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ABSTRACT 

It the reachability set of a Petri net (or, equ1Taleatly, yec

tor addition ayat•) is tiaite it can be etfectiTel.y coaetruc

ted. Furtheraore, the fi.aiteneaa ia decidable. !laue, the con

tainment and equality,proble• tor tiaite reacb.ab111ty aeta be

coae sol.,.ble. We inYHt::lgate the cmplexity ot deciaion pro

cedarea tor these probl•• ud show by reducing a bowaded yer

•ion ot Hllbert•a Tenth Proble• to tlle tiait• ccmta1w•t pro

ble• that th••• two probl•• are extr•ely bard, tbat, in tact, 

the complexity of each decision procedure exceeds any p-ild.tiv• 

recursive function intiaitely often. ~. finite coatai1111ent and 

equality proble• are thus the tirat uncontr:ived, decidable pro

ble• with provably non-prillitive recura:ive c011pleXity. 
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I. Introduction 

The containment problem for Petri nets is the problem to de

termine of any two given Petri nets whether one reachability 

set is contained in the ot~er. By reducing Hilbert's Tenth 

Probl•• concerning integer aolutions of diophantine equations, 

•hich is known to be undecidable [13) , to the containment pro

ble•, Rabin has shown the unsolvability of the latter ( see 

(3)). 'Bl• aituation changes, however, when one considers sub

classes of the general problem. J. reeUlt by Karp and Miller 

( 11] yields the decidability of the problem whether the 

reachab1.lity eet of a given Petri. net i• finite. It also 

gj_ves an algorithm to enumerate finite reachability aeta. 

Hence, the finite containaent problea (FCP), i.e. the problem 

to deteraine of any two gj_ven Petri nets whether their reach

ability sets are each finite and one is contained in the other, 

is decidable by exhaustion. This thesis deals with the com

~lex:ity of decision procedures for FCP~ We show that all those 

procedures are necessarily enormously complex, specifically, 

that they are non-priaitive recursive. 

'!he intrinsic complexity of the decision procedures is not due 

to the fact that the reachability sets have to be tested for 

finiteness1• Even if the decision procedure is supplied with 

the answer to this subproblem the remaining complexity still 

is non-primitive recursive. 
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To establish this result we will present in section II a 

bounded version of Hilbert's Tenth Problem whose complexity 

we know is non-primitive recursive. To reduce it effectively 

to FCP two versions of Petri net computers are introduced in 

section III, weak computers for polynOllials and a more re

stricted class of •iterative• computers for functions defined 

by pr1111t1ve recursion. Section IV contains the recursive 

construction of such computers for a sequence of functions 

closely related to Ackermann•s function (1}. Section V and VI 

then discuss a property of the polynoai.al c011puters intro

duced before which makes it possible to reduce the subspace 

inclusion problem tor reachability sets to the inclusion pro

blem While preaerT.t.ng the finiteness of the reachability aets. 

Two modifications of the polynomial coaputera exploit this 

property and serve to reduce the bounded version of 111.lbert•s 

Tenth Problem effectively to FCP. In section VII the reduction 

is carried out and the main results of this thesis are proven. 
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II, Basic d•fin1tions !lld :aroperti•• 

In this section we shall give preciae definitions of Petri 

nets and related concepts like marking· of a Petri net, 

firability, tiring sequence, and reachability set. We are 

then going to toraally state the probl ... •hoae complexity we 

want to examine, and we shall also give the defil'11tion of that 

bounded version ot Hilbert•a Tenth Probl .. which will be re

duced to FCP. 

h uslae that the reader is fuiliar with the notions like 

the free aonoid x• over a tiDi te alphabet E, the aet E + 

of all non-eapty words over I ( the e•pty word will be denoted 

by A., the length of a word ae E" by I «I ) , the concept of the 

free ca1111utative •onoid generated by E which we •ill write 

C(I), and buic concepts of algebra lilt• the aemiring fi[x1 , •• 

•••X.) ot polynolllial.s With nonnegative integer coefficients in 

the unknowns x1, ••• ,X.• 

Def1n1tion 1: 

a) A Petri .!!,!ll> is a 4-tupel (S, T, .!£, out) with the proper

ties 

i) S is a finite ordered set; 

11) T is a finite set, Sr-t T = ~; 
iii) in is a multiaet over S x T; -
iv) out 1s a multiset over T x s. -
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b) A marking of ~ is a mapping 

a:S--+fi (IN= set of nonnegative integers) 

The elements of s are cal.led the 11acea of 3>, the elements of 

T are cal.led transitions. In diagr-, places are drawn as 

SIMIJ.l circles, transitions as bars, and elements of !!!. or a!!, 

are denoted by directed arrows. If the multiplicity of eleaents 

in in or out is greater than 1 this ia indicated in the dia-- -
graa by the corresponding number attached to the arrow. 

If (s,t)E in, s is called an input-place of t, and if (t,s)£ 

.2!!11 an output-pJ.ac• ot t. A transition t ia said to be con

trolAed by a place s it a is both an input and output-pl.ace 

of t, connected by an arc in each direction of multiplicity 

one. In order to simplify the pictures this •111 be.represen

ted by a double line connecting s and t. 

Let s 1 , ••• ,sm be the elements of s. Sometimes it will be con

venient to write a marking a of '1' aa 

O
m a(si) 

a= si 
1 

and consider it as an element of the tree commutative monoid 

C(S) generated by s. 
A Petri net 1' together with a mar.king a ot:P will be denoted 

by the pair c:P,a). 

-------------------- -----
-~- -----------
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Definition 2: 

Let P= (S, T, ~ • .2!11) be a Petri net, and let v1l!(s,t) denote 

the aultiplicity of (a,t) £Bx Tin!!!• vgut<t,a) that of (t,s) 

£ T x S i.r1 out. -
a) A tranai tion t s T is tirable at a W'5' Pl q ot 'P and takes a 

to the •arking (J (written a-1.11) ift 

i) CV ac S)(crCa)ie .,111(a,t)), and -
ii) C V s £ s >( (JC a ) = a Cs ) - v Ji!! ( s, t) + v .21!! Ct, s ) J • 

b) A t1ri.r11 aeg.uence T is an •lement T £ T+. 

c) J. tiring sequence Tc T+ is tirabl• 1t a Mf)E1ns f of 1' and 

. taku « to the auldng (J ( 1'r1 tten a ..X.. (J.) .iff 

C3r!: 1 3t1, ••• ,tr£ T)(T= t 1t 2 ; •• tr MS, 

C 3 (Jo,(J1 '• • • ,(Jr)[cr = flo" fJ = Pr A < \1' ls1Sr >( Pi-1~(Ji)J] • 
'Die sequence (fJi)osi:sr is called the Mrk1.y aeg,uence gen-

erated bz '· 
d) A marking (J of J> ia said to be reachable troa a marking a 

of 1' (written «-4{J) if a.=(J 2!: C3T£ i:rt°)(«~fJ]. 

