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degt'fts ot Master of Sdence.aftd IW.a1mt ......... 

This thesis devmps the state macl1ftt spMtf lcatloft .......... 1 ,.,_, speclflcadori 

.technique for data · abstractms baied on Pamas' W8l'lt en ......,.. niodutn. 

When using the state madttlat tedtntque:~bdt data t*jld ta ··',7 as ~ ate of an 

abstrat:t <and rlot ..... rlr f~ state....,.... Mile_. ......... state Mt II · 
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1. Introduction 

1.1 Motivation 

In the development of our understanding or camplex phenOrnena, the mOlt powerful 

tool a\l'atlable to enhance our comprehenston ·ts ii~. , AbltNdlen 'Irises from ·rhe 

recognition of simi1artttes betweerl· certain objects or profl•sei; and thedediton to concentrate 

on these· correspond~ and to tgnore, for the·. prdent'; ittetr dtfferenees CHoarf '12bl. In 

focusing oo similarities: one tends to regard them as Nftdt,.._l·and 'lfttrtnste, aftd:to'Yfew 

the differences as triv._1. 

One of the earlRst: recognized a:nd fnost useful afd1 W abStractbt ht'prog~mmmg ls 

the self -contained subroutine or procedUre. PTatechlfes''appeared as early as 1945 tn: Zuse~s 
programming language, Plancalculus CKnuth '16l.>Btstdei, mty'Clmtopers of pmg~mmtng 

. . 

languages recognized tM utlttty of .the concept ot't prGcef!ure. ' -Carry, tn 18, de.crt~ the 

advantages of includtng procedures in fhe 1progrtlrilntng 'tanptger '*Ing ~eloped at :that 

time by pbt~ting out that the ·dec0mpostti~"miec1tarihln p..OVlded.tiy a pt"Otedure would •Row 

keenet tnsight ink> a probiem by· permttflftg cohltderatton of' "Its ·separate, distinct parts 

[Curry 50l 

· The existence of procedures goes quite' far towanf captunng the meaning of 

abstraction CLiskov and Zilles 7i1. At the point of its invocation, a procedure may be ttated 

as a "black box", that perf orrns a specific tunctiott ~bf. mean• "' an unprescribed ·a1tortthm. 

Thus, at the level of tts' tnvocatlon, a procedutt •mes :tW re1Wlnt detail of what lt 

accomplishes from the trrefevant detail of how It. ls tmpletnentect; furthertnore, at the -1eve1 

of its implementation, a procedure facilitates understamltng of hOW it acc:omptlahes Its task 
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by freeing the programmer from considering why it is invoked. 

However, procedures alone do not provide a suffktentty rkh vocabulary of 

abstractions C Liskov and Zilles 7SJ. Procedures, while well sutted to the deseriptton of 

alleviate this problem. the concept of a dcta absf~toa ~ ~ Tbas ~dse& a. 

group of related f umtions er operations whlcli ut upcl8 ,a."~ ~ 9f ob jecU with the , 

constraint that objects in this class caa oalf .. be .obwrv8'i . .QI' --~ f.)J ,~ .... ~ 91 its 

related operatiQlls C-Liskov and. ZiUes. ?SJ. 

A typka I example of a data abstraction ts an tTttfpr f*slt '""'" Jlfl.Ct.. . tkre. lbe 

The set of QPeraUons assaciased .. ~.a Ciiata ~-~ m . ....-al .~ 

operau.ons to create objects. of tf1e data abstraaiQn. ~ •}J_..~,, ... jlel4.~ ~-· 4.- . 

abstttaction and operations to obtain informatlclt .• ~ ,t-. .~ ~~of ~jeql of 

the data abstraction. The .first two categOFA of ~ .... ~a.~,~e. IM!A •Ad /11>/1., N4! 

the constructors of the data abstraction. Operations in the last category art llJfll#J 
• • , •• <, 

operatiens as 0-y pro'flde information a~t the dat.a ~~-· To, ~I to this 

category. 

constructors can be further classified inte tW() djff erCJl,t ~ps; tnforwaolton "'"''"' 

o;erations and tnform1Uto11. r.CJnOutaf o/Jf.ra.tions. lnf•maUon ~U,. ~ttons place lleW 

information in the data abstraction. For exampS,, 111ult i$ an JJ;lf'orwatt9rJ adding operation 

for int~gtr p11.sla down sta.c1'. Its complement, po;, ts, an tnr~tton removing operattoq. 
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This type of operation removes information ff'om awebject·of the data abstractkn ·and 

results in a new ob Jett of the data abstraction ·whc>ie lnfertftttto1t0mntent b a sublet or ._ 

information content 'of the ortgtnal object fKapur:78l 

A data absttactton ptovk:h!s tiff same aktr to· a~ as:·a·· procedure and allows 

behavior of a data abstraction catt be descrthfd by • ''l~lh'it. A speclftcatleft ef a datJ 

abstraction specifies the names and defines the ab~ract mejaning of the associated operations 
. . 

of the data abstraction. It describes what the data abstraction does but not how it Is done. 

This latter task ts •ccompltshed by an lrlt~rt~' '·1'ftP~tton of a data 

abstraction describes the representation of objects' er'"•· data abttn.ctlon and the 

tmplementatton of t~ operattens that act upon thee Gbjedi. · Tholtgh thtse · .dlffewwt 

attributes of speciflcatton and implementation are, tit pttitiellf,. highly Interdependent 'thef 

represent' togkany independ8t toocepts roauar:'5J .. 

· The main concern of this thesis 15 the apeclll"1ll1n of data· abstracttonL 

Specification is important because it describes dte alNtract~...-· whtclr has been <OllmlYtd 

in someone's mind. It can be used as a communtcattoft l'Mdlum among designer• and 

data abstraction he is coding CLiskov and Zilles 751. 

Moreover, if a formal specification technique, one with an expltdtly and precisely 

defined syntax and semantics, Is used, even :further beMftts-:can lie derived. Formal 

specifications can be studied mathematically so that questions, tueh as the equivalence of two 

different specifications, may be posed and rigorously answered. Also, formal. specifications 

can serve as the basis for proofs of correctness of progranu. If a programming language'• 
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teMat'ttks are defftled rormany tMihle al'HIStracheJ 'lll.·prcf•rtlll of a prqgrl!ftl written tn 

tMS ~~an be fer,,.ay prQMd. The.~o(*·f"••• t'-' be plOV.«f 

by esrab1ishing the eqtrivafenc:e or these· . .,.. .• , .. •• • ~,, ,..,. f...al 

amt Bentns i1l. S&Me: tMs p~ cart be ...... .-~flt ............... Jt ~ 

provtded9$ip.anda>r1fip'..,...~ ............... , ... hf!IDL 

t.a Parnas's Approach. to &peollleat&.a 

Thejnformata.~ tn U..spedf~fl••~can df..dtvJcled 

into a •rncactic part •"41 a semantk pard.4.tsk-. _,,..._,11J .. ~ ••~¥l~ ptOV.,_ 

a ~bVlary of terms or ,,_...that ara .,... IJJ • •#!1"* ll'"t• .,,_."" ..... 

tW1Gntng or behavffw of t.W .. abstraction. T~.,.,1.,.., 2.;r.....,..,. • lft 

capturing this meantng; either an expfkt\~~-·-tn.~;ir.-~i•·'i*• 

and tts·asseciatef .,.-. .,. def'iaed llt .-.af lltb •••1;t.«-•,..,., objldl • 
I . 

PaFDH. IParnu 72J hu· develape• a ....... _..,,........., f~ WI .... 

, .. fidtiaftt -- - the··illlpltat.,,,,... ............ *''" .! ............... . 
following goals in mind CParnas '721: 

u The spectflcation must provide to d\e ~· ..
a11 dte tnl•nMtoa ·tftM ft4t,Wtl _..._,......,.-. ·· 
the object tpeeified, and_...., ...... 
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2> The specif icatton must provide to the Imp~ an 
the information about the inteftded use of the object 
specified that he needs to tmpten.t the spectf'k:atton, 
and no additional 'lnfonnadon~,' ., · ·· · · '· " · 

3) The specification should discusi tW object specif led 
in the terms normally used by user and ~lementor alike 
ra~her th~n in some OChet a~ijfttikOW.11/ 0 '' • 

When using Parnas's technique, each data. iibject ls viewed as the state Of an 

abstract <and not necessarily finite) state machine and, in Pamas's specifications, thil state Mt 

is tmpllctt1y defined. The basic idea ls to separate the operatkri Of tlte data abltractkM Into 

two distinct grotips; :thole which dtt not chanp't1'e~-bttt ati lome"alpectOf the attMo 

be observed, the value returning or ff-Jitflltillft$. 'inti thOll WHlch 'diange the·tta~· th 

operation or 01uncttons. The spectflcatiOns' are t&rn'·w,.,..by.~"the'effect Of···-.. 

0-function on the result of each V-functioft. TfftS:!t~ defftles tfte·sma~ let or 

states necessary 'to distlnguish the variatl6ns tn> die ·tesuif or:·tfie V~f1ittcti0fts fLtskov ~nd 

Zi11es 751. It also determmes thetranskions afnon(·dlele it8t1Sl:aue:t by'Uw'O~PUncttoni! ··· 

Returning to the tnttgtr /'USA 'do11n mscl'ixariiple,''~et the .. floM Up' a• 

push. Top is a V .:.;function that is defintd as long ts the ·afael 'fs;not1empty, and ,,..ts·n 

0-function that ef,fects the result of top. These ..... tlons'ftdiM'fM.:speattec:l'a in. Ptg\ri·l, . 

where de~tla is another V-functton wttose M1ftatun ls td' Shown 'IMfe,''Wt ~lects the 

number or integers tn the stack. Q.uotes aro\lnd a' 'V-~ ·are'uM'fO' tftdkate tts'Wkle 

after the 0-funct~ is executed.I 

l. This interpretation of quotes differs from that In CParnas 72. 751. 
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FlfUte 1. Top and Puah 

hJtl. "·::::Ji.~4ai ;. 0 . 
. .............. , •. ...... 

push .- o;::.3~~1:~ljf* .... , < iat · 
Eftnt••••• .. •• 
·~·,; .. ;,~ ..... ........... ' 

on. the V-functions. in oJMr' ~$. **,•"9 at, .• , ... "8. 11ie ..., ... bf • 

Y-r.-on only .af~ ..- ()-f~• ftl.•-,._. Ml!I· ~··~...,..,.,,~a dell;~ 

· e{f «t on ~· 111 th• M!!l'ifll! abet afwt; a ""' •••• ....... i Pt .. -..._, the ,__, 

·;*Pf> or the stack etemetttts,..., Gf*.•..,,,_ltf . .,_tplt~Wll,a,""'·a, "'81'· 
Partms used.. ...,...., .. ··• .- • .......... ,.aa -.._ tffats (ftanm ft'9i . • .. . . . . .wll&I;,,_ \'.\% ~ WIZti¥,n., -·-. .. ; ._. . . , . ·. 

In hts .. spedfkatbts,. he Int~ • ---..,..., ,Al""''lflf~)-~ t" .,,.....,_ • .., .. 
.... l«ts in~. at tlnlia.~ .......... ~ ... ,..,~ t~ 151. ,., 

' > • • ,• " A '~~' ' > \ 

~le~ hJ.tpeclff lftt ~of f';Kslt aitd_,,.~111\• .,,~~,,~ ~ ...... ..,... 
..,_e PU,SH<•l;POP ttair,uft!t d'f~,lf ~en•-,.,~~~~· '51. 

One .. Method to f~ deltrAbe .._,,.,(fe;ts, ti fP-11••.,,. ,ll~d-- _Y-lwuti;ma 
. . ' 

lP*lce 731 to r•esmt a.,.as of ~ .-, ,,... ~ ."' ••~ rlf'11;t, ~ ,_... Mtl• 

V-functtons are not operatkifts associated with the4ata •••~.:"""',,_~ .. Ther IR 

'"-tt«luced. to store valuet of .ocher V.,-func:ttoJtl .Jftd ....•. IH!S ~.---_.·they fdlff • 
"; " -"! '"~J: " .;'.. • C " • ' " "' • e ' • • • : 

repr@sentatlona1 problems caused by delayed effects. Stnce. t1Wf an 1M epai~1 -«*- 6e 
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data abstraction, users of the abstraction shQUld n« be 'able to use them. As an e-xample. In 

the specification of a push down stack, one could introduce ~ hidden V-functlon stad. to 

store the former top of the stack element. 

This approach has been followed by researchers at the S~nf ord Research Institute 

C Robinson 771, CSpitzen 761 However, their main toncern with Parnas's approach to 

specification is its use in a general methodolOgy for'.tfte' desfgtt~ tmplementatlon and proof of 

large software systems [Robinson 751, [Neumann 'HJ.· With this goal ln mind, they have 

designed a specifica~ion language, called SPECIAL. f()f' describing Pamas-type spectflcattona 

CRoubine 761 But, no formal semantics ltave·bel!ft 'prc#tded for SPECIAL. 

1.3 State Maohlne SpeolflcaUons 

This thesis develops a formal specification techntque based on Parnas' Ideas. The 

specifications written using this techni«1ue are cal~ J((Jff Nfld .. n' s#>fdfltattons amt .... ploy 
- ' ' 

hidden V -functions. The spectnca~i0n technJque d..,ibed In this thesis ls similar to work . 
• ' . 'J - ' 

being done at the Stanford Research Institute. No attempt ts made to formalize · Parftas' 

notion of a modular properties section. 

An example of a state machine specification ts given below in Figure 2. Here, the 

data abstraction defined is a boundtd tnttgtr stad. with the foftowtng oper~ttons. Tofl Is a 

V -f uncti~n that is defined as long .as the stack Is nOt empty ·and retttms the top of the stack. 

Dtpt Ii is another V -function that reflects the numt.>er Of :Integer$ fn. the stack~ '·Pus It amt' '/JO/I 

are 0-functtons that insert and delete, respec'ttvely, Integers trom'the top at the stack~ : 

Notice that there are three different types of V-fUiiCtlOns inc1Uded tri the 

specification. The Alddtn V-functions are used to represent aspects of the State that. are ilot 
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bounded_stadr. • state mac.._ ti puah ..... tap. d4lpth 

depth • non-dertvetl V.f~sttl..i ) ......... tMeger 
Awpl.~~ ...... 
tmttat YHle: 8 
enddtpth 

st•ck • hl•n V-f~~· i• ..... IP"81f 
Appl.~.: Isl'~ 
Jnlv.l v-.::.....,._ ... : 
end stack 

pop • 0-f unction< ) 
Appl. Cend~: ...,(Mpth •• 
Ef~-ftf;_'~b' •,\I. -1 
end pop . · ' '" ' 

.push • 0-fu~~) .· 

. -~~ C~.: ~1rl . Ef.feota:IY ....... ·" . i I 
's~ck~ ... + l> •' 
end pt.sh · 

end bound«l..Jtack 

,immediately observable. Recall ~'1e d,t.,yed effect qi'.~ 9": "I! .. -~~,:··~.~ ..... tJi 

· puthecLon.the stiack, tile.former top of ~ck elit-..t ~~,...,. ,~ -J IO/J 1Nt tt wfll . . . - ' ' . . _: . ,; . ., ~ , 

be If f'IJP b used. This v.alue Is s\9fed •n tile .h~~ .v ~r~ ~ Htclcten V •f~_1Qn1 
- .. _. ·• ;_• ._ '· !• ,, • .-

. ~re not dir«tly ac~•Jble '° users of the d'3 a~.~·-·~ a~ to them Is 

erovtded by t~ Mrlwd V -fuPttions, which are ~ef~ in . ..,.,. of the ltAdd#t ··,.S 
• ' ' ' ' • 'I,_, " • . . • • ~ ' 
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J. •· ,. - '. ~ -

.non-derived V -functions. Non-derived V-functions are alsc> accessible to users of tbe data 

abstractioo .. They are inquiry ~rattana that re,Y.~.l tntrtm.tc -~ .. 9" t~ data abstractton 
' ' • ' • • • • ,,. - •• ' • - - • > 

defined by the spedficatton. 

N.ote that the spectficaticm tn F~ 2 u• .t~ :4fta a~s, ~amelJ Jhe 
- . . .. •' ' . ' ' .. -,. 

integers and ~~1u,. which are distinct f.l'Olll t!t~ ,4~~ .a~ ~ef)Red bJ. the ".'&C:~lne. 
'~' . . ~;··· . - ) . . . - - . - ' "· 

These data .abstractions are called the dljinJy, •tr«Uoftl. They are not ,..nc~. to 
> • -~ • ' - , ' ' - ' '- - •• 

contain only the integers and Booleans and can consist of an entire co11ectlon of. dii~ 

abstracttqns. The defining abs.tr~~tiQDS a,e usua!IJ stmple ~...-.~I that ar:e used ta . 

construct more tofTlP)icated st,ate.machine.~tf~UO{ts. 

The defining abstractions are1.1sed ti' the d~in ;aod range of tile V-fuD(tlonl and 
' - ... ·~---:. - J ---~~--~ '·: . .' -,. '"·.1''·~- < . -., -,~ 

0-f uncUons. l"hey constitute tt,e tnf om)l~lon,; ~t ~. 0-:f~~J.: t~ const~s. add.~ 

remove from the. q~a abstraction. They ~~e,~tso ~ raaJ1t.a ~~ dl,e V ~fuJtd~~. tfle t"!P'lrJ 

operations, return. The defintqg abst~a.ci~ ai:e ... ~ ~,~ def'lntd elsewhere either by 
' ' - . , . ,•,·, ,' .··' -,:·, : .. '. . 

The semantics of a state machine can .. be c:lef.1'1~ ~y ,glvl!!C the fo~t• 

interpretation to the V -functions and 0-functions. In every state of the machine, some 

mapping is associated with each V-function. These mapp.ng; ·dtata~z~ 'the ~~- 1-tilt, 
represent the inf ormatton that t~ V -.functioft1A'eY•l .e~ •~!I .state~ . In fa,~ since the 

< - \i • .- , • • ' ; ~ • , • . . ~ ' 

. derived Y -£unctions are def ioed . ii) terms .of the "'1-derived ~rt4 hidden V -functions, the 
. ~.1: •• ·\ .'",· ~-. ~;i~,'" ·.:·~·~~."'·~-,·c:,···--. ''·' '.t~~·f/~.~ 

. state of a state may:h&ne ts. completely cllara~ ·~' Jhc,~ .,_ tJte non~--~~!,~ .. ,,,~ 

hidd~ V -functions. The 0-func:tions ch~"I' ,~be •• of ~ •c1'.lll• by red~~tng, ~~ 

mappings. 
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As was previously discou«l, formal ipeetfic:a_. * tre"*'ted · ~· 

So, state machine speclfkattom can be used to prove,,......... W -~ ~· or the 

equivalence of different lf*lrtcau.ns. Pu~. *"f1

• lfll•• '* "4 .... ,_....,., 

. cc>mmunications medium •moni progra~s due ttf dMlr . ......., ctef'• ..,..nticL But 

one of thetr most Important uses will be to serYe .. ttje ._.·tor procits of p~ram · 

correctness. 

Establishing program correctness can be clacrlbed •• l!l two ste.p p..._. wtth m. 
overall goal of mowing that a program mrNtdy·~ '• .. tliat •lsts lb 

$0meone's mind. First, a formal descrtptlofi bf the~··--~ 1'h.ts ~1' J.e .done bJ f. 

formal specification. Then, the program Is pro.YM ... #t• lie 1ptdf:i~Utlf-by ,..,,..., 

analytic means. CHoare 7'2l1 has descrtbed l rnethWtOac ... '.Wfll'tlWd. 

However, Hoare's metltcid requires *'11! .... ._,., .... the'9ed't .iteecJa\fll 

state machines. Accordingly, this thesis •tso dt.KQ** ......... ._.,..,"to :~ 
.·proofs of correctness using state machines; 

Chapter 2 presents a model for the semaftlkl or-.ce ·mnhtrle· .,edfk.atlolJ.S. 'l8fJt. 

