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ll1e four chapters of this thesis were written independently and may be read scapartely. Each has 

its own introduction, terminology, and notations. but aJI references have been collected' at the end of 

the thesis. 

Chapter 1 presents an on-lin~ simulation of a dctciwinistic mulfi~a'1. (;""Q.imcnsipnaJ Turing 

machine of time complexity 7{11) by a detenninis.tic mu11;~e~d tf;-dim,pt;i~pnal·machineoftime 

complexity O(T{n)1 +lid- lie+ E) for ane > O. In ·r~wm.,l!Ube £ inth~:cxpo~cp.~ is replaced by 

<~ l). 'lllis simulation nearly achieves the known lower bound ~7{11)1 + lid~ 11') onJ.bc time 

required. 

Continuing the study of multidimensional machines, Chapter 2 prc5cnts a'n' off-line simufation of 

a nondeterministic cl-dimensional machine with one wottupe head that rims in time 7{11) by a 

deterministic machine in space ( 7{n) log T(n))dl(d+ n. An anont~ous referee noticed the simulation 

by an alternating Turing machine in time 0((7{n) lug:'.f{1d)"l<~-1; H) ('lbcorem.2.J). This chapter has 
• • • • " - l A • • •' ' ~ ' • t •, O •' ' 

been accepted for publication in Theoretical Computer Scie!lCe. An Q<Vlj~r v~ion <;IPPe~as 

Technical Memorandum TM-145 of the M.1.T.,l..a~r4(ory for CutnputcF,SC~epccll4}. 
. '' ; , . " -. . 

Chapter 3 uses an overlap argument to derive ~"' prqqfs in ~e pehl>J~ ~e. We clevclop a 

strategy that uses 0(11/log n) pebbles to pebble evpry ,directed-=iVfl~ Jr<tph ~ith ,,:Ve~~.and , 

bounded indegree. A varja~ion of this strategy uses S pc~lcs tq;pebblc me graplt in at most i2{}(..n!S) 

steps. lltis note on the pebble game wiJl appear in lnfon1Wtio11 PtQcf.$$ing Le(te~ 

Chapter 4 recommends further research on automata with no~~nti~~rage.~~µJl:S. It 

includes a novel geometric argument that suggcst.S a time-space tradcoft' for, ~na a 
' - ; ' ,, . -, ' . ..,,, 

multidimensional Turing.machine by a tree machine. 
: < 
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1.1. lladg_nRml 

Introduced by Hanrnanis and Steams IS). multidimensional Turing machines aTC natural 

gcncrali1.ations Of <!onvcnti<mar·ruring rrtaehincs. ffen~ic ~lnlongc>rk'v(t 61 csrablishCd a tower 

bound ofll(1{11)1 + VII- ll4lon the time required by a muttibead d-dirhcnsionai 'fiiring machine tO 

simulate an e-dimcnsionat maehinc of time complcxit~ 1{11)00-line~ We present a siinuJation that 

nearly achieves tftis bound 

Theorem 1.1. Fur alt d> l,all e>d,_andall i >O.cv~cymu1'ihcad~~nsiona1Turing 

machine of time complexity. 7{n) can be simul~d on~linc by .• a, IJJU~ d,:~ T"riBJ 

machine in lime 0(1{n)1 + lid- II~+ e) •. 

For the ·case d = 1, Pippenger and Fischer (22J devised an optimal simulation that runs in time 

l)( 1{nf • 11"') dn·tinc. GrigtHicv f3j described an rin-nnc 'silriutatioo in time ~7{n}1 + 1'~ when· 

e = ti + l; even in this special case. Titcorcm lJ prov~ a better upper bound.· Also, Grigoriev 

proved that every storagc'nio<frf.Cation mathfnc 'of rime &rhprcxltf t(n}can be simulakd on-line by 

a <fdimctlSionaf machine in time 0(1{ Jr)1 + 1'f4fl'): sinee eve~ 'niuttidimCnsional Turing machine 

c~n be simufatcd in real time by a stol'agc m0difi61tion(mcidline·(m cverf ·e:mincnsiona1 ~hine 
can be simulated on-Hnc·by a d-~nal fnaclrinc in timC 0(7(,,)tt,.. ,)(a.»):-'Thc tilJJe rcquims 
by our siiriitJatimf is 5mal1er. ho~. 

Grigoricv 141 ~ r.hat'evecy nondcierministlc'e-a~ns~nc can be simulated 

off-tine by a nondeterministic ti-dimensional machine lff liihe Dt7tn)'r+ tll"' flt.+ ') for nery-, :> 0. 

We consider only deterministic machines. Our simulation can be modified ro yield this result about 

oondetenninistic machines. 

Paul. Seif eras, and Simon (19) studied simulations among multi<fnncnsionaJ machines with 

limited numbers of wort tape heads. They established nonlinear lower bounds on the time required 

to simufatc multidimensional machines on-line by machines with fewer worttapc heads. 

furthermore, they presented simulations of multitapc multidimensional machines by machines with 

just two wort tapes having one head each. In~ we prcscot a simulation by a machine with 

more worktape headL 
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1.2 .. SimulatiQB 
, ): 

Let us review definitions for multidimensional Turlng:~achines.· ;fo ~ach cell of a tfdimcnsional 

worktape asstgn in Che u~u'al Way a d-tupfo of iriteg~rs calkd th~ coordinate~ 'or the cel1. 'lbe ' 

coordinates of adjacent tells diitci In just oric componcnt'by ±l. 1~e ~,}~;,~;is ~~cell. w~, .- .. ·• 
\ - ·~··. ' •. ~' .,-! ,, » ~ - f:-_ - ._,,,..,·:. ~ -· ; . ', 

coordinates are air zero. A J-dime11sionaf Turi11g lhachine hiJS a finite~Siatc rontiol. a read-only input 

tape. a write-only output tape, and a finite riumbcr of' J.Jun~nsioriai w<)rk~Pcs. c~h of which has 'a 

finite nLlmbcr of11cads. At' each step the machine '~ads.tkc symbi>1s i~:~ c~lls on
1
which the input 

' ' 

and worktapc heads arc positforied, writes symbols on th~' work tape cells and possibly on the output 

tape too, and shifts each work tape head in oric of2d +.I possible directlo.is - ~ither to one of2d 
- - . - .- ,_ • . ; • f : ·• d!~, '. 

adjacent ccfls or to the same cell. lnitially, all worktapc cells hold blanks. and every worktapc head is 

positioned on the origin of its tape. Leong and Sci fetas [12} proved that e~ery d-dimcnsionai 'Turing 

machine can be simulated in real time by ad-dimensional machine having just one head on each of its 
/ 

work tapes. 

fix integers d > I and e > d, a positive real number e. and a finite alphabet 11. To establish 
- . ·- . ':i: _.- _·. 

Theorem 1.1, it suffices to exhibit an on-line sirtm!a_tion of a particular e-dimensional machine E with 

worktape alphabet 11 by ad-dimensional machine D intime;0(111 +lid- Jle + e). Machine E has one 

head on one worktapc and operates in real time as follows. At each step it reads another input 
,. 

symbol, called a command, that has the form <b. 8>, where b € 11, and 8 is one of the 2e + 1 
. ,:;• ·: :> -

directions in which the worktape head can shift. Suppose E is in a configuration in which the cell y . . . : ~... -, 

scanned by the worktape head contains IJ. When Ethen reads the input symbol <b, B>. it writes b on , 

y, writes b' on its output tape, and shifts the worktapc head in direction 6. Calt symbols of A 

responses. Let l: be the set of commands for E. Machin~ E defines ;t function from _l:* to 11 * that 
~p ! '. ~ ' ,.~ ·:·· : - ' ' . ' 

maps a string of commands into a string of responses of, the same length. Machine D simulates E on-
:-. .t 

line in time 7{11) if it computes this function in time 7{n) on inputs oflength n, and fo~,~very input, 

for every j, machine D produccs_tl\cjth rcswnsc.bcf<>r~ r~n&Jhe.(i t ~~command. 
' ' • - •· • '. '- '.• •" . I \ • ' ~ - • ~ t '(.· 

On a given input string of commands.. wb;el).E )las p~csscdjH&~,f~~ COIQm~ we say 

that Eis at time T. When D bas.prqcc~ pnly t,b.c first~ COf'1JJMnds~~cd;tl~fU'$t 7. OlJflPl 

rcspo~scs), D ~ aJsimu/IJttd~r. 

Consider a string of /1 commands. For simplicity we describe a simulation in whidur is:av.ailable 

off-line. The simulation can be converted routinely to an on-line simulation with time loss of only a 





(i) for c\lcry celly. there arc 5'r<U1ock.sat level tmat contain a ecUat dfitances;ortess 

fromy; 

(ii) for every-ecHyin a block Bat level i~ ify isatdisthncc•~dygrcmerttfan sH from · 

·c'Vcry cell outside B. then rheoo-isaJ>lock 11 g,Bat'.levd i-lsud\ tf1aty iS0 wcll within JI; the 

rclati'Vc position af B' in Bis easily calculatccHmninhe ~·df'y~ ' ,, r!'. 

R eischuk (23) 'Cmploys a similar covering. 'lbe block scat mt i:., li d:Uih1ie tontainoo fu. ri 'block B at 

level i arc thesulJblocksof.B. Every block atle14'clihas at loo8t (:ls/.t1-1Y:Su1Jbklcts. 

Let" be the functiondetiaed by 

•(~) == 2f!Ql..Jl; .· .. 

if x is not a power of2, then .,, maps x to the next Jarg~r. of2. Let mL • = n, and for i < l let 

mt-:::;. oiy .. ' ' ; 
the volume of~ ~lock at level i,. For each i set 

Y1 =(3cY:coi• 

ui = •«11•1•>11;, 
I;;:; •(('y1 &~11"). 

A routine calculation show.s that uL = O(n~ld +.t). and for i< L, 

u; > (c0 s{ls1-1 ')11d ui-1'2. (l.ll 

In D a page at level O is a (¥>x of side t-0; for i) 0, a P.<1,ge a1}evel ~js a,l>-ox w.l,lose-~ is a power of 

2 that has a mass store, a memory map, a free SJorage (ist. and fl no11b/a1!k cell coulller. If P. is a page at 
• • • ' i l -~- •' . • . • . '·" . ,- . 

level i and P' is a page at level i - 1 and P' ~ P •. then P' is subp(ll{e of J,> •. W,c <lcscrU>e how the cuntents . . .... : ... ,• - . . ' . 
of a page Pat level i represe111 the .contents of a bJ~k Bat level i. 

lfi = 0, then P represents the .cqntents of B litefillly: for~~ '?fl)lt\(J~e cells yof B.thc~eis a 

representative cell z in P whose relative position in Pis ~tenni~ ht' th~·re1"0vc,p06ition of yin B, 
; • ·' - ~ ~ ~ I ~ $ • • ' . . - • . 

and z holds the same symbol as)'· lhc detail~ µf tJU~ rep~~~ are ~po~t. pro~i4e4•t 

relative position of z in Pean be comput~ fro111 the relativc .. ~~n of,x,i,i.B il),<;p~time.. 

If i > 0, then for every non blank subblock B' of B, there is a subpage of P whose contents 

represent the contents of TJ' recursively. All sub pages at levcli - fa..C- paitwike d-.sJ~i~t ·ccl'P have 
side p. The mass store of P is a boX't1f side p/2 in P that cbhcll11~ 'fh~ ~u~es!'The adt!TJ.u 0¥ a 

bo:it in the mass store is its relative position:witti rcspcct·.to·ttit\~ stbre. 
'The memory map of Pis a bOx of side 'p/(41og S;) in r: Tts.~on~~t5ioaintrln the clddrcSsesof 

subpagcs of P whose contents represent the contents of subblocks of B. 'lbe relative positi~n8'of 
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Effects: The contents of the memory map arealter~:4~~~ a,~~f .. apd,~ free volume,.of P 

is reduced by f'~ (Oµtjng,~iscall to ALLOCAfE. the (feestt\f~e iist..aiay tcnlpOraliJy hQld 

adQI"csses pf 2d ~~~.boxcscf the same side,.>, 

Method; A buddy. ~ystcm is u~<HIO). 