Ot course, the relations ~ as well as ....!+. and -.!... depend 

on the Petri net 1'. It will however, al.ways be clear from the 

context which Petri net is being considered. 
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Det1n1t1on31 

The reachability set of a Petri net Pwith initial marking a 

is the set of all urkings reachable from a 1 

R(:f>,a) := {fJ;a...!+/J}. 

If we are g1 Ten two. Petri nets J' and j>t 1'1 th initial markings 

a and a•, resp., we may aak questions about relationships be

tween the two reachability sets, e.g. whether they are equal 

or one is contained in the other. To be able to do this we 

have, of course, to set up a 1-1 correspondence between the 

places of the first and the second net. 

Definition 4: 

Let j>i =(Si' Ti' ~' out1 ) be a Petri net with initial marking 

cr1 (1=1, 2), I s11 = 1.szl , and let li: C(s1 )--+ CC8z) be the 

selligroup.isoaorphi.am generated by the order-preserving bi

jection h: s1--+ s2• 

a) RCY.i ,a1 ) is contained in R(~,a2 ) (written RC:P, ,a1) ~h 

RC3"2 ,cr 2)) if 

li(RCP,.,a1)) CR( ~,oc2 ). 

b) R(1'1,a1) =h RCP2 ,a2) ~def Ji(R(~ ,a1)) CR( ~,a2 ) !!!! 

R(~ ,a1) C n 1 CRC1'2 ,a2 )). 

To simplify the notation, we will omit the subscript tor the 

1-1 correspondence h between the places of the two nets. 

-----~ - ------------
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Definition 5: 

a) 'lbe CS?!ltaimnt goblea CP is the problem to decide for 

two Petri net• 1; and ~ with markings cx1 and ex 2 , resp., 

whether the reachability set of the first net ia contained 

in that of the aecond: 

CP i= {<t f, ,cr1), ( ~,cx2 l>;. R(~ ,a1 ) C R( 1z,a2 )}. 

b) 'lb.e finite copy1nmt g9blem FCP is 

FCP ::::: { «'1 ,er,)' ( fc,«2>>; IR< ~,a2>I <eo e 
<(~ ,a1 ), (~,a2 l> £ CP}. 

c) !he tiDite gyel&tY gobl•• FEP is 

FEP := {<C~,a1 ),('a,a2 I>; (RC1'2 ,a2 >f<oo !!!it 

R(1., ,cxl) = R(~,a2)} • 

'Die proof tllat FCP and FEP are non-prilli.tive recursive pro

ceeds by effectively reducing to FCP a special, bounded ver

sion of Hilbert's Tenth Problem dealing With the ranges of 

values of polynOlliala With nonnegative integer coefficients. 

'!bough the main results or this theaie hold for any reasonable 

encoding of the data involved (1.e. polynomials and Petri 

nets), we choose for definiteness particular encodings and 

corresponding notions of the size ot encodings. 

Thus, we want to encode Petri nets by tirst writing down the 

number ot places, and then for each transition a pair of se

quences of places (designated by their number in the ordered 

set of places) which contains in the first component all input 

--------------
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and in the second component all output-places ot this transi

tion, enclosed in brackets and preceded by the multiplicity of 

the connecting arc if the latter is greater than 1. Transitions 

which are not connected to any place are disregarded. 

~.arkings W1.ll be encoded by writing down their values on the 

places in order. We assume that all numbers are written in 

binary. It is ea.ay to see how a code over the alphabet {o, 1} 

alone could be obtained by encoding the symbols of our code by 

short words over {o, 1}. 

Example: '!he encoding for the Petri net of figure 1 together 

with the marking (O, O, 1) indicated by dots in the places may, 

therefore, look like (numbers written in decimal): 

3,()(1),(1,3)(4(2)),(1,3(2))(1,3),(3)(),0,0,1 

('Die code for the Petri net is followed immediately by the 

code for the marking). 

Figure 1: 

2 
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Considering, in general., the length of this encoding, the tol

loWi.ng definition ia motivated. 

DefiD.ition 6: 

Let f= {S, T, !!b out) be a Petri net, a a marking of P. 'lben 

size C,!!!,) 1= L: flog{ vin ( •) + 1 >l , where the eua is taken over . -
the different area in the aultiaet in. Siailarly -
s1ze(Jll!1). 

a:lze(3>) := {aize(in) + aize{out) + l)·log(lsl+l); - -
ai.ze{a) := lsl·aax{log{1+cr{i)); 1= 1, ••• ,fsl}; 

size{ P,a) := ai.ze(P> + size{ a). 

'lhe length of the encoding ~iacuaaed above ia bounded by a 

constant times size(P,a), Q elUU.ly can be seen. 

LilteWise, we are going to describe an encoding tor multi.vari

able polynOJliala With nonnegative integer coefficients. '!he 

code tor such a polynomial Will be a sequence of codes tor its 

aonomial constituents, separated by epecial d•l1111.ters. We may 

asauae that the variables of the polynold.al are x1, ••• ,z. for 

some a c fi. 1hen the code for a monomial is the sequence of in

tegers obtained by writing down first the nonzero integer co

efficient of the monomial, then the nondecreasing sequence of 

integers from { 1, ••• ,m} in which each j e { 1, ••• ,a} occurs just 

as often as the degree of xj in the monomial indicates. Again, 

delimiters are used to separate the numbers. It, for example, 

---------------------------- ----
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I denotes the delimiter for separating monomals and • that 

for separating numbers Within monomials then the code for the 

polynomial. 

4X1x3 + x~x2 + 3 £ fi[x1 ,x2 ,x3 ] 

looks like (numbers written in deciJllal) 

l4·1·3l1·1·1·2l3f. 

By writing the nU11bera in binary and then encoding each of the 

tour symbols I, · ,o, 1 by a combination of two symbols tram 

{o, 1J, a binary code for multivariable pol11u•i.als with non

negative integer coefficients is obtained. Let 

pc: U•[x1, ••• ,X.)--+ {o, 1}* 
•~o 

denote this encoding. 

Definition 7: 

Let p £ fi[x1, ••• •X.J for aoae me IN. '!hen 

a1.ze(p) ~= I pc(p)I. 

111.lbert•a Tenth Problem is the problem to decide whether a aul

t:lvar:lable polynoJli.al pe~[x1 , ••• ,~) has a zero (a1, ••• , .. )£ 

~ (g :la the set of :integers). It :ls not d:lff:lcult to see 

(and we won't prove it here) that this problem is eqUivalent 

to ask:lng whether a polynOllial has a nonnegative integer solu

tion. MatijaseVic (13) has shown that for each recurs1.vel7 

enumerable set M' tl there eXists a polynomial p £ g [x1 , ••• •X.) 

for some m sfi, such that 
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a&M ~ C3b2, ••• ,b
11

ctO[p(a,b2, ••• ,bm)= o]. 

As there are r.e. aeta in fi which are not recursive Hilbert's 

Tenth Probl•• is undecidable. 

On the other hand, it we tiz N c IN and restrict ourselves to 

uld.ng whether any given polynomial p £ Ii [ x1 , ••• •X.] has a 

zero ( a1 , ••• , .. ) £ { o, 1 , ••• , N} 11
, thia problem bee omes decid

able by exhawstion. More generally, we might make N a function 

ot n £ fi and invHtigate the cmJ].exit7 ot finding ••roes ot 

polynomiala as above, bounded by N(n). 

