.9: Given a delta-PDI formula p of length k, there is a deterministic complemented
pairs automaton Ap, with no more than O(exp exp k) states and O(exp k) pairs, which accepts
exactly the images of onc-way schemes for p. Furthermore, Ap can be constructed in time
O(exp exp k).

Proof: The proof is very similar to that of Theorem 5.7. By Corollary 5.6, it is sufficient to
construct an automaton accepting exactly the N+ 1-ary Zp-trees satisfying the conditions (1)-(7)
and an extra condition: (8) f{x) contains no negative literals, for all x. It is straightforward to
construct a complemented pairs automaton B with three states (a start state, an accepting state, and
a failure state) and one pair which accepts exactly the trees satisfying conditions (1), (2), (5), (6),
and (8). On the assumption that condition (8) is fulfilled, only forward paths need be considered
to check conditions (4) and (7). It is not difficult to construct complemented pairs automata C,
and D, which check conditions (3} and (4) respectively and which have exactly one pair and no
more than Of(exp k) states.

Given a deterministic m state automaton recognizing a regular set X (not containing the empty
string) over an alphabet Z, a construction of McNaughton’s [9] yields a deterministic pairs
automaton on infinite strings, with O(exp m) states and O(m) pairs which accepts exactly the
infinite strings in 2*;XOO . Since McNaughton’s machine is a deterministic pairs automaton on
infinite strings, it can be viewed as a complemented pairs automaton accepting exactly the infinite
strings not in * x®,

For Aa € cl(p), let E , be the complemented pairs automaton resulting from applying the above
construction to a deterministic automaton. accepting {ngb;, - * b, € @) | £ > 1 and
Aa ¢ no}. Let £, be an automaton on infinite trees which, runs the automaton E, down every
path from the root in order to reject any tree containing a node x such that Aa ¢ fx) and an
infinite path from x which a repedtedly fits. Each F, can be constructed to have no more than
Ofexp exp k) states and O(exp k) pairs.

Finally, the automaton B and the Cn’s, Dn’s, and F a’s can be combined in a cross-product
construction to yield the desired 4 . A b has no more than O(exp exp k) states and O(exp k) pairs
and can be constructed in time O(exp exp k). 1

Theorem 5.10: The satisfiability problem for delta-PDL is decidable in time 0(cxp3 k), where k is
the length of the formula tested. '

Proof: Given a formula p of length &, Theorem 5.7 constructs a complemented pairs automaton Ap
on infinite N+ I-ary trees with no more than O(exp exp k) states and O(exp k) pairs such that Ap
accepts some tree if and only if p is satisfiable. By Theorem 3.8, the emptiness problem for Ap can
be decided in time Otexp® k). 1



Definition: If p € @ and S is a structure, then p is valid in S if and only if u F=¢ p for all u € U,
and p is valid if and only if p is valid in all structures. '

Definition: A set X of formulae expresses a second set Y of formulae if and only if for every formula p
€ Y there is a formula g € Ysuch that p <> gis valid. The set X is more expressive than the set Y if
and only if X expresses Y but ¥ does not express X.

The following theorems rank delta-converse-PDL and some of its sublogics with respect to expressive
power. Theorem 2.1, due to Fischer and Ladner, establishes a property of PDL and converse-PDL
formulae which Theorems 2.2 and 2.3 show is not shared by all delta-PD L and delta-converse-PDL
formulac. We conclude that delta-PDI. is more expressive than PDL, that delta-converse-PDL is more
expressive than either delta-PDL or converse-PDL, and that converse-PD 1. does not express delta-
PDL. Finally, Theorem 2.4 shows that converse- PDL is more expressive than PDL and that delta-PDL
does not express converse-PDL, so that converse-PDL and delta-PD]. are incomparable in expressive
power.

Theorem 2.1 [5]: Converse-PDL (and hence also PDL) satisfies the collapsing finite model property:
every model of a formula cannot be collapsed to a finite model by identifying states. The resulting
finite model has at most 27 states, where 7 is the length of the formula.

Theorem 2.2: Delta-PDI. does not satisfy the collapsing finite model property; there is a formula with
an infinite model which cannot be collapsed to a finite structure without altering the truth value of the
formula at some state.

Proof: Consider an infinite structure S with an infinite reverse 4-chain (ic., a sequence {u,},~,
of states such that U, l< A s4, for all n), but no infinite forward A-chains (i.e., sequences
{u,},> of states such that u,{A>qu ., for all n). Then for every state u along the reverse A-
chain, u =g VA 4. However, S cannot be collapsed to a finite structure 7" without identifying
two distinct states, ¥ and v say, on the chain. If w is the collapse of ¥ and v in 7, then
wiA4;A4*> w, and hence w =, A4 1

Theorem 2.3: Della-converse-PDL does not satisfy the finite model property; there is a satisfiable
formula which is not satisfied in any finite model.

Proof: Consider the satisfiable formula A4 & “KADN ). If Uy o LA & “WKADAA ),
then uy F=¢ A4 and u) = —<A*>A(A ). Hence there is an infinite A-chain UNV I T
uldrgu, . 1w, = u, for any i < j, then u, =g A4 ) and 50 yy F= o KADAA ), a

contradiction.  So all the u; arc distinct. Hence, A4 & KA A(A) is satisfiable only in
infinite modecls. 1
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Proofi A straightforward extension of the preceding proof 1

Theorem 5.7: Given a delta-converse-PDL formula p of length %, there is a deterministic two-way
tree automaton AP which accepts exéctly the images for p. Further, Ap need have no more than
O(exp exp k) states and can be constructed in time O(exp exp k).

Proof: By Lemma 3.5, it is sufficient to construct an automaton accepting exactly the N+ 1-ary EP-
trees satisfying the conditions (1)-(7), where N < k is the number of diamond subformulae of p.
It is straightforward to construct an automaton B with four states (two start states, an accepting
state, and a failure state) which accepts exactly the trees satisfying conditions (1), (2), (5), and (6).

For 1 < n < N, let 4, be a deterministic automaton on finite strings which accepts the regular set
((a,.q,"). The As can be constructed to have no more than O(exp k) states. Let C, be an
automaton on infinite trees which, for every node x in the tree labelled with <g g, runs the
automaton A, down the path x;{xn0™} -, ., looking for an initial segment which the program
an;qn? fits. Let Dn be an automaton on infinite trees which, for every node x in the tree not -
labelled with <a,>q,, runs the automaton 4, down every path starting with x, rejecting the tree if
a,q,! fits any finite path starting with x.  The C,’s and D,’s can be constructed to have no more
than Ofexp k) states,

Given a deterministic m state automaton recognizing a regular set X not containing the empty
string, there is a construction, due to McNaughton [9]. of a deterministic automaton on infinite
strings, with no more than O(exp m) states, which accepts exactly the infinite strings not in X%,
For Aa € cl(p), let E, be the result of applying McNaughton’s construction to a deterministic
automaton accepting {npb, - - by, € C(@) | k 2 1}. Let F, be an automaton on infinite trees
which, for every node x not labelled with Ag, runs the automaton £ , down every path from x in
order to reject any tree containing a path from x which a repeatedly fits. F, can be constructed to
have no more than O(exp exp k) states.