Step I. If ~e, f~\!C ~rfigc list iuw1M address of a hoit ~f ~.r,' then ,akffite,Stcp 2-. f;ct ¥• be the 

smaUc~ power of 2. greater than r foi whicl} ~free lifm-•&e.list;~w:: an address bf a box of 

side q*; if no sw;h q• cxi~ tlwn .tcrminatc,witll fitilure.: foriq ;:.,1/4:~rq*..JQ., .• :. 4r. 2rin order;' · 

scl~l an address aqofa box Cq o.f side q,,dek!te ~4tr• the Ii~ aud add-·tq;Lhc JIM lhc addresses 

of the 2d pai rw isc disjoipt Q~KCS of side q;17. whose ook>tri$;(".lf . llutJ~ stQfa&e list now has 

addresses of 2d - l blank boxes of sides 2r, 4r, ... , q* /2 and of 2d blank boxes of side r. 

Step 2. Let a be the addresS of a b<)x of side ~on the rtec st'orage iiSt. and del~te this address from the 

list· f n 'the memory map of P, set up at m'ost 0(10g s) pointer bo~ei~>f ~01utl{e O(log u ;) for the 

binary tree (~ribcd above) to as.~iatc addreSS a with' k"I; '1r the ~iiitei" t>oxes for the binary 

tree 110 longer fit in a b<JX ·-Of side pl( 4 tog s;)~ theri tentiinatc with t'ailure. 

Procedure a+- PAGEADDRESS(i. k'): 
·, 

Hypothesis: lllc worktapc heads of D arc on a page Pat level i. 

Parameters: k' is a binary string of length 0(1og s;) that specifics the relative position of a subblock II 
' 17 . ,-;·. -

of a block at level i. 
/·_. 

Value returned: lbe address a of subpage P' in P assigned to /1 such that the side of P' is 

min {•((y i-l •m' +'s;-i))11"); u;-1}. where m' is the Wluc bf the nontita·nfec11 c:bufited>t' P'. lfa 

call to ALLOCATE fails, then this call to PAGEADDRESSfails. 

Effects: ThiS<proced&re may alt« the contcntS o£the ntcimJt'y tnap' and the &Cc 'StOragc list by a call . · ·' 

to ALLOCATE and may set up a new page in the mass store. 

MethtNl:,'Using t'·and thc'm&iury map of P. retrieve ihc:1i~~f"thc·sabpage ·p of />assigned to 

If: visit the O(log S;) pointer boxes fhr the nocfbs orftt\e path ih'ttic bif1a6' fr~ (d~'n0c{fabove) 
from the root t0 'the· tcaftbat corresponds t6 k' to obtdn die add~ assdclatccf With ·1t.: ' 

If no address is associated with It, then call ALUJC'ATEtt1'6btnri ~ f>lant tiJk of s~ l;.1 in d1c mass 
store. Initialize this box so that it bccomcs·a subf>agc.Ywhtisccbntcnts'tcptcscnta bloek .. whose 

• ' • • l~• I .• ~ :. ,. ' - ~ -., • i' • :' •; ; - ~ -·l-' ' • ii' ' ' ' 

cells all hold blanks: ttre·frce storage nstotJ>' cdntaiOS')~a&tr&ofthc blarik box of side 

1;-/2 in its mass store (namely, the mass store itsclt); the valu~'cif thc ii~~61~nk ~~" coont~r of ,I' 
is 0. Return the addr~ of P in Pas the value of a. 
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r .ct,; w the side or I' and ,,; be dle-Yalue orus nOnblaut d cOuMa: by cltfimtioft. I is a power of-

2. ff,;,< min f1f((1 H (lit + .tHW''\ •;.it lbeD calf AUDCATFto ..... a new bOl of side 

p• =min fw((yH (m' + .si-1))114>, ui-IJ > 21 in &k .. ~c>rr~,rl) B'. Copy die 
contents of P into this box to produce a pager sudt thal if fllt'cXMtehfS of JI" ltptestnl the' · --

contcnts.oflf .. then fhealldCll8ofr"alSD ~dae-coltraa-oflt: ilparucubr~ to ensure 

Iha& die addrCBS in ·Jhe D1ClnOfY map ftlRaia •atid. ~ dlCiCURtenes'of'ftmmstDreof I', 

which has side rJ n. intU lhC flm o( side p' n-wOOrba.W ttD iS •same aS itte base ccn Orthe 

R1a5S store or P~ Ausmcnt me ftte storage'listof rwidt~ ~ 1 blant boxes Of side 

p"/4 itt its man Slin. In mis case return the' addtftl:Of /""' ih •Pen tbC Valot of 4: 

Let h be the relative position oh cell with respect ~o a bOl Con lhe .-:or~tap; ~fE and a be a 
' - . . ~ -- . -

sequence of commands. Procedure SH/Fron input(b. o)J>foducCS ~relative ~tio:n oftbc head 
' ... '. '"' ·. _- ,':> - . . • 

of E with respect to C that results from starting on ccll.K(h. ()and.~~ mc,sbif\sjQdica&ed by 
. . ~ ' - ' - - . ' ' ; ., . ; ' ~- ' . - . ' . 

a. SH/Fropcratcsin time pmportional to the su~ of,tbc lcngtbsof:its"',Pl.ltS: usiug-eunary 
_; .. ' -, . ' ' . . . . 

counters. one for each dimension to maintain the displacement of the head from .x(h, ().change one 

of these counters by ±1 for each of the shifts in a~ finalJy. with eadditionsor'subtractions. ~Jculate 

the new relative position. 

Procedure UPDATE (4 h, o): 

HypotAaa: 

(i) At~ beginning~ end of this call &o UP DAT~ lhe woit~ ~of Pare~ tJte Nie cell of 

a page Q at level i. 

(ii} Let"' be- the value of the nooblank r.ell CO\lJ$r or :Q ·-begilutiag of' dais caU; Q has-lide 

mia{w((y;(m + :r})-11'\uJ. 
~ /1 ~a binary S(riqgof~ ~s} ~.~· dac1eJa&ive~of a cell witi. 

rcspect.kla b~t Cat level i. a isa ~of fJUGWwwcfs. _ 

Elf«ts: If at the beginning of.,. p~ QllJ. Q ~Cat•"·~. woBtapc. beadofEJs 

OD .x(h, C)_ at time T •and 'f B tlic scqucJICC of~JIPllUk, at·~'J' + l- 'J' + .Ip chm at lhe 

end of the call. Q rq>mell«S C ~ tiQJe .T + s, Tiie valutc '1f: DOIJblaak ,cdl,e;otaJ*;c of Q .ism to 

RI= min{m + s,m;•J;dlesidco(Q~•((11m'l1'">. lf~.pmceducetAtatUPDAT:Ealk 
fails. lhcn daiscaB fD UPDATEfailL 



u 

Methot/.: lfi = 0, then use a to (Jctennine the ne\f,~Ontcn4~f e~ccy ~~UJ~iia C ~atis visited'by lbe 

worktape head of E when it starts from .x(h, C) an4.$ifts oo~ftlingJe •: oo~ this-0cw symbol 

into thereprcsentatiy~ of yin Q. 

Otherwise, if i > 0, then set k .. h; add s; to the value of the non blank cell counter, unless. it already 

equals m;*; partition a into s/ sH wn~tttivc sul>sequcnces o: of lengtluf 1; and perform Step l 

through Step 3 for each a', iJt order~ 

Step 1. For each of the at most se subblocks C of C that cootains a ccD within distance s;-1 of 

x( k, (), pcrfonn Steps 1.1 and 1.2. 

Step Lt Call J>AGF.ADDRESStodctcnninethcaddressofthc subpage <l of Qassigned to 

C'. Let h' be the- rclatwe position of .x(-k. ·0 witn respect to C'f 

Step 1.2. Move the heads of D to the base cell of Q' anctcatt VPDATE.(i ~ I. h', a'). 

Step 1. Set k .. SHlfT(k, a~). 

Step J. Return the heads of.D to the base ccR of Q; 

Correctness: To check that UPDATE opaatcs properly ,.Show by induction that ror each j, at the jth 

execution of Step 3. a' is the sequence of commands aNimes·ir + (i • l)si-1 + ·1, .... -r· + j si-1, the 

worktapc head ofE is on x(k, C) at time,. + j si-1• and Qropresents C anfrne., + j s;-r 

Procedure a .. STMULA.TE(i, h): 

llypot/lues: 

(i) At the beginning and end of this call to SIMULATE, all heads of 0 arc on the base cell ofa page 
"~ . ' l - : 

Pat level i. 

(ii) At the beginning of this call let 0 be at simulated time-rand Jct m be the value of the oonbJank 
' " . '. _, ' ... ---· ; . ~ ": : ~] ; ~ 

cell counter of P; page />has side min {w((y;(m + ~~)11'},_ u). 
(iii)· At the beginning of this call, P represcntS bltJck B ~t·l~vcl i at time -r. At time., the worktape 

~ . , . 

head'ofE is on X(h, B), which is well within il. lConscQ~~ndy. th~ ~~ri1t;.pe head ofE is iµ 8.at 
~· ::, :, : ···.:n _:t ; "t:. 

times ., + I, ... , ., + s,) ~ ' 

Pammeters: h is a binary string of length O(Jog s;) that specifics the relative position of a cell in B. 

V11/ue returned: u is the sequence of commands at times f. + 1, .... -r + s1 If any procedure that 

S/MULATHcalJs fails, then this call to SJ!tlULATIUails. 
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To simulate Eon an inputstring of 11 c~ITTm-..n,wvetbc"WQf~p;Cil~~fD to the base cell 
' . ,,-, - - -::..' ' .. ' 

of the page I' L of side u L lhat represents R /,at time 0, and call SIMULATE with parameters(/.,,,~ 

where ho is the relative position of the ~i~'1 w~ ~t \0 BL\'. 

l"-· 

1.3. Analysis of the Simulation 

We prove thi;it every cm! to SJ MUI.ATE completes sums~ly; die prooffor l/PDATEislhe 

same. 

l..crnma I.I. Let rbe a power of2. Suppose the free volume of page Pis-at least ti in a 

configuration of D at the beginning of a can t~ ALUJtA.rri on A '·iben this call can produce the 

address of a blank box of side r ln the ma~ store of P. 
c 

Proof. I.et q1 S q2 ~- .•• < qm be the sides ofboxes whose addr~ are on the free storage list 

of P. Since the free storage list has at most 2d -1 boxes of each distinct side. the free volume v of P 

satisfies 

v = qmd + ... + q1d S (2d - l)qmd + (2"- l)(q,(21' + ... + (2d - 1)(1)" <(2q,,)'. 

tf 11 S '"then 11< (2qmf. hence since risa power of2. r< q_,. Con~uently, ALLOCATE can find 

a blank box of side rin the mass store of P. I 

Let D be at simulated time Tat the beginning of a call to S/Mf.ILATE<>n-a page Pat Jc.vcl i) 0 

that represents block Bat time T. Let m be the valueilf the.nonblanhrcllcountcrof fin this 

configuration and m' = mia {m,*. m + s) . . The side of Pislt((fjm'~4): 

Lemma 1.2. Throughout this call to SIM U LA,TE 

(i) Phas at most sem'lsH active subpages. and 
' 

(ii) the total of the nonblank cell counters oftJtc activesµ~ of P never exceeds sem'. 
' . ' ,- - •· • _. - ·: '~ '' "t{ ~ - ~ ; 

Proof. First. suppose m' = m;*. Since B has at most Usf ~H>e st,t~l~ks. /> b~ at mosH3s/ sH)e 

S m;*ls;-i < sem'ls;.i active subpagcs. and the sum ofthcir.nQl}blank cell counters is at most 
';· - : ~ 