· the basic components that every· state machine mtist ~1aie dta.-S. · T8'en t• ·~ 
· eomponents are used to develop a ·model tor ·the ··~ Of a dte machine. T.t,e 

di5cussion in this chapter fs abstract, presenttwg onlfthe Ob)iida tfiit the· bUlt ..... ti.,. 
any state machine must spectfy but not dtscusstng an actual '8npap &o tpedfy these .,,...,.. 
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Hence, the model developed is quite general amt not tlecf to a parttcutlr spedficattm 

language. However, this model is restricted to ,._ __ madl~- that only con~ un&J'J 

operations on the data abstraction defined bJ th~ machp.. 

Chapter S details an actual spectf k:atian 1a.,,.,., for ..... machln,es. It Is a 
; . ' '·"' ·' 

complement to the abstract discussion in Chyter ,2 and usea ~_model developed ~ C~,,.... 
. ' . . ., :. '- . ~ -· .. 

2 to formalize the ~ntics of this concrete spedf'katton .......,,. 
- ' ', ·• ;! ·- . • ' . ~ ·,• ! 

Chapters 4 and 5 discuss and illultl'ate a method a, pnmr the cornctPeU of an 

implementation of a data abstr:acUon specifted by a state ~~· 
. - .. ' . - " :/.'!-

Chapter 6 extends the model for the Mmantkl of _. machines dacrlbed In 
.· ' : ~ ~ '"I .. ~,'. '> . ": " 

Chapter 2 by lifting the restriction to unary operations. 
., ,- ,;,.- .,;: ·:•; 

Chapter 7 concludes this thesis with an f!Y•~ of t~ wor~ pw~ •Rd, ~ 

suggestions for extensions to the state machine lp!lldf.. ......... __ 
• f , ••• ,- -: > i_." ; ,..... . > 
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•• 

' : .. ~ . ' - .(:. ·-' -:.:; : ' ( :; f1 : . i: • •, -; , - - - • ~ ' 

Section 2.l, the basic componenu that every ._ ,...._ ......... Mlllt c:eotaM ue 
. · .•. _ • : . • " '. ' . ''-.:i • . : :, •. ~ '"-~~-- ;-· ~ ~, :•·. - . '" '-·' _·. . - : 

djscttised. Section ·2.l •If deftftei the lfl'tadtc a.--. Mt• - a.~tilll ......... 
-~' .. • .. . _ - _ • , . ,. . ,q~· ... il· :. ... :: .. ~-~ ... ~,:·1·:..:Ls~ .~:··!:. ~>.: ... '. t . 

mdst 1attsfy. ·Semantic issues c:oncemtng whether die......, a••.,. ..... ar tant1~ 
' I 

are dl1eussed in Section 2.2~whkh *"'' hoW ~ .~· C..,•e'~tacan be .... tD deYelcJp 
- . -;., • j ~ ·-- l - /.. . <' " . ~·~ ~~- :... '; : ~ ... > ·.-... ... .• 
a model fOr the semantks' of a state mtlchtqe. ..._ liadt ... ._ ts _.eilh• bJ a llt GI 

states, where each state ts .nodded by a set ;,, ·,~ ............ ~ the .... .... 
,._, 

· non-d~rivt'd V-functions; ·o-functions dtrtn~ ~ biatwe.i .... . 

The discussion h~re Is abstract,~.., ........ that the ba.k ~ . 

of any state mach)ne mu~ spec~fy but Mt cb~ ···~r~ ... to .....,, 

these objects. Henc~. thi ntodel dev~ ··here· II ............ •lkatitl to a.tJ , ... 
machine sp«lfled Using a combination Of V·fundlenl-' 0-f ....... It ii Mt. ......... , 

applicable to Stile machtnes specified ...... __....., ...., ID .......... ma•• p~ 
section. 

8.:f. The Baalo Ootaponent• of a ltaM •...W•• 
The state machtnes .· consldered here are specif led ..ang V -functlorti i'ttd 

0-functlons. In prlndpte, one ~Id define a state madtine wttW any V-fUncttam. SUtft 

a. spectflcation, however, WGUld be singularly unlhtereldng. Wttttout V4ufidlons thfi 

would be no way to observe the state of the machine and, henw, no WaJ to di ....... tllfiie 

member of the data abstractton defined by the mKhtne fram any other member. So, 1'it 
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shall assume all state machines have one or more V-functtons. 

' 
Furthermore, most Interesting state macht~ speciflcattons wtH contain one or more 

~ . ' -
0-f unctions since, without 0-functions, a state. machine can only specify a data abstraCtton 

containing exactly one element. 

2.1.1 V-funotiou 

. ' ·' 

As was discussed in Chapter I, there are three types of V-functtons;'the non-dertvect 

V-functions and the hidden v·-functtons, whkh a.:. pr'knttt•e. and the cteri:Yed V~functlons, 

which are not primitive but are defined tn terms of the other. two. 

. ·:-, . 

Non-derived and hidden V-:fu~cttons are apeclfled.autogously.· Each non-derived 

or hidden V-function v has three sections ID ·lb dettfttt&Gn: ·• ·...,pmg d~rtptioft, an 

applicability conditJon and an tntttal value section. . 

Figure 3. Non-derived or hkklen V·functlon· v 

~I Quo"'~ lly;.;~y ... 
Appllcabillty Condition: W,: I> >< Dy .,. Boolean 
tnittet Vatue: tnltytfDv :O.'R~J· ·· 

First, let CA-+ BJ denote the set of partial functtona from the set A to the set B. In 

each state S of the state machine, some particular mapptnc vs ff'C'.I"' C.D.v .,. .Rvl will be 

associated. with v, where Dv and Rv are specified by the V-fcmctton'1 JM/l/l'flf 41seri/ltltlfl. 
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This mapping, of course, varies with the state of the madUne. In general; the ~ 

associated with v wtU not be totaL As an exa,mple, la ,.,.. 2 of a..- 1, &tJJ ....... 
,.-, • ' ' 1 "1 '~ t !~ ;; ~ • '"· , ·r • ~ 

associated with siad ts a member of [integer .... In~). 
~ . - , "' . •,- . -~· . ' " - ~ 

Th1 sets Dv ~nd 1 9 a)Jo carry the f ...... ~· ~, ~ ~

abstraction defined by the machine. In general. theJ will: be die ~l'tGlan ~ 

G1 x ... x Gn of a group of sets. But the G1 ue l'llt.rlctlld • tW'lld ••t"'Of tfMr··1bta 

•.b.~!action defined b~ the machine may be an e~~ ~- .~~ of .tt. <i\· 'l'h~. ~· 
' v - • - -- •• ·• ~ ' , • - • ' , 

to define a function whkh. c:omputes the_ ...... or ma..... ... It ........ to ..... the 

unary. operation, Aas, what11"•U11• If a·•••·~--llijli.: 

N.ow, since t,he state or_~.~ mach~ is~~_,..~~,•-•. ~ Cf':}-.JP~"~· aasoc;lated 

. with_ each nQR-derived and hi~-- V-fu~. ~can ••the, ... 11,l • u. !I ••of 
.~-;.:·. _ ...... ·:,! "·'{ ,-·-- :· ·--~- · · . · : · ;.~ .:~~: e-r· · ~-:--' >~-~r"1 :·-~.;~ ·~~ :·· .-·.""··,~·~r,~:·.".-· ~,~·~ :~-.t,:. · : 

CDv1 -+ Rv11 x ... x CDl& -t "'-1:·-~ _ :. , 
wh~ {vl, ... ,vn> is the set~ non-ctertved and•hNden ~,-~!I•~•'!'-.~ rnachtM. In~ 

cases, JI is a proper subset of t>. This ~r~ ~"" ,-1:J!!';~r,?,~~'," 'n ~. 

a function that can MVer be associated with a non-derfvm or hkld• V-f~ i.r 

the Integers can never be associa.ted wjth st_. 

The apf'ltcaln.ltt7 c01tdUlon of a V-functlon pvems when a call of that functton bf 

a user of the machine succeeds. This section spedltes a partial func:t(ml •v from t> X l>v. 
.. . '. ' - ' , 

into the Booleans. Hence, the success of a call dependa °"the 1ta1e·of the machine. For UIJ 

XE Dv and:s1.S, •v<S~) ~evaluate to true for the V-func:tloft to retu~ -the value Y5Ca); 
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where v5 denotes the mapping associated with v in state S. When •v<S.x> equals f alae. Y 

returns an error condition. 

The inutal valut stction of a non-derived or hidden V-functlon v def Ines t._ 

mapping associated with v In the Initial state of· the machine. This section specifies one 

member, denoted lnitv, of CD~ -+ Rv1· In practice, for non-derived V-functtons. lnlty 11 

usually a constant, total function. 

2.1.1.2 Derived V-funotlons 

A derived V -function v also has three sections In Its def lnttion: a mapp ... 

description, an applicability condition and a derivation section. The rnapfJlng dtstrt't>tllm and 

. . 
apf>licabtlit'1 condition are defined In the same manner and have the same Interpretation u 

the mapping description and applicabilty section of a non-derlnd or hidden V-funCtlan. 

The derivation section is unique to this type of functiqn. 

Figure 4. Derived V-functlon v 

Mapping Description: Dy; Ry 

AppllcablHty Condttfori: Wy:~ x Dy-+ Boo1ean 

Derivation: qer v such that <m v5>dD., -+ Rvl for states S 

The dtrivation stction specifies the mapping associated with. v . in terms of the 

mappings associated with the hidden and non-derived V-functlons. This section defines a· 

function schema, denoted der v, expressed as the composition of the non-derived and hlddal 
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, V-functions of the ~chine and other functionl ~ssodated with ttM ·elements .of Dv· ·The 
. ' ~ 

partkular mapping associated With the IChema, denoted (Bt V5), d'Pmcls Oft the ataae ~ of 
' •:, "' .. ,{c -· ' ' 

the machine, which contains an interpretation for the naft-fhrtYed and hiddeet V-fulldlonL 
- ' ~. ,. . ' 

~s an example, consider the derivation section of ,., ~ .~Jrte t 'f_, ~ 1 .... ur .... 
I, ; .' • • ,. ' ' • 

S, top returns the value stad(t1111tle). This value ts, of ca.tne. ..,,ndent •the...,....., 
. ' ! • .. . . ' ., 

associated with stt1tl and di/Ille In state S. 

9.1.2 0-functiona 

0-functions too have three sections if1 their deftnlUan. TheJ. are ~ mappt .. 
>·.I 

descrtpUon, an appltcabtlt~y condition and an effedl IKttGlt~ 
' . ... ; 

Ftvur• &. o-tunctkm o 
'•:}. c··,, 

Mapping 0.Sci'IPt• D~ 

.APP.*~Y "JNMI .. I.= t ~ J:te ... ..... n 
Effects .. ctton: ~ff 9 >< 00 ... e 

In a gtv~ ~ai,, ~ch 0-f•~}~ jl A ~,7flf,i£J>. ... SJ, where 0 0 II Jt"'1 

by the mapf'lng dntrl~ and S ts t~ state teNif die'~- M wUh V-f~ P., 

will, in general, ecJUal the artesian product of a Jl'Ollf' of let.I G1 >< ••• x G0 Whtdl ·~ 

,~$trained so that no e~t of the data ...... clef~ bJ ~ ~-- ptat be an 
-~ •. '. ~ . ; . . - ·•·' . ~ ' ~ ' ' . ., 

element of any of the G;:_, T~ range of Ute O~~~ ~apt~~·''~ ""JR,l'!J 

description since it ts· under~ood ·that the ra"Je of aH Q~~ I!,·~ ~· aet. 
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The a.f1pl.tcabtlit7 condttlon of an 0-function determines when the 0-functian 

changes the state of the machine. As for V~fu~tona, ~hiJ .dian deft,. a partial functkJR 
" ,,·,,_ - ·, 

910 from ~ x 0 0 into· the Booleans. W0 must eva,lu~te to. ~ for the. function to change 

the sta.te of the machine. Otherwise, an error condtticJn Is ratse,d and the state rema•• 
.· \ .· '\ , -: " -· ,.. '.-·· . 

unchanged. For example, the applicability ~itlon of ,_,Jn ftgure 2 of Ct.a~ I 
- • ! s:; . ' '\ '" ·' ~ , .. ,._ . . - : 

prohibits its execution when the stack Is empty. 

The tf/tcts stction of an 0-function specifies how tl,eJunctlon chang~ tfle state ol 
. ~ : . ' - . ' . ' 

the machine. This section defines a. parti~I functlcln ~of,~ ~·;x D0 l~to ~-

2.2 The Bemantlaa of a State Maeklne · 

2.2.1 The State Set of a St.l't• llaohlne 

As was previously mentioned, a state of ~ state machf!te ... l'DQd~ by mapptnp 

associated with t>ach non-derived and hidden V-functton of the machine. Hence, we vtew 

the state set, j!t, of a state machine in the foftoWtng manner: 

.S c CDv ... Rv J x ... x CDv -+ Rv j • ~ 
1 I n n 

where <v1, ... ,vnJ is the set of non-derived and hklden V-functtonl of t.he machtne.1 Nate 

that Dv
1 

and Rv
1 

are specified by v1's ma'1e~"« 4es,cr•lon· 

Our purpose in this section is to define S. Here, a constructive approach will be 

used. Note that tbe. initial state of a state machine Is expltddy' ifitiriec:t by the initial va• 
... -.'!(·, 

.sections of the nori-d'erlved and hidden V-f~~ ;:ft.ij·~--. Q., can generate the 

state set by means of the following constructton: 

1. Recall CA -+ BJ - {f I f is a partial function from A to B} 
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D Q.. is an element of JI. 

2> If s ts an eleflJent of JI, •nd o I•·~ 0-f~n'*" ~·~ 
then the state s• obtained by applying 0 tO I .. In llement of •. . 

S> These are the only members of .S. 

So, to define S, It suffices to define the Initial ltate of tht ... .._and then Jo..._.. the 

state changes caused by 0-function calls or, Jn general, how an 04unc:Uon Qll map• ~ 

member of ~ Into another. 

The tntttal stat1 Q.. is the tuple <tnltvl' ... J.oll.vn> ~-- Che _,,l"I• datvmJ 

from the intttal value section of each of the nQJ1-dtrtvtd ..ah.,.._ V4u ..... iv1 .. ···•n>. 

Furthermore, the next ~· funqp 1JH .~~loJfotlWI JM~ 

Definition . 
Let o be an 0-function with mapping 9 0 In Its applkabi*J condttton 

and mapping i 0 Jn Its effects section. 

Let u00 amt'1h!J. 
Then., 

NEXT<R,o,a) • 

.R 

Thus, the state set ls generated as f ~ws. 

l) Q..€$. 

2> If R' 1'. and o .is ~n 0-f\lftcijorl, ,~ Jf NEX.T<Jt•> .IJ 4ef 4ned, 
·NEXTtR.o,ahS where aED0 . . 

3) These are the only elements of S. 
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In other words, the state set S is the closure of Q.under the state transition functtan 

associated with the 0-funcUons. Note that In 2> above NEXT<Rp,a) may be undefined. 

This depends on the functions ~o and W
0

• 

Recall that ~o ;,,,a partial (t,tnctioQ. So.Jt Is pGJllM\-- r..-.,.. •te S .and 11•1>0 

that ~0<5,x) is undefined. Then, if W0 <S.x>•true, N~XT<Sp,x) would be.1,1ndeflCMd. ·. TlUa 

situation Is undesirt1blf. since when. W0 <S.X>-tr--.' -~·.,.. llJ9ulcl ~- · f\lfthermore. 

Vl0 is also a partial fu';l'UC>fl. tlere, it is pouM>~·fqf!,.-~ $~ ~ 11••n., thai •Js•.x9 

is undefined, again m~kJng NEX.T<S.•.o,x"> ~An«I· T~ t~ ~ld.-~·a.JA ~•.a."'9 

the notion of a weJl-def lned state machine. . . ~ ""; 

Definition · 
A state machine is ro1ll-d1fln1d if for any SES and Q ... functton o 
NEXT<S,o,a> ts defined wher~ 11Dcr 

This definJtion guarant~s that in a weJ8;t~J~ .• te ,..m&ne. ·for ever1 

0-function o, 110 is a total function frof.n JI X J)O. into ..... ,...RI and ~O ·u a ... 

function from ((~,a)( l!5 x D0 J W0 CS,a)} Into JI. T'111. ~I\, be -. by inspec;tlqn of the 

definition of NEXT. 

2.2.2 The Semantics ~f V-funotlons and 0.-fanotlons 

With this definition of the state set Ji of a state machine specification, it ts poutble 

to formally define the meaning of the 0-functtons and V-functlons. Th ls will be done bJ 

defining mappings V-Eval for V-functions and 0-Eval for 0-functlons such that 
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V,-Eval:S x NV -. CA-. RJ 

and 

0-Eval:S x NO -. CA -. SJ 

;_Where NV -ts ttte Sft of V-..f'ancftoR names, A b tM M '* ........ a ll ti.e Mt of raub 

il;ftd NO ts the Rt of 0-fetld4on names. 

Ftrst, It ts necessary .., ch!at With same ....... ~ ,...., * "'*tton -.... •. ,. 
·has the vartoe Jr·if i ts1ru~am the .,.l\re'·ftr·1·r. l•llliL· ·n.. ................. to~-
'Im error ctW'fdttlaft Whfn a funcdOn's ~1 ~ II ... -.-~~ 

0-Eval will be defined ftrst. Now, gtven a·..ait ·,; .... '~I .... o, O;...E¥•r 

returns a function from 0 0 into SU {mB:J. So,_.,.. ....... ......._, 

0-EV.«5,o) ·is not nemsarily total stnce-· ettlM!r';I~._., '0r··'-~T<S.o.a> <:an be 

uftdefin«I. However,O-E~affS,c;Jts ...,.JS ••r·t.Mc•·,.a'~ ttate mac..a,... 
For any v ..ofllffClton y and state &; V-lvaf •';~ -.• :t••~ 'fRlm Dy Into 

Rv U <error}. First, for a non-derived or hidden V-fUtldlon Yanda - S,.ri!cali'dtat vs 

denotes the f uncti<Jn associa ... wfth v in ·state ~· ~ ~!' ,.,, ~~~~,or lai(ld• 

V-functton v with appltcabilttJ condition •v· 
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Finally, for a derived V-ful'lction v with appttcabltltJ c:OncHttoft •v and derivation 

der v, 

Note that V ..;Eval<S,v> ts not necessartiy defined o~er: the entire set Dv st~'trv<S.a> 

can be undefined or, depend.ing on the type or v-rundten, ;~<a> ~ Cder Ys><a> :ca~' be 
1; : .,: :·' :, , . ·~ • . •, 

undef thed when 1f ~<s.a>-true. When thii is not the cue, we UJ the state machine la 

consistent. 

Definition 
A state machine is conslst1nt if V -EvalCS,v> is a total function from Dy 

into&~ u <cra1:1 for •••J .sta• S"5..S '"'-I"**"·•· 

In a consistent state machine, W v' is alwap a total r-. from S x Dy into the 
, ~ r. 