Finally, the automaton B and the C”’s, Dn’s, and Fa’s can be combined in a cross-product
construction to yield the desired Ap. Ap has no more than O(exp exp k) states and can be
constructed in time O(exp exp k). 1 '

Theorem 5.8: The satisfiability problem for delta-converse-PDL is decidable in time O(exp8 k),
where k is the length of the formula tested.

Proof: Given a formula p of length k, Theorem 5.7 constructs a two-way automaton A , on infinite
N+ 1-ary trees with no more than O(exp exp k) states such that Ap accepts some tree if and only if
p is satisfiable. By Theorem 5.10, there is an equivalent one-way automaton B on infinite N+1-ary
trees with no more than O(cxp® k) states. It is straightforward to construct a onc-way automaton
C on infinite binary trees with no more than O(N-+1 exp® k) = O(exp® k) states, whose emptiness
problem is cquivalent to Bs. The emptiness problem for one-way automata on infinite binary
trees is decidable in time Ofexp exp mi), where miis the number of states [8, 18] Therefore, delia-
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We shall prove later (sce Lemma 5.3) that delta-converse- PDL satisfies a tree model property; every
satisfiable delta-converse-PDL formula has a tree model. For delta-PDL a stronger property holds:
every satisfiable delta-PDI formula has a one-way tree model (see Corollary 5.4).

Theorem 2.4: Converse-PDL (and hence also delia-converse-PDL) does not satisfy the one-way tree
model property; there is a satisfiable converse-PDI. formula which is not satisfied in any one-way

tree model.

Proof: Consider the satisfiable formula P & <A><A>—P. Suppose u k= sP& <A<A>TP, where
S is a one-way tree model. Then u E= s P and there is an immediate successor v of u such that

vE <{A™>7P, so that there must be a state w such that wiA> v and w =g TP, Since S is a
one-way tree model, w must be the parent of v so w = u. But this is impossible, since we have
u Eg P and w =g P 1

The remainder of this chapter relates the expressive power of delia-PDL to that of two other
propositional logics of programs: the Propositional Algorithmic Logic (PAL) of Mirkowska [12] and
the Unified Temporal Logic of Branching Time (UB) of Ben-Ari, Manna, and Pnueli [1]. UB is an
intensional logic of programs, as opposed to PDL and PAL, which are extensional. Programs
appear explicitly in the formulae of PDL and PAL, and different formulae can refer to completely
different programs. The formulae of a temporal logic do not explicitly refer to programs; rather,
every formula is taken to refer to a single program, which is fixed by the choice of a UB-structure.

Definition: The formulae, HUB, of UB, are defined inductively as follows:

1) Iy © Myp
(2) If p g € Myp then —1p, p V g 3Xp, Alp, 3Gp € Ty

Definition: A UB-structure is a tuple § = <U, k=g, = o> where U is a set of states, k=g is a
satisfiability relation on the atomic propositions, and => ¢ is a fotal/ binary relation on U (ie., for
every state u there is at least one state v such that u = ).

Definition: Given a UB-structure § = <U, &= 5 = = 5 can be extended to all UB formulae as
follows. '

() u By Dp iff not u =g p

2 ubEgpV qifft ubFEgporulkgaq

() u By IXp iff Iv. u =¢ v and v =g p.

(@) u =g Ap iff Iv. u = vand v =4 p

(5) u =g 3Gp iff there is an infinite sequence {un}n>0 of states such that 4, = u and
for all n u, F=¢ pand u, =g U -

The logic UB is a temporal logic of discrete branching time; given a program a, the binary rclation

= ¢ relates computation states at-time 7/ to possible computation states at the next time ¢ + 1.
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(2) if x;,; is the predecessor of x, then the inverse of b, 1 € j(xi);

Remark: A program a fits a singleton path x if and only if there is a compressed execution
sequence i € C(a), consisting of a single set of subformulac of p, such that n C Ax). If fis the
image of a one-way scheme and if a is a converse-free program, then a can fit only forward paths
and only condition (1) is needed to dectermine the forward paths which a fits.

Definition: Given a Zp-tree f a prograrh a repeatedly fits an infinite path {x,} ~, if and only if
there is a infinite, increasing sequence of indices {ij}jz0 such that j; = 0 and a fits {x, } i (<< ;
for j > L :

Lemma 5.5: A Ep-tree fis an image for p if and only if the following conditions are satisfied.

(1) p € AA).
(2) for g € ckp), —qg € fix) if and only if g € Ax).

(3) if <a,>q, € Ax), then there is an initial segment « of the infinite path x;{an’”}m>0 such
that a,;q,? fits ar.

@) if <apq, ¢ fx), then for all finite paths = starting at x, a,;q,! does not fit =.
(5) for Aa € clp), Ha € fix) if and only if <@Aa € Ax).
(6) for Aa € clp), if a fits the singleton path x, then Aa € Ax).

(7) for Aa € clp), if Aa € fx), then for all infinite paths « starting at x, a does not
repeatedly fit ar.

Proof: We leave it to the reader to verify that an image for p satisfies (1) - (7). Conversely, given
a N+1-ary Zp-tree S satisfying (1) - (7), we can define a two-way tree structure S = <7y, Fg
<> ¢ by letting x =P iff P € fx) and x {A4% gy iff either y is a successor of x and 4 € f{x)ory

is the predecessor of x and A € fx). The reader can verify that f is the image of 5. We
proceed, using structural induction on formulae and conditions (2) - (7), to establish that for all x
€ Ty,; and g € cp), x Fg q iff ¢ € fx).

If ¢ is an atomic subfo_rmula P, then x F=¢ Piff P € flx) follows from the definition of S. If gis
a ncgated subformula —r, then x t= g T iff € Ax) follows from condition (2). If g is a
diamond subformula <a,>q,, then (x k= <a, >q,) = (<a,>q, € fx)) follows from condition (4),
and (Ka,2g, € fx)) = (x &g <a,>q,) follows from condition (3). If g is a delta subformula Aa,
then (x = Aa) = (Aa € fix)) follows from conditions (4), (6), and (7), and (Aa € fx)) = (x
= Aa) follows from conditions (3) and (5). By condition (1), A = ¢ p. and by condition (3), for
1 < n<Nif x Fg<a g, then 3y, x < y< xn0® & x<a,.q,? qv. Hence S is a scheme for p.
1

Corollary 5.6: 1f p is a delta-PDI. formula, then a Zp-trcc fis a one-way image for p if and only if
conditions (1) - (7) above arc satisfied and, for all x, Ax) contains no negative literals.
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The formula 3Xp is true in a state at time ¢ if that state can become, at time ¢ + 1, a state in
which p is true. The formula 3Fp is true in a state at time ¢ if that state is or can become, at some
later time ¢ + n, a state in which p is true. The formula 3Gp is true in a state at time ¢ if from
that state there is an infinite sequence of successive states in which p is true. We can define three
dual formulae: ¥V Xp =df'ﬂ3Xﬁp, VFip :df"!EF"'p, and YGp :dfﬂBG‘ﬂp‘ The formula VXp
is true in a state if p is true in all possible next states. The formula V/p is true in a state if p is
true in that state and in all possible future states. The formula V Gp is true in a state if, from that
state, every chain of successive states contains a state in which p is true.