Adleman and Manders [ 2 ) have proven reaul ts which iaply 

Lewu 1: 

Let g: fi-+fi be a (monotone) recursive tunct1.on which major

izea the pr:lllitive recursive functions. '!hen the problem to de

cide whether a p c ~ [ x1 , ••• ,x11
] (tor soae 11 £ fi) bas a zero 

Ca1 , ••• ,._) & { o, 1, ••• ,g(size(p))} 11 requires, for any priJDi

tive recursive function pr, more than pr(aize(p)) steps on a 

multitape Turing aachine, tor infinitely aany p. 

Remark: Let Tbe a class of functions from fi to fi. A function 

g : fi-+tl is said to majorize Tiff 

(Vt£ T 3 n
0

c IN 'V n a: n
0

) [ g(n) :> f(n)] • 

Proof of the lemma: See theorem 5 of [ 2} and note that if a 

function h(n) doesn•t majorize the primitive recursive rune-

~- ---------
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2h(n2)5 
tions then the function 22 doesn•t, either. 

We are now going to define a special fast growing function 

which satisfies the conditions of the l•-• but which none

theless can be coaputed by reuonably ... 11 Petri nets, in a 

sense which Will be ude precise in the next section. 

Definition 8: 

Let A : fi--+fi be the function defined by 

A(n) 

:= 

-.... 
2x + 1, 

1' 

:=· "n (2) • (n,x £ti). 

A function aillilar to A is studied in [6]. A result about that 

function which illaediately applies to A is 

Leaa 2z 

A majorizea the prillitive recursive functions. 

Proof: See [6], pp. 144-149. 

We are now able to define a problem which 18 related to the 

bounded version ot Hilbert's Tenth Problem described in lemma 

1 • 
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DefllU,t1qn 9: 

'!be Bog4t4 Poll!9111al. Inuy1at:.J1:oblp BPI is 

BPI := { (?,q,n); p, q £ ll( x1 , • • • ,x._) tor some a£ fi, ,!!ll! 
. . . . 

( V (y1, ••.,ya)€ { O, 1, ••• ,A(n)} m)[ p(y1, ••• ,ya) 
. . 

:sq(yt•••••Ym>J} • 

Froa 1- 1 and 2 •• obtain the result that BPI is extremely 

coapl.ea, tor any r ... onabl• complexity aeuure tor the triples 

(p,q,n). Honethe.leaa, for detilliteneae, we set 

Def1ll1.t1on 10: 

aize(p,q,n) := size(p) + size(q) + n. 

'lbeor•• 1: 

BPI is non-priaitive recursive. 

Proof: It suffices to prove 

Lem• 3: 

'lhe bounded vers;t.on of H:l.lbert•s Tenth Problem ot 1- 1 •1th 

J. as upper bound is polJ'llomial-tille-reducible to BPI. 

Proof ot the lemma: Let's assume we are g1 Yen n E fi and a poly

nomial. pE:~[x1 , ••• ,x_) for some m£fi. '!hen p has a zero 

Ca1 , ••• , .. ) c{o,1, ••• ,A(n)}• itt p2 Cx1, ••• ,X.) - la: o 

does not hold tor all Cx1, ••• ,xm) ~ { o, 1, ••• ,A(n)} m. 'l'he 

latter, however, is equivalent to (q-,q+,n) 'BPI, where 

q+ (resp. -q-) is the sum of the monomials of p2 Cx1, ••• ,x~ 
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- 1 with positive (negative) coett1cients, i.e. 

p2 Cx1, ••• ,x.n> - 1= q•cx1, ••• ,x.> - q-(x1, ••• ,x.> and 

q+, q• £ fi[x1 , ••• •X.]. Obviouely, (q-,q+ ,n) can be obtained 

in polynomial tiJle from (p,n). 

If we had a prill1.t1ve recursive decision procedure tor BPI we . 
could by means of the polynomial reduction in the proof ot the 

lemma construct a primitive recursive decision procedure for 

the A-bounded version ot Hilbert•s Tenth Problem, in contra

diction to 1•- 1 (1he relevant properties of polynoaial

ti•e-reducibility ued here are diacuaaed 1n [15)). '!his proTea 

theorem 1. 

q.e.d. 
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III, Two concepts tor Petri net computers 

Several ways haye been studied, e.g. in [7, 8], to use Petri 

nets to compute nU11ber theoretic functions, A straightforward 

approach is to designate aoae places to contain nUllbers of to

kens representing the argwaenta of the function and obtain the 

function value by counting how often a transition can fire or 

by the length of the longest firing sequence possible at the 

given initial aarking, Aa tirable transitions may fire or not, 

we can in general not expect that each firing sequence repre

sents the computation of a function value, It turns out, how

ever, that the tollOWing concept which· Rabin called "weak com

putation" works tor quite a large class of functions, 

Definition 11: 

Let 3'= (S, T, !!!_,~)be a Petri net, and let s,11 , ••• ,1.,0 

£ S be m+2 designated places (also called the set Sip of 

,!nterconnecting ,El.aces) such that s,11, ••• ,1. are not output

places and o is not an input-place of any transition in T, Let 

9E:C(S,{s,i1,, •• ,im'o}), DCfim, and f: D-+fiv{oo}, 

f' is a o-we!k~Petr1-net-s:om1uter (9-WPNC) for f iff 

( V (n1 , ... ,nm)€ DVk£ tl>[ Os k :sf(n1, ... ,nm) oe> 
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If we do not want to emphasize the marking ~, we also call 1' 
simply a WPNC. 

WPNC•s essentially as defined above haTe been investigated in 

( 1) and l 8 ). It is easy to see that the tune tions computed by 

WPNC•s are cloaed under addition and composition, and multipli

cation, as a WPNC for the product f(n1,n2 )= n1n2 can be con-

structed (aee ( 8 f, and section V of this thesis). 

We want to conatruct WPNC•s for the tunetiona An in definition 

8. '!he structure ot th1e definition euggeata doing this recur

s1Tely, i.e. obtain a WPJIC for An+l froa one for '-ii· In such a 

WPNC for ~+1 (m), the eabedded WPNC tor~ would be restarted 

m times, since by definition An+ 1 (m) = A~m) (1 ) ( = the m-th 

iteration of An)• In general, after a coaputat1on of a WPNC 

some tokens may be left on non-designated places. '!hose re

maining tokens can affect the subsequent computations if the 

WPNC ie restarted, so •• have to refine the concept of a WPNC 

as stated in definition 11. In order to be able to start a 

WPNC iteratively, we basically make sure that the eucceeeive 

computations are properly separated and that in a coaputation 

which produces the maximal number of tokens on the output-place 

no •garbage•-tokena are left on the non-designated places. '!his 

does not mean that there are no tokens at all left on the non-
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designated places. Rather, the WPHC under consideration usu

ally is a 9-WPNC tor sou 9pA, and we want to ensure that 

after each computation 9 is conserved or can easily be restored. 