Booleans and v8 or <der v5> is always a total functton frem CxcDy 1 •v(S,x>J into Ry.' 
. ', ;r·t__ , ., , 

2.2.3 An ln4y~lcm Prlnoiph 

Since any state of a state machine is generated by zero or more 0-function calls, the 

structural induction principle C&urs.tall 6$1 Atoldsi ~ : Jnt 4r:UetUll• tnduction, proof's 

proceed by course of values induction on the complexity of the ltructure,2 whkh, for Mate 
• - ~-f F ,. 

machines, means that to prove the data abstraclton def IMd by the niachtne has property P. 

one must prove that the init~I ,Pte hu ~ f~,•e.*1.alt...._ produced by zero 

through n-1 0-function calls have P, the P is true after n 0-functlon calls. This Is one 

2. The general schema of courSI ofvalrus inductioft•the--tn..,,....tl: 
P<O>, V j(Vi«i<j" PO» -+ P<j)> ·t- VkPCk> 
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advantage of t'1e generative approach usect tn thls ~·-·""~ML 

2.2.4 Pr.ovlng Propertle• of State llaela .... 

corr~t with respect to our .intuition, the.-e _.-e certaia .,,...,,._.,.~ ~ ~lcau. should 

satisfy to enhance our confidence in its ~ Two ~' pr~f!•rt .. of a state 
• •• • ' < , , • 

machlnt- are whether or not it ls wefl...defined or c:onrJNfrt. .. ~a.,,~-. .,..._. ..._.,. the 

0-functions behave property, eithft' changing the state or lnf•"*'I die...,. of UI ft1'1'111'. In 

a consistent machine. the same is true of the V-fur.c:tiDllL Thily .._. retum· a value or ratte 

an error condition~ 

for every 0-functlon o, W0 is a total fUtlCtion from S x 00 inlQ the Be1l1an1 and !t0 Is a 
> 

total function from {(S,a>tJI· x t>0 I W0<&,a» t• • 
Since .S is defined generatively,. a state naachtee. caw be- pn»Yecl to tMt wett-deftnecf; 

by using structural indudton. As outlined tn ....... ~-hHWWttiHa·ftrft·lhowllf( tHu· 

NEXT<Q.,o.a> is defined for all 0-functtona. o and acD0 and then .......... 

is defined for all aiE D0 j' n~2 and then proving that 

is defined for all a1ED0 . Jn practice, however, it may be ntc1111ary to strenghtett tfie 
i 

inductive hypotheJ;a,to-s~y the, proef. 
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A state machine is consistent when, for every V~functton v, •v Is a total function 

from .$ x Dv into the Booleans and, for every non-dertnd or hlddm V-functlon v and 

state SE.$, v5 is a total functi~ from {a'· EQy !n,c:l l,<S,a)) Into R~ and for every derived 

V-function v, <der v5> is a total function from {afa1D, and •v<S,a)) tnto Rv· All these 

- ' : ~ '~ ~ ' ·-.' < • ~ ' ,, 

properties can be established by U$lng strudqr:.1 t~.adton tn the manner outlined above. 

In general, for most practical s~lf~~~ t~e.task of p~vtng .~hat a state machine 

is well-defined or. coosistent is not ·extremely .difFkult but rather tedious due to the many 

cases that must be verified. · The hardest ·step ln a pfoor usually tn~olves dtscoverlng an 
. . '·. _.' .. 

inductive hypothests that alfows the pr~ to~ reacUly. These comments are Illustrated 

by the example in Secttc:m 3.3 of Chapter 3 where a specification of a queue I~ shown. to be 

well-defined and consistent. 

Note, however, that both the problems Of determining whether .91' not an arbitrary 
' ' . ~ : . . ,' ~ . ' : ~ , . ' 

state machine is well-def in~ and determlntng whether_ or ~ .n. a.rbUrary state n)achtne Is 

consistent are undecidable. This situation arlsea since both ,p~lems can be red~ to the 

halting problem for Turing machines CH~nte Tll. These t!CJ,~lts,a~ establ"'~ed for the 
, . ,. , . ' ·" ., - . ~ ' 

specification language of Chapter S In Appendix 1.. Hqwe!el'." ~hey are not 1anp•g• 

dependent. 

The reductions for both problems are ~mi!'-r. Be~.> t.~e ,r~~ctton for t~e question 

of determining whether or not a stat!! machine 1.s well-def~ Is ~~ched. Here.:· we sball 

actually reduce this problem to the blank tape halt~'- p~ ".'hich}•• ln turn •. reducible to 

the halting problem for Turtng machines CHennie 77l So, ~R<'F. a determln~aijc, .ont!-t•pe. 

one-head Turing machine T. T's computation on ~k tfPe can, t.>e slmtilated by the 

following state machine TUR. 
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tape(ll 

state ~~av.u=rlAlrl.Itr.~· 
. 

a,,n. .. 'liftJM ·~••1;ii·w~ tliJe'lltlli or 
r. ~·~~-~-,.~-• 

A~'C'r.lr..U.zn"' ... ~:tr-=~ 
..,. .. _. ... #MIM•• -~·~ ... ~ .. ,· .. ,~ .. "':_,•',;·· . · .. 

. . " •. ;;.,, . "· ••. : ... • " • ;, C.> •· 

An er these fanatons'• applcllMlt' ....._ _...iii a eatbiiliM. t0tat f~ 

that r~urm the ..... _. ~- ...._ .. ,._.,....Na'~-···· f.fa: T ... machine 

hafts wften ft rt1WCW.·. ••Mi ~'t}tal'1ffift~·~:·~l'6\JM1ilwriiU'nctetlMd. 
Tftf! tuf1dfdn m· ftkile•a Jttbi ...... M 6t aiiMei'J. lli' ,_.,;'*· · it Wit w 

deftneo r0r e•er, s'ft w1Mch ~ 1'1-~:' M ~ f 6y h~W,· a state 

If T's ~tion when ll!arted en Mink• llltll. ..._ . ., Wiii ........, ....... a 

state and input ~'tar Wftlth kl next .... ;f~ 11 flililifi«I. -· In TUR's 

slfnufatton or T~ a ._ s cl 1Ui wilt be ~ ~-cewtief~iilll'fi.'.fM. ~- ·-rt.en. 
by COftstrutttOrt, HtXTfS ..... J ts ....,.._. ~ ·tlla ·~ - ~di«.;.. .. On tlte Cther 

• · . 1, .' , • '" I c·~' . ·'; • ) : .. , ! -' .. ' ,,· ' 

hand, tr TOW ts~ tlNlf..&!ftm!d, the tuM:diaft trt'...,1·~ ......... , .. Uftcletanect 

tor some ..-·s flftce tfte~·m fiitfMiif'••eW; eaticttthWi'w.i· ·1, eafl~. 
. . . 
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this corresponds to T halting. Thus, TUR is well-defined if and only if T does not halt 

when started on blank tape. 
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This chapter presents t~e syntax and semantics of a .pet~.C.t~ '"e for state 

machines called ALMS <A ~nguage for Machine §peclfkattons>. Section S.l describes the 

syntax of ALMS and Section S.2 discusses Its semanttcs. 

The discussion here ls concrete, dealing with a specific lanpage and Its semantics. 

This chapter is a etmtplement to the abstract dtscusiton fft C..,. !~ 1t llwO#I hOW an actUal 

language can be used to specify state machtnes and how its ........UCS can be defined using 

the ·model In Chapter 2 as a guide. The chapter condudes wtttt an example discussing a 

proof that a particular ~actilne la wetl-dettned and COhlt*ftt. . 

ALMS Is slmftar In spirit and approach to SPECIAL (Roubtne "161, SRl's 

spedficatlon language based on Parnas~ approach. Howft'*• there are stgntficant 
. . 

differences between the two· languages~ ALMS Wb ...,!Id lolly to Illustrate how to uie . 
the model in Chapter 2 to def lne the semantics of a. ttate machlM specf ldatlon language. It 

Is a simple language and· does not have the features nor the exprmtve power that would '1e 

found in a speciftcatton language intended for use tn the clnelapfnent or toftware systems. 

For example, when using. ALMS. to specify a. symbol table for a block ltrUCtU~ language, 

one can not define a V-fUnctlon that returns the atti'tbutes alSOdated with an ldenttfter in 

the most local scope in which It occurs. Thts happens since ALMS contains no Iteration or 

recursion constructs. ALMS can be extended to have these features but this wauld be 

beyond the intent of this chapter. 

SPECIAL, however, was designed explicitly for speclfytng software systems. It Is 

intended to be used in conjunction with a methodology for the design, Implementation and 

-------·-------~-------------------
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proof of computer systems CRoubine 761. It naturally contains more features than A_LMS. In 

s P ECIAL, tttere are fOO~ '*'6trw:ts .. f« dftlnP>c: tht· eflea;sectieft ··of.·0-func:dons •1lftd• the 

derivation section of derived V-functions. Furthermore, SPECIAL permits the definition of 

greater than unary operations on the data abstraction cltf.a.tbp-tbe'lMC:hine. 

· 3.1 The Syntax of ALMS 

An example of a state machine ~4eecrilled Gtiftg M.MS, Is given below 

in Figure 6. Here, the data abstraction defined Is a symbol table for use in a block 

structured language. It has the followtng .,,....._ Mel 9 a:..O"'furictton that places an 
.f.· 

identifier and its attributes tntC>. thesy~ table at the~,....., level. We assume 

... ~:; ~ " . 
Tht: current scopin' level ~ g~Jen A>,J the ~Mil Y~~ ln#l. It can be 

incremented and decremented by the 0-functtons tnt:JnfL '···and d«Jn1l, respectively •. 

Rttritvt is a derived V-function that returns the a~ .o(.n.-.~ter In a given level 
. . .. , . '·:".. ' --- ' . : . 

of the table and prtsnat1 ts another cterlvm v.:.r~ tltlit iridfc.tes whether or not an 

identifier has already been placed into a given scoping~~ of t~e t;able. 1]1eJ\lnctton1 P1 

and ·p2 used in these two derived V-f~nctiam's d~t.i"'tlon.~ :•re: .. ~roJf!ctton functions that 

return the first and second components, respectively, of an otdeHd pair. They slmplJ i>errntt 

one hidden V-functlon instead of two. Finally, t8/111Jtor'ip,' ~) hJdcltn V-rurictlon used 
' ,. ....:; ;: . '· 

for storage purposes. 

This spectf ication il'ustrates the three major components of a state machine 

described using ALMS: the defining abstractlona, the Interface. descrtption and the 
. 

def inittons of the V -functions and 0-functtons. The Interface description provides a very 
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Figure 8. Symbol Table 

level • non-derived V-function< ) returns iAhlpf 
AppkConcLs 1n1e . 
lnltlal Value: 0 
end level 

table_storage • hidden V-functton(a:integer,btriRJ) ,....., ..... x ~ns 
Appl. Cond.:.true 
lnttW v ...... (delt't care.,.... 
end table_storage 

retrieve • derived V-function<a:integer J:stra..g> ,....,... ._ 
Appt-. Contf.:,_.t<~ .• . .·· . ' 

Derivation: retrieve<a.t> • Pt<table~.a,l» 
•nd ret~ve ·· · ·• · · · · · · ·'· 

present? • derived V•functton(a:deger ...... ~ ,...,....,.n 
Appl. Cond.: true . 
o~= pr8-ifta,1> •. ,r..,.~a.1» 
end preseot? 

add • 0-functlonU.j~str~n,g> . . . 
Appf. Cond~: NP2<tab1e_storapClevet.t>> 
Effecg!: 'taJ>.Jc!..J~~leYefJ),1, (l~ 
end add · · · 

lnc_level • 0-f unction< ) 
Apf>I. C°"d.: true 
Ettecb:''iever .:'.level+ 1 
end inc_level 

dec_l~vel ""' 0-functfon( ) 
Appl. Cond.: level > 0 
Effects: 'level' • level - 1 
end decJevel 

end symbol_table 
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bri-:f description of the V-functions and O.:.ra--.·.that' a.s ef' die machine may . ....,,..,. 

These functions, along with the hidden V-functtons. are runy defined In the body of' the 

machine. In these definitions, the defining abstractions are used. Here. they compose the 
' 

domain and range of the V-functions and 0-funalans and, funher, th1'0Ugh their 

associat~ functions, help specify the meaning of the V-functtons and 0-functions. 

3.1.1 T.he. Deflnbllf Abstraetlou 

As was discussed in Chapter I, a state machine uses data abstractions that are 

distinct from the data abstraction defined bJ the machine. These abstractions are ~lled the 

dejl.nlng abstractlons. They are assumed to be defined .elsewhere. 

In the remainder Of this thesis. we shall use the lntegeh.· charKter string• arid 

Booleans as defining abstractions and associate the usual operatloN with them. 
. . . . 

Furthermore, the set {).}, where ~ Is the empty string, wttl be Ulld as the domain of' nullary 

V -functions and 0-f unctions. 

ALMS can, of course, have other defining abstractions besides these three. We w111, 
1"' 

however, leave the actual collection of defining_ abstractions qn~fled .and only assume that 

It at least contains the integers, character strings and Booleans. 

Note also that the collection of def inlng abstncttons can be augmented dynamically 
. . 

in the sense that onc;e a data abstraction is specified In ALMS, such ·U 6ou?Ul1tlJtccl& In 
. . 

Chapter 1, it can be used as a defining abstraction In other speclflcatlons. So, the 
" ~· . " 

specification of a symbol table for a block structured language could use 6ound1d...stad In Its 

specification. We however chose not to do this for the symbol table In F&JUre 6. 
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In ALMS, the int1rfau dtscrlf'tlon of a state machine provides ,a very brief 

description of the interface that the machtne presents to the outside environment. It consists 

of the name of the data abstraction defined by the machifle and a Utt of the functtons that 
t -' { 

users of the machine may employ: 

The list, of functions contains the name of every nan-derived V-functton, derived 

V -function and 0-function in the machine.. The names al hlckl«t V-functlons may not 

appear in the tnterf ace description as they are r1ot .. ~ffat,le outside·~ ~htne. 
. .. ~ .~ 

8 .. 1.3 V-fu.notloll.9 

This section spectf tes the syntax for the three types of V-functtons of a state 
? 

machine, the non-derived, hidden and derived .V-functionl. In the ttnt section, the syntax 

of 0-f unctions is given. Recall that non-derived V-functtens an primitive asp«ts of the 

data abstraction defined by the machine.. Hidden V-funetionl are used to represent aspects 

However, limited access to them is provided by the :cSertved V-f~~. whkh are defined 

in terms of the non-derived and hidden V -functions. 

Throughout this section and the next, it wiR be neceual'J to use txf1r1sstons. An 

expression is formed through the composition ~ the nan-dertivect ~ hidden ·v ... f~nctions 
: ~,~ .. -\ '" -

of the machine and the functions as~tated with the defining abstractions. It may also 

' 
contain elements of the defining abstractions and formal arguments. The formal arguments 



. serve as place holders tn ttw'·npmston. 
·.e 

We now turn to t,~.~intt'- .of~ •'ir1t• ""4MtM•J1.J1• •t- .,._ .. 
though all exp191ten1 were. wrttte11 ft .. > ...... '.JMttW:)ti))ilfl11•• a. ... , .. 

infixes such as + in examples. 

.-··- .. ~-·"''"":-,. 

2> If e1~ ... , ~~re. ~~~esslqns a."C! fJ•. •J~~-lt~,·~~· t11 Df1 • lddde 

V-function ot S¥ ,~. aJpo~~.,,,.,~,.:.~~,-~~·~ti.fl~~9'M ..... ~j~~ f 

. reqtdt:es n ~rg~~.:t ... f'$Jtr··~.:" ~ .• ~ ...... ·· 

,. -·: : . . . ._., ., -, '· ·)~,,~~- ';.·,.., ~ .. ~-~· ~ ·:: ~ ':.~.' 

we ahan· also refer to expreUIOns bf the '1fie of fttle dtiy .-.. ..,.. ... 1uat1m1. 

ftor exam~,1·a;•~1ettn b~ ri~~-1 tj··~ ;.,.. ~uJ~&·i:~1~~t2tW. 

definition excludes dert•ed V-funct.cinl .,na;.,,.,.,.,l/.1.:. icjMe;~:;i Thu ~- la 

·· inade tb •1mpurf t.W·sefljnuc ·~ .r;· ~· i.2~~·"t.1r•..;~· ~ '..O cflfflaa'J 111 

allowing deriV«l V-functtona to appear llt up,....._ 
I .. ; 't. '" ~-~ ' 

3.1.3.1 Non•de~ly_~ V·~~~~!~. . ,, .. 

· Tfle g~t ··id.em. for dettnmg ~¥4111 v~ ti ,W.;'1'~ In 

Figure 7. 

The •flfiln'f11Ulttt1Jtin :ar a ttalMlen..f· v~-.. ... '~Ir~ it - ........ 
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• 

Figure 7. Syntax of a Non-derived V•f"'"'tton 

. nc&m'I • tt0tt•dwtfwftfY·~i1:t1;. .. ~n~>~ fr 

=~=··~~"~~!~ ·.·' ,,, 
end ftC#tl 

for nullary v~runctton1 such as Intl in Ftpre 6 and 

Here, tr, rM name of one of·~ ~ .. ~-.1~ 'lflNi ••valent of l'v' of 

Sectton 2.IJ: .It ts~ .. ~err~ to as tJte t#' ~.thl! ;v-f~!,_,;~~.• '-"the formal 
' ' • ; ' ; . '·: ' • ·-~ ' " f • • •.• .. - ' • ' 

argum1nts ~f.the V:ru~~- They!!"'~'.~ d1~ ·i~tt~,..,~~.t;f a, clef~

. abstra~~ion, ~s•f;,atled t~ ~of the.~~•.•rgutM!ftt.1~i;,.,,,, . 

.. ,for .. •. '!~!'-'Y .~~~'letl y-~ ~~,t~' .. \~l~-.;·f!'3i.<",""'1j~~~ .• 
. ' ' 

·""·:. 

For example, COMkler the mapptng ~tption el lfWI Jn Ptpre 6. . ' 

; ~· 

expression that det~mines the s~~ of a_,call. ~J~ ~-~i~.be-~1~ 

corrtct. This means that •heltrer. an _,.,~, b ~ JU,~~fM ~· its type muit a:,e 

..... 
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compatible with the type expected at that location.· FtrttHei'~, this exptedion . ...-.j.,.;ly 
contain formal arguments that appear in the V-functton's mapping description. 

,• ~ ~ • • • , ,; ;- • ."'<, ~ ; '.~ ~ 'i; .l '_• , "·. ; ':-) ~ '. ~ :; ' : ; · '. ; -

The tnitial value stetion of a non-derived V ..;function specifies one ~lement of Ry CJ.I' 
~. " '. • • - : • : '. • .! : { \• ,•, ' .-~ '~ '; •. - ' • • • : ' • 

contains the special symbol undefined. This restricts ~ mapping associated wtttt th,e 
., • "' '~· .,,.,, :~~-~ >~f; -~ '."' ·' .. !! ~. 

V -function in the initial state of the machine to be either a canstant, total funct1°'9 or a 
. . . ' \ .,-_.·- ... ".'ii<.;-'.' .'.~':! :··; ·, ~-' .. ·-. '·· :-'· ' -:.~·_;, 

totally undefined function. The latter case ts specified bJ !IJ!kfin!sl. 
• ~ f ·::::: ~t ' :'. _; ~-: ·~-; -' ·-:·.~.--r.\~-- ,···· .. 

8.l.8.2 Htdclen V-fanotto11a 

·Hidden V-functlons · are specified In an analagous manner to non-derived 

contains the special symbol /Ndclen Instead of n•'•Mlll· · ) · · . 

. . 
. . 

Figure 8. Syntax of a Hidden V-functtolf 

name • hidden V-functlon<x1:t1; •.• ;x0 :tn> returns t, 
"""~ c.,.;:19blflifft'.~1"i1slri · · 
lnltlal Value: lnit 

eftd·tt••·· 
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The th;ee sections tit the definition of a dertvedV-functton are hftned •s roflaWs. 
>e ' .~! :, •t -

The maf1ptni dtscriptton only differs from the mapping dacrlptien or a non-derived or 
. - :to ' .. ' ; ~ ~' .• t-·"' 

.htdden v -function . by use of the special symbot nn-dirl•. The •HJliceuu, condltlort 
.. · 

eJutctly follows the syntax of the applicability condittan or a non-derived or hidden 
, ' ~ ~ . - '-'~. ; : . 

V -function. The dirivation stction is untque for this type of fUMtloh. 

Figure 9. Syntax of • Derived V•fUttctton 

·nam1 •-d•rl¥•d.)f·ff11f1&tton<~:\1"""'x~·,..._,~ 
Appf·. Cond.: IJidlfttt txfwt1lttlft 
Derivation: def ..... --.., . 
end nanit 

where tr and t1 are names of defining abstract.,_ 

The d1rtvation stction of a derived V ... f~ ··~· ·.._ that . .., .... v M 

terms of the other non-dertved ind hidden V-f~ J.;:.,,)rirt~t... Its .... fa 

descrtbed as f oftows. 