Now suppose m' = .,,, + s, Ry ind~tior ,o,n r' -~t ~f1lUla~~ tjme T' .P ~as'~ ITU~ 5em1 SH ~ve . 
'· . ~ ,,''. ', i ".. ' - ~·" i .' ' '. - ~ :!; • ; _;:.(. • ; - • : ' - • "' '. • : - : 

subpagcs. and the total of their nonb.1,p~ cell ~~':'lefS_i.s ~~ sem., ,~teach of s/sH iterations 

during the execution of SI MUI.ATE, at most'Se-~ew active subpagcS~~crcatc~,an<l.s*" is~_JO, 
~·;."-~ t-" . . :; J. ' . ... . ; 
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·-
lbe kJtaJ of dtc nonblant ccB COURlers of the actnc subpagcs of Pis at most 

We shew that during thi9 call t0 Sf MU l:.ATE. every can *'> /> AGF.ADDRF.SS in Step 2 or Step 

4.1 completes successfully. Firsr. we verify that r ~enough space for the free storc1gc list and the 

memory map. Since the side of Pis w((1,11t')11") < ff{(Y;lllt)11'!).= f1,. ~ rc,tanvc po5i~of abox 

in Pean be specified by a string of 0(~18 u) s~n1bols. (Ry~ th;&;~ ()f tbc worlta~ ii~ 

of D. we can adjust the constant of pmportionality to ensure that ~rtions ( 1.4) and (l ..S)bclow are 

true.) ·1bc free storage list of P comprises ()(log u) add~ ofkl)gth O(kJ&-!'1); thus. die, free 
. . ' .. : ! ' - , .. ~ -, ' 

storage list occupies a box of side 

O((k>g uf'"> < Of . .1/'"> < w((y; m')ll"Y4 (1.4) 

because m' >It In the memory map of r there arc ~logs) poinl~r ~·~offixcd volume O(log u} 
, . . '-' 

for each of the ~m' I s;-1) acCi\le subpagcs of P. These pointCr boxes flt in ·a ~ of volume 

~(m'/sH)(log s)(Jog u)) <'. (w((y;~1')1~">t<4,1og s)Y'. (1.5) 

the volume of the memory map of P. When PAGEADDRf.:()Scalls Al.l.OCATE: d1isca1Jcannotfail 

for lacl-Of $pCICC fOr lhe memory ~ 

Consider.aconfiguratioo of 0 just before acall IO P Atif:ADDllF.SS OB P:inStep l'OtStcp4.J 

between simulated time T and sinrulatcd time t' + ard•lhis tonfipratioil lcl'P1. pl' ·-be-the active 

subpagcs of P and let m1'. tni'. -·be the values of ~ir ~k ~n cou,nte~: let P,irrepJ"esen.~ _ 

subbloct Biin B. Thesideof~istr((y,_1 ~·)ll"). Thc~storeof-Pflo'm..~cOlltents_ofsmaUer 
subpagcs that were assigned to Bi in previous configl1~~ ·-,the~, of thcsesmaJler 
subpages arc powers of2. lheir tOtat volume is at moot die ~-of r1 ~. (•(~y H "';_~ll")Y' . 

. ' . '' ' ' .·. ' ' ' ,'· ·? " .. 
ConSequcntly. ~ volume oTuscdbmes in the mass store of Pin Ibis cooflglll3tioo is bounded by 

~j 2':~((; H mj)11~ . 
Suppose PAGEADDRJiSSdccidcstoassigil to BJ a ncW .,a.eorsldcw(hH "'11114>. whcle 

• -, , ., ... _ , - -, _-:I"''_., _ ·; '- - ,,~--- f'U,'.: i~;~ .. -:·d - ., .~ 

"'i = • 1 + sH; according lo die dcthiition of PAGEADD•~ . 
'.' '.. • - I._ ' • ; ; ,' ~ • ,"~ f'\ • ' • .-

tr((y H 11t1 ..,Mlf> l .({!1-~· ... ')11~ , (l.6) 

(1.7) 
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Because tile mass store has side 71((:y; m')l./"}Jl; the free vulume of Pili.this cQntiguration is at least 

(7r((y.m')11'1)J2)d-I. 2(71((y. 1 m.')ll"))" ', · _;, 
I J /" J 

~ ,4dy: y H 111' ... 2(7r(( 'YH 1U1 ·y1")t~>" _. 2 Ej>1 (211 'Y H mj) by ~t~) 

> 4d_y H ()em')r 4d YH (~>1-f>..;. kTH nt1'r. r· 

>4dy;-1 m1"-:·2y!t-1.m1" by(l.~ · 

> (w((yi-1 m1''>l'"))~ 

Lemma 1.1 guarantees iliati Af./.OC ATEcanfind'.ablnt bouJf side.•th i-11n1 '')
11") in the mass 

store of P. 'rberefQrc, tbiscall to/> AGEADDRE,SS C<JfflPlmcsis~ldly. 

By induction on i. neither the recursive calls lo S/MULATf.)•t"W the-cat~iO UP/JATE fail. Ergo, 

the call to SIMULATE at simulated time -r completes~utlyJ 

In the memory map of a page at level i of side p< u,. to move a hcild from otic? pointer box to 

another takes time proportional to_p/(4 logs;). the side of the memory map. Thus. to determine the 

address of the subpage assigned to a subblock or to associate an 'address' with the relative position of a 

subblock tates time 

(O(log u;) + O(p/(4 log s;)))O(log s) = O(u) 

because O(log s) pointer boxes, each of volume O(log u). arc ~. 

Let T_il) be the time used by ALLOCATE on a page at level i. Sincecirric O(u)isconsumed in 

moving-the heads ar<>und the page and in the memory map and timeO((log 11;)2) in handling rhe 
addresses in the free storage list. 

TJ1) = O(.u) + O((log1if) ~ O<.u~. 

Let TiJ.._i) be the time used by PA.GEAIJDltESSbtfa J>ageat1cveH. excltlllingtlie copying of 

subpages. 111is procedure retrieves an address from ·the metnOf'Y map (time O<.u;))• performs some 

arithmetic calculations (time O(Jog u;)). moves heads around the~ store(tilric <X._ti}). and calts 

ALLOCATE: 

T iJ.i) = O(log u;) + O<.u~ + T Ji) = O<.u}. 
Let T Ji) be the time used by UPDATE on pages Q at level 1 < L, excluding the copying of 

subpages in calls to PAGEADDRESS. Evidently, T JO) = 00); Fdr l>lhve as8css the time taken 

by each Step. 
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We prove that durins the ~imulation of;E by .q.JbelQ&al titn<takeftby·ropying the contents.of 

pages in calls to procedure PAGEADDRESS is 0(111 +de}. Consider a configuration of D at 

simulated time,,. at the end of a call to SIMULATE on a page Pat level i of volume 11 .. let Q1, Q2, .. ., 

Q1 = Pbe the sequence of pages such that forcachj> l, prior to simulated time T, PAGEADDRESS 

called ALLOCATE to obtain Qi and copied the contents of Q.t1 foto <ij Call the sum over jofthe 

time for copying Q. 1 into·Q. the ancestralcopyfng time fbr P. The sldt's'~fthcsc Q.a~e increasing r J J . 

powers of 2. Consequently, since the time to copy the contents of Qt 1 irith Qi is bounded above by 

the volume of Q1 the ancestralcopying time for Pis atmOSt: tWiCe ihe volume of P, namely, 2v. In 

this configuration of D let P1• P2; ••• be the active subpages of Pand "1· v2, ••• be their \tolumcs. Since 

these pairwise disjoint subpages lie in the mass store of P, whose volumt' is vl'll, 

l:. y. < tn<'. 
J 1-

CalJ a page P' in Pat any _level active if either P' is an active subpage of P(atlevel i ~ l).or P' is active 

in an active subpage of P. Suppose inductively that tbeJe is a con9tanH's··>"4Such that for each}, the 

sum of the ara:estral copying times for all active pages in Pi over all· levels is at most k5 v1 Then the 

sum of the ancestral copying times for all active pqe&in P o~er~levds is at most 

2v + 1:1 k5 v1 ~ l., + ~vn' ~ k5J.. 

Jn particular. when P:::: PD Uic pageatl~vel ,l~ to Bi, this~cppying,time isatmost 

ksu/ = O(yL n} = O(nl + '*). 

Therefore, by (1.1), the simulation uses time 

T f..L} + O(n1 +de} S (sL/sL.1XO(uL) + T J..L -J)} + O(n1 +de) 

< 111 - lie( O(Jil'd + e) + O(u L-1" + O(nl ~ '*} 

< O(nl + Ud- Ue + '). (l.8) 
... 1 ' : •• 

Theorem 1.2. For all d > I and all e > d, every multihcad e-:dimenJionat Turing machine of time 

complexity 7{11) can be simulated on-line by a multihead d-dimensional Turing machine in time 

0(7{n)l + lid- lit+ ()((log 7{n)f 112>). 

Proof. 'The constant of proportionality in (1.8) can I><: bounded by ~6k, lit, where k6 and le., 
depend only on d and e. Choose e as a function of n to miniipize 

' ~' ~ 

1
6

1c.,11e nl + Ud- lie+ •; . 

E = O((Jog nr112). Ergo, every e-dimensionalTuring machine of time complexity 7{n) can be 

simulated on-line by a tfdimcnsional machi~c in time oCnn}l + l/d· l;e + ,O(<lo& ~n)f ~. I 



2.1. latrodudioa 

ft is generally believed that the computational rcspu.rccs tig1e and spai;rc,:~;tn be ~~changed for 
-·- .__ - . " ':..-... ·,_. 

each other. For instance, a program that sav~ space (~oragc) ~~ compres.\io& data spends ,extra sme , , 
- • - > > • - '. • 

encoding che data and decoding the stored rcpr~nlati()n~ ,~ data;~ntr~ ~ minimQm space. 

but require Jong access tim~; others reduce access times by uccupyiqg large atOOUnts of memory. 

Quan.titativc tr'1d®ffs have been cstablishcd,bctwJ!Cft timcand~c for multitapc Turing machines 

(7) and for straight-line programs(ll. 1.6. 29i 

Recently, Paul and Reischuk (18, 23) proved that Ute tradcoff of Hopcroft. Paul, and Valiant (7) is 

. not an artifact of the li,nc.uity'i>f the Turing machine tapes: every dc(emrinistic muftitape 

multidimensional Turingmachincoftimccomplexily 1l11)callohe simufatod by a deterministic·· 

Turing machine of space complexity 1ln+ Jog* .7l11>11og ·'iln) ff>uome consca1n t. We derive a space· 

bound for a restricted c~ of nrullidilmnsional Turffig machines! forc~ry nondctcrminiStic d

dimensional machine M with one work.tape bead that runs in time 7{ 1t), there is a deterministic 

Turing machine Al-such that M' accepts thcsame1anguage-'M'1Al-in5pacd11l.n) Jog'7fit)jd1(d+l), 

provided that 'l{n) is constructible in space ('l{n) log 7{11))d/(d+ 1). 

Section 2.2 introduces definitions. including a gencritiii.arthn of'c'rossing sequences .. Section 2.3 
. · .. -. - . - . "' '~ : I . 

describes a detennlitistic simulatioo of a nondctehri'fnistic iklimcnsionaJ ·1nachine Al with just one 

worktapc head, and Section· 2.4 P,ovcs'that thi; si~nraiibn'u&Cs si>ace (7{11) Jog 7{n))'U(d+ I) when 

/IT runs in time 7{11). (All logarithms arc taken to b~ 2.) lk, sttnulation and proof generalize 

Patersoo ·~ (15} for ~e case d ;;: .1. ' ~'' -· 

2.2. Definitions 

Fix a tfoitcalphabct Z an<ta positive integer d. i .. wo'rkkPe'o~e~ f' ~~,set of~ells. each of which 

can contain a symbol in I. A worttape is d-dime11si~1ia1)fi'~~cll~·~~c in bi~tlvc correspondence 

with zd., che set of ti-tuples of integers. F~~ every ~in zd"~rc m'a unique wort~ cell f(x) at 
. ' . ' ' ' :- ' ' ~ . _.. . . :. -~ - . . t ' 

locatio11 x. Locatlon (x1 •...• .rJ iS Ddjace111to loca~ns(x1_± ~· x2.,..~ •. xJ_. (~l~.~~ ±I •. .., xJ • ...• 
. rd : .. i· •:l' : ;'''·; ; . •:.'Cl;•:'(/'· .. • • 

and(.r1.x2, .. .,xd± 1). lnZ tctco:= (0.0 •...• 0). Aba.rBisasubsctofZ cornpnsmgthe 

ti-tuples 
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(a1, fJilX (42• />ilXt .. •'>C1(aJ.bJ 0 

for some integers a1, b1, ... , ad> bd The boundary of Bis the subset oflocatmns(x1, ...• xJhtielHhat 

for some i, either x; = a;or x1:= ,bt The l'Oirutt•ofJJ, tlc®l~tsh iSdle-11ombtroflOOltion!thatit 

comprises. A co11te11tfu11ction on a box B,isa:map li'em:B 1e~1sucbUifnfteUO~ spet~ tfwicdntents 

of cells whose locations are in B. 