We, therefore, introduce the following concept ot a conserva ... 

ti ve marking. 

Definition 12: 

Let 1'= Cs, T, in, out) be a WPNC with designated places sip' 

and tor any s•c s let the projection jCS•) : 

the hOllOllOrpb.:l.aa defined by 

{

p , if P£ S', 
3 cs•> Cp>== 

A otherwise. 

C(S)--+C(S') be 
" 

9 £ CCS) ia ceerutive itt there is a set of ".2_ontrol Elacea", 

Sepe s' sip' such that 

1) 9 £ C(Scp); 

11) CV'cr,(JcC(S))((j(Scp>Ca). 9) A Crt~/J)-::> jj(Scp)((J)j= f9f·J; 

111) ( V rt ,/J £ C(S)) f (j (Sep> (er)= 9) " (a~(J) :0 

<31" e T-)(j(Scp)((J)-1:+~>)) • 

For a given 9 the set Sep of control places needn •t be uniquely 

determined. Condition i1) states that the sum of the tokens on 

the control places is constant for any firing sequence starting 

at a marking which agrees with 9 on the control places. It 

could be replaced by the slightly stronger condition 

11') CVrt,/}cC(S))[Ca-.!+fJ)~ Cjj(Scp><a>f = fjCs0 PHfJ>I >) 
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without restricting the class of WPNC•a we have in mind. 

Condition iii) finally says that from any marking 9' on the 

control places which had been produced starting from a marking 

extending 9, 9 can be restored by using only transitions in the 

subnet defined by the set ot control places. 'lllia follows at 

once from the obaer.ation that each firing of a transition in 

T which produces tokens on e ontrol places, also has to consume 

the s-• number of tokens on control places because of ii). 

#e can now proceed to refine the concept of WPllC to what we 

call "iterative-Petri-net-computer". We will first state the 

technical definition and explain it afterwards. 

Definition lJ: 

Let 1'= (S, T, ~' qut) be a Petri net, f : fi--+N a nuaber the

oretic function. 'Pis an iterative-Petri"."net-coeputer (IPNC) 

tor t ift 

i) there is a set sip= { a,i,o}' s of interconnecting places 

and a conservative 9 £ C(Sc ) for some set of control places 
p ' 

Sep' S' s1P such that P is a 9-WPNC tor t, and 

ii) le~ S
0
P := S' (Sip v Sep) be the so-called ,21>9rational J?la

cea and define 

~C I= { n 1 £ C(S ) • 9 T . Cp ' 

Then 

<3 «,/] £ C(S)) [ j (Sep(«)= 9 A j (Sep)( f]) = 9' 

"a....!+f.1)}. 
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IC1: ( V' a,/}£ C(S
0
pu {1,o}), '<ti 9' c RC

9 
>[ (sa9'-!l.+(J9) => 

fPI st(Jal>J. 
IC2: c'v'nctO(a:t.~-.t!+oa9 for SOM a.eC(S)=:> «doesn't 

contain a ] .es 
(Va. ,(J,7 £ C(S

0
P), 't/ 9' ,9" e RC

9
, V 11 ,12 ,13,k,k' ,n,n' £ti) 

[(a 11 inoka.9' ._..!!+al2inok(J 9"-.S. a l.3in' ok',9) A (k' > k) 

A (n• < n) zo <13 sl1-1) J. 
Because of IC1 , 9 ia cal.led an 1 t•gt:Lul.f cwerYati ve ini

tial urlQ.ng of 1'. 

Informally apeald.Dg, IC1 enaurea that no aore tokens than ne

ceeaar;y tor the output are·p.roduced duriag a CCJllP.ltation of an 

IPNC, and ICC? aeana that no output can be prc;»duced without a 

start-token a, ud that :Laput and output phases of an IPNC al

ternate and.·are controlled by a, i.e. to produce any (addi

tional.) output at all a token of a bu to be conauaed, and if 

another coaputation ia to follow thereafter, yet another start

token a haa to be uaed. IC1 together with the fact that 9 is 

iteratively conservative ensures not only that the initial mar

king 9 ot the control places can be restored, but also that 

there is no gain in not restoring it. 

'!he IPNC•a constructed in this and the next aection will have 

the standard structure ot figure 2. The places u and v are used 

to establish IC2. Choosing 9= v and Sep= { u, v} it can be seen 
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that 9 is conservative: '!he token on v can only be transported 

to u and back to v, and no additional tokens are added by any 

traneition to the places in Sep• Further, it the token on v is 

transported to u it can be restored on v by firing t' , with a 

aark:l.ng ot zero tolcene on all the other places of the net. JJ.a~ 

IC2 holds if we assume that th• subnet 1'0 in figure 2, which 

is called the core of 1, cannot produce tokens on oc Without 

uaing •input-tokens• fro• i. Under this condition, t has to be 

ti.red tirat, thue conaUll1.Dg the token on •· In a phase in which 

tokens are produced on the •output-place' o, a token bu to be 

present on v. If •uch a phaee 1a to be followed by tranait1ona 

conaUldJlg tc*eu troa i, u first auat receive the token troa v 

by a firing ot t, which uaea a token troa s. '.lhua, the two con

ditions of ICZ are satisfied. 

'.lhe place o
0 

in figure 2 may or may not have an arrow pointing 

into J>c. 

We want to remark that functions f : ti--.fi for which an IPNC 

P= (S9 T, :in, .ell) nth designated places s,i,o exists are 

strictly increasing, 1.e. '( V' n e tO [ t(n+ 1) > f(n) J .. Otherw:ise 

assume n
0 

£ fi 1s llin1m.al W1. th the property that t(n
0

+1) :S f(n
0
). 

But then 

n +1 f(n ) 
ai 0 9.....!+io 0 9a 

for some a£ C(S) and an iteratively conservative submarking 9, 
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as Pis a 9-WPNC for f and, therefore, can produce f (n
0

) tokens 

on o by using up n
0 

tokens on i (note that 1 ia not an output

place tor any transition in T). Applyj.ng !Cl, we obtain 

I 
f(n ) n + 1 

io 0 al = lal + t(n
0

) + l:sf(ji 0 l>=t(n
0
+1), 

and, hence, f(n
0

) < t(n
0

+1 ), contradicting the choice of n
0

• 

By the saae argument• we get for all n e IN that 

sin9-+ot(n~cr tor some a E C(S) 

1.Jlplies that a= A. 

Figure 3 ahowa two ez•plea for cores of the net 1n figure 2 

and gives the corresponding functions computed by the IPNC of 

figure 2 where the core i• plugged in for 1>~. Aa we shall use 

the first example lat~r on we state 

Le- 4: 

'Die Petri net of figure 2 with the net of figure 3a) replacing 

j>c is an IPNC for f : fi--+ ft with f(n) =kn + f(O) 

Ckeitr", r<o> £ ro. 
Proof: 'Iba resulting net is clearly a v-WPNC for f, and so it 

only relUlina to show that IC1 is satisfied. ICl follows from 

the observation that any m tokens distributed among the places 

1, o, and the operational places of the net can obviously pro

duce the maximal number of tokens on o if all m tokens are ini

tially GU1 place i; moreover, there cannot be produced more to-
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1'1qr• 3: . 