If a derived V-functlon v has formal argumenu xlt ~~· Xn •nd tjpe t,, then the 

derlvatkm J'etlton of v ts of the form 

or 

Dertvatton: If • then v<x1·····xn> •el elff v<x ...... x0 > • 82 

Here, It is a boolean expression and e1 and '2 are expresslOns of type t,~ Aptn, 
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these expressions must be type correct and only use formal arguments of v. 

3.1.4 0-funotlons 

The general methoo or specifying an o~ruridlon ... ihown below. an FaPre JO. ' . 

nam1 - O-fun~tlon<x 1:tv···;x.tt:t.J 
·· · Appl. Cond.: Bool8n nf1r1ssum 

Ef~~g~: eq\lal,~l·. 

equatlonm 
end nam1 

where t1 ts the name of a defining abstradlon. 

, ' .. ~ 

·'" ' 

The maf>fRng d11crtptum specifies the domain of the 0-functton and ldentlfiel tlte 
• • • '> 

particular function as an 0-function. Its syntax Is 

nam1 • O-functton< ) 

for nullary 0-functions such as f'OP in figure 2 of Chapter I and 

for "':"S:Y. <;l-:functiom .. sud.l -' "'414 ·ffJ: fjgtlre· & .• Hele. Cf"'0il the ...,..; of a defining 

abstraction and the Xj. art! thf/•-' .,,..,.,,of die °'"4'~111 · Thep:mtllt WdltJllRd. 

Also, ti is the t7f>t of the formal argument_ x1. 

For a nul~ry 0-function, 0 0 is{~}. For an n-ary 0-functlon a, D0 Is t1 >< ••• >< ln· 
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The range of the 0-functton Is not spectfle4 t.y ahe ~f.,::~ .-e. J,t- ts 

und«stoad that the range of any 0-fwctton Is lhe IDte • ti • .. •chine. · 

The «f'f>lkdiltt'J anadulim or an O-fUftdteft. .... a· _.n exp~&o... 

Naturally. this expreuioft mutt be tJpt ....... ~ ...,.., . ..., ~-..., ffCllM ttae 

0-function•s mapptng descrtptton. 

The If/ms sectma of an O-tunalolt ~:~ ...... f·, ..... f'al; Id~ httw 

the mappings associated wtth the ,_.-dertvtd aBcl e t4feet V-flMCltonl are changed by aft 
.. .· ' 

0-functlon call. There are two types of ... i\ ~···,·~· and caild-.1 
. ' '· :~- :', ~ _;_ . ~' ' : l - '? , : ' ". '-~ 

equatk>ns. A s4wt/Jll lt/Wltltm in a state ,..,.;. IN it •IMn ftMi. 

I> Let v be a nuftary non...,.._• ....._ V..f•llll• I/I Sii ,....._type t and 
-·-::: ,_,,}.; 

let e be an expression of type t. Then, 

'v' •e 

is a simfllt tquatwn. 

2> Let v be a n-ary <n>O> non-derived V-functtan • ltidcMt V-fuRCtion of SM 
> "'. 1'~ .;•' e \, f<, •1 ~ ~.,- ".'···.-~ ~ 

having type t with format arguments x1 of type *t· New lilt ta. M dpt 11daJI el type t and 
-- . ·" 

before the O,..function call. 
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A conditional equation employs stmple' ,..uatlona tn Its deflt:1ltion. Let ectt and ect2 

be stmple equations- and let • btt a )ooleari 'exprtsalob~ "'*'· 
If ff then eq1 

.. 

and 

.... thetteq1: .... eq2' 

· are condtttonid tqut'tfms. ·Note that thft ttefflitltOft' ptotdlttts ·fMlted mndtttonal equcttoris and 

blocks of equations following ·tlM! • t.vn or 1li1: '~; tlttr~s ·wwe·m.de ·e;nty· to sidlpftfJ 

the semantic ~inttlOn ·1n· SectlOR S'.2. "!fO ~Lai' WOUfd1 att•·ff tfie: rest1·1et1un1 were Hf&ed. 

Finally, the effects section" of an 0'4'1MctiOn'C8nialM a 1bttftf iOf ·conetlflonal and 

simple equations. Its syntax is 

The ordering is immaterial. ()f course, all expressions In t~ effect$ section must be lJpe 

correct and contain only formal arguments of the 0-function ... 

· 3.2 . Tlae Semantks• ,flf A~llS 

3.2.1 The State Set 
•. 

As was previously mentioned in Cha.,_- 2, a state of a ltate machine is comp._IJ 

spectfi~ whe11 the •pping a~ w•~1.....-4.r.,._.1~ .V.,f•ction of fie. 

mac~ine Js. gjven. Hence, we- v.iew- t1" ..are -. II, ff •· -.re me.dttne tn U. followtilg 

man~er: 
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Sc CDv

1
-+ Ry l >< -- x lDy. -+ Rv fl". 

t n , n 

where <v1 .... ,v~} ls the set ot nort-<Hrlved and ... ddtit Y·.i;f~. Ndle~t Dyi ~ Rv
1 

are dettned tn Sections 3.1.~.l and SJ.g:2. 

Our purpose in this section ts to def ftte S: Here, Vie shaft use the same approach 

outlined in Seetion 2.2.1, taking the transitive c'°"8't Of ,tt.e ....... Mate Q. under the State 

transition function. So, to define .9, tt '1Jffka to def me the ,lftidal state .r the fl*Chtne amt 

then to describe the state change caused boy an 0-f~ ~- , 

The, tntttq.l staJ~ Q.. ts the n~tuple;:<!l!U:rtr··Jmt.,,> ~ 1, .... .,vi1J is the set of 

non-derived a.nd hidden V-functlons of the ~~ ..,ca 

initv • -· 
• 
{(a,b) I aEDv l 

I 

ff'tif tittiit' .... , sKtiolf 
contalnl ... 1'Drd Undefined 

if v1•a. Initial value 

contatnl bt Rv 
, . . I 

Here, • is the null set. Note that functions are represented as sets or ordered pairs. 

To define the, next state function of a •.. .....,..~.<li' ~r1 to define, bi 

general, how an 0-function call maps one member of' t into another. Thts mapping is done 

by the 0-functlon's effects section and we. now tum to descrlbtftg ~he meaning of thti 

s«tton. 

The baste components of an 0-functton'i ·~etti iediaft an, ·tfie txpr~fons d1•t ue 

used to buMd the simple equations and the CGndttMn•1 tquattc#ti .. "rhese nptetltOftt are 

formed by composing the functions associated with the def lntng abstractions, and the 
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n0n-dertved and htdden V..:functians or·itte machlrie~ $(;, th'.ftnt step In def~lng,th~-~t 
. . 

stater'mapping ts tO spedty the meaning (l'tt.efe ~Fm~ This-~,. ~-done 'by1~et1n~ 

a fuhttfoif)t that nalt'...tes an ex'pl-essiOn: -:n.en:·\idt.f'-~ 1f1tri1rt,; ~lb1t'bi~1be' the 

effect of a single equation.: ·This wt1fbe dW ·In tf.e-~ of a function! that specifies 

. heW;Mt equltb-t changei the: mappiftk •·iSOda(ed' ·~.a v~. i 'final,,. the ~.,~ti.ct 

of the effects section will be specified by a functldii·~n ·•ilcf., '~stitg' E: cOmbma the etfect 

of each equati~ in the eff~ section. 
-t: .• _ .... ,, . . 

The meaning of an expression ts.~ ~i~~i~· . f,i~~ lt ~~~ CJ11.~ 
_,, 

particular 0-funcuon or V-function ~U stpce •. ~,J~~ the exprenton1 will contain formal 

argu~nts_ from t~! fiu~~·s ~~in_itlo,n.c ~~·r~~'1~~ "':~~WJQf J"~,(~1 

arguments. Second, the meaning of t~e ,~f~,~,;~\~~'"~' 1':«,~ ~}l 

gives an interpretation to the non-derlvec:I ~~-~~. V,:-t~~ -"-- ~lt•t ~ functions 
I , ·,. • • '3 -~''- • ' . ,• ·" · ..._.,' ·- .: < '. 

associated with the defining abstractions have:: .. • qlftltant fixed interpretation and are 
\,' ·:i" 

independent of members of ~-

So, let RE~ and let w be an 0-functlon or V-functton ~'tr.,~JF~ E,~,. 

in w's definition.' Finally, let <a1, ... ,a0 hD.,. Then to find the meaning of expreulon E, we 

can proceed as follows. 
. ~ ;, . 

l> First, substitute a1 for every occurrence of its corresponding formal argument in 

E, obtaining E* .. Note. ~f o., • t~l, this step ~ '"'neceuary since t1 has no formal 

arguments. 

2> Now, to evaluate E*, we shall view R as an tftllerpretatlon or envi~.~t 

specifi~s. for each symbol A, the value AR of A tn R. If A 11 an element of a defining 
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abttra~~ton ot one of thett assoctated fu~ then At. js ,......, A. If, A Js a non-.dertud 
1 ··.c;: • 6 

or h~ ... V 4unc:tion, then Al ts the fu~ ._..., _. A tj l. .TM, . ., ..... Of 

E* •.,AJE, .... ~> tn R, followtnc (Pratt m, 1ifjll be···~ tn • ft ,_. aM ¥,;WirMd bJ 

It ,_ A(t ..... ,£1> • AaOl It I~ t-. £t> 

Since the non-derived and ttf(iden V-fdnettGftl Nt JWi .,e ••$.,.,.. _,.,. .._trurx:t1an1.tn 

R, It ts pod7te that R fl! E* ts UAdetffte\t. 

Thus, as outHned above, we can ddtne a -... f~t jf(R,t.-,a; ·ror Jh i, 

exprtslfet'if E tn -.•s detiMtlon aftd ••b• •• IMt 
;t(R,EJ;,al • f Jt t• 

' ' 

to~~· ac~i at1IRMRtS'Nr' ttae· terfftlf a~ 

NW, tit ftt'.6 aifRt ~ ttte·nmpi ¥*81. 

v<•> Iii, 
appea·ritfg lft art 0-functton o's effects S«tion; Ttten· ay. mtf tbJ a· O. WtWnt al DO' -.it 
dianp VJt lb' tfte' ftWtttitin 

if 1·..ut·..., 

Here, a new vatue. is returned for the argument .,CR.-.,> and ... •'*'"• the old walde II 

rt!tUl'fted; 
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To help indicate such a function, we shall use the .notat~ ~x.y• developed In 
,, 

Chapter 2. Recall this notation ,..as the vaille:• W ., .. .,.,.,an4 value·y tf t.ti t•I••· So, 

for vR * above, we have 

vR * • >.x.C<x·e•<R,a,o,a)) ... p<Rp,o,a>,~it,<x>J 

Using this notation, we define in Figure II an err.- function 

[<R,o,a,Eq> 

that. specifies the change caused by an equation Iq on a V-function. I rewms the new 
. "' -, ' ' . •' 

mapping associated with the V-function. It shows t~e effect of • siQgle equat~ '"4 QPt the 
' . . . ' '~· . -

entire effects section. So, in general, [can not beobseryed outside the machine. 
- .-; .. · . 

The definition of E characterizes the expreulYe power or the.~tids ~- If one 

wished to increase the expressive power or ALMS by adding conttructs such as a •ldl1 or ft1r 

all statement, the defhtftion of ~! would hive ·to be. •tWICtecl. In· fad, this Is· ttie only 

definition that would. require modiflcatlori. Both . p and TE wolild remain unchanged. 

This new definition of E could use the definition in Figure JI as Its basis. The effect of the 

new constructs could be defined. In terms of the effects. or their simpler parts In much the 

same manner as the effect of the if·tlem-1ls1 statement ifl ftgure II Is giYen In terms .of_ the 
. . 

first two clauses of the definition. 

To define the next state function, we must combine the effect or. all the equations In 

the effects section. This can be done by calcutlltt.g ;!CR,o,a,Eq> for every equation. In the 

effects section and then combining these mappings klto a new state. 
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Ffgure 11. Eff •cta Function 

Definitiqn 
Given ·a~ "1C(dd•speetftcation SM amfRtt), 
let o be an 0-funttion of SM with Eq appearing In o's eff«ts section a~ a( D0 • 

Then [(R,o,a,Eq} Is def med as feltlWs; .. · . . . . . 

0 If Eq is a simple equation ofithe form • .,,. • ' where • ts a ,U.mem--less V-functton, 

E<R,o,a,Eq> ;. H>.,at<R~t,o,am 

ii) If Eq is a simple equation of the form 'rl(w).;.. 1, then 

!tR~o.a,Eql • >.x.C<x~p<R~n1,o,a)) ... al<R,1,0,&>,vR<,x>J 

' . ~ '"! }': • 

. - • ' "« •• -~ " ~ -.-~:~-·:,. -:· .~. ,, . . ' 

Ui) If Eq is a condtti0nat equation of the form if c tAm s ,rhere s ts 'rl • 1 or 'rllw) • 1, 

f<R,o,a,s) :r 

,~ vr 2 ·' .:C,fr>,.; ·" ·, '", 

ti p(it,cp.al .• true . 

~<R.~.a.~> • 
- ,. / > 

t.f pfl,t,o.a) • , .... 
~ .... 

' < ; 

. E<R,o,a,J ,, 1r ..Cit.c.o.a> • ~~· 

!< R ,o,a,Eq> • 

If te(R1'.o.a> • f alae 

First, define the function 

. lf I~ or bn· 

where i is an integer· and <a 1, ... ,an) is an n-tuple. This function changes the lth component 
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of the n-tuple to c. 

Now, let o be an 0-fundton wtth equattons Efti,.,~~~ 11,'1 ~·effects section and let 
' ~. . ' . ·"'. . f 

aE 0 0 . Furthermore, assume 

RE!>• CDv -+ Rv l x ••• x CDy -t Rv l. 
. · 1 1 n n 

Fina Hy, let/1 - l<,Jt.o.a,Eq1> and let 

k If l<R,o.a.~> changes V-functton vk's mapping 

J1 • 

n+l If l<R,o,a,f.ctt> doan't c~ any v.-functton's ~lnJ 
- ' •. -,.;i. ' - " • ' - ' 

Then·the totaJ.-efftct of the effectslldtan 11 CiftftbJ 

Note that a V ... fuftctfon not effected by ·an .. tlbn f:ctt retalfts the prtvlaUt 

mapping asoctatect With tt. 1'Et.Jtp.t.Ectt ... ~'l •..,Mi-.O'f0'fR:.t In ChapiMI' t: . .._ 
we can dft'lne the next state function as follows. 

Definition 
Leto t.an 040..cttert with 'lootaft·epMton t Iii Id ~ cdndttkin 
and equations Eq1 ..... Ectm in its effec.ta teettan. 
Let·uD

0
at.d'RE!). 

Then, 

Tl<R.o.a.£ctt .... .£ctm> 

NEXT<R.o.a> • 

R 

So, the state set can be generated as In Chapter 2. 
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l) Q..EJI. 

:,> If IE .8 and ~o ts aCJ,0-f .......... ._if HIXt'tll.-J k Mined, 
NtXT<R.bl>ES whefe atb0 . 

9) These are the only elemebtl of S. 

Agatn, we must comtder tire .....,. flt ,,,,_.,. • 'W Nft»T. ,fl wett-dertned. 

. . Tbu is Mpendent on ,. and Tl. Rl(fft dtat ., fl ~;_.. •• , .. a ~ ~uftam. So, It ts 
I~,' 

total so we can- encounter a slmtlar situation. Thul twe" cw ...,and kW the probtem, 

discuued ~· C ...... 2. whert W0<S.x> act 1'5.a• • ~-
Bakles the totality or 'fl, ..._ii • ,.,_ifJdlh•~•:._ cMiidff. ·We 

have defined' the ordertng or the equattom ~ ...... ulftilllliW111iit ~wr. It ts pitltMe 

'ror some state S ltld aED0 th1t"1'1<s.~,E411~ ... ~1;111'~;.: .. ~m». where tt 

}~ a, permutattao fJ'om ll, ... ,mJ «KO <t. .. _.. livtlif$ -* aoliillu•; tif·· 1111--ittlntStte or 

,.. uni~::~Jd,· in ttte senstt-.. that.Jts .~-~••11•J'•••••••·tt1e~81ld1!t~fll·IM! 

equations ~q1,. .. ,Eq1n. 

To handle these situations, we must lnttodU.· t*·....,. of a ~titid ·• state" 

·, ·' . .. . ·t . .. ~ .:· !_ ·' 

must explicitly guarant~ that TE Is untcpJety cW"tlMt<' ~Jltjl~ i. t~ts wa.:' 

unnecessary·stnce·'by definition t'0 was a functton. 
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Dsfinitigp 
A state machine SM is 'llltll·deflntd if for any SES, o ... functlon 0 

and aED0 
both 1> NEXT<S,o,a> is defined 
and 2> TE<S,o,a,Eq1 .... .Ectm> • T!c~.o.a,l:q,,(n .. ·~<m» 

where equatiens Eqr-AAl1n. .,.,:tft'•'l~mi'·*'aan 
and tr ts any pmnutatiQn horn U,. .• ,mJ onto U,..,m). 

3.2.2 The Bemantlos of V-funotleD9 and 0-funotlona 

With this definition of the state set .S of a state machine apedfkation, It 1$ ~ 

possible to formally define the meantng of the 0-functionl and V-functlon1. Al In 

Chapter 2. this witl be<dOM t>f defining mapplrip V-!'faftOr'V";;.fu~s and O"-Eval for 

0-f unctions. 

0-Eval will be defined first. Now, given a state S and an 0-functton. o wah 
" ...... '.' ., . ' 

Boolean expression • in its appHcabtltty condition, 0-Eval ,..ms .. function r~ Oo Into 
~ ' : ·~ ; - '-.·~ . . ' ' "• 

i!i U ( w:grl. So, using lambda notation, 

0-Eval<S,o> • ~a.Cp<S,•.o.a> -+ NEXT<S,o,a>,errorl 

Again 0-Eval<S,o> b not necessartly total but in a weH-deflneid _sta._JnKfline thb Is 
• '•,_ ·' . ' .• ' <,. 

always the case. 

For any V-functton v and state S, V-Eval. wiH returo a function from Dy Into 
, .. . :.·,;_. " ' 

Rv U <w:gr>. First, for a non-derived or hidden V-functlon v and a ltate ~. recaH ~':'-t •s 

denotes the function associated with v in state S. Then few •1 ~·~~ or . fl~• 
• ~·. • , ' • . ' ' .. : '-; ,· ~ ' 1 .''', ,., . ' : -

V-function v with expression • in its applkabilttJ condition, 

V-Eval<S,v> • ~a.[p(S.~.v.a> -+ v5<a>.errorl 
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FlnaH,. for a d~lved V-fundton v with e.pae•llaft t In ks ~ ~ltlon. 
-• ',.,'.;\ .'.-,.-,; ,-','r,'' ' • 

there are two cases. 

V-Eval<S,v) • "altt(S,t,v,a> .:+ tt<S,1,v,a>,!l!l[l . 

. II> It v'i dertntkJn aectton contatn1 If c '"" tif x,, .... z,.) • '1 iln .C•,, ... ,x,.) • '2• 
~: 

then 

Al WIS mentioned m Chapter 2, V-l•aMS,t) • - liln••• ... I Mi1 ~ ,,. 