Definition: Let A be a fixed atomic program. Let §: Il — II be a translation defined as
follows.

Q) Py =P

Q@ (pt = e

G @V ot = @Ff V qf)
(4) Qxp)t = <ADY)

(5) @)t = <4™(pt)

6) AGp)T = A(DLA)

Definition: If § = <U, l=5, => > is a UB-structure, then let ST = <U, F=ST, <>ST> be any
structure in which i=ST = F=S and <A>ST = =

Theorem 2.5; UB is embeddable in delta-PDL; if p is a UB formula satisfied at a state v in a UB-
structure S, then u = st pt. Further, p has a UB-model if and only if [A¥*KADtrue & pt is
satisfiable. :

Proof. By structural induction on formulae. |

Propositional Algorithmic Logic is very similar to PDL. One major difference is that the semantics
of programs in PAL is defined in terms of computation sequences rather than binary relations as
in PDL (one might say that PAL has an operational semantics and PDL a denotational semantics).
The other major difference is that PAI contains a powerful total correctness assertion for
nondeterministic programs, [(a)p, which is true when every execution sequence of a tcrminates in
a state in which p is true. Since the truth value of [J{(a)p depends on the presence or absence of
nonterminating execution scquences of @, PDL does not express PAL. Delta-PDL, however, does
express PAL.
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arbitrarily. Finally, given @, define a structure T = <7y, F=4, <> by letting x = P if and
only if p(x) ¢ P and letting x<A>,y if and only if x and y are neighbors and p(x)<A> Sq)(y).
By construction 7 is a scheme for p. |1

Corollary 5.4: Every satisfiable delfa-PDI. formula has a one-way scheme.

Proof: Given a satisfiable delta-PDL formula p, construct the map ¢ as in the proceeding proof,
but define 7 = KTy, F, <> by letting x =, P if and only if ¢(x) Eg P and letting
x<A>y if and only if y is a successor of x and p(x)<A>p(y). By construction 7 is a one-way

scheme for p. 1

Schemes are casily transformed into trees suitable for input to automata on infinite trees.
The trees obtained in this way are automaton recognizable; this fact leads immediately to decision
procedures for delta-PDL and delta-converse-PDL.

Definition: If p is a delta-converse-PDL formula, Hp denotes the set of literals appearing in p. Let
Zp = Powerset(cp) U Hp).

Definition: Given a scheme § = <TN' 1 = 5 <> S) for a delta-converse-PDL formula p, the image
of S is the N+1-ary Ep-tree fsuch that for all x € Ty, , fx) = {g € clp) | x=gqt U {a €
Hp | y<a>¢x where y is the predecessor of x}. An image for p is an image of a scheme for p.

Remark: If the scheme S is one-way and if fis the image of S, then for all x, fx) contains no

negative literals.

It is technically convenient to define a version of execution sequences in which all
subsequences of tests are compressed into single sets of formulae. Note that it is no more difficult
for a finite automaton to recognize the compressed execution sequences of a program than the
ordinary execution sequences: if the latter set is accepted by a n state automaton on finite strings,
then so is the former.

Definition: Given a formula p, a compressed (with respect to p) execution sequence is a sequence

MMy * T M,10,m,, of alternating literals and sets of subformulae of p, beginning and ending with

sets. The set of compressed execution sequences for a program a is C(a) = {npdymy " " 1,451, |
there exists gg? * * - quO?blqn? s qlkl?b2 b ann? € L(a), where each b, is a
literal, such that 7, = {qn, ce s gyt for 0 <P < onk

I

Definition: Given a Zp-tree S a program a fits a path # = {xi}ogisn if and only if there is an

compressed execution sequence nbyn, * * 9,,4b,m, € I{a) such that for 0 < i< n, n; € Ax) and
for 0 < i < n

(1) if x,,, is a successor of x, then b, ; € Ax, ).
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Definition: The set of programs, II pas> and the set of formulae, ®p,;, of PALV are defined
inductively as follows. ' '

Mpy: I € Hp,,
2) If ¢ b € Np,,, then ab, aUb a* € Op,,
@) If p € &p,, and a, b € Mp,,, then pl, if p then a else b,
while p do a € Tp,, ' ‘
Ppur 1) & C &y

(2 If p g € ©p,;, then 7p € @,
(3) If a € Mlp,; and p € ®,,;, then S(a)p, Ola)p € Ppyy
Definition: 1f S is a structure, then a configuration is a pair <u, w>, where u is a state of S and =

= <ay, . . ., @ is a (possibly empty) sequence of programs. The configuration <u, #> is final if
and only if # is empty.

Definition: Given a structure S, k= g can be extended to arbitrary PAL formulae and a binary
relation = ¢ on configurations can be defined as follows. If <u, #> => ¢* <v, 7>, then we say that
u, w> yields <v, v>. If <u, #> is not final and in addition there is no configuration <v, > such

that <y, o> =>¢ <y, 7>, then <, #> is a failing configuration.
(1) u =g 7p iff not u k=g p.

(2 u Fg Oa)p iff <u, <a pM> yields a final configuration.

(3) u k=g D(a)p iff <y, <a, pP> yields neither a failing configuration nor an infinite
chain of configurations.

@) <u <4, a, ..., a¢» =0 <q, ..., aq iff g

5) < <@b ay ..., @ Sg<u<ab oa ..., g

©) <y <aUb a, .. ., q> =c<u ¢ a, ..., qN iff c =aorc=0b

M) < <a* a, . .., ¢ =g <u <a, . .., @

@) <u <a%-a, ..., 8> =4<u <a a, a, ..., aMd

O <u <pYoa, .., @d> =gy Kap, ..., @ iff u Eg P

(10) <u, <if p then a else b, a, - - ., q> =< Lg oap, ..., g> ff cither
uBEgpand ¢ = aor u Fg Tp and ¢ = b

(11) <u, <while p do a a, . .., @ =g <u, ag, + o ., @ iff u i=S P

(12) <u, <while p do a, ap, . .., a> = {u, <a, while p do a a,, . . ., ak>> iff

u I=S —p.
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Definition: If a is a delta-converse-PDL program, then I{a), the set of execution sequences of a, is
defined inductively as follows:

) K4 = {4}

Q) Lab) = La),Lb)

(3) L(aUb) = L(a) U L(b)
@) La*) = (La)*

(5) Uqgh = {q}

(6) (4) = {4}

(1) Uab)) = Kba)

(8) L(aUb)) = L@ U ¥)
O) L@)) = L{a)™
(10) L(gD) = {gt

) Lia)) = L@

Lemma 5.2: For all structures S = <U, k&= 5 <{> S) and programs a, u<a’ sV if and only if there is
an execution sequence b, © - * b, € L(a) and a sequence of states {u }, <« such that uy = u,
u, = vand ub P>, for 0 < n<k

Proofi By structural induction on programs, |§

If p is a satisfiable delia-converse-PDL formula, Theorem 5.3 shows that p has a special tree
model, called a scheme, which is easily transformed into a tree suitable as input to a two-way
automaton. A scheme is a tree structure in which p is satisfied at the root and diamond
subformulae of p are satisfied along specific paths. If p is converse-free, i.e., a delta-PDL formula,
then Corollary 5.4 shows that p has a one-way scheme, i.e., a scheme which is a one-way tree
structure.