••P1• 1: 

t(a) •Im + t(O) (&etr, t(O)eB) 

f(a) • a2 + f(O) (t(O) t: If) 
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kens on o if the initial marking of the control places is 

9' == u and not 9= v (note that RC9 == { 9, 9 '}) as there is no 

feedback from oc into the core. 
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IV, R!cur•1v• conetruction ot an IPNC tor An 

In this section we are going to show that the class of func

tions 1'ltl.ch are coaputed by IPNC•a is essentially closed under 

iteration. lsploiting this fact, we are able to construct 

aull WPffC•a tor the functions An, n c N. In particular, let T 

be an IPNC coaputing a function 

with f(O) > o, and let g : tl--+ti be defined by 

1) g(O)=l, 

11) g(n+l) = f{g{n)) 

1.e. g(n) • t(n) (1) ia the n-th iterate of t at 1. 

Now define the Petri net t as given in figure 4. Eesentially, 

a feedback ••chania 1• added to r which allow• to transfer 

the output of 'T back to 1 ta input-place u many times as there 

are tokens on the input-place 11 of ~· '!be other additional 

places (u1 and v1 ) are part of the standard structure and en

sure IC2 tor ~· 1.he dotted line indicates the core of t• cor

reapond.1.ng to figure 2. To denote corresponding places in t 
and its subnet f; we use the same letter and· index O for T', 1 

for the additional places in ~· As in figure 4 for 1', we will 

in simplified diagrams only· draw the interconnecting places and 

indicate the reat of the net by an oval-shaped line. 

Lem 5: 

Let t, g, T, and J be as above. 'lb.en ~ is an !PNC for g. 
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Proof: Let 9
0 

be an iteratively conservative marking of :f such 

that Tis a 90-WPNC for t, and let Sip= r so,10,00}' s~P' and 

S~p-d•note the set of interconnecting, control and operational 

placea, reap., off'. With T=cs0 , T", 'J:]!0 , out0 ) and 

'L=(s1, T1 in1 out1) set 
7 ' - ' -

sip := { s1 , 11' o1} ' 

s~ P v { u1 , v 1 } , 
1 

Sep ·-·-
1 1 1 

S ' (Sipv Sep> 
1 

sop ·-·-
{i.e. the operational places of ~ are all places of r except 

the control places, together with an additional place p). 

It can easily be aeen that 91 :• v19
0

1: C(S~P) is conservative: 

when the token on v1 is transferred to u1, it can always be re-

stored to v1 • 'lb.e sum of the tokens on the two places u1 and 

v1 is constant as no token can be deposited on any ot them 

without remov1ng at the same time a token from the other place, 

and Vice versa. Aa 91 = v190, and 'lcfCCsg.; is itself conservative,. 

so is 9 1 • 

Now let g* : N--+fi v{oo} be the function for which ' is a 91-

WPNC. Aa property I.C2 of definition 13 is ensured by the stand

ard structure of ;.. it suffices to show (1) IC1 for g* in place 

of t, and (ii) g* = g. 

(i) If 9• E: RC
9 

(• set of all submarkings on S~P reachable in ~ 

··'ff"· 
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from any marking that agrees with 9 on S~P) contains u1 in-

stead of v1 , first some or all tokens on 11 may be transported 

into the core, then the u1-token is transferred to v1 ad t" 

can ti.re, restoring tbe token on u1 • As each firing sequence 

•hi.ch is ti.rable at aame marking ia also firable at any bigger 

marking, the aaxi.Jlal nuaber of tokena obtained on o
0 

or o1 doea 

not depend on whether 9' contains u1 or v1 • Hence, we may aa-

eume w.l.g. that 9' = v1 9~ tor some 9~ £ RC90• It follows 1mae

d1ately from the structure of ~ that RC90 is independent froa 

whether it ia coaputed w.r.t. ~or w.r.t. 1', i.e. independent 

from whether reachab111 ty ia c onaidered 1n ~ or its subnet 1: 
Thus, we have to ahow 

(Va ,pc C(s!pv( i 1 ,o1}), 'tJ 9' £ vl RC90)( sa9'-4f191 => 

lf11 s g*(jal)] • 
As o1 1s not an input-place for any transition 1n T1 we 11111 

aaaume w.l.g. a£ C(s!pv{ i 1} ). Let a=76f;).. with 7£C({i1 ,p,a
0

J), 

c5 £ C(S~Pv { i
0
,o

0
}) (see figure 4). 

Case 1: 7=A. 

Aa r ia an !PNC for f we have for (J £ C(S~pv { 11,01}) and 9' £ 

v l RC 9 0 with s 16 9 '-!!:+ (J 91 , that 

lfJI s 1 + f(l61) - f(O)s 1 + rClc5I) - 1 s:r(lal), u there is no 

token on s
0

• We now show by induction for n z: 1: 

f(n) s g*(n). 
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n = 1: g*(l) ~ t(l) as t" produces a token on o
0 

which can be 

transferred to i
0

• The token on i 1 ia first used to enable 

this transport and then to start 1"' on input i
0

• 

n-1 ~n: g*(n) !: f(g*(n-1 )) aa the n-th input-token on i 1 may 

be uaed to start r once aore on the output 80 far accuaulated 

on o0 , which ia at aoet g*(n-1). As f ia strictly aonotone and 

haa no ti.xed points (t(O)>O) we obtain from the induction 

hypotheaia: t(g*(n-1)) ~ f(f(n-1 )) si: f(n). 

Rene•, I pl s s* Cl 6 I > = g* C I er I >. 
Caa• 2: 111= •>0 

.l firing sequence of,.. leacU.ng trow. •f¥9' to (J9 1 (9' £ v1Rc90> 

haa w.1.g. the forms 

• 
• 

--!..,.p6•90 av1 ~ •06 a'lo av1 ...!!.+/J91 
. ~' ' 

With 6i£C(S~Pv{i0,o0}), 9o,i£C(S:p> tor 1=1, ••• ,a, or can 

tr1Tial].y be aiauJ.ated by auch a sequence if 1 already contains 

tokena on a
0

• Intonally speaking, this decoapos1t10D is ob-

tained by breaking any firing sequence a 1a9•~(J91 whenever 

t• is fired. 
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Now set a1 := pm+l-16
1 

It suffices to show 

for 1 = 1 , ••• ,m, a a+ 1 := (1 • 

( •) I a 1f s g* ( I 6 I +1-1 ) + m + 1 - 1 for 1 = 1 , ••• ,m+ 1 • 

For 1=1 this comes from case 1 and property IC2 for T, as no 

token of 7 is conauaed and, therefore, no additional tokens on 

o
0 

can be generated. Shuffling tokens from o
0 

to i
0 

which is 

made possible by tokene on p does not affect the arguaent in 

caae 1 • 'lb.us 

Aaauae that (•) is established for all 1 With 1si<1
0

s m+l. 