D~ into ft, U tmm:>. Whln ihta ts net the we. wt ily • ............ Wltf!ftl. 'tM 
,. ' 

8.3 An ••ample 

In thts section, we outffne a proof di1t a fiiltrtladilr •• IMdtMe II *"' defined •'"' 

eonstst!M. T'fte ·run d«alls oi the prd are ~· ·~ Atfjl'ft t. Out .. ....,. 
·-~,. ; ,,_, •. ~I·' ' 

• > ~ •• • 

spectflcauon Is Ulustrated In Figure 12. Thb data a~ ti • 4'MUe wlth thnre 
; .··"'- "/ ~ 

operadont; 11unt whkh adds an Integer to the rw of a. ... "*' which retWDffl tM 
- ' ' " ;·, ' t '·::?.- .. 

ltnl!tir at ~ front or Ute .,eve and ftrit_..,,, ..... ...,.. IM Mlil• at tM fl'Oftt ~ 
~~ .... ,• i l . ~ 

.the queue. 'the hidden v -function storap &s Ult!lt to - fliie Adl:dl • IM flUM. Frnt 

and M.tl potnt, respectively, to th~ beginning· and .;. ef tM ~ Hate tfuit d'tts ...... can 
. 

hold an atbttrary nt.tntber or tntegers. · 
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FtQure 12. Queue 

queue • state machln;e I• insert, de~ (IQt..J:~ , . 
' -·~ : .:-, -~ ·, ' - ; :\ . :~ ~~ ·iJ-' '.'.°<".,~ .. -., ..... ~- -

first_element • derived v-t~llon( ) return• integer 
Appf. COftd.: ...(front• back - I> 
Dertvatton1 first_element • storage<front> 
end first_e~t , ·~~ 

• u • ~- C-.r-~; ' r _,.,-

front • hidden V-f\Hlo...-i) ntillna*"'I« 
Appl. Cond.: true 
Initial Value: -1 
emU~· 

back • htdde" V•fano*"'} _.. ....... 
Appl. Cond.: true 
&nltlat:V .. J .o 
end back 

storage • hidden V-functtonU:integer)' retum8 ln~er 
. Apf)t.: ~1·.fllatc,~ I a:·back 

lnttlat Valuer U!!defi!ed 
end storage 

insert • 0-fvn.tloltU:iat.-> 
· Appl. Coml.: true 

.Effeot•: '•.P011ck ·- I):• I 
'back' • back - l 
and insert 

delete • 0-f unction< ) 
Appl. Cond.: ...Cfront • back - 1> 
Effee\s: """' ·• front "" l 
end delete 

end queue 

. ' 
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.•tadritw ts _.....,..... lttformally, dw ..... - .. ,..,; ...... afWap NIUftt .. 

lagn va• ........... ., - ...... w.i'alldiJ ~~· ·--··d ........ 11 .. 

Lemma for ny St S·, backstff~J -. ..... f _, f""'tcftl:} -. tn•••l' and 

backs "•,. ,,_....._.. •• _... ·;.;.'., 

This lemma can. be establlftef ... •·•.,.,., ................. tn SedtDft. 2.2~+. 

The basis of die ~-:.-.JMlW*-Jlhf....-..wMlt11Jt•...,..-l a1Mt 
. ~~ 

l'or any lhlte, IJtunit decrtmenb a.ct b1 I act ....,_ Jfl!fllll ••..-. fwd•"*"' #.W 
". . ~· ·. ?;r >- ,_ 

sattsfted. 

app1katrifitf Cllftdttten and effects section. The'lllt•••PMMI• tlllltl ltds·e¥••1lld0n< _.,. tli9i 

.. 

To prove that the maltf:tttte ts ......,...._, ...... ,......-. must· be ~It) 
., ' ' . . 

function is· defined for both lnsnt and dildt; ancl1 ,......,. Ht) lite........,., tlMrequattatu'· 

tn both tru1rt's and dfl1tl's effects secttona ta tmmatertat. Nate· that ttt> ·ts· tft•tattr 
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insert's effects section r,nodify different V-functlons. Thus, it is only necessary to deal wUh 

i> and ii). We now complete the proof. 

Since instrt's applicability condition Is a constant and d«1t1's appltcabilitJ condition 

only involves front and back, which were shown by the lemma always to return an integer 

value, i> is established. The second part of the proof ts also establtshed by appealing to the 

lemma. Since instrt's and dtlttt's effects sections only evaluate/rm and bad., it is clear that 

the next s,a_te function ls defined for both these 0-Juncttons. 

We will now show that the specification Is QJnslstent. This involves proving that 

the four V-functions are total. First note. that the lemma guarantees that front and bcltl are 

total. Storagt andflrst_1l1m1nt, however, require more attention. ~ain, we must lntrOduce a 

lemma and then prove the desired results directly from the lemma. The lemma shows that 

storagt's applicability condition accurately describes tts domain. 

Lemma 

For any SES, If fronts ~ k ~backs, then storages<k> Is defined. 

This lemma can also be established by the Inductive approach outlined in Section 

2.2.4. The basis b vacuously true since, in the initial state, lracl is greater than front. Now 

assume the lemma is true for any state S. We must .consider the effect of lns""'.*nd d1l1t1 on 

S. Since dtlttt decreases front by l, the result Immediately follows from the Inductive 

hypothesis. Now lets• • NEXT<S,lnsert,x>. ·There are two ca"s. Either fronts• • backs., 

In which case storage5.<front5 .> evaluates 'to x, or fronts• ,.. ·backs•· In the latter case, 

fronts• > backs· and fronts•• fronts and backs· • backs - l. So for 

fronts•~ k ~backs·+ l, storages.<•> "'·is defined bJ the Inductive hypothesis. Also, 
..... ,,~ .. 
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To. see that V-Eva•SJarst_ea....t> II ... la uy ..... ..-i .,....._.•-.cues. Pint. 

. . 

-.i :·L ,~-

!!!!!ts r-.Md. OtMr--. • ••••~·••11.• ••• 1· ··•a 1• •--•"-I~ ..... 
.' '. ~ ,- ; . ~ -
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4. An Implementation Language for S~te Maohln-
, ~ ' 

Chapters 2 and S have focustd, • ,,,.... .. ..,_ die :semantkl fl state maehtne 

specifkations. The work ·ac:compltthed tn:lhae4Wtt:c.hlfi1M'Wti#l1'_._wrtte'p1tl:lie;~ 

unambiguous specificattomddata .~ ..,...., .... ~,--aut rbese·awu•a10n1 

are only mat~l'Objects. They-can hGt'W tlled"dtr«llJ9'8i)!c~"fft'l.fly'ptogr*:~ 

language. They.must inH•anplemlnlat:; ·'nl•·•'ftnfMW'if'*9pett tn aflY ~ltratton 

i1 to be able to-d-.ribe forma:tty .._,._. ctata_;•bltlek'Mt~·by a state'n*hkft!;i 11 

properly implemented in some p'rogramntmg ....... :~··this dettriidOri th~Ot9es 

the following. First, a programming language. for implementing state ntf~hi,.. rmtst. be 
~:-/ •. ,·<:~;< ~ ::.f~ ·,'. .. 

described .. This topic is dJscussed in this chapter. Then, a method of pro•mg the 

. .correctneu of•ntmplllmenc....,. must be ttaa1.'. .,....1Gt*~lf'ee.ted twWwnext chapter. 

In thll --~ the general pnlpflttef f1f •. _,,_ ,rataafiallftang '-tanpap :;.Or 

abs«-actffMls to ¥ept'eleRt die tpedf.led· :•,...··uct·· the· ~~ -.strq(b tO tiwtplernent. d.e 

V-fwuient afl4 o~ This approadti9's•at...,.•pregra'm ctttratnieu--11 villd 

Jince any. pratramming language ,_-. t,.._adl•'i~*lle'fftadt._ mult·'lntlude these 

features• , :rtte . amaal ~--·-er -tMW- ea , • ..,.._rand ·,C:Ontr'Ol coia~ ·la 

unimportant hefe .. Ar.terdlngly, tbts detafl;.g.:..., ....... ...,'M thts Chapter~ '·Rath« 

: concrot :constructs to IM used With • ltat~ ......... ·~' are tntrodUftd. So, 

implementations~ state machine specifications wdl be wrltttn In terms of other, simpler state 

·machtM sp«tflcations. For Instance. a speclficatton ti .~ ~ c:oY~ belmp~tt4 ;~ 
~ ' • c • • • ' • ~' • > 

state machine, spectf tcattons of variables and arrays to ........ t ellM.nts · Or ' the data 

~- ----- ----
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abstraction and the control constructs to realize the V-functions and 0-functions. 

To develop a def inltion of P!ogram correctness, it Is only necessary to defin~ the 

relation between the objects of the specifjcatlon and the objects of the Implementation. 

Hence, since this chapter contains a general discussion of the objects of an implementation, lt 

is possible in Chapter 5 to give a general definition of program correctness. To prove that 

this definition holds requires involvement with the semantics of the programming language 

and identifying correspondences between objects of the language and terms used in the 

definition. But these issues are not a major concern for only stating the definition of a 

correct program that involves state machines. 

4·.1 An Example 

An example state machine spectficatlon and its corresponding Implementation are 

given in Figures 13 and 14, respectively. The data abstraction specified in Figure 13 ls a 

finite integer set. Insert and rtmovt are 0-functions that insert and remove, respeetively, 

Integers from the set. Cardinaltt7 is a V-function that returns the number of integers in the 

set. Has Is another V -function that determines whether or not a gjven Integer is ln tt1e set. 

Figure 14 contains an implementation of finiteJnteger_set. The set is stored as an 

ordered sequence of integers in the array A. INSERT, REMOVE, CARDIN AL/TY and 

H ~S are the corresponding implementations of insert, rtmovt, t:ardtnalit'1 and Aas.1 Each of 

these operations uses SEARCH, which performs a binary search on the array A. SEARCH 

1. Throughout this thesis, lower case letters will be used in the names of V-functions and 
0-functions of a state machine specification. Capital letters will represent their 
correspond Ing implementation. 
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Figure 13. Specification of Finite Integer Set' 

flniteJnteger _set .; state mactttne .. cardlnaUty, has, remoye., ~rt 

has • non-d•l'Mtd Y-funotlon(t:lntepr> return• Boolean 
Appl. Concl.: true 
tnltlal Vlllue: false 
end has 

insert • 0-functtonO:integer> 
Appl. Cond.: cardlnaltty<IOO 
Effects: 'has'(j) • ,~ , . ·.· •· .. . 

If "'has<t> then 'canHnaltty' • card44'altty + l 

.•d··~· 
' 

remo~e • 0.1~~> 
. ""'~- G~~~I~ < 

Effects: 'hat'<t> •. t•• 
:tt. ,,.s(i) ~,q~r-~a.ut, - 1 
end remove 
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Figure 14. Implementation of f lnlte Integer set . 

FINITEJNTEGER_SET •Implementation ls INSERT, REMOVE. HAS. CARDINALITY . . 

A: array of integers initially undefined 
COUNT: integer variable inittaUy 0 

SEARCH • procedure<a,f.k:integer> returns integer. 
·tf f ·k . . . ·• . 

then return k 
tltse If a~A~md<l<f+kt/21> 

then retunrftlk~/J..<ti.t>l2J> 
else retum SE~lft~\t/2J+l.k> 

end SEARCH 

INSERT • procedureH:lnteger> 
If COUNT.read-0 

then begin 
A.change<O,I>; 
COUNT .changeU> 
end 
else If COUNT.read<lOO trt• 

~f - ~~~-, • 

tt COUNT.read • SEARCH<l~O~CcJt:IMT.ract> 
then begin . 

~d~~~;;.t;;;~:J;i~J); 
end ···•····' ... '·· · · · · 

etn'tf · A.reitt<SEA:R~.O'tci:>UNT.react»•t 
then return 
else begin 
for j:-COUNT.read step ..:t-UMllUAltcii<l.b,couNT.read>. do 

If j>l then A..dtqp(~j-4)); 
A.change<SEARCHU,O,COUNT .read).t); 
COUNT.change(COUNT ....S+I>; · 
end 

else signal~ 
end INSERT' 



REMOVE• procedureO:integer) 
If COUtiT.read-0 

then return 
else 

-61-

If A.read<SEARCHO,O,COUNT.read»•t 
tb .. b.... . . ; .·· .. 
for j :• SEARCHO,O,COUNT.read> utJtll COUNT.read':"2 do 

, . . . ,\thanp(j.A ..... (jtl»;· . 
COUNT .change(COUNT.read-1> 
end 
else return 

CARDINALITY •procedure<> returns integer 
return COUNT.read 
end CARDINALITY 

HAS • procedure<i:integer> returns Boolean 
If COUNT.read..0 

then re tum f afse 
else .If A.readC~ARCHq.O.COIJNT .r.ead>)-t 

' ' ~· -. . 

then retum true 

end HAS 
elae return.fMI• 

end FINITEJNTEGER_$ET 

returns the index where the binary search stops. 

An implementation consists of three parts: .an Interface description, an object 

description and operation definitions. 

The tnterfac1 dtscrlptton of an implementation p~Ytdes a very brief description of 

the lnterf ace that the implementation presenta to the autlkle environment. It ~lsts of the 

name of the data abstraction being tmpklmented and a list of the operations that users of the 

implementation may employ. 
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FINITEJNTEGER..SET • ..,..metttatton le INSERT, lDfQY'ff~. CA&,0Rf ¥t(J"Y 
:·:·~~t~~-~l1·',_: -;;·~ 1·.·.l- ...... ::::,··,()1'if7 l!!:· '~ .• - ;-· ,. _, 

Operations ~h as SEARCH whole names cle ltGt .,,.., ~ ~,~l~~.~~Md~ 111.W 

.. The ~}«! ,cU~,,~~. !!~~~or~~~~)'~!'!~( .......... ·that,_,._.. to 
;,,_~· •' '~ "' < ~ ~ ~' ... ~ •• ~ '·*'-~ •,-i:_"-t-;'J '•) •> ; • f·,'· ,.', ;> 'Mjt.-'.\i P'~-- """ {, "l':I • • 

represftlt the object being .... '.~1111:. · ~;~:ft~f~~·• ue ..- as the concrae 
..... . . .. ~ . :1 . " . . 

repreHntatton of the specified alNitiad6aft. ...., .. .r.._ .Mta M.1tr_._1 wdl be 
. ~t'"h.-.$;~-~ ~,.:e.t~·l 

spectftcation language could. be ulit!d. 

A: array al tfttefers ltHdllJ~. . . . . . . 
COUNT: .... ........ ,L .• ~, ...... ·!""·'•'""' ....... ,. i, ,, '.:.<'; 

f~~"J.<:Jl ... _.:; ,1.., ~--·'"'""" -·~ -·· ..... : -~ 

These phrases are ayntactk NJ11f for the •te 11N1dltne .~ ~ .. ·• \~ and an 
ff1·:tJ£·~· ~·1·{~;1~-.,1 _r~~-ni· 

array given in Fjgur" .15~1tNFl&,'~L~iiW~~Mt~hy A aR! med• 
:li'J•s: ~l·ru::l~1 ., ... ;T . · 

repreJent the data abstoctkJn. COUNT< Mfaiilt1tif'\t11tiWtt*lr ~•••.,., Jrr ::~ tet. Thele 
. . 

lntqers are stored as an °'*1ed ...... in the . .., A.i,,.., .. ijp·~4J. · 
· The body ·or tltf ·tlr.pi.nenaati0n -.... .r11• · ··hif1MiN.tl~~ '~JiM'1t 

.~ •. ,.~ _., ~~ ,,. _ '• ·-~ .•. ., ...., ,_...., .• -•u . .--..-•·' -··"'•• .. r'¥__....,,'.,..,~•.-,,.-~.-··-"-'''"·,1;.. .. -....., ..• .,. • ••' ···•~ 

provide Imp~ of ··the ·pemtUstble ....... • • • :~: "-
. :.·,_c:.·~~ {~~·t;.~~Z ~ 1 0?:1lid ,~ .. •~ Ji-s..;i•:; >.:~(:sri;; ~':·.t:f ;.·i~~~--;:-~ ~· 

0-functtons and the nen-derlved and d9rwtd V 4•dllne. It ta• ..,. •. "f _,Imp.._. 
~·~~~ _ _.. .. -~- ·~ • ;·:t .'.··•1li~':i -·~t .• ·1·;;;-;-·~ ····.r _' ~(f .t'!-fttJtfL r~z-~:~ ~·-'(::.{~n·,iq!~! 1', 

the hidden V -runcUens unce they are unknowt1 to ~H•:~1~''M"~}!'}~~,~;~h"* 

given for every operatten that appan in the tnterf• ...... ,..... . . 
tt . .' · • .··.: f -; ~-, ~-··_ ..... ¥. ~ ~- •• ~ !?.~ 1<f fft·Y'~~· ·. :~-~- ·:.·,l·+;\·. yl: ~ ~ 

In our examples. operation dtfiniUlllla .. M wt Miil ..... V -funct•• 4nd 
,4} · : . ... · ·~ ·( ... ~~~·,. : ... , ; .. ~~:--~: -_~;;: :;:..~ ,,._: ~ ,r1 t;:~l:!Jt~,_,1:.;.;~r:tt~~~)~t ')~~) Sf:-:-·~-. , ·;.:.~· .... , n~ J.•· 

0-flUlcttons grouped tog.,_ by the usual cmtro1 ....,.. • WOl:l'd bt t~ 1n •. -.1 . 
. ,\,-~ ' _',7'~:.~ •• ' '~.-.·;'" ,·) <'.,\~~: ~>·· : >:': .. ·.,.1~..;.-,·: ~~-.t,.~·' .. ~ d/)i}"Ji~~-~~'(t~ -~~-~6:.;·~' ':~.i .: ,·,; -~ 

ALGOL 60 or PASCAL. These V-functlon and O..f ...... all lholtld l»e ~ ai 
. · · T~_!fqn·;.·~ ~7.'..·/!l ~"'\'t .. ;jt;;L ··~·· :>.' r~n·H . 
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Figure 16. Variable 

X • •tate maoi*tet.X.l'ead,.X~· . 

"·'•th• ..... wc1..-1H1¥••"''"•tr.-. CJrMJ . 
~~f:thlila»'' 

.lnttltlt .,.....,~ ! ..•.. ' 

end X.reacf ·. · 

X.chaftp ··~·.:o·· Aptllftf..._, ... ~ .. :· 

endX 

1!"-•f '*~· t' 
endX~-' · 

where type_t tt ·the natne'of"a' dettn .. :l~'OfALMS 
and a is an element of type_t or'Wj-ttL}' · · ·~· '· ,, ·. 

f .nows. Aaume thaFthe lmptementatton matnta&as· a :ltttifcJ Ot the current state at the 

machtnes •n· the ol>jfttideitftpdOft;. hr na....,:., "° o-r~ ...... .,.,. ~aecs. the 

implementation would view each state machine u "Ing In Its lntdal state. Now, ach 

V -function call v<a> ·should be Interpreted as 

V-Eval<S,v)(a) . 

.. 
where S, remembered by the tmplementatton. 1s· the current ltate of the V -funaton'1 

machine. An 0-functlon call o<a> is interpreted •s .. 
0-Eval<S,o>Ca> • S* 

i' 
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Figure 1 e~ Array 

X • state ntachtneu X.read, x~ ..... ; 

X.read • non"'d•rlV~tHl1'1'--:&ltlllJ0**1et> . ......,... lft>e_t 
A~,:;~;--
lnfti.at varu.: .- -
end X.read 

X.change ~ O...f~J;tftlll~~t) · 
~-.~,-.,,. 

Eff~·t t}f.,...t#"• i 
ettd X.chaftp 

encl x 

where type_t is ·Jtte -~ of a dd&n-.. .. ~,Gf _... . 
. and a is an e~ Of tYP.~r of ....... . . .. -· 

where S is as before. 
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6. Provine an Implementatl•n Correct 

To formally establish the correctness of a progran,. one ~-'pro~ that the program 
-,,_, ~ ; ;- . 

Is equivalent to a speciflcaUon of Its Intended ~Ytor by formal. analytk means. Thia 
/• .; I '1 

chapter Is concerned with this p~ess, cHscussiftg how k, prove the correctness of programs. 

that implement data abstractions specified by state machines. 

• • • .~ • 1o ,· ; • - • '· ;;;._" -L . . ... 

Here, the homomorphism propt!rty wtU be used tn the proofs. In general, this 

Involves showing the following [Haare '12al. ·,~there is: a c18SI ~ ~~stract ob~ II 
·~ ·_. : .. ~· - . . ~~--~r.· --~~,:_.:·.¢\~,' ·. 

with abstract operattoris. Furthermore, suppose that x• is the concrete objl!ct representing an 

abstract object beiongmg to)lt. Let C'·be t~ ~of ~H ~h x~.'' finally~ ~up~ that 

~·- -- . ' .- ··- • " .- • ·-.: .• _.<;~ ,..: .. ~ :£:~«·.~· .;;·~-. ;. . 