Definition: If p is a delta—converse—PDL formula with diamond subformulae <a;>q; , . . ., <apPqy,
1 = 5 <> % such that A = sP and for all states

x, if x FFg <apq, then Jy. x < y < xm0® & x<a,;q,7” .

then a scheme for p is a tree structure § = <7

Theorem 5.3: Every satisfiable delta-converse-PDL formula has a scheme.

Proof. Suppose uy F=¢ p, whete § = <U, =g <>, We construct a a map ¢: Ty, = U
inductively as follows. Let @(A) = uy. Inductively, if x is in V and @(x) = u, then we consider,
for each n, whether u =¢ <a >q,. If not, let @(xn0™) be arbitrary for all m. If so, then there is a
state v such that ula,;q,?>v. By Lemma 5.2, there is a scquence of states {u},«< <, and an

exccution sequence by * * ¢ b € I{a,;q,?) such that uy = u, 4, = v, and and ui<bi+l>5’ui+1
for 0 < i< k. Let m be the number of literals in bl s bk' Forl < i< m, let q>(x110i']) =

U, where j is the index of the ™ Titeral in b1 oo bk. For i > my, let q)(an"'l) be chosen
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Remark: Note that O(a)p and O(a)p are not dual to one another, i.e, O(a)p is not equivalent to
=O(a)7p. Note also that O(if p then a else b)q is sometimes true and sometimes false, but that
O(pt;a)U(mp);b))g is always false, since

<u, K((p;:a)J(pib));gD>> yields <u, <p?, a, ¢7> and <y, <7p?, a, g1>>, one of which must be a
failing configuration. Hence if p then a else b cannot be defined, in PAL, to be an abbreviation of
(Ph,d\U(—p?;b).  Similarly, while p do a cannot be defined, in PAL, to be an abbreviation of

(pY;a*);pl.
Definition:  For each PAIL program a, define a PAL formula fail(a)) as follows.

() faikA) = —O(Atrue

(2) failla;b) = failla) V <(a)failb)

(3) fuillaUby = faia) V faib)

4) failla*)y = <$(a*)faika)

(5) faillp) = —p

(6) faillif p then a else b) = (p & failla)) V (Tp & failb))
(7) failwhile p do a) = O(Pha)*¥p & faila))

Lemma 2.6:  For all structures S, states u, and PAL programs a, u F=¢ faia) if and only if
{u, <a>> yields a failing configuration.

Proof. By structural induction on programs. §

Definition: let f be a translation from PAL formulae and programs to delia-PDL formulae and
programs defined as follows.

I Pt =P

2 pF = @) _

B) (C@pF = <ab>pi)

@) (api = ((faillap))t V 0(at)
(5) 4% = 4 _

©) (@hf = (ad):(b})

(M (U = (ab)U(dF)

®) (@t =. (af)

9 @ = (F)

(10) (if p then a else by = if pt then at else b}
(11) (while p do @) = while pt do a}



5 Satisfiability and Finite Models

In this chapter the automata theoretic results of the previous two chapters are used to
obtain decision procedures for delta-PDL and delta-converse-PDL. The notion of a finitely
generable tree is then employed to establish a finitc model theorem for delta-PDL and a finite
representation theorem for delta-converse-PDL. First, however, we precisely define the informal
notions of the subformulaec of a formula and the execution sequences of a program.

Definition: If p is a delta-converse-PDI. formula, then cKp), the Fischer-Ladner closure of p, is the

least set of formulae such that

(D) p € clp)

(2) if g € clp), then g € ckp)

(3) if <A>g € clp) or <A >q € clp), then g € clp)
(4) if <a:b>q € cl(p), then <aXb>q € ckp)

(5) if La;b) >q € clp), then <b :a >q € clp)
(6) if <alUb>q € clp), then <a>g, <b>q € clp)
(7) if <(@Ub) >q € clp), then <a Ub >g € cp)
8) if <a*>q € cl(p), then g, <<a*>q € ckp)

(9) if (a*) >q € clp), then a )*>q € cp)
(10) if <r>q € clp), then r, q € ckp)

(11) if <() >q € clp), then <Dq € clp)
(12) if Aa € -clp), then <a>Aa € clp)

Lemma 5.1: If p is a delta-converse-PDL formula of length n, then cl(p) contains at most n
formulae.

Proofi A straightforward extension of the corresponding proof for PDL [7]. 1

Definition: The elements of cl(p) are called the subformulae of p; this can be misleading, since
<a><a*>q and <a>Aa are, by the above definition, subformulac of <a*>g and Aa respectively. A
subformula of p of the form <@g is called a diamond subformula of p.

Definition: Abusing predicate calculus terminology, we define a literal to be either an atomic
program or the converse of an atomic program. Atomic programs will sometimes be called positive

literals and converses of atomic programs negative literals. The inverse of a positive literal A is 4

: the inverse of a negative literal A~ is A

Programs in delta-converse-PDJ. are extended regular expressions over literals and tests, so

cach program denotes a regular set, the set of its execution sequences.



Lemma 2.7: For all structures S, states u of S, and PAL programs g, <u, <> yields <v, O if and
only ulak>gv. '

Proof. ‘By structural induction on programs. §

Lemma 2.3: For all structures S, states u of S, and PAL programs a, <u, <> yields an infinite
chain if and only u kg 00(af)

Proof. By structural induction on programs. §

Theorem 2.9: PALismbddableindeIm-PDL.i.e,forﬁlmmS,MuofS.mdPAL
formulae p, u k=g p if and only u = p}. ' '

Proof. Follows directly from Lemmas 26, 2.7, and 28. 1§
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Proof: Tt is easy to construct, in time O(exp exp m), a onc-way automaton C, with no more than
O(exp exp m) states, which accepts an infinite (2 x C g)-tree fx g exactly when g is a plan for £ It
is straightforward to construct, also in time O(exp exp m), a nondeterministic automaton D on
infinite strings, with no more than O(exp exp m) states, which, when run along an infinite forward
path of an infinite N-ary C-tree g, accepts exactly when that path violates either of the two
conditions for goodness. McNaughton gives a construction which, given a nondeterministic
automaton on infinite strings with % states, produces, in time O(exp exp k), a deterministic
automaton on infinite strings, with no more than O(exp exp k) states, which accepts exactly the
complement of the set of strings accepted by the original automaton [9]. Let £ be the result of
applying McNaughton’s construction to D; let F be that automaton on infinite trees which runs E
down every infinite forward path, so that F accepts g exactly when g is good. Finally, the desired
automaton B, given an input tree f Ty — %, nondeterministically guesses a map g TN - CS
while simultancously running the automata C on fx g and Fon g By Lemmas 4.4 and 4.9, A
and B accept the same trees. The automaton B has no more than O(exp? m) states and can be
constructed from A in time O(exp? m). 1
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3 One-Way Automata on Infinite Trees

Automata on infinite trees, called one-way automata in this chapter to distinguish them
from the two-way automata defined in the next chapter, have been extensively studied [8, 18, 19].
We briefly review the fundamental definitions and theorems.