Consider the subsequence 
a+l-(1 -1) 

0 t-19o,i-1V1:p O 61-19o,1-1V1 
0 0 0 0 

m+l-1
0 

m+l-1 
P 61-1901 -1v1~P 061<'o1 V1=«19o1 v1 • 

0 ' 0 0 ' 0 0 , ~ 

We have 9
011 

_ 1 £ RC9
0 

and, as 9
0 

is conservative, we may assume 
0 

that 90,1 = 9o • 
0 

From !Cl for f" we obtain, then, 

and hence 

I 6 1 I s t< I c5 1 _ 1 I > 
0 0 

s r<l61 _11>+m+1 - t
0 

0 

s t(la1 _11+1
0
-m-2) + m + 1 - i

0 
0 
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s f(g*(jc5f +i
0
-2)) + m + 1 - 1

0 

s g*(fc5l+i0-1) + m + 1 - 1 0 • 

(ind.hyp.) 

'!he last inequality coaea trom the tact that with an addition-

al token on a1 (or p), T can be applied once aore to the tokens 

ao tar collected on o
0

, and that the tranaport of tokena from 

o0 to o1 can be poatponed, in any cue, to the very last. 

For i
0

= a+l we obtain, therefore, 

l«a+1I= 1111 sg*(lc5l+m)=g*(lcxl). 

Bence, IC1 holds tor t• 
(ti) le obViouely have 

g*(O) = 1 = g(O) ud g*(l) ::s f(1) c g(1 ) • 

.Aaauae that g• ;: g. Inepection of the net J shows that clearly 

g* ~ g u •• a:Lght tirat tire t", truaport all tokena of i 1 to 

p and then, u long u there are tokena on p, shuffle all t~ 

kens from o
0 

back to 1
0 

and apply t, conslilld.ng one of the to

kens on p. In this way, we can iterate T as often as n ti.lies 

if :i, initially had n tokens, and aa r iterat1Tely ocaputes f 

and we start off with one token on o
0 

(after firing t 11 ) we ob

tain by this firing sequence at least t(n) (1) = g(n) tokens on 

o
0 

(and thus also on o1) after the last iteration of T. Let, 

therefore, n > 1 be minimal such that 

s,1~c>1-4fJc>1 
1

for some (Jc ccs1 ) with I fJl>g(n) and some n:(T1 )+. 

----------------- --------------------
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t• • " (J 
I ~ aou3V19o~ 91 , 

with c5 1,62 ,c53 e: C(S~pu{10,o0} ), 9~, 9~e: RC90 , r 1 E (T°Y such 

that the first transition of T 1 reaoves s
0

, and T 2 £ { tJ •, as 

1.t autt1.cea to have one token on s
0 

at a time and aa, because 

of IC2 tor T, the tirings of t can be collected in t" 2 after r 1• 

We aay aJ.ao aaauae that a1 does not contain o
0 

because shuff

ling the• to 1
0 

(enabled by p) would certainly y:t.eld a bigger i 

output. Aa, reaching p62v1 Q~~ the laat token on p actually wasl 

not used, and aa n 1a ID n1 ul, we have 

162 ( s g(n-1 ). 

gue 1: 42 cont&1D8 toana on o
0

• 

'lb.eae tokens were placed on o
0 

by , 1• Becauae of IC2 tor 'F we, 

therefore, have (a31 = lc52 I, and because of IC1 tor 'F° 

I /JI s f( lc53 l ) s f(g(n-1)) = g(n). 

Case 2: 62 contains no tokens on o
0

• 

'lb.en Tz= A. and c52 = 63• IC1 tor 1" y:Lelds agnn 

lfJI s tCl63l > s gCn>. 

Together With the remark at the beginning of (1i) we thus have 

shown g*= g. 

q ••• d. 

We want to remark that the construction of ~ from Tis not OP-
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timal concerning the number of additional places and transi

tions. One might observe that the places u1 and v1 are not ne-

cessary, thus obtaining the net of figure 5a) which is, of 

course, no longer an !PNC. Using tranafor .. tions discussed in 

(14] th:la net can be aillplitied even further (figure 5b)). We 

note that the net of figure 5b) hu only one aore place than T. 
Without proof we state that both nets of figure 5 are WPNC•s 

for g (With the aodi.ticaUon that i 1 and o1 are no longer only 

input rea~. output-places ot tranaitiona of the net), and that 

the construction by which they are obta:Uled from T can be ap

plied recursively, yielding WPNC•s for the iterate of g, its 

iterate etc •• We think, however, that the standard structure 

facilitates the proof of le1111a 5 and unifies the recursive ap

plication of the construction. 

We eu .. arize the reaulta of this section in 

'lbeor- 2: 

i) ( 'r/n1: N]A-n>[Jl.n is a A-WPNC for ~ with designated places 

sn, in' on]; 

ii) siz•<-'n>= O(n·log(n)); 

i11) RCJ4n,sn1!> is finite. 

Proof: (i) Using the IPNC of lemma 4 for f(x)c 2x + 1 and ap

plying the construction of lemma 5 recursively n times we ob

tain by lemma 5 an IPNC for An (with iteratively conservative 
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Figure 5: 

a) 

b) 
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11 

marking 9n = a v 1). Iuerttng "'9t•ee.u •n and th• tranai ti on 

cC>rreapondiq to t•• in figure 4 an. dd1tional place and a 

tranai tioa w~ch 1111 tia11••• th• ~ \ we then. get a A.-

IPBC .\ tor "n• 
(ii) 1a imediat• from det1Ait1on 6 a in e•h step ot tht re

cun1n ecmatr\ICtipn a.conatant nwab•r ot pl.aees and arcs is 

added. 

(tii) Emch iteration of Tin ~ conauaea a token tr• s
0

, and 

thus properly decreuu the number ot tokeu on 11, p, an~ a
0

• 

We aay uauae tnductivCy that T pel'lltt• only finite firing se

quences (the IPNC ot l••• 4 for t(x)• 2x + 1 certainly doe• 

80). !Mt U the loop between Ul and v1 in , conaUlle& tokens 

troa a1 •• conclude that the reachability aet of t• and hence 

recurainly, that of .A-n 1• finite tor the pven initial aar

king. 

q.e.d. 
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V, Bol,!Ddable WPNC•s tor polypOllial.s 

In this section we are going to construct WPNC•a tor ault1Tar-

1able polJDOlliala with nonnegative illteger coetticieata with 

the special propert1 tkat th•1 are boundable, i,e, the nuaber 

ot tokeu oil an1 place in the aarkiaga of aarking aequeacea of 

coaputationa can eeaentially be bounded by the aiZe of the in

put, !he baaic ault1pl1er aeta haTe also been introduced 1D [ 7 ]. 

integer coetficient• ~· and •1j£ff for 1= 1,,,,,T, j =1,,,.,• 

!here eziata a A-IPllC P for p, 

Proof: We allall build up P 1n two ste:pe frOll bu1.c 1Ul1t• •Iii.ch 

aern u •Ul.tiplier• ad which cu be connected to form weak 

ccmpu.tera for aoaom:l.ala. Several' of thee• the• eoutitute .1', 
(1) The net Tot figure 6•) hu the property that 

Dl 8 2 .., Ir _.2 
a1 ~ = ax{k; 1 j r -+o-ra tor aoae a} tor all Cn1 ,n2 ) £, . .-. 