A d-dimensional Turing machi11e (¥.ftth.alphabc_t.Jl1) has a~cnsianW'tworl:tapc on which the 
i . , 

worktapc head can move one cell along any of the dottbogoo .. ~fens in ekherpositive or 

negati.vc direction at e~h,stcp;, if~ head readscdfi"C4xJ.at·•qn,<l)ien.at SfeP' Y·+i:fTt readS a·re11 at 

a location adjacent to x. In each ~:tbe :JD~talle MMl.caawritc a ~I ~i§:/ttftempuuo the · 

machiqe ts presented 01pi ~~~;re~~ iaput I.ape. 1lni&iptt)l,;atl&tep I}( lhe:w~~ IS 

complc~cJy blank, thc.input.h~.is·PQ$~olied -k.Jef8pieit'1ymball0f tluHnput,wdtd; aftd the 
.... • 1 • • • • ~·:?· Y': 

work tape head rea45 cell aeo>~ .:.,; 
Let M be a J.1en~fRli'1~~mellsMlnal.Turiai ~ntlwithuae wotltapeflead)'thattuns 

in time 7{11) on inputs oflength n: for e~rywordoti\m@dl~A~a:ceplinhttrtliSc~pting 

computationo(<ltm<>st 7{n)sreps. ASSP~JhatJlreC\\18 iliQf.i114lQRbr.w.1(11)!>11YI,.;. <Uld;fNlt 7{n) is 

constmctiblc in NJ~~{Zln) IQ& 1l•Uc!{(d+ l), '.Ehc.werb6 ....... ·llClliftnlidltoelfs\¥hose·locations 

are in the box . L:i: 

We may assume without loss of generality that to.-..• ittPut-*'l'Al'IWtsWifh 1tS worktape 

entirely blank. its ~,~rklaj)~.bq4 ~OD €~¥ao·ftj-t11M11fd,ifllll~ ~symbibluf° 

the input word. (If DCCClSSafY,, M c,al\ ,btnnP<litleci-to!aa1C:.,P r 11ll1tape bfaepd\~~h Oft the 

cells tbat.j.t has visited; the lllQQifiedmacbinc runih,tn~~ !fifft!fMird\l~ elthiil1 
f 

- ~ • , ...... ' • • ' ·" ~ • > • ' • • .. 

chapter we co~<Jcr thcwm~ion(s).of Atl.Hl all.~~JMdul~ll • 

Aparlial coef.J&Ur.Q/.ion •on a~ BecttU.ef > . :·· ·, ·, ·i: · .,,,. < ,: . 

a content function~,,, DD B, 

astate. 

a step. number, 

a~tion on~ iptut. tape. ..a 
a work tape cell location x,, such that either'" ~ ,f ou1 ... = ..L ~llhspocifled). 

Let 'O be the p~rti<\l con.figuration fJJl Rrj.n) that spccitlesJW initiali~en Mat step fl For • 



t~ I. let•1he6ePlllill«111ft . \;9 .... tilWil!t' •It' It tdt 111puilalleCaaique) 

mc11fta•.t\PJLl~T\*-~1:::.:r•t ,,, .:·;,>ct.i..;c: :.'fi.1~t1\1n ·~nt>twt<.i<l ~rrr \6 lt~ ·-·- .1u. .r~• 2·1'.:-g~·mi '..iif'.'-. ~,:; 

iauul&MllJC•l11•r• •••t#rti•.1t.a•'•i1lli'-'itCt'llR•~•~1:1; 
I 94nnJadltt•h • t•tt•s•••1• •H 7if mthoo~1:mll\ut'l\•wn /, c,i?.;qm

11
c 

Ci) •,a is* Kariui ffl•• •I;.,,, .t\ ai ~1£ iooilt.lnh~od <1 ,-1h :•k 

·~;tfilM-.f::4-Jt11:~ 1•t isill , ... -..... ~.l.1.~l'l"n•\ \\1\\l;\r\l"l1m\:,-\, l. 

11lalll ~JtMJ(qDiJllt!lll1i.lla6: in;...-"'\.; ::!fblo (ltn ~~ib:1 ~o 'Hon» H<>'.J tx.·;;d '.'1q:;J:h'i"' 

ftJdtll!JfisJ , ............ , ••••JlfSJ•t-~dlA'M'-~Sii 
of ,~~Nii.A CMltH l .. tl 1tt IS F•I .l ... l_ l~ Nf .1~>llfi~L11;tti£110Hr..1ol" 

- . - . ~ 

•~ .. ••• ,1;_1r.i. x•• :)uc•~•IP~1•J1fl••~-M.wt;;dn 
aitki,lp&11H>~ ••• , • ..,.-.~ .- . . .•. 111nn•n~ 

~mA'l&llltlJ!l•4- Ira 111 tJ1 ft91 Jta n_ Jli!llf 111 •'12 •1Ylii lftlr.,._,. fitiist ' 
'~~-Z:IPJ'J,.aj& Uft,.fg_fl;l ll~l 'lf'!Jl!A•:fl~Wl'JU((tJi oo(~\f\ ;tml f'' 

l1 t0f\ ..... islf!:fll;JllU ft jil ....... Jlf,1'tr, ... "~i-•Jkn•JiJl>lW!UiO.i 
anR:il"J.tJ!li ... Jl;l'llJll J'' 'I ] l'Jl•lfl . fti 'Jidil_1icnJ<:HGJ 

(ii) S. = J.-' ..... llti p jf-)tlf:.£1•~---., X!'•d 71~1 rt1 'Fl~ 

N ._ = •1 .... '.,_.lf.j.J-Wll ·l x M1'1t .t"J\-1:;;: t~~i" 

CW·--··•ti11ULI,. Al IUiJ•IJlf nt ~-~tUsnn5~\:o~ lrx.ttithv c:rruJi>"> ·p;m <II 

01;; II:•• au• Ills• Iii fJ.IJJilftN•fUPffl) JI tJljlJ!]I .. l'-111it6i...,i Jn>t.:trh1irn~ 
Ai 1 il"1f&iUM8it pfJlll IJ Ull' · ra JI• fl•f lt•'•MJll _ .iftjw,.WiifJ 'Jth 

aata-t•tAt•u 1t1·. 1_-•r••...._._,~t1f.1.:(Jrit!..._._,w'iii.01 en~:; 
11••1•ace1a.v• I' 11• 1111 .... 11ll1J]Ll\lljj1]Mt!fa1tuf1J~'.!9h::nrl3 
m • &CICl8lspccila6.Xt-SJ-...... Gfllllt r ??11.l[fQ~lJ J(t1JMi1J ........ 1i.t1 i' 

em1ar-.s. 0. •* *'' ,~ trrift.aa · t 4t111ie·••1 •I ~i1Jui•1 isMWJ?iit • 
wasctarm - 1....ts.111e.., • .-.,ea,..tle1•iturml11•'ti1•11:dlt ....... 
lmdlilillaal*Pm tw. Tk•••r . .r••••;• ¥.•1·erit'ffliii.1Jn JlllUt•' 
--*•••wttiI1E••ai£•*"•dJfnr.f._ .•• J •• Lt11iV¥'Wf 
..... .tilislllcn.t .. 1••,.·t"ftafllJ¥~~.-tbtteyt~lt'YJ~fmwe 

14-. •4•• 1·11'r 11tun11 r •-·•••••11m••W w-1-ifN;tfail ,,rtJ !){j 01 
}'.l..1 

'-~ ,-
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sequence of partial configurations" = .,,0, "l· ... , • t = p on B such that"; r- .,. i+ 1 for cachi. A 

set of crossing records that enter or exit B can specify the enu-y otnd llJit tri<Y,lsitions of a partial 

computation. Let R be a set of crossing records that enter pr.exit B. 1-«iplc ( "· p, -R) is CatltJ)(ltible 
j• , . ; ,, • ' ,. 

if there is a partial computation from.,, top for which R specifics the entry and exit transitions. 

Define the predicate Comp (.,,, p, R) to be true if and on.I)' if(• ._p, R) .is•compat.ible. 

Call ( 11, p, R) consistent if either (i) or (ii) holds: 

(i) R = 0 and either x,, = J_ = xp or both x,, E Band xp ~ B; 

(ii) (a) R -:t: 0; 

(b) the records in R: strictly ordered by step number, alternate between records 

that enter 8 and records that exit B; · 

(c} ifx,, E B, then the earliest record in R exits B; ih,, = J_, then the earliest 

record in R enters B; and 

(d) ifxp € B;thenthc'tatcst record inf enters B; ifxp = J_, then ·the latest 

record in R exits B. 

When ( w, p, R) is compatible, (,,., p. R) is necessarily consistent 

Ocfinc a predicate for a box B, a positive integer t, and, a. set of c~ng ~~ R: 

Blank-Comp (B, t. R):;:;; CovJp,<JcHit\#. R~ · 

Machine M accepts the input word if and only if Bl:111k-Comp (BfJ.11),,J,f"~is tI\JC for$0me l. 

2.3. Simulation 

To detenninc whether M accepts its input word, detcrmini&lk: 'fwj.o&lt)a!;hia: M' checks· 
-;_ ~ -... '"" - - . 

whether Hlank·Comp (Bo(n), I, 0) is true by rcP,Ca.~cd.~:y partjtiQOin,t d1c b<>~ /Jo(.11) aqdJliestep. 

interval (1. t]. Using a balanced divide·and-cpnquctm<:~~od. A(iptf~ either a f'Ct of crosmng 

records or a partial configuration to ascertain rccul"$ivcly whc.~er~ parWd eomputation on a bQJ. . . ~ ' ·~. :.._ ' . , 

exists. The consistency condition ensures that ~rtlal co~pitaw~s ti>ll two bQ~ caa be combjr)ed., 

Lemma 2.1, which is straight[ orward to prove, guaraniccs .tl)a~ fw ~fl w~. l,hc.re js some 
• ' . <> . •· j, 

partition into two boxes that induces a small numberofo:pssingevcµ,ts .. Tqsimplify our arguments. 

we neglect to distinguish among z, LzJ, and f zl for real numbers z onc;canjustify this simplification 

routinely. 



Let8BD 2.t. l..et B be a bOI with 'tOlume .. = llJI. Let -'2 > s1 be stCps during a computation of 

Al ands=~- s1. 1~isapattitiont>f'Bimotwob0llcs 1t1 a.JdB_!Sudlthat 
(i) the 1IUlllber orc:ros.Wag ncnts bctwcm a1 and Bi Mring t~1 + i. siJ is at most Js/ v114. 
and . 

(ii) B1 and /Ji hne volumes between- Yll and 2Yl1 

We descn"be the simulating machine AI' infonnally. It is not diffJCUlt tq Y<;rif}' that M' correctly 

simulales M. 