Definition: The set Ty, = {0, 1, ..., N-1}* of strings of the first N nonnegative integers can be
viewed as an infinite N-ary tree, in which the empty string A is the root and each string (or node)
x € Ty has as its successors the strings x0, . . ., x(N-1). The descendant relation is the reflexive
transitive closure of the successor relation; we write y > x when y is a descendant of x
(alternatively, we can write x < y and say that x is an ancestor of ).

Definition: A finite (infinite) forward path through T is a finite (infinite) sequence = = {x,} of
clements of T, such that for-all n x, , is a successor of x,.

Definition: If 2 is a finite alphabet, then an infinite N-ary Z-tree is a func‘tion fTy = 2.

Definition: A (nondeterministic)y one-way automaton A on infinite N-ary X-trees is a tuple
<S, s, M, G> where

S is the set of states.

s € § is the initial state.

M: S x £ — Powerset(SY) is the next state function.
G C PowerseS) is a set of accepting subsets.

Definition: A run of 4 on an infinite N-ary S-tree fis a function p: Ty, — S such that p(A) = s
and for all x € T,, <p(x0), . . ., p(x(n-1))> € M(p(x), Ax)).

Definition: If p is a run of A on f and # is an infinite forward path, then Inflp, #) =
{g € S| p(x) = g for infinitely' many x on =}

Definition: An automaton A accepts an infinite N-ary Z-tree fif and only if there is a run p of 4
on f such that for all infinite forward paths =, Infp, @) € G.

Theorem 3.1: The emptiness problem for an N-ary infinite tree automaton A4 with m states, i.e., the
problem of deciding whether or not A4 accepts any tree at all, can be decided in time
O(exp exp mN). 1

Prooft Given an m state automaton on infinite N-ary trees, it is a straightforward exercise to
construct an O(mN) state automaton on infinite binary trees, such that the two automata have
cquivalent emptiness problems. Hossley and Rackoff [8] give a decision procedure for the
emptiness problem for automata on infinite binary trees which runs in time O(exp exp n), where »

is the number of states of the automaton tested. H



these two circuits (since Y, Z # @, the loops cannot be singletons). The required loop for the join
is x;o;x;7;x. In the case of rule (5), <s, X, £ is the expansion of a circuit <, ¥, w> € gmin(y),
where y is a neighbor of x, Inductively, there is a loop # on y for <z, ¥, w>. The required loop
for the expansion is x;m;x. |

Lemma 4.8 For all paths 7,7 ending in a loop # on x, p(r;x | mim) € g . (x).

Proof: By induction on the length of #. Let s = p(r;x). If 7 is the singleton x, then by Lemma
4.6, p(r;x | 1;m) = <D € gmm(x). If # = x;p;x where p is a loop on a neighbor y of x, then
inductively, p(;x;y | T;x6p) € 8mir)- Then, by rule (5) for plans, p(rix| mixm) € g (x). Ifp
is not a loop, then by Lemma 4.1, p contains x, i.e. p = @;x;¢. Inductively, p(r;x | 7;x;9;x),
p(r;x;@;x | miw) € g, .(x). Then, by rule (4) for plans, p(r;x | im) € g .(0). 1

Lemma 4.9. The automaton A accepts an infinite tree f'if and only if the minimal plan g, . for 4
on f is good.

Proof: First, suppose A does not accept £ Then there is an infinite path # such that Infp, =) €
G, where p is the run of A on £ If & is cyclic on x, then # = p;o;7 where o is a loop on x and
p(p;x) = p(uio) € p(u;x, p;0) = ]nj‘(p, w). Then, by Lemma 4.8, p(u;x | p;o) € g, (x), where
p(u:x) € p(uix, p;o) € G, so g, is not good. If, on the other hand, = is acyclic, then by
Lemma 4.2 there is an infinite forward path {x,} such that # = o;74; ... 7, ..., where each
7,15 a loop on X, let$ = {p(’rl; T X, | T oo ;'rn)}n>0. We leave it to the reader to
show that { is a series for g . on {x,}, but that Sum({) ¢ G, so that &min 18 DOL good:

Conversely, suppose that g, . is not good. Then cither there is a node x and a circuit <s, X, s> €
&minX) such that s € X € G or there is an infinite forward path {x,} and a series { = {<s, X,
1>} for g min O 1%} such that Sum({) ¢ G. If the first case holds, then by Lemma 4.7, there is a
loop x;m;x such that for all paths 7 ending in x, if p(r) = s, then p(7, 7;m:;x) = X and p(r;m;x)
= 5. By Lemma 4.5, there is a path 1 cndirig in x such that p(r) = 5. Let p = 7w, x;mxm,x;
*+ We leave it to the reader to show that A rejects £ because Inflp, p) = X € G. If the the
second case holds, then, by Lemma 4.5, there is an infinite path p = TITy such that for all n,

¢ G, so that A4 rejects f in this case also. |

Definition: If fis an infinite N-ary Z,-tree and g is an infinite N-ary Z,-tree, then the product tree
S x g is an infinite N-ary (2, x Z))-tree defined by (f x gx) = <fx), gp.

Theorem 4.10: Given a deterministic two-way automaton A with m states, there is a
nondeterministic one way automaton B with no more than ()(cxp4 m) states which accepts exactly
the trees accepted by A, Further, B can be constructed in time O(exp? m).
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The decision procedure for the emptiness problem depends crucially on the fact that every
nonempty set of trees accepted by an automaton contains a finitely generable tree, i.c., a tree
obtained by unwinding a finite graph. In chapter 5 we will use this fact to establish a finite
model property for delta-PDL and a finite representation property for delta-converse-PDL.

Definition: A frontier of T, is a maximal incomparable subset X of T, i.e., a subset X such that
every element of 7 is either a descendant or an ancestor of some member of X, but no member of
X is the descendant of any other member of X.