· w~ Is a concrete operation that purports to be lft tmplementatm of· an abstract operation •a. 
#, '.' ·:. ·• ·, -~· «" :.o., ,·.· .. ~·.·'~· . I ,. • ,' 0t~-.- ' '. ·.-' , :.· ... ,-. ' ' - -~, 

Then, the )wmomorphtsm property Involves deftAing an abstractioft function, A, mapping . . 

from.C onto R •ml showtng ror every operation that 

. •.<'A<x*» • A<•c<x•». 

Before attempting wch a proof, three .t.ps must be performed. First, the cone.-. 

objects used to represent the eletnents of a da~ a~ct- mustLbe characteriied. This Is 

d tscussed In Secuon 5.1. Then the clan of abstfact objects H ri.ust be identif led. This Is 

done in Section 5.2. finaily, the abstract~ f~ n~~",be d~~-' Section 5.3 Is 
• -~·("', ~ <' •'~ ~ T '., :,:·~~.'. >' 

concerned with this Issue and the problem of IMl..,u.g the homamorphUm property to the 

particular need~ of state,~chme° sfJectfbtlons. 
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&.1 The Oonorete Bepreaentatlon 

~.concrete imp~t~ of a ~ta ~~~~~~b~,~,~~ .,.chine wtH 

usuaUy consist of a collectten of obJe.c!i,.to.'!'eaent_t~:~~~:~~Pf~!\• ~,~.-~ttqns 

t~at purport to i~lement the 'lar~ f~s Of-~,~ 1;·~: er _t~ oee,rat~ 
will implement 0-functions and others wdt lmpa.ent ~ed. ~ ~~t'ed 

,. ; ·, '.· . " ,-- ,:i .'.~ "-. :·.~~-:~:-,.-, .~:.." ~-~ " ·,' 

V-functtons. Note that it ts wmectaary to imptllftent ~ V...,......._ ~ theJ are 
',- --~ !' ~~''.''. -~-,---:~ ;A"\7;~ ~- ":·. j-··,-·-~:" ,; •. ~ 

Inaccessible and not an tntrtftstc part - the data ~· 
' •-.,I , - . ,. "~ ~- •; i '(. ·:"> I 

All of these oper&tlons ~m. ~ •. ~!,,~ ~;-. ~~ \~~; are _u~ to 
- ' ·, ~ : " '· "' . . . 

represent the state set of the state machine~ w~ ~ d,~-,.~ ~:~;c,.' ~~· ~jectl 
... ;· : • . , ' , ' - .:.-!".c : ~ • •;' _f,,. ! ·•. -' - • ' , •• 

by C. If a c0ncrete operatJon tmplements an 0-l'urtettun •· thlll we vtew the apn:atkln, 
' "; . - ' ·, ~ . ·.· '.'~---- <". ·. . : __ -< ;j~~.,"';_;·1q-~11 ,~· -~~] -~f~. •f:-~ :,~<'" 11~'' ~ .. -·f.. . ( .. 

denoted (t)c• as a mapping from C >< o., Into C. If tt lmpt••••. a, V :f.u~ .~· U~ ~ 11 
_.' . . .. ···,:·' '.·--·',_1: !-- .'~~·.f=-;'°~~==:···~- ·~~-,·~··.¥.},···.~~n':..ii '1

• ,~ • 

a mapping from C x. D_, into R.,. By adOJJdnl thtl ·~· ~.~~~MW.~._••;~,,~ 
,;;,;'' :-~·-;~···;">:•« ... ~~-,: . _ ...... g)_{ 'l't')·-"1#{1'-~:-•' .!dJ.,. ~ <! ~-~' ,, •• • ' 

parameter of each operation. This may dtf~• f~~.~~.~ ef the tmpkv1tEtitatlen 
. ,:.· 

.!anguage· but c~rtfies ·~~. ~t~'~ ;~~ ~ ~~;j~~ ,,~ ~.fectt or bJ 

accessing global var~bles. . For exa~ in t~,,e< ~:.··~ i ~~ Jn 

Chapter 5, INSERT would ,l>e viewed as mapptnc ,f.._ C x _,.., ~Q C. _ Here, C 
1- • n • .;'!·, -. , · \ ~.,~·~-~ ·:-:· .. ~'·).~> ·~;:o·~'~ :--)i~~ ,.·y· -_-,<;_,;.~·'!'": :;'._ •"=·~~.?.' ' 

corresponds to the states of A and COUNT r~ --~ "',..,.,,..,... 
• - - '··· ~ ~; ' - '{ ::~" ' • . , 1:- : 1 4' . • 

We sha~I now ~~~ibe ,C ~~ "10r' .deta~\.,~ ~~ ~ :~.:~•~pf, ... ~ . .,rr 
coflection of objects. For example, in the ftnU1 lfdfW HI~ fll, ~.~. 

'-~··'.h~---'\_~~'.:\.it ~h~ft~t~.~~ .. ..,,~~:.:,, '.',•'. ~,·.' 

cc .Ax •coUNT 

A set such as.$ Ax ScouNT is too large to we u the domain of the abstraction function 

since It usually contains elements that do not c:orretpalld to any element of the data 
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abstractiorrbeing implemented. So, it ts n«essary to.•rlbe C explicitly. 

The standard way to do this is to use a '°"""' ~nNrlant, le Thl• ts a predicate 

defining some relationship between the conaete vartabll!a and' thua p1adng a canstratnt on 

C • Cx f lltH. 

for the fbittt l7ltlflT ut tmpletMntltiOn, le It 

,'· .·-. 

o,s COUNT.rftd ~d~ " <YI j)CO!l'.Cj<COUNT.tact -• A.readU><A.readCj)J . 

This pr~kate states that the implelrlldttat .. ot jhiu1Jfitltft' _Sft contains at most 100 

integtt,s and that ttte elementt biet•eti o~tftcl COUNT m t'he. lm.y A are atf cfistlnet and 

ordered. This latter concUUon Is ~ tu irUUrit ._ correctness ot $BAR.CH: The 

ordered pair 

satisfies le above. This ordered pair corresponds to bath machtries A anf:I COUNT being In 

their initiahtates. · 

5.2 The Abstract ObJ-ota 

The elements of the concrete representation C lhould Implement or represent the 

entire state set of a state machine specifkatlon. Howner, a concrete objeet need not 

represent a single state but rather a set of stata. Thls occun because certain states may have 

no observable differences. When thii happens,· we •7 the ~~ are ft/rdoalt11t. So, a 
' ·• ,, ' .. ,',- , ; "!": ~ 

concrete .object actually implements the equivalence daas of a state and we Identify the class 

of abstracn1b jects 11 :WIUt the .et Of eqgtvalence ·clWd· ot tfae stall! set. 

For example, conSkler the specifbflin «· '-*'filJl«l Iii Chapter 1. Its state set Is 
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a subset of CDstack -t RstatkJ x co.-.h.,. R ... 1~ H~(CJlllfder.dJe two statu 

51 • <•.{(),,O)J) 

and 
S2 • H<l.l)},{(".O>U 

Here, 4' ts the null set. The firJ\at¥e.5t.CGl'..,.19'••Q.11tht:~--of 68mUwl..:sflld, 

so stack Is totally undefined and d1fJtll. ret.ums 0.- · (._.. out ,.._...,, CIOftventtOn that the 

domain of: nullary functions ts {),}.) The setCIJd .... -. .~-- •·~flJ'l'lttirlllttg the 

value 1_ and for x~l. stack<x> ts t:tqdef~,:~:'.•At. afltA"1atnrr:-..-o .. Thul S2 • 

NEXT<NEXT<Q..push,l.).pQp-") wltert,(l b ~he--~-... .t,fll•1•1ll_.1Md.1 Thell two 

hidden from a user and d1#Jtlt re.turns Otn either,..,. , 

Equtvaltnt states are defined below. · lntulttvefy, two - are ........ .._ • Is 

Impossible for a user of the specification b1 de-..hl;W ..., .,,,1••·--•• t.._... 
'' ' 

Derttlttion 
Two states s1 and s2 of a state machine spedf tcatton SM are_ ,....,_, .· 
if for any · · · 

s1* • 0-Evalt..O-EvaffO-EvaKS .. 0JM•1»~at>J .... .>o.,<a,.» 
S2* • o..:Eval< ... 0-Ival<O-EvaK&f;r~~~C.,.» 

where o1 Is an 0-functlon ef SM, a1E D
01 

and ni.O · 

either 

or 

beth s1 * and 52 * •!9 .. undef tned 
ot' 

V-Eval<s1• ,v> • V-t:v•J82* ~vl 
for any non-derived or deflved V -fui'K.tion v of SM. 

This definition guarantees .. th•t if a series,;Of, 0"'.'(¥Rctjonl ,,_ ~ te two eqetftlent 
' ' 

states, then· two new states are OOC.ined where the. _....,.¥9',attd deriYed '¥"-functions 
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behave identically. Further~e by applying a series of 0-functlons .to the two stales, we 

make certain that all delayed effects become apparent. We shall denote the equivalence clau 

of a state S by [SJ. 

For example, for a state S of flnlt1Jnt11,,J1t In Chapter 4, CSJ limply contains the 

state S. For the initial state Q.. of boundidJtatl, 

CQ.;I • f<F,U:>.,O)})E Sbounded_stack} 

where F Is a mapping associated with the htdcftrl V-functton stacl. In other words. .CQ.;1 ts . 
the set ot ah; states where dtflllt returns the value O.· N~e ttta{CQ;J ts infinite. Thts occurs . 

since ·the data abstraction tntt11rs used · tn tou.ndMiJiatl a.ntaiN tnrtntte1y many elements. 

If boundtdJtaclt used a data abstraction for the tflterr* tha{had a bound °".'·the number of 

elements <such as the integers used. In programming ~gu~es>.· then lQ;I and all the other 

equivalence classes of boundtdJtatlL would be finite. Furthermore, toUndld....statl.'s state set 

w~kf be finite. . 

The equivalence classes of the state set can be enumerated by using a .normal for"' 

generation of a state as the representative of each eqvt~~lence class. A normal form 

generation of a state ts either Q.. , the Initial start, or generattd ·.from Q. by only. using 

. information adding 0-functions. Recall that an Information removing 0-functlon deletes 

information that was previously added by an information ~dding o~runction. The same 

effect can be achieved by initially not adding this Information .. Thus; this represen~tlon Is 

valid since every state either equals a normal form generation or ts equivalent to a normal 

form generation. For example, tn flntttJ:nt1g" ...sit, 

NEXT<Q..,insert,.1> • ~ 

is a norma I form generation but 
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Hl.XT<HEX'fO~EXT~~;inllftJ)~•~!~ 
.' . '. , ., -·· I 

ts not. However~ it ts ecpt~Yalent to S. 
,·._.;, ' "' .. 

• It ts now po11i&le to state what the ~~ fl ·"' , ~ 'mans. 

Informally, the tmplimentatton of a Cl.ta 19'•ract1111~ ti ~ ._.,"" ...,_... •. of the 
., 

tm,p~tatlon and of Its cor~a,c ..,..,...,!~~~~'~''".,.,:~ .,...,. .. , 1.t .... st 
' ,! • f • ' . ' ~ ~ ·... • • ' 

one objKt of the lmph!mefttatton correspatldmg to~ el!,.,.,,~.~,~~- Thia 
' • • • ' • ,. L ~ ,• ~ • > ' 

ts the usual meaning'!'•.~~''°'.,._"!" m·~t~,~~.~~:l'IJ·. 
' ,. . -· . ' ' ' ·:~ - . 

F°-""811f,: to prov~ the ~rectneu of •tJ ""'~·:~· ~ metat .. ~tr-. def~,an 
' - . . . _,. - . - - .~ . . ' ~ . 

abstraction function A from C onto the ••valence ~ ~ .!:~ "'- stale'~ of t~ -~ 
.· " ' . ·~ . ~ . . ' 

machine betng implemented. A limple and RJtural ~1 ..• ~)ltll II ~ f ,,~ d~t,.e a 
·'• . . .·. -. ' · .. 

function f from C Into • <e.g. Into the normal r..,. an a>_..._ def~~.~.~ 
. '; ".- ~ . - . 

f~nctton as A<x> • Cf<x>J~ A must map.•• ~.~114.ab~~~~ ••• I~ classes of 

•. Th ts property guarantees. that every state ~· ......... ~. ~""yer, A. ,.. l,.IOlt .~ a 
• : ,. . • ~- • ' • ... • • ; : • ;\ • ~ .. • • ' .·: •f- ~ ' . ,, . ··"J .. /i': '!" ~· • 

. ~e-to~~ ~pP,g r~,c ento the equt~lence c~ ~~· .. ~·~1~91!~ 
/,' ' . ., 

can represent one abstract object. 
• r • 

Now, after deftnlng ~. one must show for ~ c~C and 0-f~ •· 
' . ' ~ ·. *; 

CO-EvaKf<C>,•><x>J • Cf<•c:<q,xntl 
. ·. \ : .. 

where xtD.., and for every non-derived or dertv~ V-f~ • 

I. This is a sUght abuse of notation. We assume [!U!l[J • l!Ilt· 
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" 
where XED.,. 

The above def jnltion assumes that an lmptemlnt:attor1 · of a V-f'unctlon does net 

. ,· . . . . . -- - ) , .. >'_. ';.(! ·{ .,~y .. :~_.(~ ~,1;' ·~·} 
modify the concrete representation. , If It does,' .. must add the condition 

Cttc•J • t•ciCJt)l .. 

This could occur tn an·Bnpten!ntauon or flidd.Jru1prJ1t where 11is·non1en the·e~tt 

of A. 

and 

•mtecerJet c CDhaa ... Rt.aJ ~ CDcarcUnallty ... RcardlnaUtJJ. 

Fii'st, let <C1.ct>cC. So C1 Is a state ot t,he ~rraJ A' and ct •• a state of 'the 'variable ..... 

COUNT. It ts helpful to ddine the predicate ~N<CJ.~>. whtdt Is true If' the Integer I II a 

member ~ the .concrete set, as f otlows: 

IN<c1,c2,i> & <3j)CV-EvaKC1,A.read><j) • t I\ Osj<V-Eval(~COUNT.read>l. 

Informally, this predicate Is true If there ~xllts an tntepr J suCh that In the state Ci of A. 

A.read< j> returns I and j ta greater than or equal to zero and less than the value returned bJ 

COUNT.read In state c2 or COUNT. Then 

f«C1,c2» • 

({(l,true) I IN<C1,C2'I)} lJ Hl,felae) I NIN<ct.~J>) • u~.V-Eval<~COUNT.read>J) 

Now to establish the correctness of the tmpllmentatian It II necessary to show that A 

is onto H. This can be established by showing for eYerJ StS that there exists a <;:cC such 

that Cf<C>J • CSJ. Then one must prove that 

1. CO-EvaKt<C>,lnsert><x>J • Cf<INSERT<C,X>J 
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2. 10-.Ent<fCC>.nmov.-J • [fCl,MOYECOJ 

!. V -tvalCf(O.hu)(x> • tiAac,c.> · . ' . . . ~ . 

'f. V-EvaM~Q.canl4M-.,>:·~~~ 

Consider provtllg S. H-., tt b ........ ~\...,,_.# .,. ...... ., x Is or Is net In 

the set, then. HAS, ~mJr, ~ ~,,..,.J-.,1~.llflttilfl_..th•..._ 1tJ flrat 

proving a lemma ataUng that SEARCHCxAOOUNT ..._. at1ap ••w tile tndex .._. x 

.•houkl appnr m the array.A ... T.Jm.._.t ... .,.,.,...,n•••lll•- I. and 2. 
-·:.·; ' .. - . . 

furthermore, In proving l. and 2., tt ... lie ..• A ure ttl' ... .._ ..... prae1Ye tile 
- . ,. . ~. . 
! . . . 

concrete' Invariant liftce . .A~s c:lmMtn 11· C. 



8. An Extended Model for State Maohln•• 

The model · of a state ma,chin~ developed In Chapter . 2 does not allow the 

specification of v -functions or 0-functlons that ... an ~or more elements or the dat~ 

abstraction defined by the machine. Jn this chapter, thla l'tlllidlon ts lifted and the model 11 

extended.. to .allow ,the Jp«lfkaUQn of thae ,._. than __,,eperattons. 
.. 

To specify gr"ter tha" unary ·~: - ~· or the 0-functlons and 

V-functions must f_lrst be extended •. O;..functlqns and. ded~ V-functlonl will now be 
. . :.· . . .. ; ; ·, ., ' 

allowed to have more than one argument of the d•"' -~ specified by the machine. 

For example, this allows the definition o( an 0-f'unctton. -~. whkh computes the un.lon 

of two sets, or the definition of a derlvec:I V-fU,nctkln. """"""'-"""""-'· whkh. returns true 

o~ false if two sets have or do not have. r~Jrdy,.,.J ~elements. 

0-functions wm still retam their m~tton of changing the state or the machine 

b~t now this state change can be depenchnt on ..... ·t~ ~-~te. Derived V-functlon1 

will also have their previous htterprt!tatlon expartd~. No.;~ ·~stead of allowing the user 

Umited access to only one state, they will permit atmultaneoul accas to more than one state. 
. ,' :-·•, ,:;t··. "? ' 

Non-derived V -functions and hidden V-fUtictlonl wtll, however, still be restricted 

to their previous interpretation. So, they can only· spectfy untry operations on the data 

abstraction spectfted by the machine. . Thia confotms tO their Interpretation as fully 

characterlztng a strtgle .state of the machine. 

An example of a state maehtne spectftcattbn With areater than unary operations II 

given In Figure '17. This Is the specifkatiOn of ah lnttpr ut that can contain an arbitrary 

number of integers. The spedflcattan defines the usual operatlOna hunt, '""""' and 'Aas as 
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Figure 17. Speclflcattoft of ln~ter Set 

Integer _set ·• state macttltte la has. remove, insert, Uftiallt -~:,..elementJ 

has • non ... ct.rlved V-funotl0t'l(---..:1fttitet ,. ..... Boolean _,.., ........ ~ ....... ~, .... ....... 
Commom-.eltmlnt_? •' dMt1AHI ¥*filriell-~)' ,....., Boo1ean 

Appt. Cond.: true 
....... «'coiriri•;..._t(J.i·~lp>'iK'Hll<12t'>l 
end common_element.-1 

Insert • O•func'8n(1:sta~e,~:tntegerl 
*"'~ ;Cdncl;r trifti. 
Effecie: 'has'<s.t> • ma. 
.•Wdlnsert 

remave • o-fUnc11oft(s:state,t:tmepr> 
Appt. Comt.: true 
l!HWet.\''fiJtltt· • ,_. 
end nnnove 

' '. 

unton • 0-functton<si~statet 
-.... eo.w~~: ..... 
l!ffecta: <VtK'hu'C..U • ~!. y ........ ) 
etfft unton ' · 

end Integer _set 

welt. as the operations unlon and comJJttm_elnwrtt..1 ._.... ....... U__..s effects .aectton 

that a /or all statement has l)eet, ~ed for this ~ .... ,..., -.,......, 0-functtdn 

must define the mapping associated with every ...... eel-or htdden V-JunctiCln lathe 

new state that It creates so that this new state Is fully ~ • 
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We shall now formalize this type ot spectfjQtkJn by making a few extensions to the 

model in Chapter 2. As tn·t~t eha~er; eaCh madtant Is ~elled by a set of states, where 

each sta~ ts modelted by a set of funcflon1 c:orrapondfWt tJl~'tftf hkJden -.na·:~..dertved 

V-functlons; 0-funcUons define transitions between Jtatea. .·~ 
,., .. 

8 •. 1 Extensions to the Baslo Component~, 
. ··~ "~ : ., 

8.1.1 · V-funoti.o .. 