Ob'Yioualy, n1n2 tokens on o can be achieTed by transport* all 

n1 tokeu frOll u to o and u • , and troa u' back to u, u often 

aa a token on the control places r• and then r enablea th~ 
n1 nl 

fir:ing sequence t followed by (t·•) , 1hia cu happen e~ctly 

n2 tiaea which aleo shows th.at n1n2 is the ••xi•al auab•r 1ot 

tokens reachable o:a. o, As the number of tokena u i, u, ~d u• 
! 



41 

cannot iac:r-•, ad • MCJl •cycle' (tiril\g •etuence) e { t}•{tt}+ 

c--- • t... tr• j' .. 1:Jlitial. -.rJdag of rot the ton 

•1 llz 1 j r pend.ta ao 1at1Jl1t• tiriag aeqaeae••· 

(11) 1'ow •• c-eot d 1utaac•• ot T te fora tile net JI. in th• 

•rr •hon 1a t1cve 6b) ner• ..ch boz ...... tor tlae part of 

Taunoucled lt7 a dotted lia• ta tipr• 6a) "(aot• tut th• 1D

put-p1M•• are coaected to the preneu •tpat-placn). Let 9 

deaote tile product of tla.• plac• corr•paadiag to r of figure 

6a) ill tile 1Utaac• of 1: Dlea r.,.atecl applicat1oa of (1) 

11•14• fer .M: 
d d 

11 
. 

• n.3=ux{k; c•n1jj9-!+J'9a tor ... «} for all <•1·····•cr 1J ~f d 

c 114, 1.e. At •Mlr17 coaPit•• tile •-ao• aoacmial •Qxj 
j= 

ot d•lff• 4, Liltftiee, attiel wkl•P ot tll• tono c1~J1~j9 
h&Te no iatutte f1riag aequeacu. 

(111) Ia order to obtld.a a IPlfC 'Ptor tile polyacstal p, .,. ao

nc:mial aet• ~ •••• ,..l.,. <••• tigur• 6c)) Witla nitabl• d•sr••• 
are c•biJled au.nag a c~on outpat-plue o. Di• net!' hM in

put•placu 11, ••• ,1-. (to aToid •bipit7, .. -•• that the 

plac .. 1a tile ••-.1.al aeta are ginn Uatuct -••), •hicJa 

d•11T•r their tokeaa to u au,. illput-plao• 1a each aonomi.al 

net u th• d•sr•• of the correapondiag ..ariable in the aoaaaial 

1adicatea. A aoaoat.al net tor a conatant ••-1&1 aj (aj > O) 

cone1et• jut ot oae place cj and a trau1t1on cOJaDecting it 
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c) 

r----------------------------------------1 
s 

to all lett v( 
control placea ____ l __ 

~---------------------------------------! 



44 

to o. The place• c1 ( tiCUl"• 6c)) are tlaoae correaponding to c 

in figure 6b), ad the place• referred to u 'left coatrol pla

ces' are th•• corr•poacting to r in tigar• 6a). It 1a -Y te 

eee that Pia a A-IPKC tor p and tllat wh urll:1ag •C{1~3 rtth 

( n 1, ••• , n.) £ .. pera1. ta oal.y finite firing aequ .. cea. 

q.e.d. 

A Tery illportat oltaenation about the aul.t1pl1•r aet Jof fi

gure 6a) 1a tb&t duriag a c.,utatioa nene of tlle •iateraal' 

placea u,u• ,r,r' a.er coat.iu aore tit.an .a{1, a1J t-..u 

where ~1 1a the ••ber ot tokens 1n1t1al].y Oil place 1. Aleo, 

one cycle wbicla outpata another n1 tokeu on o can be pertonaed 

if juat one t«*•• 1a aftilable on j. 

Let .¥= (S, '1', H• ..f!U,) be a Petri aet, S• C s, a a urll:1ag of .¥, 
ad -r a tiring aequence ot .¥starting at a. We say that -r 1a 

bounded. 99 S• 1»1 • c • iff all urld.llp of tile urld.Bg aequence 

generated by -r contain at aoat R takeaa on any et the placea 

in St. 

Conaider:lng the abo•• raark about the ault:lplier neta we are 

go:lng to define a apecial clue of tunct:lona. Dleae tunct:lona 

have the property that they are computable by WPNC•a by tir:lng 

aequences which are bounded on the non-deaj,gnated placee by a 

(sillple) tunction of the arguments. 



P!fWtip 14: 

Let t : .. --+•, g : tf--+B be tunct1ou. t 1a 5-boundable itt 

tbere diate a 9-IP?fC T =(S, T, !!t .2!!) Witb dea1gaated places 

a,11, ••• ,1-,o tort such that 

( 'rl!f c•, 'r/ ca,, ...... >£{ o, 1, ••• • •J•, 'Vk c{ o, 1, ••• ,ten, •••• ,._)} 
]t'cr) . . \ 

[a f11j39 -4 ok« tor ••• a £ C( s' { o} ) !I! ' 18 bounded b;r s<•> 

on S'{ a,11, ••• •1-•olJ. 

--- 3: 
Let pc •[x1, ••• ,z.J be a polyaom1al. With aonaegat1Y• 1ateger 

coefft.cieata, I Pl := 1Mrl•• of the coett:lc1•ta ot p, ad 

v. £8: g(W) ~ • + IPI· 
•en p 1a g-boundable. 

Pro9f: Couider the WPllC 1' ot figure 6c). '!Ile iaput-placea ot 

the ---.1.al cOllpOUllta of P receive t«*•• only tr• th• pla

c• • ud 11 , ••• •1a• Because of the structure of P, it auf-

tic• to show that for the aonomial aet J(, ot figure 6b) w:t.th 

1n1.tiali.S-4 left control places, up to N tokeDa OD eacb of the 

placu 11 , ••• ,i4, aad at aoet IPI tokena oa c, there 18 a tiring 

eequeace of Jt :producing the deaired output wlli.ch 18 bounded b;r 

g(N) oa all places but O• But, referriag to tbe observation two 

paragrapba aboT• about the multiplier neta, t81a can be acbieTed 
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by, recursively, firing a complete cycle in the rightmost J: 
component of .Al which has at least one token on its upper input

place. 

q.e.d. 
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VI, Two •o41f&cat1ou ot nlypgal WPllC•a 

Who reduciag BPI to th• coata:l.nllent probl•• tor reachability 

••ta of Petri aete oal;r the Mrld.ap of the deaignated place• 
I 

are of illter•t. Ia [8), a aethod :la diacuaecl ftich enables ua 

to forget about the n0a-dea1.gnated placea in the general caae 

•here tile rHChab111ty eeta needn't be finite. Thi• coutruc

tion aodiftu th• Petri net c•pu.tera ill auch a wq that in an 

additioaa:L atage after a c011putatioa tranaitiona are enabled 

which cu feed ill or cona•• arb:l.trarU7 uny tokens on each 

DOll-4uignated place. iow•T•r, th1.e coaatruction 1a not appli

cable ill out cue u it woUld produce Petri neta With illtinit• 

reachability ••ta. 1'1t the reeult of tile precedillg section 

Mk• it pouibl• to illtroduoe two ll041ficat1GIUI of pol.J'nomal 

'IPllC•a •Id.ch are .:I.a• pided by tiae Uea et factoring out the 

arldllg GD tll• ••"'"'Higaated placee and which do preeerTe t1-

n1 ten.ua of the reacllability aete. 