Definition: A finite subtree of T), is a subset T of T, such that T = {x € Ty | x < y for some
y € X}, where X is a frontier. The frontier of 7, fronT), is X, and the interior of 7, in(T), is
T = fronT). A finite N-ary Z-tree is a map £ T — 2, where T is a finite subtree of T

Definition: Given an automaton A on infinite N-ary Z-trees and a finite N-ary 2-tree £ T — 2, a
run of 4 on fis a function p: T — § such that p(A) = s and for all x € in(7), <p(x0), . . .,

p(x(r-1))> € M(p(x), fx)).

Definition: A generating map for a finite subtree T of T, is a function J: fronT)y — in(T). Every
generating map defines a unique function J*: Ty — T as follows:

JA) = A
J*(xn) J*an if JXx) € in(D),
JX))n if JH(x) € fron(T).

it

Definition: An infinite 2-tree f'is finitely generable if and only if there is a finite subtree T of Ty,
and a generating: map J such that f = f o J*

Theorem 3.2 [8, 19]: If an automaton accepts at least one tree, then it accepts a finitely generable
tree.

Below we present an alternative formulation of automata on infinite trees. Pairs automata are
equivalent to ordinary automata in the following sense: for every ordinary automaton, there is a
pairs automaton which accepts exactly the same trees, and conversely.

Definition: 1f @ = {KL,, UD>} «, < I8 a finite sequence of pairs of subsets of some set S, then
letFg = {XC SIXNL =@ &XN U, #®& forsome n}. Let Gg = Powerser(S) = Fg
={XCS|xNU,#8—->XNL #@forall n} Note that Gg is closed under unions,
ie, if X, ¥ € Gg, then X U Y € Gg. ' '

Definition: A pairs automaton {8, 18, 19] A4 is a tuple <&, s, M, @, where S, s, and M arc defined
as for an ordinary automaton and @ = {(Ln, Un>}]<n<k is a finite scquence of pairs of subsets
of S A nmn of A on a tree fis defined cxactly as for an ordinary automaton. The pairs

automaton A accepts fif and only if there is a run p of A on fsuch that for all infinite forward
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infinite paths. A circuit of the form <s, X, s> with s € X indicates that A can cycle endlessly
through the set X of states while travelling over a cyclic path, while a series describes the state
history of 4 on an acyclic path. Lemma 4.9 will show that the minimal plan Emin for 4 on fis
good exactly when 4 accepts £ Note that goodness is preserved under inclusion, ie., if g and &
are two infinite N-ary Ctrees such that 7 is goo& and Vx € Ty. gx) C A(x), then g is good.
The lemma below follows immediately.

Lemma 4.4: There is a good plan for 4 on f if and only if g . is good.

min
Proof: The minimal plan g . is included in every plan for 4 on f so 8min MUSL be good if any
plan for 4 on f is good. 1

The next series of lemmas show that the minimal plan g, , contains precisely the circuits
for all loops.

Lemma 4.5 For all x € Ty, if <5 X, & € g . (x), then there is a path = end‘ing in x such that
p(m) = s

Proof: 1f <s, X, £ € g, (x) then there must be a derivation of this fact by rules (1) - (5) for plans.
We proceed by induction on the structure of derivations. For case (1), the required path is the
singleton x. If <s> € g, . (x) by rule (3), then there is a circuit <»> € g _.(y), where 7 = M. (1
A») and y is the n'" neighbor of x. By induction there is a path 7 ending in y such that p(r) = &
The required path for <s> is 7;x. Similarly for case (2). If<s X, » € g, (x) by rule (4), then
there is a circuit <s, ¥, w> € g_.(x) such that Y U {u} € X. By induction there is a path =
ending in x such that p(w) = 5. 1f <s X, & € g . (x) by rule (5), then <s> € g_.(x). By
induction there is a path # ending in x such that p(#) = s 1

Lemma 4.6: For all x € Ty and for all paths # ending in x <p(w)> € g, . (x).

Proof. We proceed by induction on the length of paths. If « is a singleton, then p(7) = s, and
Gy € g,(x) by rule (1). If @ = 7in, where r ends in A, then p(w) = L (p(7), AA)) and
p(w)> € g,.(x) by rule (2). Finally, if # = 7;x, whgre T ends in y # A and x is the nth
neighbor of y, then p(m) = M (p(1), ) and <p(w)> € g . (x) by rule (3. 1

Lemma 4.7. For all x € Ty, if <, X, D € 8mi{¥) then there is a loop w on x such that for all
paths of the form 7;m, if p(r;x) = s then p(7;x, 7;w) = X and p(riw) = L

Proof. If <s, X, & € g, (x) then there must be a derivation of this fact by rules (1) - (5) for plans.
We proceed by induction on the structure of derivations. For the cases (1) - (3), the required loop
is the singleton x. In the case of rule (4), <s, X, > is the join of two circuits <1, ¥, > € gmm(x)
and <y, Z, w> € Ly 2)s suCh that Y, 7 # @. Inductively. there are loops xjo;x and x:7;x for
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paths 7, Inflp, 7) € Fq (ie, € Gp).

Pairs automata as defined above will not be used in this thesis. However, by reversing the
standard definition of acceptance, we obtain a new type of automaton, the complemented pairs
automaton. In chapter 5 we will use complemented pairs automata to decide the satisfiability of
delta-PDI. formulae,

Definition: A complemented pairs automaton A is a tuple <S, s, M, @>, where S, s M, and @ =
KL, U n>}1< 4< i are defined as for a pairs automaton. A run of A on a trec fis defined exactly
as for a pair;aliomaton. However, the complémented paifs automaton A accepts f if and only if
there is a run p of 4 on fsuch that for all infinitc forward paths =, Inflp, m) € Gg (ie, ¢ FQ).

The fact that Gq is always closed under unions permits a simplified decision procedure for the
emptiness problem for complemented pairs automata. The interested rcader should compare the
procedure below with that of Hossley and Rackoff [8] in order to fully appreciate the similarities
and differences. Note that the running time of the procedure below depends both on the number
of states and the number of pairs of the automata tested. In chapter 5 we will use complemented
pairs automata where %, the number of pairs, is O(logm), where m is the number of states. The
procedure below decides the emptiness problem for such automata in time O(exp m), as opposed
to time O(exp exp m) for Hossley’s and Rackoff's more general procedure.

Definition: A string g, - - * q,, € S* is good with respect to a complemented pairs automaton 4 =
S, ss M, & -if and only if 3i < m ¢, = g, & {g;,y. - . ., q,} € Gg

Lemma 3.3: The set of strings which are good with respect to a complemented pairs automaton
with m states and & pairs is accepted by a deterministic automaton on finite strings of size at worst
O(exp exp(k+logm)).

Proof. 1t is straightforward to construct a nondeterministic automaton on finite strings, with no
more than O(m x 2K) states, which accepts exactly the good strings. Applying the Rabin-Scott
powerset construction yields the required deterministic automaton. |1

Definition; A finite N-ary Z-tree ff T — X is good (with respect to A) if there is a run p of 4 on f
such that for all x = n; - - - n,  in the frontier of T, p(A)p(ny)p(nyny) - -+ p(x) is good.