When a procedure is in voted. il is constrained to opcrale within .an amount of space determined 

b~ the c-.tning procedure. lf this amount of space is~~· lllcn l,heinvotc4 ~re reporlS a 

failure to the caller. Bodi procedures Bl.AN K-COAIPaod COAi Prun ~in" parallel space" 
' • • ~ ' 1 

with space bounds. Fors = J. 2. 3, _ they give each strategy :S~ &o ~ecu~ . Jf oac strategy 

completes succes.WRy (wilhout failure of ooe ofit.i procedl,u;c ~ thea the v.atuc lhat it computes is 
, , ~ ' _, . 

MAIN PROGRAM FOR If 

Fort= I.··~ 7tn)cakuliit Bl:ANK-roJtl'(llfl.n). t. 8)with space boUitd (7{n) log 7(11)¥1'<4+0. 

lfBLANX-COllP(/Jd.n}.t.8)~~yaDdistruelbisblnet.tbcnaccepttheinput 

word. OlhcrwiSe. ftjlU lflc .... want.. . 

Precdwc: BI.ANK-COJIP(ll. t,. a): 

t.,,a: Bo1. B. positive inlegcr I. set of cromng records R dUl Cider or exit IL 

°""'11: Thevaluc ofm.l~{lt t..,. 
hs1 11--nc. There is a spite bound IOr this pRJCCduR cal. 

Mdltal:1 Let v = f IJI. Run the fi>llbwing two'stl'alegies ia parallel spare with space bounds. If this 

invocation of Bl~ANK-COllPmnsoutofspate. dten Rpbrt·a fai1ure. 

S..,. Bl: Return lbe ulue Of COMP(lf). «i\8.1).. 

Stnitw 81: ff('(). o.1\Jt. R) is not tonsislcnt. then rct.umfafse. ltei'aling lhrougb all partitions 

of R inro two boxes B1• Bi widt volumes betwcc'D 1'13 3Bd2;/l and'~ all sets R' of' at niJSt 
311..lldcm&Wg ra:ords fi>rcms.Wg C\'CltlS bctwccn B1 and IJi. scrum tor B1. IJi. and If for whfch 

both Bl.ANK-COMP(B1· '·(Ru R')\B1)aod Bl~ANK-COMP(Jli. I. (Ru R')\/li)arctrue. rr 

suitable B1. Bi. and R' are fOund. then return 1nw; otbcnrise. retum}Qbr. 
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Procedure COMP(w1, 112, R): 

Inputs: Partial configurations w 1 and w2 on the same box B, set of crossing records R that enter or 

exit B. 

Output: The value of Comp (w1, w2, R). 

Assumption: There is a space bound on this procedure call. 

Method: Let v = I/JI and r = IRI; let s1 be the step number of w1 and s2 be the step number of 112 

ands = s1 - s2. Verify that ( 11 1. w2. R) is consistent; if it is not, then return false. If v = 1, then 

return tme if ( w 1. 112, R) is compatible on the one cell whose location is in /J,fa/se if not. Ifs = 1, 

then return true if w 1 I- w2 and, if this is an entry or exit transition, R specifics the transition; 

otherwise, return false. For larger v ands, run the following three strategics in parallel space with 

space bounds. If this invocation of COMP runs out of space, then report a failure. 

Strategy CJ: Reducer. Determine a steps' at which IR\{s1 + l, s']I = r/2. Enumerating all 

partial configurations 11' on B, search for w' with step numbers' such that both 

COMP(w 1. w', R\{s1+1, s']) and COMP(w', w2, R\{s' + 1, s21> arc true. Return true if an 

appropriate w' is found, false if not. 

Strategy Cl: Reduces. Sets' = (s1 + s2)12. As in Strategy Cl, search for w' with step number 

s' such that both COMP (111, w', R\[s1+1, s']) and COMP( w', w2, R\[s' + l, s2]) are true. 

Strategy C3: Reduce v. Enumerating all partitions of B into two boxes B1, B2 with volumes 

between v/3 and 2v/3 and through all sets R' of at most 3slvlld crossing records for crossing events 

between B1 and B2, search for B1, B2, and R' for which both COMP(w1 \B1, w2 \B1• (RU R')\B1) 

and COAIP(w1 \B2, w2 \B2, (RU R')\B2) arc true. If suitable B1• B2. and R' are found, then return 

true; otherwise, rcturnfa/se. 

2.4. Analysis of the Simulation 

We show that M' uses space O((T(n) log T(n))dl(d+ 1», The amount of space used by 

procedures COMP and BLANK-COMP is dominated by the storage required for the input 

parameters. 

Since every location of the d-dimensional worktape can be specified by a list of dintcgers written 

in binary, each box Bin B0(11) can be specified in space O(log T(n)). A content function on a box of 

volume v requires space proportional to v to store. Thus, each partial configuration can be stored in 
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space~"+ Jog 1{n)). Since each ~ng record can be stored in~ OCk>g ltn)). a'setof r. 

cromng·rcconfs can he stottd in space ~r log' 1tn)). 

I .et Sf! v. r. s) denote the space required by COAi P to run ~uny on all inputs ( • 1· w2• R) 

such that ,, 1 and w 2 are partial configurations on a box B widl itcp ntili'lbCif !1 and 52· for which 

' = IBL r = IRI. ands = s1 - 52. lbc definition ofCOJIPirilp&es 

Sc(1'.r.s)<t1(v+(r+ l)log7) 

+ min fSc(•. rn. s). Sc<"· r. sn).~'S(01'13. r + · 3s1;)1d. s)} 

for aetmstant k1. Similarly, letSJ/.T. ,,.~ thCmaximumSpace 11'Cquired by 111.ANK-COMPon 

inputs (B. '· R) for which p = IB[ and r = tRJ: The definititin or '11.ANK;.CiJl!Pimplies 

SJJr.,, < kj.r + l}JogT +min' {Sc(•. r. n S;p.vt'J; T + 3r1,l'"J1 

for a constant t~ 

... ' : = dlfd -f l) alMI 

13::: 2xr. "· 

Cboose constants 14. fs. ~ and t7 sacfa that 

14> 12k1. 

t.c>til}+ 1:p .. 
•s > onJ"1'ts + ~ 
~<(112)~-·~. 

t7 > 414 + (12 + l4>ls .. ·'A-6-
, I . 

1.emm;a U. Sc(•. r. s) ~ l_.(' + (r + l + )Qg .t} .. T +.(.t~ n'i . 

(2.1) 

(2.2) 

(2-3) 

(2.4) 

(2.S} 

(2.6) 

Prool By induction on(,. r • .r). in lexicographic order. If r = I ors= l.~ CO~IPapes.ODIJ 

the space occupied by the inputs, t 1(r + (r + 1) log 7)space. Otherwise. there are four cases. 

Case I: '< (r + 1) fog Taod r> I. Thea 
': ... 

Sc(•. r. s) < k1(r + (r + I) log 7) +Sc(•. rn.. s) 

<(2t1(r+ I)+ t 4rf2)1og T+ I,.<•'+ O +·togs)lo81't+ (slog n'> 
<:t4rlogT + k'•+(l + qs)qt" + (.ftbg·rr,1

: .. 

because t4 satisfies (22) and r > I. 



Case 2: v < log T and r = 0. By (2.2) again. 

Sc(v, 0, s) < k1(v +log n + Sc(v,0, s/2) 

<: 2k1 log T + k4(l + log (s/2)) log T + k4( v + (s \og 7)8) 

< k4 Jog T + k4(l()g .f) Jog T + ~4(v + (s l<>g 7)6). . , ... 

Case 3: v + (r + 1) Jog T ~ t3(~ J~ 1)8. Use (2~3) to c~bti&lt that. 
' ,,,·: 

Sc(v. r, s) < ki(v + (r + 1) log 1) + Sc(v.cr .. st2) ,·· ,. 

< (k1 k3 + k4126)(s log 7)3"; k4(~ +':<'; + 1 ~ log (s12)) I~ 1) 

· < k.t<s k>g 1)8. +, k.$( v + (r + I .+ log _.k)g n: · : · 
.Case4: v ~ (r + l) log Tand v +.(r + l}log·7'>'lj11og:P)f.,,1nthi5'case, 

, kJ(.sJognf.~2~,i·;: ,, .. 

~e SJJlC~ 6 = d/(d + l}, · · 

~f~ '• ,,,,, !·' 

Sc(v. r, s) < k1(t+ 1(11: . .ft l)lo&·1rl + S~/l.1r:+:JJJ1,J/,d, I),;., 
< (2k1 + 2k413)v + k4((r + l + 3stv11d + logs) Jog T + (slog 7)6) 

(2.7) 

< (2k1 + 2k413 + 3k4(21kJ)l/l)v + k4((r + 1 +logs) log T + <Heg fj6f.·

< k4 v + k4((r + l + logs) los:. T + (s loJ 7)4) .,,. 
' • • ' ': <"' ~ -- ,., (; ' '/~•~ I ~ • 

by (2.?):'(2.1), and (2.2). I'" ' .. ' . . , · '. ,. . . 
. 1-..'' 

~nta:Ulf(TJ017)~.s rand.:r+ lfS:tsw#~theiJ'; '~l, I ;y ,, 

Sfl.v, r) < kf..Tlogi}l"<i:.·~·:W-~+-1t6(!P.kff/ltJl~lfl. 
Proof. By induction on v. There arc two cases. · 

1 
. , > .»· ·t> . ' · ·; iPf' .... 

ta8e 1: v.S J(TJog 7)8.' Aecording to the h~ . . . 

· " .. · <r + i>lo~r~ ksc'i1:;s:iV<r~'1)81li~ k~r~ Tl'- _ 
Lemma 2.2, (2.8), and (2.6) imply , " . 

'. ~ ! ! ': ,' ~ -t_, 

's fl.v. r>.< k2<r + ·1> 1og r + Sc{r. '· n . 
~ ' ., ~' :}! ;l, ' "~ f i' 

< k4v + k4(r + 1 + log 1) log T + Ct2ks + k4XTJo8 7)1 

< (3Jc4+ (k2 +l.>*s·+ *..WT1Dgi7)a +:t.f(llisJ"f··.1 ~., 

< k1(TJog 7)& - ~(Tlog 1)1vlld + k4(1og 7)1-. 

: •.l--' 
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Case2: •>J(Tlogn'. &,clefkairll.·on.•yp.a.:~~.1i1Ji~~· ~!>.~·&·\··gt'~~····· '..'-YJ;'.) 

(i:\r, . +er ~2: ,, ·"' .. ',. 
r+ I+ lT/~~\~~(~J f+·~~1)'[l~~~:=.1w:\;_1>ID! .. t.1!f'l t tin,fJ\:~ fsTl(l~". ....... bJ inductial a.MJ05i . ,,,,. ' . (1...,. '" ~ • , 4 . .,.... •:r -

Sa(•. ,,S l2'r+ d~-~~~~~~~;~ wj'!,~f>~ +: ~ ~~ :~~ .. ; '" "! 

SIJ(T.::g)\f+~.~(~. ·~.· .~ ... ~ .. ··l·~~i. ,/d:.i !:.·J:_·~.~(i fY'i'J, ._$'£ 

_. ft'.i"""'Jt<i}lf!t.i . > b~"f-~ i:. ~i ;\,'if)' 
< 1-,.(Tlug Ir + 1"18 Tr .. _ ... fln& .... ·~ • 

~\;;1ttS.\1}Jo1+1 4-.''+")~i ·t" rtaoh,: 1\i:1 + tt-rli;;: 

.__ 1.1. For• 1111) l'11Jl1 • •'-* 1 I l 111 iljii Ill iffta tllf ~d+ I). eYCI}' 

•wfcuoamillisbc .• llMJUk•dt fl 51t o<-M .!11. I rtii •••J 11 U 11 ... 1 Hr~~
• 1 '•:dbJacklennim·a Turinc• :WI!*'•' .• , .. ~I}., 

PIMt Section 2.l pifttllltsasim' fW.d' Jllt7• t11 . dni & ••••t W\b·BJ·stY'Pi'tt·41isa 
. . - .· - " . --

(\.,.tr alll •UN«-Cottrwi111.iike11 ••ill'•••• et:iJflkWI~ ,._,.,~ 
OW .. 1l-P.•.c nn2.l...,.1•1'----.f .... lt~-.. .. Tllillf~.rlfjj,, 
c ........ .._.-.,JttJt1••=•••FotlrJlilfiltllia}J~?-(t,~ ·-~-;?" 
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Theorem 2.3. For all 7(11), every nondeterministic d-dimensional machine with one worktape 

head that runs in time T(,n) can be simulated by an alternating Turing machine in time 

()(max {11, (7{11) log TC..n))d/(d+ l)}). 