8.1.1.1 Non-derived and Hidden V-funotlona . 
.. ~·-~,~ .. ~t~t~·;_·. 

Non-derived and hidden V-functtons are ~led as, In F.lgure 18. Note that ~ ts 
- ."'"" ·,C; ,j'·J~.· ,;·r,;,.~·- :'_.)/;;::· .~ 1.! ~,~<~v,.;: • 

now included in ,tile mappin._g ~i,. to ~·· U.·,1the V-function ~· a .unar1 

operation. on ·tfte data atnth:dbt:cfel'ftWI'~' ttW~: 'f'*t·rem1ancter·or the-deftnlttan 

is defined In the same manner and retains the ~--~ u ta Section- 2.U.l- of 

Chapter 2. 

Figure 18. Non-derl~•d or hldd9!1 V-tunctlpn v 

llapptn(I Oeacrlpb 't; lJv;' R v . 

,AHtJc--.Gt•,lfllf I ~•vt'• ~a>f• Bootlan 
lnltlal Value: t!J.1.dDv -+ Ryl 

any element of the data abstractkin defined ·bJ<,et.~t1•tne. And u before, since th• state 

of the machine is characterized by a set of mapptngs aSIOdated With each non-derived and 
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hidden V -function, we vtew the state Mt S u a IUbllt et 

co.
1 

... Rv1l x ... x tD•n ... 'a.it1 ,. I) 

where {v1 .... ,vn} ts th.e set of n0n-derivedand ...... V...,,._ttaalclf\the,aachtne. 

8.1.1.1.1 Derlvecl V-fanotkns 

A derived V -function v also retains the three sedtanl In tts definition. However, 

these sections' deftnittons and rneantngs are not the was tn St•ati &Ut! W ~haflt* f. 

Figure 19. Derived V-functlon v 

Mapptng Description: f>"; D9 ; R9 

,_.,.lltf1: ....... '1'v••f< D~ 4 ~n 
Derivation: U!:. v such t~-,-,-ltUiy ..t, ~yl (Ot .._ sn 

, As before, the dtrlrMJtlon s«tlon deffMI a functkln tchelHa, denated der v, expmsed 
' . '•' -· 

as the compositlOn Of the nOri-derived and hidden v-runcttena .,, the machine and other 

functions associated with the etements of Dv. But. tf ¥ Is a g .... than unary oper.ttan, 

der v also' specif les the state tn which each ~ ., aa6'dm V-functlon should be 

Interpreted. For an, states S", the m.,..1''1lnlllti.1, ....,.., the 1ehelra ts denoted by 

As an example, constder the derintjon teetion vf wwwu:lf,,.,.,J Iii Flgu~ 17. 



•• ~ ,; '>"• .. •• - ...... .....,T>• '!; • . . 1-. ..... ;:~:·~·"'":--:,. '·.-.. .. ..~. 

-Tl-

This vafue is, of c:ourse, dependent on th~·mapptngs a~tecfwlth leos In ~te s1 and lttu 

in state s2. 

Now, for an-y states S", the mapping:-~soci~ w~ .• ~,1< is a, ~:of 
i: -~ -.~ ' .. ~ : .... 

CDv -+ Rv1 where Dv and Rv are specified by v's ma.pf"rtf d11crl/Jtlon • These sets Dy and 

R v can not contain any elementS of the d'ati.l8stfictlcJn def~'· by the ~chl~~-

Fina lly, the apfllttabt.ltt1 tondtt~ ~~ '-i",U"llUnctlmt • 0 ,fr;orn .. x. Dy into 

the Booleans. 

8.1.2· Qi,;fanotlons 

' '·• 
r_· 

0-functions too have the meaning an~ interpr~t~ .W. \t.e.th~ ~t~sJn tl'tetr 
• ' .t; . • •. ' . • . • ~ -

definitlen changed. 

Figure 2Q. O"'!funcitlon o 
"''• . 

Mapping Description: !Dn; D0 

AppHcabHlty Ocmdltllln: W0 : !D" >< D0 ... Boolean 

Ef fee ts Section: !to= ~n >< D0 -+ ~ 

As with derived V-functions, the ""'f'/Jl'ia( ~i,s~rt}'!~ '19~ fo,fl~.lns ~n ·and D0 to 
• •. ' • ; f : ; ·,~ ,. . ,' I • I~ ' ,• . • 

reflect the 0-functtons' extended capability. Furthermore, D0 is constrained so that It 

contains no elements of the data abstraction defined by the machine. The applicability 

condition and effects section are also extended to reflect the 0-functlons' new Interpretation. 

The applitabilit'J tonditton of an 0-functton now defines a partial function 9 0 from 
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2)n x D0 Into the B~~· SimUar~f• ~.,., .,g.,1,.~Jlf #I C>-1 ... ...,defines a 

partial function ~o f roin !I>" x 1)0 into ~. 

8.2.1 The _State EJe~ of Jt. ... ., •• NM~. 

' . 
Our purpose in this settion is to define S. ii~ W. shtl uae the same approach 

outlined in Section 2.2.1, taking the transitive-closure ol the tntttal llate Q. under the· state 

transition function. The Initial stat1 Q)s the tt.iple <tm!v
1 
.... JDL,l~..._!ilhe mapplags 

derived from the intttal value section of each of the nan-clslffd and hjdcltn V-functlo!fu 

· ht····~v n>~ 'Furthermore, the next ltate functjon hu the ,........, c1_1r1n.U.. 

Definition 
Let o be In 0-function with mapping clacriptian ., DO' 

mapping 8 0 tn tts applkabHtty ~itton a.a ...,,.. S~'M tts1"tcu JecdOn. 
Let u D0 and RE~". 
Then, . 

NEXT<R,o,a> • 

R. 

Thus, the state set Is g~erated u f ollowa. 
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U Q.ES. 

2> If c ts an o-runctton wfth ~dtlictilptfon ..-; 00'aftd·S"cJI", 

then ff NEXT<S",o,a> }s ~ef~_,,N,~JJ!~~N~c-,w~ &J:~O; ''·• 
. . . . ~ '' ;. ~ • •• . " . . , " \ ,.. ~ 1 . . ·-~· 

3) These are the only e~ts of,,#1. 

Note that in 2) above NEXT(~"!~) .Jll31 .be ul)d.r,~ ~ ~.~p~ftt!d In Chapter 2, this 

depends on the partial functions t 0 and 1 0• ·To guarantee that NEXT ll always defined, 

we introduce th~ ~ioh of a. well-defined state 'rriac~me. 
J. '• 

Definition , , . " . 
A state machine is 01tll·d1fln1d tf for any 0-functton o wtth ·mapping d.UiptlOn 

~"; ~0 and f~ JQJ~S"E.S", N~'f.~"~~ifl'd.:~,~~o- .. 

This definltion guarantees that t~ ·a· welMfef'lned' 'state machine, for everJ 
l; 

. . {:' : '·. . :. : ' :· ~ ·.' -: 

0-function o with mapping description ~"; DO" 10 is a total f1anction ·· fr0m s• · x D0 Into 

the Booleans and t 0 is a total functiQn fJOA.J ~.<.S~cS" .~ Q0 i ~lt#l)J, Into•· 

With this definition of the state set S of a state mathtne apedflcatkxw, It Is possible 

to formally define the .,.nir,g 9f' the Q,..(u~ ad V~~L .'. J:')lls WlH be done bJ 

defining mappings V-Eval for V-functions and 0-Evat for 0-functlons such that 

V-Eval:Ji" x NV -t CA -t Rl 

and 

0-Ev~l:S" x NO -t CA ~ SJ 

where NV is the set of V-function names, A Is the set of argume.tts, R II the set of results 
' , 

and NO is the ~ of 0-function names. Note that' the dom&ms of V-Enl and 0-.Evat 
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have been changed to reflect the extensions made to the V-func••cand•O-functlons. 

0-Eval wtn be defncLf._ _ HGW •. : al• .,. , Q.rt.1--· o with mapping 

description· 'b"; 0
0

· affil aM>u&f>1tlty· ~ 'W{;'rit Jfs.ti;J'; 0-~val returns· a 

·function from D
0 

tnto SU {errorl. ·~ u ... tlifU~~.' · :" 

0-Eval<S''.o> js not necessarllf total:~~-~~;~~~~°" tf:E~t<~,~~~> can be 

undefined. However, o;..Eval<S",o> ts alwap a total rUftdl9h tn a welf...cleftned state 

machine. 

For any non-derived or titttdelf y;..f'~ ~:1tM 61' 'S: *'/:..i:tll wtll retUm a 

function from Dy into Rv U_<~>., So _ror a.ny ..,.. .......... _or~· X-f~ v wtth 

~f plt<:abilitt1condit~ .. •v· 

condition lfv ~nd derivation der v, 

Note that the runctton that V-Eval evaluates to la not necessarily defined over the 

entire set Dv since the appHcabtlity conditic1'Lcan be und4tf'tned O!l" •. dep~lftg on the type of 
"' .. ~ .· - . ~ . . ' - -

V -function, v5<a> or <der v8..><a> can. be unctertned when the a~blllty ~ttlon 

ev~luates to true. When this ts not the case, we say the .ta• machlft.e ts mnst•t· 
,' . ; \ . - ~ ~ ·-;··-'... . . '· . . , . /._, '-"" 
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Definition 
A state machine ts conststtnt tf, 

for every state Sd5 and non-derived or ~~·, y '."'~u,~ v, 
. V-Evar<s·,v>. ts a"t•f luM'ttt>tl fnirii Dv ~~ltv'U fl!D.c> 

and if, 

for every derived V-function v wtth ma,,P.ng de1Cr1pt1on t>•; Dv a~ s•1 ••. 
V-EvaJcsn,v>. js ~· totfUu..- lromrD9t ... «y;U f!r:ml. 

In a consistent state machine, for non-deriv.ed and hidden V-func:ttons, v5 Is alw•1• 

a total function from (x:IDv I •v<S,x>J into Rv and, for derived V-functlans, <m v5..> II 
' . " -

always a total function fi'om <x1 Dv I •v<S",x)) into Ry· 
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·. 
7. Conol·uslons 

' , , ~ • •.' __ \; i ~ l: 'r :1 'I • 

The aim Ot this. ~s h&s beef} ,tit• .ffl~.,c( 1~:f~ .. U.tton t«hnlqUe 
- . . ' .,- . . - " - - ,: ' 

,.~ '; ~-: ~ 

for data abstractkms based~ Parnas' Ideas. F~r~'''"'""'"•··(~ .. ,t.,,,.1semanttcs of a 
• ..., ~. ]._ ·.'•.1 •. ":';·i"" ; .:c. r: ~-· .:.. . ; " -~- ,' ' . ' - _,,,;,- ' - -..., ' ,, ' . ' 

state mach~nt~ speciflalttm 1'al·4-etepid• ·'fhll machfl'taW ltf~ cOleitructton for the 

·state set of a state machine and t~ used the state set to fermaHie the sema"tics of the 

state machine were tntrOduced. Next this abstract model was usecl to formalize the M!t118'1tlCS 
• · - , ;~: :.1, i ~1 (i:t.:~;- '.rw*·~ n~.:ri~::ri-?~ ~2.if~; ~, '{:;_:r-,j.:~". 

~..,. ,_ . 

of a concrete spectfJcation language for state mackines. Thtl ........ was uted to specify a 

number of data · abst~actions and alto to ltlutttate hew to prove a partk\llar state machine is 

well-defined and consistent. Then a proof' methodolagy to me with· state machine 

specifications was. discussed and i~strated .. This methodelagy . ....,,_ the homomorph I~ 

property to establish the correctness of an ~ttan. or a ate machine spedf tcatton. 

FinaHy the model far the semantics of a state 1R&Chlne specfk:atlGft was extended. This new 

model allowed the specification of a greater Cius of data ........... than the previous one. 
In this final chapter, the usefulness of the state machine specification tech~ique Is 

evalu;\ted and reviewed. This ~vakaatlOn. Is then followed by ierae sugestlons for further 

research on state machine specifications. . . 

7 .1 Evaluation 

The state machine specification technique is best Mlited for the specification of data 

· abstractions. Its conceptual basis of a group of functtons operating on a state set matches 

quite well the notion of a data abstraction where a group of 'functions operate on a coHectlon 
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of objects. To construct a state machine spedfkati,on of a da~ a.-,..dlon, one must model 

the objects of the data abstraction using the V-functlans ti· the machine. In ·• sense, this 
' ' ' ' •.· ·. ' '.; ['.'. ; ' . ' . . 

corresponds ·to modelting the objects of the data·abstractlon.bJ usmg Infinite arrays. So the 

. . ~ 

state machine technique ts a variant of the abstrtltt flfOtUl t1fl/1'111Ula CBenlns 78J. CYonezawa 

77l ·where one is r~rtct~ to modelling.Objects of t~ data -~bstract~ by using Infinite 

arrays. 

. . . ~ 

In the abstract nloctel approach, the objects of a data abstraction are represented In 

terms of other data absttlctlOOs with known f»r6Perttes established' by formal specif lcattons 

given in advance. Thell· the operations or' the data abltract"1 belng defined can be 

specified in terms of the operations of the knc>Wti abatfacttons selected· as the representation. 

so, a model for the data abitractton ts developed. This ~differs from ~tk s/J«ifkatlo1u 

CZi11es Ml, CGogu·en 751, CCuttag 751 where the. behaY'lor ~ a, data abstradton ls given by 

axioms trelating its operations. Currently research ts being done on both these techniques. 

Since any comparison made between abStract mOdet amt ·axkllnatk specifications will apply to 

state madttne spectf tcattons, we shall fimtt the r~tllg d~uton 'to· a comparison of the 

abstract model and state machine techniques. 

. . :.'i . " ' 
In using the abstract model approach one Is free to choose the data abstractions used. 

to ·represent the specified objects. Th~s it appean that abstract model specifications would 

be easier to constn~ct than state machine spetlflcationa. In fad, one can encounter difficulty 

in using the state machine technique to spedf'y an abstraetton whose objects can not be 

modelled well by arrays such as lists or tr11s. 

Another issue In c0nstructtng state machine spectflcattona 'ta that one 1:11ualfy wishes 

to write a specif icatlon that is well-def tned and consiJtenL So It will be necessary to prove 
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that these two. properties hold. 'Studying the' proofs in Appendix 2. It appears, at fir$t glance, 

that the proofs of these two properties are rather ~~· ft~,,, ~Id.le tt,e ,pr~b in 
- - - .- . ~ '· ' . . -.. -

Appendix 2 may indeed be somewhat ~tOmt. theJ. a.~ .~~~J ~!t• •Amil.le and 

straight .forward. They primarily rely 9f1 the def'~ • gt~,~ !~ ~ ·c: .. ,t,tve· 
. ' ' ., ' - . - - . . . : - - ' ' ' - -. ~ ~ " ' - ' . : . . . 

step in the proofs was the introduction of the lemmas· Even ~ ~r•r· th~ c:~~lvltJ 

involved was minimal. For example, when I •rt.Id ~~-~ ~- ~t ~tte pitlfation 
- -

of queue was well-defined, I did Rot begin with. the firlt lemma. It was only wht,11 I ,_,as 

rorced to show that both front and Nd could-~ oaluattd ~ .,, $~ t'-tJ retlized that I 
' - • l ' • 

had to prove this lemma. So, tn carrying out the_ lftd,~ ~ kt ~..._, i.~.~ l,f.~ 
- ' ·.-. - . :_:: •.:.1• ·. . . 

the extra condtUon I n~ed_ to si'J'plify t"' Pf'.00!· J~-,!JP..fl,,.r:e 1"' _..,,.hid l¥b"1 I 

attempted to show that V -Eval<S,ftnt_element) wa,s totat 

I feel ~hat In ~ ca5'S _ tt will be n~ry ~- '""' """ Jemma~ l~ .. ",elp _In 

c~rrytng otlt proofs of proper~les of ~te ~chAM,. ~~!~ /~~· Jt ~'· ... _t 
these lemmas are usually quite ·eJay to (lbco\ler ~~ ~ ._ ~,.., _l.J,l the, ,prqpf; ,,'!'ill 

. ,. ·, - . '. . ~ ' . ~- . "' -: ·_ . ' . . - ' 

involve one In time consurJrin.g, but not ~tff.kutt, "9~~· , , 

However, It •\'P!~rs that provtog,_the q>r~,c(,Jft~iffP:WJ!l,'"'~~e 

difficult. Here not only ls It 11ecessary to show t~t the ~~.~1 hold~ but 

one must also show that the abstradton fu~~ is a~ -,~~ T.IUl,.Jattcr task ls not 
- .. , "· . , ,. ' . -~ 

simple. One ~ust f trst characterize every equt'f~~ c .. of, ~ .... _. ,,~ ~beJ:I. $ho• 

that there exists an element of the concrete ~jects ~t_ ~-..,'"Al ~,t. 
I ' • ~ • • ; • . ; , . ' -· . -

To prove that some property hold• for ~n .. '°~~- ..,< ~(p~ ot,-_.,a ~a 

abstraction, one must show that the property holds In tt;ae <I•_ '~qa,,,'~,r;nodcsl. The 
• • ,. y '". '· 

difficulty of this proof depends on how well c~ ~ ~I ,.._ 1]•\fl JJ,t"qYing that a 
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property holds tn a s~te machine spedflcatton can be easter or harder than proving that the 

same property holds In an abstract model speclftcattOn accOrdlng to the aptheu of the Jatter 

spe'Cifidation's model. HC'Jwever proving the Correctness·(,( a data a~stractton specified by 

either technique appears to involve equal ditflctlky. 

7 .2 Toplos for Further Research 

One area for further research Is to d«ermine the usefulneu or the state machine 

spectftcatton technique; Specirleally, can ua~tnacltlne .pedncattons be used suc~fully In 

the design and develapfMm or large sca'te sOttware: ,,~1''' Res-earch that should ~ 

answer this <1uestfon .ts currently being dOne at SRt Ttiefhave usecf atate mact.lrle type 

spectftcattons tn ttfe destgn of a provably secure operating system CN~mann 77i and are 

dev'elopmg a methodotogy for the development· of ~te that uses state machine type 

spedftcatkms. ·Thtkp;t4iminary mu1t1·1r. thti·ara·Hne Wih ~ragtng. 

Another research area is the extensJon of the state machine spectf icatton technique's · 

error handling capabiUties. At present, when the applicabtUty condttton of an 0-functton or 

V-funct~on evaluates to fa1ae, the·functton retuma the special symbol m:2t· Clearly, this 

does not give the user any clue as to what has caused the error. More Information should be 

given. Furthermore, the meaning of returntng an error message has not been discussed~ 

The specifications could be .extended· to allow one to define more descriptive error 

messages. For example, card.tnaltt1 Jn the finite set specification of Chapter 5 could retum 

an error message such as •too many elements• when one attempts to add more than 100 

integers to the set. Pamas has noted that more information Is needed to describe how his 

specifications handle errors CPai'nas 72, 751. 
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Attotfter ~xtenSkJi'i to state macfi"'- lpedl·~-~-- Iii •,.c:a..clf ,.wtl - ' ' '• ., 

•&str•cttdfls. spedt~. ThfOltt~- dtts .. tliitD. -~ •••f:•wr• •~• -..-.t1tii1Mff 
1· ~ • ,. ; . • ' -

•f>'dfled by a state machJne are f1t1'"8f"6t1.- '" tA ....... ,_...~ tldtd••1ati-d\ the 

absttlctldft I~' cdhfin&. u., ttMt ~-·~u•tt.,,,.i\ftir'-·••••ittMtte 

bl!havtor of the states in i state machine spedfk:atibn. An O-tdfiltldtt 0, when tl•ert a atatie 

sand xH)o~ dMS hot nMtfy s. bUt fnsteatl rt!fums .-~--~Ii.· rt.triii .... ,;;,,·,~ .. 
0-flinctrtm 0 is aptn gt~ s ~--*.•Itta ~~-,Jiil ......... Sttnttar 

behavior b .... 4!t~1tifti8 ij. v~~ •. ~., •. J.,;t.•t• :-1-Jfit ••• , ... . - . . ' '"' . . \ 

passed a .. riftitibl db~ '"*1 .J'etUrA a, dtf,t-. ...•• ,b.J_,_., ,..,.,._~.,. the 
i ' 

c~utatton hlst'Orf. _Thlit •tt. dbt_. •flit t-~''1'19\ffi .~ .... ,,.-. .-

machtne techrit'fUe tO lftow t"' •r ..... ~;--~-i-- ~·litt•• ••··•·a 
stiiClytng how abstttq mottet,.tctnc:attocts-~-- •••~ '1•&•1••• .. •••11 

ijro 

.. 
' .. -.· ' '~ 
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Appendix I - Undecidable Propertle• of State Maohlnea 

In this appendix, we shall show that It ti impossible to decide algorithmically 

whether or not a· state machine, specif ed Jn ALMS, ts well-deflbect or consistent. · This Is 

established by reducing both problems to the 6lnl t41# ·wun1 f"oblna for Turing 

machines. The blank tape halting problem Is the problem of determining, given a partkular 

Turing machine T, whether. or not T halts when started on blank tape. This problem ts 

undttidable CHennie 771. 