Lemma 3.4: The set of good trees for a complemented pairs automaton with m states and & pairs is
accepted by a deterministic automaton on finite N-ary trees with no more than O(exp
exp(k+logm)) states.

Proof: Let B be the deterministic automaton on finite strings guarantced by the preceding lemma.
The desired tree automaton, given a tree £, simulates 4 on fin order to construct a run of 4 on f
while simultancously using B to check every path of this run. 1
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an automaton, so we abbreviate <s, &, £ to <.

Notation: 1f p: P,y = S and 7, w € Py, then p(r, ) = {p(p) | r <p < w}and p(7 | 7) =
<p(1), p(r, =), p(apP.

Definition: Given an automaton A and a tree f; a plan for 4 on fis an infinite N-ary Cg-tree g
such that for all x € Ty ’
(D) <sp € gx)
(2) if <> € gA), then <L (s AA) € gn) -
(3) if x # A and <> € g(x) and y is the n™ neighbor of x, then M (s, LX) € g0)
@) if<s, X, D€ gx)and <, ¥, w> € g(x) with X, Y # &, then<s, YU {# U Y, w €
#(x), in which case the resulting circuit is called the join of the original two.
(5) if <> € g(x), y is the n™ neighbor of x, x is the m™ neighbor of y, 1 = L(s fA)) if x
= A or M (s, fix)) otherwise, v = L (u, fA)) if y = A or M (s fx)) otherwise, and
<, X, > € g(y), then <5, X U {ru}, w € g(x), in which case the resulting circuit is
called the expansion of the first one.

The above five conditions are intended to force a plan to include circuits for all possible
loops through a tree, but they do not rule out the presence of circuits which do not correspond to
any loop. It will be shown, however, that the least or minimal plan contains precisely the circuits
for all loops.

Lemma 4.3: For each automaton A and tree f, there is a plan g_. for 4 on fsuch that for all

min
plans g for 4 on f and nodes x € T, g () C gx)

Proof: Define g

min 5 the pointwise intersection of all plans for 4 on f &

Definition: Given a plan g and an infinite forward path {x }, a series for g on {x,} is an infinite
scquence of circuits {<s,, X, 1,2} such for all n, <5, X, t,> € g(x,) and s, ; = M, (1, fx)) (or
L (1, fA) if x, = A) if x,, ; is the m™ neighbor of x,

Definition: If ¢ is a sequence of circuits, then Sum({) = {s € S| s € X U {1, u}, for infinitely
many < X, w> on (}

Definition: An infinite N-ary Ctree g is good if and only if

(1) for all x € Ty, if <5 X, > € gx) and s € X, then X € G

(2) for all infinite forward paths {xn} and serics §{ = {(sn, X, f">} for g on {xn},
Sum({) € G

The two conditions for goodness correspond to the two forms, cyclic and acyclic, of
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Corollary 3.5. The goodness problem for a complemented pairs automaton A on infinite N-ary
trees with m states and k pairs, ie., the problem of deciding whether 4 has a good tree, is
decidable in time at worst O(N? x exp exp(k+logm).

Proof: The preceding lemma shows that the goodness problem for A is equivalent to the emptiness
problem for an automaton B on finite N-ary trees of size at worst O(exp exp(k+logm)). It is
straightforward to construct an automaton C on finite binary trees, of size at worst O(N x exp
exp(k+logm), such that C and B have equivalent emptiness problems. Rabin [R69] gives a
decision procedure for the emptiness problem for automata on finite binary trees which runs in
time O(n%), where n is the number of states of the automaton tested. 1

Theorem 3.6 1f A accepts a tree, then A4 has a good tree.

Proofi Suppose A accepts the infinite N-ary Z-tree £ Let p: T,y — S be an accepting run of 4
on f We claim that for all infinite forward paths m, there is an x = n; ** - n, on @ such that
p(A) - - p(x) is a good string. For if 7 = {x,} . is an infinite forward path, then X = Inf(p,
7) € Gg. Forall n, let g, = p(x,). Leti = min{n | Vm > n. g, € X}. Letj = min{n> ilgq,
=q;&{q, - ..q} =X} Letx = XX Then p(A) - - - p(x) = qo"'qi"'quith
4 = 4 and {g; 1, . . ., qj} = X. So p(A) - - - p(x) is a good string.

Let T = {x € Ty | Yy <x. p(A) * - * p(y) is not good}. We leave it to the reader to establish that
T is a finitc subtree of 7, and that f restricted to 7 is a good tree. 1

Theorem 3.7. If A has a good tree, then A accepts some tree.

Proof:  Suppose g is a good trec where g 7 — X and T is a finite subtree of T,.

Let o be a run of 4 on g which makes g good. Then a(A) - -+ a(x) is a good string for all x €
fron(T), i.e., there exists a y < x such that if x = yn, * - - n, then 6(x) = a(y) and {o(y), a(yn,), .
<o, olyn; )} € Gg. Define a generating map J: fronT) — inT) by J(x) = y. Note that
forall x € T, J%(x) = x, and that for x § T, *(x) < x. Define f Ty—> Zbyf=geJrie, f
is the finitely generable tree generated by g and J. Similarly, extend ¢ to Ty, by defining p = o
o J*. We leave it to the reader to prove that p is a run of 4 on f

We claim that p is an accepting run of 4 on £ For suppose 7 = {x,} ~ is an infinite forward
path. Lety = J*(x,) for n > 0 and let Y = InfJ*, @). The interior of 7 is finite, so 3i. ¥ =
{y,| n > i}. Also, by the definition of J and J*, Y41 18 either a successor or an ancestor of y
forall m letZ = {y € inT) | Kzn) < y < zforsome z € Y, zn € fron(T), Jzn) € Y} = {y
€ Ny |y,., <y <y, for some m > i}

We claim that ¥ = Z. For suppose that y, ¢ 7 for some k > i We shall show that for all m >
Lify, >y then y >y, Forsuppose y >y, for some m > i We know that y,_ . is cither
a successor or an ancestor of y . If y ., is an ancestor of y . then y ., <y, and y, <y,
imply that cither y, . < y ory, >y, Buty . <y oand p, <y imply that y, € Z,
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Definition: A deterministic two-way automaton on infinite N-ary Z-trees is a tuple 4 =
<S, s L, M, G>, where |

(1) S is a finite set of states.
(2) 5, € S is the initial states.

(3) L: S x  — SN is the next state map for the root; for s € S and o € 3, let L(s, 0) =
<Lys @), ..., Lyls o). Informally, if 4 is in state s on the root, labelled o, then A4
will be in state L (s o) on the node n.

(3) M: S x = — SN*1 s the next state map for non-root nodes; for s € S and o € 2, let
M(s, 6) =<M(s, o), ..., My(s o)>. Informally, if 4 is in state s on a node labelled
o, then A4 will be in state M, (s o) on the n neighbor of that node.