Proof. (Sketch) In the simulation in Section 2.3 make the following routine modifications. 

(i) Guess T(n) nondeterministically. 

(ii) Choose strategics existentially without imposing a bound on space. 

(iii) Replace iterations through pattitions of Band through enumerations of R' and w' 

by existential choices. 

(iv) When a strategy makes two procedure calls, choose both universally. 

The time analysis of this modified simulation is identical to the space analysis of Section 2.4. I 
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Cllapter 3. A Nete on tile Pelillfe Game 

A combinatorial "pebble" game on graphs has been used to establish tradcoffs between time and 

spare required ror arithmetic aprcsWD cvatliation (21] anct for 1;uring machmc simulation (7l One 

places pebbles on the vcniccs of a directed acyclic graph.Gin steps 3cConfing lo the following rules: 

(i) /\ step is either a placement of a pebble on an empty vertex or a removal of a pebble 

fi'om a vertex. 

(ii) A pebble may be placed on a vertex only if there are pd>blCs 01i all imDicdiate 
prcdcccssms of the vertex. (Thus. a vertex with rKl prcilcccssors can always be pebbled.) 

(in) A pebble may always be reiJloVcd from a vma. " , r ; .. . , ; 
A pe{Jbling Jlrategy is a sequence of steps in the pebble ganrc. The goal is to find a pebbling strategy 

that places a pebble on CYefY vcnc1 of Gal least once when the supply of pebbles is limited. This 

pebble game has been studied extensively; f ..engauer and Tarjaa fl I I prowidc an exhaustive list of 

refc:Rnta 

This note develops an opticit strategy that uses ~nllog II) pebbles lO pebble every direcled 

acyclic graph G with H vcnia:s and bounded indcgrce. Furthermllre~ fi>r every S > O(nllog 11). a 

varialion of mis suatcgy uses S pdJWcs to pebble Gill at most S il°<tdS) steps. 'flae proofs of dlese 

UPIJCf bounds. wlrich employ aa overlap argUlllCBl fl6J. seem more na1Df3I ~ the origiml proofs 

(l. ll 211J. 

F11 a difCctcd acyclic graph G = ( Y. E} with vertices Y and edges E.. let R = lJ1 and dbc Ille 

maximum indegReoftltevcrticcs. Fouubsets w1• W2ol YlclElW1• Wi)IJetbesetofcdgesftom 

W1 toWz: 

l!lW1. W2) = {(x.y): (x.y)€ ~xf. W1.andy£ W2}. 

Let WC J'. A sequence ( W1. ~ W ,,,>of subsets.of Wis a layeml paniiion of W if { W1 ..... W .,1 is a 

particioR of Wand E( wi. W} = f6 for al ; and jsuch that ; < j. l.ct c.J( ft') dcJKJtc the inlemal ovnlsp 

afW: 
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l.emma 3.1. If w( V) ::;:: r, then G can be pebbled .wilh r + J ,pcbbles in 2n Steps. 

Proof. Our pebbling strategy comprises n Staaa.~ Put w0 = flt. For j = 1, ... , n, assume 

inductively that Wf 1 is the set of vertices that have been pebbled priot to Stage j. At-Stage j place a 

pebble on a vertex x in V \ w11, provided that all its immediate predecessors hold pebbles, and put 

Wj = Wf 1 U { x}; then remove pebblc.s ·from all wrticesy for wbicli.aH immediate 8ucoossors of y 

arc in w1 At the end of each Stage, a pebble remains on a vertex z if and only if some immediate 

successor of z has not been peltbled. 

The rules of the pebble game guarantec!hatevery (Wj~Y\ W/lsa layered partition of V. By 

hypothesis. ev,er.v If~ Wj, Y \ W }l :s; r. Thcrerore.; at the end occadi Stage there are at roost r 

pebbles on the graph, and the strategy uses at most r + !l jldlbtes. ·llle !iratcgyJl~ 2n sreps becau5e 

for every x, a pebble is placed on x and removed from x just once. I 

Lemma 3.2. Let ( W l • ... , Wm> be a layered partition of V. There is a strategy dllit pebbles Gwith 

at most 

pebbles. 

Proof. By induction on m. For "' ::;:: 1, ~ ll ~ a,forliitl!i ~t~W1) pebbles suffice. 
t_f .: 

Assume that the subgraph of G induced by V \ W,,. = w1 U ... U W nl" l can be peibltd witlil • ·. 

m-1 
I <<.><wp + d t ~>, 

.· ;:::1· ' ; '" : )· .. 11: t . ,., 

pebbles via strategy Sm-l · We describe infOnnalfh<JW to'i>CSMe' ~ 11f Wm using 

l.b(:Wnt) + d + lmorelJCbMei. 

Let pm be a set of w( w m> + 1 pebbles amt u,;, be ~'set of d pebbles. The pebbles in pm are 

placed only on vertices in Wnr the~ mQ]n circ~yon vertices in Y\ W nr 

As frrthc proof ofltemma :(I; ourstrateg}' torriprist's tw JStilg'CS'and uses at: most <J(W m> + 1 

pebbtesen·Wm- Ateaeh~*1eeta veltel, x11tw;;,ttiat·flWifdt'Y&~Pct>btedbutall · · 

immediate predecessors~ x iii W,,, hOld'pcbbtei':; Use SfratetY S *'} ta f>Jate pebbles from Qm on 

the immediate predecessors of x in Y \ W nr These Qm-pcbbles remain on the immediate 

predecessors of x until x is pebbled. (By hypothesis, no vertex in Wm is an immediate predecessor of 

a vertex in V \ Wm; thus, strategy S m-1 may always be employed.) Place a pebble from Pm on x. 
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Remove all Qm-pcbbles from thcgraph, returning them tO Q;n for.titer use.· Also~ rem<Wc pebbles 

from aU vertices yin If' m for which all imlllcdiate~(Jf yin w;n batt·been· pebbled. -and 

return these pebbles to P,,,. I 

l..eoaa 3.3. Fcx: ~very r. there is a layered partition ( w1 •· -~·., W m•of Y mdt that m < 2rdnl t1 

and l:;..(W;) < r. 
Proof. Assume. to the contrary, that for every layered partidentWl• .... W11,)ofY. if 

111 < 2r dnlrl.thcn t;..(W;)> r.1..ct·i@.::: r thllrl and.Jo.o = V. For i == 0, .... io- I. inductively 

suppose sets V iJ for j = O. -· 2i - lhave been defined. Fer eachjfind a fay~J>artmoa 

(Y;+t,2j· V;+l.2j+l)of ViJsuchthatJiH'i+ l,2j" Yi+tij+i* = .,f.·Y-ij. By:~pbon. fOr 

every i. 

~i<~l:j w(Y;)>W-> a 
By definition of the sets V iJ• the sets ofed&es l!l l';+t1,;~ Y;+ l.lj+ 1) are pairwise disjoint. Since G 

has at most tbt edges, 

l':i<~°E; •Yi)~ EiC.,~ 11!1Y1+0j• t';+l)j+tJI<& 
CootGldittiotL I · · • · ·· ' : . i• .. 

11leorem 3.1. (Hopcroft., Paul. and Valiant PD EYer, diJectfd acyclic graph with 11 vertices and 

bounded~ caa be pebbled witll~lfllo&.-l~. . , . ' ~ . . . . ' - '.. . ~ ~ -. -

Pnof. Let G = ( V. E) be a dirccled acyclic graph with n vertm • ~d Let ~,.).Slli$fy 

.\lit) 7. O(nlq a). 

1o&2(~11)(.(2t1 t ~»~rw~a>l; 
AccordiQB to Lcinma 3.3 •. tJicre ~a la~~ ~(W;1 .. -. ,JV,.> m YSIPJl&al m ~ 2f'Jdn/S(n)1 

and l:; '"1(.W;) < ~·)12. Fqp~is ~ l~~.2 ~ ""1l:,..e ...... PfJ>blcs!G:wilh 

.~; (<d(W} t dt ~) ~ S(~ +.m.f.4rt,tl< .)W, .. - . . .. · . 

pebb1cs. I 

. , . 
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Theorem 3.2. (Lengauer and Tarjan (11}) For evecy 1J. d. aJ1~~)o4 every,({im:t'd acyclic graph 

G with 11 vertices and indegree d. if (3d + 4)11/tog2 n < S < n, then there is a strategy that uses S 

pebbles to pebble Gin at most S 220l..n/S) steps. 

Proof. Let G = (V. E) .. Set a = 2d/(3d + 2) and/J = (d + 2)/(3d + 4) and y = 1- a - p. 
Evidently, log2 lo&2 11 < (1og2 11)/2 because (Jd + 4)n/log2 11 < n implies 11 > 16. It follows that 

log2 (fJSl{d + 2)) > (log2 11)/2 > (ld + '2)11/2S + 11/S > d11laS +· 1, 

hence(d+ 2)2fdn/aS1 </JS. ' 

Apply Lemma 13 with r = aS to obtain a layered partition ( w1 • ... , W111) of V with 

m < 2fdnlaSlsuch tltat 1:;w<W;) < aS. For i = f. ·.: .. m. lct P;bca.SctofJ(W;) + l pebbles. 

Distribute the remainirtg /JS- m + yS pebbles among sets. Q1 .... : Qm such that each 
i ~ 

IQ1~ > LyS IJV,VnJ + d + l. 

We define the pebbling strategy inductively. Let 7tk) bC the number of steps used by this 

strategy on the subgraph induced by w1 U ... U Wk. Fork=' 1.'thc stratcg~ i~ the proof of Lemma 

3.1 uses w( W1) + I pebbles. and Tll) = 2 IW1f S 21z. .. ' · • ' ' ·' . . 

Suppose that strategy Sm-I with T(m - i)stcps uses the pebbles in J>1 U ... U Pm-1 and 

Qf U ... u•Q,,, .. 1 to pebble thc'subgrapb of G induced.by V\W m: To pebble v~rtices in W,,,. carry 

rnrt the stratcg~' in the J)roofoftemma 3.2 with the f~ltO~i~g inooifbtion. Whenever the immediate 
; '~ 

predecessors in V \·Wm of a vertex in· Wm muJt be Pcl>bkd. use strategy.Sm-l to place pcbbtcs from 

Qm on the immediate predecessors in V\ W111 ofthe
1~·ra~~/J!'vertic~ ln ·w,;, that arc pebble~ next 

Strategy S m-1 i~ in voled at m0st fl W
11
)1lf QjnJI d]l let f dl#;:/§f ti~~ Therefore: . 

'ltm) < rtW;,,J!LIQ~ldJ1 ftm'· I) .t 2fW,J 
' . '~ . ' . . ~ ; i '· . \ ;:, . '• i < (l + dnlyS) 1{m~ 1) + 1n 

< 1n[l + (l + dnlyS)+ .. :· ..f.. (1 + dn/yS)m-11 . ' 

< 2n (I + dnlyS}"'!(dnlyS) 

< (2y/J;S cxp2:elJ>i (rd11laSl + los2 1og2 (1 + dnlyS)) 

=S2~S). :i 

(In general, exJ>i u = 2u.) I 
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structures. 

A tree machine has a finite-state control and several heads on a wor.ktape having the structure of a 

complete infinite binary tree. Section 4.2 presents an argument that sugg<?Sts that to simulate a two

dimensional Turing machine by a tree machine on-line r.cguiM time 0(11{Jog 11)112) if the simulator 

uses space 0<.11 ). Proofs omitted. from Section 42 appear in. S<:ction 4.3. 

Section 4.4 outlines further research probl~ms Qll comparing automata with different storage 

structures. 