The definition of a Tur~ng machine used here Is given by Cldennle 771. A Turing 
I . 

machine consists of an infinitely long tape coupled to a f intte control unit. The tape. whkh 

acts as the machine's nlemo..y unit, ts ruled oft Into squares. Each square may be Inscribed 

with a single symbol from a finite alphabet Z, or tt may be blank. The special symbol 1f Is 

used to represent a blank. The control unit can shift the tape back and forth and ls·.able to 

examine one square at any time. 

The control unit is capable of assuming any ene or a fixed, f lntte number of states. 

We shall only consider deterministic Turing machines. So, at any given time, the state of the 

.control unit, together with the currently scanned tape symbol, uniquely determines the 

behavior of the Turing machine. The .Turing machine has two actions: it may either ltalt 

or carry out a move. Each move consists of Writlftg a symbol 0n the currentt; scanned tape 

square, shifting the tape one square to the left or right, and cau$ing the control untt tO enter 
• 

a new state.1 The action of the Turing machine Is characterized by.the successive moves that 

I. The symbol that the Turing machine writ~ need not differ form the symbol that ts 
already there and the new state need not differ from the current state. 
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occur when, lnltlaltf, the control unit as..._, *.,,..,. .. An• lliltt1'I ,_., atd some 

flritte number of the tape .. NS an! lnltrlbed With .,.... atll dtll· 1 tlilllnder ate Ifft. 

blank. 

A Turtng. rnadtttle It..,...~ bt •··,_..!' "'llilfft•••~•;,. ... J.., 
q, ..... d,, 

s1 IS the symbOl·UftCk!r the tape had 

511 ts the syrnbGI to be· prtMe8 an tfie ·cape 

dtE {tllb! , ~ Ii the ditedlGit fl· tM ~- ........ 

q.. ii ·the .ri;ftt state 

Each qutttttrple must ha•e ai dtlttftct prefix Cif ,•r nt ~··~ ~,~ ~ .... 

unit ts tn ·3 state q arid ts ICatmtftg a I,.. I wit t. .4f· ~. It "'; .~ ....,.. o( ,.,., 
·- -· ' f ~· ' ~ ' 

qutntupte. 

So, apume we are g.ifth a Tur ... 'IMdltntil·_. ..... ,.p.r · 

Cit,,.,, "'• ·d'• '·. 

and initial state q1 • I 

Now; etinltdet the •• _.lne ctN• iii ..... ~2t ... · 

F0r the notat_. Md>, 

-1 If d • 1'!' 
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Figure 21. Turlng_machlne..:,11l_ t 

Turing_machine_MJ • •t•t• machine l• tape, state, head..pos. move 

state • non-derived V-functlon( > r•turns chara-.. ltrlng 
Appl. Cond.: true 
lntttatValutr. qi 

I 
end st•te 

head...pos "' ROQ-derlved v-tuactlon( ) returns ....... 
Appl. Conti.: true 
Initial Value: 0 
end head_pos 

tape• non-derived V-functton<t:lnteger> return• character string 
Appl~ Cond.:. true 
Initial Value: 1i 
end tape 

well_definep,..? ~ htf#••·V-tunc.tion(J r...._Jnteger 
Appl. Cond.: t;ue · 
lnltlal Value: undef lned 
end well_defined_? 

move • 0-f unctkm< > 
Appl. Cond.: true 
enect•: 
If slate• a. /\ ta--'head _,,.,, • s. U.n '*1e'·• a. ,., r" -r-- -,, . . . . .,,., 

If state• qi
1 

A tape(head_pos) • 1
11 

then 'head-IJOS' •head~+ 1Cd11~ 
If state• qi " tapeChead_pos) • s1 then 'tape'<head_pOs) .;. 511 

. I I I 

If state .; ·qi " tape<head_pos) • s1 then 'state'• q,. · . · 
n n • 

tf State •q1 I\ ta~flead;_pOs} "•I ..... 11ead~ti• head_pOi+ a<d1) 
n . n " 

If state • qin /\ taP'(tte.,d~· • 't.. ~~~;-~.,,.cl,.pqis) • ' 
If N«state • q11 /\ tape(head_pol) • •,) v •.. v (~~ •Cif" ii. tape(~d~ • •1,.» 

ttMtft1~tiftd.,.po1J· t1.· _.t.cleftn«l.:J · · · 
end move · 

end Turtng_machine_INJ 



I 

Turlng_rnachtfte_.~I stmull~ • bf hatt9'g a stalet ~~.fMflf-JJlf*~ tft~tlf;,@11'• 

computatiott. 
' . 

Now, Turing....,_~~!") il.fl'#,tpl,; ... 8ftJ(·_...~ff.:.Wl~lfl- IWted 

on btank tape. Assume' lfi ,._.whet seaftet· on' .... 'Jt1Jf~~j./fJUua•· ts a ._ S·· '* . ' .... ! . . 

Turtng_rnachine_•J · cormponctmg to the ftnal Jti1f HI .. •;lliilfrii: In s. 

-«state• q.1 I\ lliMl.,~ftJ1}1~2'f'iM~i~~~~-"~~~-'* s,,.» 
evaluates to tnnt. B~ the..,... ' '' 1 " '· · ' 

.; 

ts undefined ·since rtte V-fuftdtan· rHlfJfrfltiiM1 tfj'f~:·;',~W!; • Yalue. W.C.. 

Turtng_mach'IM~ttJ ts Mit ...._.,tll•t > Y' 

Gotng the other tMf~ IVIMt'¥i1tiit .... ~W'•' *1:ttafteiir. TW. can 
:~ttit :.b~~,'.~,;~f. !q0)\ 

only be caused by 

• 'I 

'" : •. v/f; :• ... i 

. -<<state • Cft
1 
~~-W~ :• •t, J V\ •. ~"1fillf'9\A ,. .... .,.., • ~ .. J) . 

· • .. :: ' . ·' • ~ .. c _,, : ·,.·,, ... · -,(' ,-'<'~ '· '._-,-- ; ,,- ·•·1 -.--~.if.~;:~:? 

Is siftlsfted ~-:Wt - hak .. ·· · · · · · . .. . ·' : ., .. 
• ·• •. ~-~ ,' /·, -'> ( i" ~. \ ~ ~• ~ '·. • t --: ~ c f· ·.""' L.' 

Now, consider the state machine spedf'kattan in ,.....,. ft. This ltate madttfte Is 

not consistent if and only tf •halts when started an...,.•· 
·. ,, : l f;::J:·F:qt: / . 

. FJ~~a..,. ·~-.. ~ .. ·~., 01°"" ... .a .,.,,~~f'hlch 
-<btate .:1', ·A'~~ .•''•I" ,.:'\Tl;.~~£~ .... ~·tlliMf2~11...pm) • s1 » 

, .... , I , '•·, .-::· .. . . ,I, ... , ; ..... ''-~ ,., ...... , __ ....... ;.:.;.~l •;; • 

~valuates ~:tfWt· · .. ~~ .. Q~~ • s•. In r, ... ffatuMls to true IO the 

V-functton constst1ntJ ts not total. By reverstng this --~~ ~··Is appuent that If 

Turtng_machine_91_2 ts not consistent. a halts• btMt •· 
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Figure 22. Turtng_machtne_IR_2 

Turing_machine_!Jl_2 • state machine I• tafie, •te. ~entJ, head...poa. move 

state• non-derived V-fuftetlon() l'atllrlwcharader atrtng 
Appl. Conct.: true 
fntt1at Vahie: q1 I 
end state 

head_pos • non-derived V-functton< ) return• Integer 
Appl. Cond.: true 
Initial Value: 0 
end head_pos 

tape • non-:derlved V-functfonU:integer) returns character string 
Appl. Cond.: true 
lnltlal Value: ~ 
end tape 

consistent_? • non-derived V-functton< ) return• integer 
Appl. Cond.: switch · 
lnltlal Value: undefined 
end consistent_? 

switch • hidden V-functton< ) returns Boolean 
Appl. Cond.: true 
Initial Value: false 
end switch 
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Appendix II - Proof• 

This appendix contains the proofs ot the leminas 'lftd the theorems In Section S.S or 

Chapter 3. We shall first show that the spedfkatton ts well-4ef,;n.cl. This will be done bJ 
( , .~ _.;; 

tnttiaUy provtng ·a lemma that captures the key properttea ~ry to insure that the 

machine ts well-defined. Then, with the' aid « 'tfrts 1lrntM, ·-':1 wtll: cflrtctly establish t~at the 

specif tcatton is welt-d;,.tned. 

First, some ~· detaib aust ta:e llal!ldlecJ. _w, lhaff denote the tntttal state or 

qu1u1 by Q., Its state I.et "P'S iltd ....,_ 

• c CDstorage ... R.-pl )(~.{Obie~-~ .. ~IJac;.lr.l, )( [Df,.c ... Rrront1· 
' ' ' ' < ; ' - '' ' ., ~ ' ' . - - , 

Lemm• For. any ScS, backscU~l 1'_.pl uct,f"'9\td(>J -. Integer) and 

backs " •· " fronts where • ts the nuH aet.. 

Proof by tnductiOn: 

Basa: By definltlen, 

MckQ. • (f",o>f and- t~ • ((~,.;·l>l. 

Indu~tJve step: 4qume Eor aU. 

s • NEXTt..NEXT<NEX'f,CQ.-.-i>W~-1,an-lh S 

where a1c D°t' n~2 ~ ~-Un.n.4•1$) ~~a~ ~ lM•l•l and 

fronts I[{"} -+ Integer) and '*A5. ff •.. ,.(~\ W. ....... for aft 

s• • NEXT<S,w,xhJI 

where XED.., and WE.Unsert,defete} that back5.c[{") ... ...,.1 and rronts.cUxl:.. Integer) 

and backs· Ii! • " front8• 

·' 
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Case 1: backs· 

Case la: w • insert 

Thens•• NEXT<S, Insert, x>. 

Since t•<~ ,,true. lnsert .•. x~ • If=• 

s· - TE<s . insert • x • 'storage'(back - n • I ''-4' • back - I> 

- !<-ics , insert, x , 'storage'<back - D·: 1>, tn~, x , 1;.ck' •back ... D 

-~1 
Since s•E ., SI is defined and, Jtellce 

s2 • l<s , in~rt , x , 'storage'<back - I> • I) ts ~- .. 
!; 

Then s· .. E<s2. insert. x • 'back'. back - I) 

• <storages
2

, ff1':, ftfS2, bade:- t, lmett, x>n • tiontsl 
• <storages

2
, {()., 52 lP·...,~"'tlJ>i ~~ 

• <storages
2

, {(). , backg
2 

_-.DJ , f~1> 

Now bad~s2 • baett5 and so by the'.tnd8GtWe h,,_hesls, 

it is a member of [{).} -+ tn'tegerl - <•>~ 

Thus, back5edtO ,... integer}..;. {f}. · 

Case lb: w • delete 

Since s• • NEXT<S, delete,>.> ts by assumptior1 ~~· !~ lf.J"e two 
; ~ '_':t / ~'~ : • ~ ' ;; ·' 't • 

cases relating to p(S , N{front' • back - I> , delete , "> 

Que 2: front5• 

Case lbl: tt<S,. ....(front • back - l> , .._. .,1fl ~ .., ... 

Thens• • S and by tN! indudA•e .. ,,...._ • ., 

back5 EC<:>.> -+ integer] - <•>. 

Case lb2: a•<S , ....(front • back - 1' , deMte , ~> • tru•. 
Then s•. ''rlcs, delete,·~ • 'front • tr0m - D. · 

so t>acks • bldts. •htch, by tlW tndt.tttrff ttW»athesll
ts a memtJer er C()J -+ tftt!prJ- ttt 

Case 2a: tit • Insert 

Here, s· • Tl<s . insert. x ''storage'<back - 1) • I·' 'b•ck'. back - I>. 

So, fronts• • frontgd{:>.} -+ tntegerl - <•> by the Inductive hypothesis. 
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·ease 2b: • • delete 

Case 2bl: p(S , ....(front •back - D , date , ).) • falae. 

Then S • • S and by the lnductjve hJ.POlhesls, 
.. 

front5 d{).} .... Integer] - <+>. 
Case 2b2: p<S , ....{front • back - I> , delete , ).) • true. 

Then S • • T!<s , detde , ). , 'front~·~ front .:. 1) 

• !<s , delete,). , 'f"""' , front - I> 
-'\' , .~ . !:. ~ 

• <storages , backs , {(). , t:t<S , front ~ 1 , d,e'- . ).))}) 
·. ~ .. ) . '. ,. •. . 

• <storages , backs , ((). , s" front - DJ> 

• <storages , backs , {(). , f~ - I>)) 

By the lnduCtive hJpot~. t,~~c{~J ... tntegerl - <•> so 
• ' : ~ ~ • • ' . . ' -. : • . - -'"'° . '. : ' - ~-

fronts ·d {).) -+ •n•J -<•>. · · · I 

We can now prove that the machine is well-defined QStng the above lemma· Three 
. - -· ' . . ; -~ . ' , 

properti~s must be established: t> the applicability candttianl of the 0-functlGRI· •nsnt and 

dtlttt are defined; U> the next state function ts. dertned ror· both ·'1rtfrl and llll1tr, ·and, 

finally, Ul) the ordering of the equations tn both, •asm's ~ "41111'1 ef~ectJ aecttlons Is 
I 

immaterial. Note that m> Is trivially esta~- staoe ~ .. ,.,_. only one ..,atlon In Its 

effects section and the two equatk:wwln tunt's etta:tl·secuan muctity different ¥-function'" 

. Thus, It is only necessary to deal with t> and ii). We~ ~lete the proof. 

Case 1: The Appli?bUity Cond.ition 

Ca~ la: lnsert's AppHcabtltty Condition 

t•<S , true • tnsert • x> • S fl true 

•true 

Case lb: ~lete's -:\pplkability Condition . 

11<S , ....{front • back - U , delete , ).) • S fl ....{ffQftt • back - I> 

.• ~fronts • backs - D 
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By the lemma, both fronts and backs are med.en of .U~),c-t "*l•l - <•> 
so ....(fronts • ba~s - l> is defjned. 

Case 2: The Next State Function 

Cue 2a: NEXT<S, insert, x> 

By Case la, 11<S , true , Insert', x> • true 

So, 

NEXT<S , Insert, x> • T!<s , insert, x , 'storage'<bact - I> • i, 'bad.' •bad - 1> 

... E<E<s , Insert·, x , 'storage'(back - ll .; ,I) , insert, x , 'badt' •back - U 

Now, 

l<s , insert , x , 'storage'(back - U • 1·> 

.'·<:>.x.C<x ·• t•<S,back-1,lnsert,x»-. 11CS,l,msert.x>~b1tJJNacksll'OIJts> 

- <:>.x.[(x • backs - n -t x • storageg(x)) • backs.' fronts> 
• s· 
Note that backs b defined by the lemma s0 s• ii fldtned. 

Now, 

E<s • , insert , x , 'back' • bade. - 1> 

• < storage5. , ( <:>. , p(S • , back - I , insert , x))} , fronts> 
- <storages· ' {(:>. • batks· - m . fronts> 

• <1t0rages• , f (>. • t>mts -111 , rrent8J 

By the lemma, backs ts defln~ and hen" NEXT(S • t.naert , x> IJ def'Jlled. 
Case 2b: NEXT<S, delete,:>.> 

Case 2bl: 1•<S , ....(front • back 2. l> , delete , >.) • fatae 

Then NEXT<S , delete , :>.> • S. 

Case 2b2: p<S , ....(front • back - l> , delite , ).) • truw 
Then NEXT<S. delete.).} • T!<s ..... ~·. ·tro.1t•. front - I) 

• !<s , delete , >. , 'front' • front - i> 

• <storageg , bac~s , {(>. , et<S , front - 1 , delete , >.»i> 

• <storageg, ~els,·{<>. , S :~.front~: 1))> 

• <storag~5 , backs , (<>. , fronts - l>J> 

So by the lemma, NEXT<S, delete,>.> ll defined. I 
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We wtH now shoW ·that the spectf«atton ts cerulltlftt. Thfs ..,vofves provtnr that 

the four V -functions are total. For front and 6ael note that 

I> back 

V-Eval<S , bact> • >.alttCS , irue , back , '>;) -+ badis , m:m,J 

- . "a.( true ... backs ' !!D![) 

• >.a.backs 

2> front 

V-Eval<S , front> • >.a.C.,CS , true , front , ~> ... francs • ![[2[l 

• ).a.Ctru• ... fronts • !!I![l 
.. , 

• >.a.fronts 

By the lemma, both backs and fronts are defined. 

To see that both V-Eval<S , stora~· ano V-EvaQ, flnl~letttl are total. we 

must again introduce a lemma and then prove the deured resulta directly from the ....... 

The lemfna describes the· domain ol ittmlp. 

Lemma 

For any S1 S, tf fronts ~ k ~ bac1t5; then storaces<k> is defined. 

Inductive step: Auume for all 

S • NEXTC. .. NEXT<NEXT<Q., OJ.&1>'°2.lr,.·-Pn-1.&n-l>t.S 
where a11 D0 , n2.2 and 0 11 (insert.delete} that if frontg ~ k ~ back5 , then storap8(t.> .. 

j . . 
defined. We ·must show for all · · · · · .. · 

s• • NEXT<S,w,xh.S 



Case I: ., • Insert 

Note XE D1nlert· 

Case la: fronts•• bl.ells· 
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Then storage5.<fronts··> evathtes to x 

due to the ~.•:~__.<titcll:""f·I ....... -.. 11 ... ~'.L 

Case lb: fronts· .,, backs· ,, 

Then fr0nt8• > backs· 

and tronts• • rront5 and backs· • badtg - I. 

so for fronts• z k i. baclt.5• + 1, storll's.ft> 
ts <ttftned ~y the tnducttve '*~'-· 

Also, stora~sTbacfsJ eva~~·~\·~ . . . . ·. ·- . 
.. •l-., _; : ? I • ' 

dtr~ to th~ .. tons 'sterage'<ilti - n • t ml,~· ·;·- - I. 

Case 2: • • delete 

stntt frorits• •fronts· - I and backs·• bid~ • 

. Jor '~ !;~ i baOs• ,..._.-. 

ts dettMd &y ~- tndutttvt! tt~. 
~ '' ,' - f ,.. . . . - .·. ' ' ,_, "" . .···.· 

;.' 

•• 

The Ms,imi, .ravk ............ ...,. ,f~:'-'·f· ·•· ~1-illo· ,,.,,.._ t8ld 

V -Evat<S , first_element) ts tot:al, note that for •ftf SES 

V-Evat<S , first_etement) 

.; xa.Cat<s:....(frofft •back -1>,ftrst_etement,x> ... p<s.-~~·~l~~t~>.trl..l.: 
• xa.[....(front8 ·backs - I> ... storages<rronts>. JJl!t1 •: 
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If ""'(fronts = backs - 1) is false, then 

V-Eval<S , first_element) .. :>.a.error. 

Otherwise, 

V-EvalCS , first_element> .. :>.a.storages<fronts> 

Now fronts ~ backs so, by the lemma, storage5<front5> ls 

defined. Thus, we conclude V-Eval<S , first_element) ls total. 
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