(4) G C PowerselS) is a collection of acceptable sets of states. Informally, 4 accepts a
tree if for every infinite path @, G contains the set of states entered infinitely often
along .

Definition: The run of a two-way automaton A on an infinite N-ary Z-tree f is the function
p: Py — 5 such that

(1) If = is a singleton, p(w) = s,

() If = is a path ending in A, p(min) = L (p(x). AN

th

(3) If = is a path ending in x # A and y is the " neighbor of x, p(w;y) =

M, (p(m). fx).

Definition: If p is the run of 4 on f and = is an infinite path, then Inflp, m) =
{s € § | p(r) = s for infinitely many finite paths 7 < w}.

Definition: A two-way automaton A4 accepts an infinite N-ary Z-tree fif and only if for all infinite
paths =, Inflp, w) € G, where p is the run of 4 on f

Lemma 4.2 shows that an infinite path # can take only two forms: either # loops endlessly
on a single node or else w passes through all the nodes of an infinite forward path, looping
(perhaps trivially) on cach onc. This suggests that a one-way automata might be able to simulate a
two-way automata by successively guessing state information about the loops on each node. This
method of simulation is successful because it is possible for an automaton to check that the guesses
include information about all possible loops.

Definition: 1f S is a set of states, then a circuit is an clement <s, X, £ where s, 1 € Sand X C S.
The collection of sets of circuits is denoted by C'. Intuitively, a circuit represents the state history
of a two-way automata as it passes through a loop: s and 1 are the initial and final states and X is

the sct of intermediate states. A circuit of the form <s, &, > represents the instantancous state of
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contradicting the hypothesis, so y, .1 > . 1fy, | is a successor of y . then y, ;> y, also.

Hence, for all m > i if y, > y,, then Ym4+1 > Vi Therefore, forall m > i if y, > y,, then for all

I'2 m y > y. Therefore, if 3y € Y. y > y,, then Yy € Y. y > y,. Buty, , is either a successor
or an ancestor of y,. Butif y,_, is a successor of y,, then 3y € Y. y > y,, implying Vy € Y. y >
¥ implying y, > y,, a contradiction. And if Y41 is an ancestor of y,, then y,  ; < y, and y, <
Y implying y, € Z, contradicting the hypothesis. Therefore, Yk > i y, € Z, ie, Y C Z

Conversely, suppose that z € Z, but z ¢ Y. Then for some k > i V1S 28y, Buty, 4 =
z or y, = z contradicts the hypothesis that z ¢ Y, so Vis1 <2<y, We shall show that for all m
2 i ify, 1>z theny >z Forsuppose y, ;> z for some m > i We know that y, ; is
either a successor or an ancestor of y,.. If y__, is a successor of y,, then y ., > z implies that
Y, 2 2z Buty = zimplies that z € Y, contradicting the hypothesis, so y,, > z. If y,  ;is an

ancestor of y . then y, > z also.

Hence, for all m > 4 if y, ., > z then y, > z. Therefore, for all m > i if y, > z, then for i </
<m y >z Since Y = {y|y, = y for infinitely many m}, if 3y € Y.y > z, then Vy € Y. y > z.
But y,, v, € Yoyety, <2< ¥, @ contradiction. Therefore, Z C Y. This concludes the
proof that ¥ = Z

() [y €1 = (o0) | y € 23
= {60) | ypy1 £ ¥ < yp for some m 2> 3

Hence, Inflp, w).

{a(y) | Kzn) < y < z for some z € Y, zn € fron(T), KAzn) € Y}

Uz€):zn€fmm(7),1(zn)€y fe) | Jzm) £ » £ 2L

By the construction of J, each sct {a(y) | Jzn) < y < z} € Gg. Since Gy is closed under
unions, Inf{p, o) € Gg. Since Inflp, 7) € G for all infinite forward paths #, p is an accepting
run for 4 on f Therefore A4 accepts £ 1

Theorem 3.8: The emptiness problem for complemented pairs automata on infinite N-ary trees with
m states and k pairs can be decided in time at worst O(N3 x exp exp(k-+logm)).

Proof: The two preceding theorems show the equivalence of the emptiness and goodness problems
for complemented pairs automata. The result follows immediately from Corollary 3.5. 1
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4 Two-Way Automata on Infinite Trees

Analogously to two-way automata on finite strings, we can define two-way automata on
infinite trees. Two-way automata compute along all infinite paths through a tree, i.e.,
computations begin at all the nodes of the tree and branch in all directions, including back towards
the root. It is technically convenient to allow two-way automata to distinguish the root from all
other nodes.  Theorem 4.10 shows how to simulate deterministic two-way automata by
nondeterministic one-way automata; we do not know whether this result can be extended to
nondeterministic two-way automata.  First, however, infinite trees and paths through infinite trees
are defined, and some simple results proved about the structure of paths.

Definition: Recall that T, is an infinite N-ary tree. Two nodes x and y of T, are neighbors when
either x is a successor of y or y is a successor of x. For 0 < n < N-1, the n'" neighbor of x is xn;
if x is the successor of y, then y is the N neighbor of x.

Definition: A finite (infinite) path on T), is a finite (infinite) sequence {x,} of elements of T, such
that all n, x and x, , are neighbors. Let P, denote the set of finite paths on the tree 7. Ifw
= {x"}lgnsl‘ and T = {xn}L+1SnSM are two finite paths such that x;, and x; , are
neighbors, then the concatenation of w and 7 is m;7 = {x }, <« , (defined similarly if v is an
infinite path). The relation # < r holds if and only if 7 = @;6 for some nonempty path 6. A
Jorward path is a path {x} such that x, _, is a successor of x, for all n. A loop on x is a finite
path {x,},«,«<y Such that x; = xy = x. A simple loop is a loop x;a.x such that # does not
contain x. A singleton is a path consisting of a single element. An infinite path « is cyclic on x if
and only if x occurs infinitely often in #; @ is acyclic if and only if it is not cyclic on any x.

Lemma 4.1: If x;m;x is a simple loop, then # is a loop.

Proof: Since x;m;x is a path from x to itself, # must begin and end with neighbors of x. Any
path, however, which connects two distinct neighbors of x must include x. Hence, if # does not
include x, # must begin and- end with the same neighbor of x. 1

Lemma 4.2 If w = {x,},5, is an infinite acyclic path,. then there is an infinite forward path
., where each 7 is a loop on y,.

{yn}nZO such that 7 = [ AR
Proof Clearly, o must contain a least element x. Let ¢ be a (possibly empty) initial segment of =
preceding some occurrence of x in . let y, be x and let 7, be that segment of # which extends
from ¢ to include the last occurrence of x in a7, so that 7 is a loop on ), Inductively, given y,
and 7, = {Xm}l,SmSM' let y,., = Xy, and let 7, be that scgment of # which extends
from o;7,; ... i1 o include the last occurrence of y,  , in w, so that 7, is a loop on y, .

I'he reader can verify that {y,}, ¢ is an infinite forward path. 1