4.2. Static Emht'Cldings \'crsus Dynamic Sinwlations, 

Let 1" be a simple embedding of rm into a binary tree B. ·Call a pair of vertices (x, y) a separated 

pair(for +>if 
; •1:·, 

d JJ. i/l(x), i/-'(y)) ~ log2 in - (log2 1~2 m)l.f- 3. 

A path (v0 .... , v,> indudesaconsecutive paitofverlicts(£yj if x = 'vjand y = v~t 1 for some i: 
DcMitlo, Eiscnstat, and Upton (lf proved that separated phlra:fo~~ e~lsl. Pro~ition 4.1, which is 

proved in Section 4.3, asserts that som~ path in· rm iocl~des ~any co~secutive separ~ted pairs. 
,, 
•; 

Proposition 4.1. For every binary tr~ B, every .ev~n m ~. 12. and every simple embedding tJi:of 

rm into B, there is a path in rm oflength at most 7m U.,~~atJeast 

111/J2(1oa?•>l~.: 
distinct consecutive separated pairs. 

We employ Proposition 4.l to argue informatiy that every tree machine that simulates a two~ 
- ' ' .- ' ' ~ , ' i - -' - ·.. ! :: : ~ 

dimensional Turing machine on-line in space O(n) for inputs oflength n rpay require time 

0(11 (log n)l12) in the worst case. This argtnr1cntbarndt bccn 1devclof>Cd.int~ a rigorous proof yet, 

however. 

Consider a two-dimensional Turing machine M with one worltapc head whose input alphabet 

consists of the eight pairs <b, 8> where b E { 0, 1} and 3 is ori<i of tbC four dircctiOns that the work tape 

head can move at each step. Machine M operates In real time:.:. it processes onc'lnput symbol at 

every step. Suppose M is in a configuration in which the cell C scanned by the worktape head 

contains b'; on input <b, 8>, M writes b on C, writes b' on the output tape, and moves the work tape 

head in direction 8. 
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Let M' be a tree machine that simulates Mon-line in space ~11). Assume that for every wmltapc 

. cell C of M, madline M' ·assigns one m M tree tape ceftS'tb hOJd ihC contents of'C. Thus, It' 
dewnmnes·a simple~ of C\'eryr"' inw its'bmaty tree~~-· 

·_ Comtruct an input wotd woflengdl ltasfolloWS: Thtfi~nl2.symbOlsof wnldUcc M .0 fill a. 

square of side Ill = ( nn)l 12 on its worlctape with O's and rs.' tj~ 1iast iin symbols drive ihc bead of 

M on nll8m pathS<tf ICngttt 9m that each-indudcS aflc~'111131.('log2 1h)fl2idistinct c~ve · 

separated pairs of cells; each of lhcsc paths begins with a path of length 2m lhat drives the WOJttape 

head ofM to the first cell of the palh oflcngth 7m whose existence r.;guaranked by Proposition 4.1. 

Because M' has a finite-state control. it can rcmcm~tJifrlsn~is'oliM\l:Y ';i Aiii~·ri~bct- ~r' ,,. · 
separated pairs imemally .. Conscq~ntly~ it is _P,la~si!ilt,::. ~i for.µch ~ ~ ~f {..f, J:} dial M 

·, -~ . , , !. - q ,~ 1~{ ! . "~_.,:}\,/th!';!-' t ~ .ii ,< ~ . - ·' ;.__ "- ;· ,_ .. I 

encounters. M' spends time ll(1og m) moving a work tape head from the representative of x ~ 4pc . 

representative ofJ'. Hence on iqput "~ M' may requi~ • , , , , , 

-.. · 0((11/18m)(m~J~~2111)~~,~f-'~J,~-~;f'(~·:~)~12~ F ~'l(Jog,aJl/2).. 
- '' < 1 • -- . 

A trcc,machine M" ~t uses ~p~~rli~r;~e m~~. ~~,ft411~~";• lt~~ tmdcv~an 

on-line smmlati<m that operates in time <?<-n ~~. 11
) f~ a ~~F-: ~ ~.~ O(~ ~· ':'), . 

E.ach cell lhat Muses has <~)og· n) representatives in the wort&ape ofM". 

"· ljploli. ·F~ and DeMillOfBJ ~ ·..r ronriDbdofl ~datl'saructure cmbeddinl·lhat 
pcnniL'i multiple rcprcscntativeSoh~'otthcgudt~ let G::: tY. i)aftcl H ~-(....-. E-}be 

graphs. An e111beddi11gof Ginto //is a map~4':'P·~·~/f'bfA}. where A f Y. such thatf9-1tdl > 1 

forcveryxin V. lf4P{x*) = x,thcnx*isanopresenlalittofx. The~~to.Uofyis- ,. 

max llif'-J(x)f: x.E V}. The sirong time cost TJ,lof td~-~;~ T~ aim 
: ~ -- ' i. . _; . · _;.,. ~ ~ ·. _ 3_ · - • } ' ol ' -"' ~--· - '_ • - -

forevcry x* in Jl*suc'1~9'(x*)~ ~~;C\'.ffJ!itl v~--~~).y)<oo. 

there exisi.'»J~ in .,-1()') and_ ti ~x*. y*} $;1 t1tJ~'1J'i 
lbe weak time cost T J 9') of 91 is the smallest T such that 

for every x andy in V suqi that "t;(x.y},~ oo,:dxg eQt,-¥* U. ,-1(.x) andY' iu 9}u;, 

such that dJl..x*. y*) < T tl<J.._x.f)"i " 

In general. Tj91) > T ,J.'f). If y hasspaccco$l}. ~n[..(t')::: T rJ.'I). 
; • - . ~- • r ' • ; • 
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Proposition 4.2. (Lipton, 1--:iscnstat. and f)cMillo (2t) If 'Pis an embedding of r 111 into a binary 

tree with space cost s. then 

T /.'I') + 1og2 log2 S > loa2 m - c' log2 tog2 m 

for a positive constant c' independent of ni. 

Rcischuk 's embedding of r 111 into a binary tree [23} ,has space crn.t clog* m, hence unbounded 

strong time cost by Proposition 4.2. but bounded weak time cost. His simulation runs quickly 

because the weak time cost of the embedding is constant. ·lberefore, Reischuk's simulation suggests 
, ·~' 

that the strong time cost measure may be in~propriatc for esta~lishing a lower bound on the time 
., 

required by a tree machine to simulate a multidimensional Turing machine on-line when the 

simulator is not confined to O(_n) space. 

43. Proof or Proposition 4.1 

The graph G = ( V. I.) is co1111ected if for every x, y in V there is a path from x toy. Let V ~ V. 

The boundary of V, denoted a V. is the set of vertices in U that have a neighbor in V \ V. Write G( ll) 

for the subgraph of G induced V. A comiected c~mponent of G is a subgraph G( W) induced by a set 
- - ' ,-• 

of vertices Wsuch that G(W) is connected and de,(~. z) = oo for all x-in _Wand z in V\ W. The size 

of a component is the nu1;11ber of vertices that it has. 

If P1 is a path from x toy and P2 is a path from y to z, then the concatc11ation of Pi and P2• 
. : ' ; t; ~ i ' ' 

written P1 • P2, is the path from x to z obtained from ·pl by replacing th~ last vertex y by P2. 'Ille 

concatenation operator • is associative. 

Lemma 4.1. For every. set U of u vertices in r "1' there is a path oflength at most 2m (u112 + 1) 

in r mthat includes an the vertices in u. 
Proof. (Steiglitz and Papadimitriou [28i) Sets= rm1ull21, h* = f mlsl -1, and for 

h = 0, .. ., h*. 

Uh= {(i.1):(i.;)E Uandhs+ 1 <i-5,(h + l)s}; 

{ v0, ... , V h*} is a partition of U. Construct the path Pas follows. First visit the vertices in Vo in 

lexicographic order. then the vertices in v1 in ~eversc lexicographic order, then the vertices in U2 in 

lexicographic order, then v3 in reverse lexicographic order, and so on. (Jn the usual lexicographic 

ordering of pairs of integers, (i,;) prccedcs(l,/) if either i< l or i = l andj</.) Index U according 



tothcordcrvi&itcdhyJ>: U= {(ii·h).(i-i._ii) •. , .. (i,,.ju)}. SetAik :::! fiA:+1-iktandA'jk = 

lik+ 1 -jkl· lf(ik'h:> and (ik+ l·jk+ 1) arc in the same U1r then Ajk < s-J~ if(;k~'ikH~ Uh oot 
(ik+l·jk+1)E Uh+l· thcnAjt~2.s-l :c (1"1)+' s: ~ 

:Ek Ai1c<(u-l)(s-1)+ h*s<lt(.i"'l)+m. 

One verifies routinely that 

:Ek Aik < (h* + l)m < (l + mls)m = m + nl-is. 
. . 

Ergo, P has length 

:Ek (Aile+ Ajt) < 2m + u(s-1) + nf.1s 

< 1.m + u(fmlu•n, -1) + 11l-1rnil1'1n, 
< 2m + m "l/2 + m "112 

< 2111 (u112 + 1). I 

l..cmma 4.2. Let a be a sequence of ssymbolsover {er.JI} and let bbethe"numberof/I symbols' 

in,,._ For every r < bl}. there is a consecutive subsequence of o of r srl(b- r)l ~.mbols that contains 
, c ~ • •• 0 ._ .- - • ·, " 

al lcm. rsymbols fl. 

P'roef. Set I = f sr/(b- r}l: note that I> srl(b- r} implies lb/(s + I)> r .. Fonn li stqQCDCe •' 

of If s/tl symbols by appending l f sl 11 - s symbols er to die end of a. Partition a' into f s/ 11 
; ~ :.- - . - . . . .- . 

coosccutive subscqUCOCl'S of / symbols each. One of these coosccutivc subscqucnccs a .. must have at 

le& Wf .tltl > bl(s/1 + l) = tbl(s + 1) > rsymtdsJI, lra·is oqt the final subsequence of•'. 

then it is a subsl'quencc of a; otherwise. if a .. is die final subsequcocc of o'. rhcn the mtJ symbols of 
. ' ' . ·1 . ' 

a form a consecutive subsequence of a with at least rsymbols fl. I 

U.. 4.3. Let m > 32 and Ube a nonempty set of vertices in r • StK:_h ~ IUI < -212 and 

r ,J.U) i<iconnectcd. For C\ICfJ r< (JL113)112. ~ isa path Poflcoglh at mmt 9r- l that. iod11des 

at 1cast , distinct vertices or au. 
Proof.. can ( i. J} in • m a boiindary vertex if ( i.j) € au-. call other vcniccs of. m non"°"""'1J7 

vertices.. We shaU find a path with at fll(~ 9r. vertices ~contains at lea r d$inct boundary 

vertUs. Set 
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i* = max {i: ( 4 J) € U for seme J}. 

'•=min {i: (.i,J}E Uforsome1} • 

.i* =max U: (i.J)E Uror.Ql!C1}, 

j• =min {j: (i .. j~ U for some z} .. ·· 

Case I: Either i• > 0 or i* < m and either j• > 0 or j* < m. Without loss of generality. asmnte 

i* - i > j* - j . llccasue ·- . 
it follows that 

i* - ;. + 1 > tl.11112. 

We constmct a path Q such that for every r< (f Vl/8)1/~ < (i* - i• + 1)12, there is a consecutive 

subsequence of Q with at mQst 4r vertices that contains "t .. lcaSl r dislihct boundary vertices. 

Assume)*< m; the case}.> 0 issimit.r. Since·f ,JlJ) is(onncctcd. for every isttch that 

i• ~ i < i* there is some j for whi<:h ( ;,,_/) € U. For.i =, ; •• i• + l •...• i*. set 

""') = max {j: (i.J):E: ll} .. 

By assumption, every .1(1) < j* < m; th~ .every tk~t)}js a+bouadaly vertex. 

For i = t •• i• + l~ .... i* - l.coost.rut,1a pa(Jl(K;):frm,;..-4t)lto;(i+ l,J(i + l))as follows. If 

_,,,,) > _,,, i + l), then let Q(1) be the path ," •' , 

(i. ""t));(i.~i) - .I), ... , (i..l(i + 11) + l)~(~ .I(;+ 1)). tN• l,,·~i+ I)); 

all vertices ?n this path except poss,ibly'(i, .l(i + l)}JWC boundary vertices; .ff;>tl)<t~i+l), then let 

Q(1)be the path 

(i, A))). (i + I. .1(1)). (i + I,_,,,,) + 1) •...• (i + l, .l(i + 1)-1), (i + 1, .l(i + l)); 
all vertices on this.path except J>USfill>b' (i + 1, J(E)) ar~.bountlary vclticet. ·· 

Set Q = Q(i•) •QC\+ 1) •... • Q(i*-1). Pa~Q~:the-;~- i•'+ lboondaryvcrtices 

(i, ~1)}, which each occur exactly once in Q. Let b' be the number of olher bouftdary'vertkld.in ~: , 

each of these cx:curs <Jt most twice. There .arc at most. i! '- i~ o¢utrcnees Ofinonboundary vertices -

one in each Q(1). Path Q bias al most 2(i* • ;.) + lb'~+ l ~ iaduding::repetktons; it ha8 at least 

i* - i• + 1 + b' distinct bou~ary ve~ Apply Lanma4.! with s :;t -2(i* • r.) + 21:1 + 1 and b = 
i* - i• + 1 + /j to obtain a,patb-witJl,r(J.(i* • i~) :f- l/f:+ l)~f'!· ;• + 1 + b' ·~1 ~ 

f(2(1'* - i•) + 2b' + 1)1((1'* - i• + 1)12 + b')lr ~ 4rvertitcsthat coatainsa leastrdistinct boundary · 

vertices. 
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Case 2: i• = 0 and i* = m. For-J =: I ..... m. Set 

vi= un f(l~A-.. (~J)}; · 

u1is thcj\h column of U. There isaHcastonecdlumn U1 sudtthat IU,kl < fm/21; otherwise.all m 

columns of U would have at least r 11il2l + l vertices. and f ()1 > 111 (r m/21 + I) > ,,,f. 12. contrary to 

hypothesis. 
.. 

Let IV ti = u. and let ;1• ·-. iu be the i in increasing order for which (i. /cf€ Uk Define 

A.i~ = kthrt;:: i: .... a. . ' 
We define .1(1) for other i as ft>llows. Set io = 0 and i11+ l = m. Since f ,J. U) is connccroo. for ever)' 

O<t<ucilher 

(a) for every isuch that i1< i< i1+ 1 tbacmstsj< ksuchdtal(i.j) EU; or 

{b) terevery.i_sudld1at11< i<ir+1 lhcreemlsj)'isudltlfat(i.J)€ tJ. ,. 

lfconditioo(a) holds. thencaflfi,.it+ 1Jan inte,rvalufl)pr4hj.and ti- ;1<:;< i1+ l•set 

... ,) = njax {J.j«iind(i:,h.E ;li}~ . 

If condition (b) holds. thencaD (it i1+ 1)a1r'mJerVal af-~{&.,l>and for i1< i< i1+ I· set 

A.iJ ;;;:.mia fj.JYl*'d:(~.j)'E•B}~' 

Bydclioi&ioo. units i = i1forsomet,.every(;..(f})E 8V. ·nn.s.arltaStm- 11 > Lm/2J vertices of 

the form (i. A:i)) are boundary vertices. . ,· 

For i = I •.. .,..,- I. wedche apadl Q(1} from (t~I}) IO{i!+ l~~i +'l})sUcfi that al most one 

~ vcnex of~}is a oonboundarJ TeJta. 1luppose 14,;+1f:lies man ~al fi,. i1+ ti of type' 

(a); the definition of ~1) for an interval of type (b) is similar. If A:i) > ~i + l). lhen let Q(i)be the 

<;. A.11>.<i.~i)~ n~-<;..~; +-1>+ 1>.{4~; + 1)l<;+·t.-'1+ 1>>: 

all inleriQJv.crticesea dlispadi elecptps&? ly{i.,.4i + I)} ate baundary;vertica it~i)< ~; + 1). 

then.~ Q(l}be die-. 
. (i.~l)}.;(i +·l.~Jl.(i.+ :L~I) + 1).-4(i+ L~i+ 1)--l:).{i + t.~;+ I)); 

all infCrior vcrtia?s OP, thispada esceptpossibfy (i + J. ~l)) att~ ~ 
SeHl :; Q(l)'. «2) • -· • Q(111 • I). lltisfNl&tl Co8taiiis at.fed l.lnn:J'bcMJhdaryyerticcs (i. .(I)) 

for~ 1) ~ k. Lct_:e bavc Ii elhcr~ndary VcrticCS; catl> of'ttiGSC *8ni.atlitCJRitWite in Q. Parh.Q 

has m v~ (i. .(I)) lhal each fUU1 once; iUm m-1 oiamcnCeS of nonbOuhdary interior vertices 

among the Q( 1). Therefore. Q has al most m + 2b' + m - I = 2m + 2b' • I vcniccs. including · 

repetitions; it has at least Lnr/2J + b' distinct boundary vertices. By hypothesis. r < <IUV8)1n < 
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m/4 ~ lm/2J/2 + 112. Apply Lemma 4.2 to Q withs = 2m + 2b' - I and b = Lm/2J + b' to find 

a path with 

r(2m + 2b' - l)r/(lm/2J + b1 
- r)l < f(2m + 2/J -1)/(lm/lJ/2 + b' - l/2)1r 

< f (2m + lb' - l)/(m/4 - 1 + b')1r 

:5; 9r (IK'cause. m ~ 32) 

vertices that contains at least rdistinct boundary vertices. 

Case 3: j• = 0 and.i* = m. Similar to Case 2~ I 

Lemma 4.4. I .ct U* be the vertices of a subtree of a binary _tree. For every subset H'* of r vertices 

in V*. at least r/2 vertices of Jf1* are at distance at least log; fro~ vertices not in U*. 

Proof. Let D = log r- 1. The maximum number of vertices of W* that can be at distance at 

most D from a vertex not in U* is 2D - 1 = r/2 ~I. At least r- (r/2 - 1) > r/2 vertices of HI* must be 
.. ' • > : ,, - ,- ~ 

at distance at least D + 1 from vertices not in U*. I 

Proof of Proposition 4.1. Let U* be the vertices of a $\lbtrce oNt sut:h that ,,?. I 4 ~- I+". 1c V*)f < 
m212~ such a subtree e•i• because mis even. SetU = +:-1< u•): l.ct ~ Sflbgraph f" m< U) induced 

by U have c connected.components, and let "t~ ult···· uc be tle si~ttlteSt? components in 

decreasing order. 

Set M = ,,;i and ko. = log M - log log At.~ 2. tf\ll logarithms arc taken to base 2.) For k = 0, 1, 

... ,to set 

lly definition, I lo = l. 

We claim that for~c k there are at least z" connected oomponcn~ of r,JU) of size at least lie 

Suppose, to the con~. that for e\!Cty k there are at most 2k.: r coml>onenrs dfT,,lU} of size at least 

I k- Then Uf <I& Since ~ is at most 1 componcnt'Ofsize' a least '1 'arld' "1' > "2 > "3· we infer 

that u2 < t1 and u3 < 'I· In general, for all k and all 0 < j S 2k - 1, 

Consequently, 
u2k+j < 'k-

ko 
IUI = I; u;< I 2k1k = (ko + l)(M/4 Jog M) S M/4. 

k=O 

But IUI > M/4. Contradiction. 
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I.ct u1 ..... U-,!. be the sets of vertices of the 21 largeslc~or r ,,~ U)~ lhal. lUJ > 't 
for c-JCh i. 1-·or each i. IUJ < llll < u?-12. Apply Lemma 43 with r = (ttf8)112 to obtain apada P; 

oflength atilnil 9(ti1&)1n _ I lhatconlaiusaset·W;ofat 1eastt11'8)1n vertices of iUt Put 

W:::; W1U.-U w2r 

Ry definition, lff1 > 2k(11(&>1'2 = 2~~n. and every vertex in IV has a neighbor in 

·-\ u. 
, By tcmma 4.4. since tf.{ ff')~ +< U) = U*. at Jeas&;balfuflhe venitt<S ilJ +{W) ate at distance at 

least 

Ing 1 lf1 > log m - (log log nr)/2 - 3 

from aft vertices in +C•,,, \ lJ). l..ct W' be a set ~IJf'l/2 ~~ x in JY~h that (x.J) is aseparated 

pair &>r e11Cry yin• 81 \ U. , 
' . 

1-Cl.f; be the fiJst Verlc1 in P;and z;bc the last. Let Pj be a path from z;tO.)'; whose lcll$lh ~at 
• ; ' : \ ,, - : - , • ' •. ~ - . ; - :, • $ • 

most the Jengdlof Pr- 1..et Q; = P; • Pj~ path Q;fmmJ·;IDY;basb&that most l8(1ys)112 -2. 

laYVkLmuna4.l to~•p8 ll oflen&th•_.~J + bl ttiat UilscvetY.Yt Consuuct 

a padl I( fna It by subsaillU.·O; IOr •·oc;cun~of,Jlill •u..-t ·Palli R'llas~al lllcJSt 

.1111.itn + l) +·~:11(11'1»1/2 -2) ~ 4J4 +·2412tlWl(lol••l1'2;- 2 

< wzU2 + ~11111116- 2 (bu••-~16) 

' ~~-"2· " 

md im:hKh:s the vertices in W'. Apply Lemma 4.2 widl .s = 6-2fl2. 6 = llf'1 ~ 
ilf2_,16(1og lfl)Jn and r = Wl1(1e&,,...f2 ~-SU.1~ Sof It of length al most 6M 

widl a subset. W-of m/l2Clog•>112 ftltices in W'. Cons&ruct path S from S bj ~a · 

~in S of..,. ~-Xia Jr"by:IJte ~ {.¥.j>.'x}:UJIOllllC:tt"ahhot yd'.nlldl lllll 

y£ •• \ U-. by~~of W-.ach (~y).ii~~--. Padt~W .... anist 

&tr+ 21W1~7RfJ1nd,iQducballeastlW'1 == m/l2(11Jgllt)Vi?-clislillctseparaud~; • 
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4.4. Open Problems 

A comparison of multidimensional Turing machines and machines with other storage structures 

describes quantitatively how the structures of the machines affect their efficiency. When studying 

these machines. we may attempt to generalize theorems about conventional orie-dirpcnsional 

machines. But we should not be interested in gcnerali7.ation for its own sake. Rather, we should 

determine what properties of conventional Turing machillC$are not,•ifacts of the linearity of the 

machine's tapes to demonstrate that phenomena such as the time-space tradcoff [7] .occur 

ubiquitously in computations. 

The following pr.oblems remajn open. 

1. Can a d-dimcnsional Turing machine simulate an e-dimensional Turing machine of time 

complexity Jln) in time 0(1(11)1 + l/d-1/~on,.line? Orcanthelowetb0Und0(7{n)l + l/d-1/~ 
be increased? 

2. Can Reischulc's simulation of a multidimensional machine t>:Y·a tree machine (23) be 

improved? If the space used by.the on-line simulator isiteslrintf<f ta cx:n) When the tfdimensionaJ 

machine nms for 11 steps, must the simulator use O(n (log 11)1 - 11 ".>time? 
' ' ,....._, •' 

3. Can a d-dimcnsional machine sirnutate a tree machine M'titn~~Qiili>t~xi~J't'IJ) i"1 time 
' ,1. ' ' •·: ;. ) . 

O(T{n)1 + l/d/Jog 7{n))on·line? 

·. 4.' Do similar time bounds hold for simulations among nondeterministic ~~! :Can a 

nondeterministic Turing machine oftjme complexity 7{n) be sim~l~,b~ '.r:iondetenni,nistic 
.-·-, r ___ " :,-- -. t '. ,., " ., 

machine in space 7{n)/Jog 1{n)? , , · · ,, · ''' 
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