Iaforllally a,.•k:'ag, in order to teat whether (p,q,a) £BPI we 

conatruct appropriate WPBC• a 1' and Q. tor p and q such that in 

j) all non-deaigaated plac.. are •111 tablt bounded whereas 1D a 
the marking on thoee placee uy take oa any Yalu• up to this 

bound, and only tillitely JMBY Yalu .. abne it. 

Let 1'= (S, 'r, ~' out) be a .:t-WPlfC tor the polynoll1.a1 p e: w[ x1, • 

.. • ,z.], u conatructed 1n 1 .... 6, With deaipated places a, 
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11, ••• •1a•o, ••t O:= s' { a111, ••• •1a•o }, and let oc be a copy 

of 0 {4iajo1nt tram 8). 'Dl• unique •l•ent 1n oc corr•apora.clillg . . 
to u ~ O Wi.11 be denoted w.c. 

I 

llow define the Petri· net ~· == ( S•, '1'1 , !! •, .!!!1' ) u follow•: . 

S• := BvOc , 

!• := '1' ' 

!!' := ,&!v{Cuc,t); ueo, (t,u)£outJ, 

.2!!' := os.tv{Ct,11°); u£0, {u,t)e.H,}. 

,,., 7: 

} 

1n tile aultia•t

aeue 

Let p, P, ud ~ b• • abon, aet for •£If g(lf) := • + IPI 
ad 9• . := Lbc u«<•>. . 

'Bien i• 18 a 9w-WPlfC tor p reetricted to {0,1, ••• ,•J•. 

Proof: Beem• of the definition of Y!,' and out•, tlle :t.t.riag of 

•7 traui.tioa :la !'• d.icJa re.oTH . tokena fr• a pl.Me 11 £ O Mda 

jut u -Y takeu oa u0
, u.d a trw1tioa wJd.cb ldda t'*-• 

to u £ o, remoTN tlae -. nU11ber trom uc. !ta.ta 1a alao true W1 tll 

o act. o0 taterollaaged. !lau, the •• of tile tok- oa 11 aac1 •c 

alwQB eq\lala g(•), tor all u E:O. Further, each tiriag aequace 

of Patartlllg at cr£C(S'0) which 18 g(•)-boa4•4 oa o, 1a al•o 

f1rabl• 1n ~ , atartillg at er 9 •• ud c oaTeraely •. But fr• tJaeo

r• 3 •• bow that p 18 g-boudable, u4 that, 1n tact, for each 

input tupei Ca1, ••• ,n.> £ { o, 1, ••• ,11}• aad. each k With Os k s 

••• 
p(n1 , ••• ,Dia), 1' all•• a firing aequeace T' With ·~=I1j.3_~Jtcr 
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tor ••• a£ C(S' { 01). which 18 bouded. by g(lf) oa o. Beace, • • • 1J1;39•...!+Jtp tor •- /] c C(S•' (el) 11180 llolda. 'l'ogetller 

.. 
w1 ta tile tact t1lat each auoh t1r1AS aequeace ot ~· cu al.so be 

uacutecl an P, atartUg at •01;;1, tlla claia toll-. 

q.•.d. 

!be tollowiag tll•or• -a:rizee tile r .. ulta. 

'llaeor• !t;: 

Let p £ •1 x1 , ••• ,z.] be a polyncmial 1'i tla nODDegat1 Te 1ntepr 

coeft1c1enta, aacl aet for all lfe:B g(Jf) := I + f pf. !hen there 

exiate a Petri aet .1l. =(S,T, .!!b: .211) 1'1.th m+3 d .. 1pated pla

cee e,11, ••• ,1-,o, aad b €8 auch that 

(1) Ji. 1e • b•<•>-IPlfC with cl•airated placea sip:={ a,1,, ••• ·1-· 

oJ tor p rutricted to { o, 1, ••• ,•}•, tor all I e If. 

(:l:l) Let, tor u £ s, De: K, <¢>8 deaote tke aet { u, A Jn. '!'hen 

'W \,../ . .. r l1'J n .j g(lf) 
( v lfclf, v(n1, ••• ,zi.> e ) R(~, ·~=t:lj b ) ~ 

<as>1n<:lJnj n. <u>'(J()<o>:p(•1·····n.t'1. 
~=f :r u £' B'- s1P 

In particUlar, • 

('v'• £Ir, V (n1 , ••• ,.._) e { 0 0 1, ... ,•/•) [R(~,•!J1;jbg(•) b 

tiJl:lte]. 

;.t;",_. 
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(11:1) aizeCPi,.> = O(aize(p) · log(si.ze(p))). 

Proot: 'l'alte the net 1j.• ot lemma ? and add a place b and a tran

sition which hu b as iJ:Lput-place and all u g o0 u output-pla

ces. Call the new net ~ • Together rt th le-• ? this illplies 

(1). The number of token.a on o is bounded by the WPNC-property 

of ~. and the number ot tokens on each non-desigaated place 

( = O vOc of ~·) 1• bowided by g(N) by the conatruct1on ot .t• as 

noted in the proof of 1• .. a 7. As the deaignated places a, 11 , 

••• ,i_ and b are only illput-placea (11) holda. 

Condition (iii) follows from the obaerTation that both the num

ber of area of multiplicity one and the number of places ill 1j. 
are bounded by the aum. of the degrees of the monomial.a of p 

times a constant and that the code tor multiple area in Ji. uaea 

apace proportional to the code for the coeff1c1enta of p. 

q.e.d. 

'Die second aoc:li.fication we are going to introduce has the pur

poee to 'blur' the marking on the unimportant places of a poly

nOllial. WP!IC sufficiently, preserving at the same tiae, however, 

the finiteness of the reachability aet. 

Definition 15: 

Let t : ""~fl be a number theoretic function, 'F = (S, T, !!!,, 

.2,!!) a Petri net. r 1e a blurring WPNC for f iff Thu 11+5 de

signated places s,11 , ••• ,im,o,c 1 ,c2 ,e c::S such that 
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1) (\111£K)(T1a a a11-WPS for t w.r.t. a,11, ••• ,1._,o]; 

1'1)'. (\.Ill • \./( ) ... ,(n '•If 1<•1····•8.) r 
V E t y Ill 1 • • • ,.. £Ir ladJ <JI> <e> ~ 

• a 
R(T, aJJ1jle11)] , wller• 

0 'a 1a tile ••t ef ••-clu1pate4 placu 

(llote ~t tJa.e rwlaable ~ c-td•ad 1a 11) cloa•t coa-

....... 5: 

Let • £B[x1 , ••• ,z.] be a pol,amal. Witll aouegat1.•e integer 

. coetfta1enta. !Ilea there uiata ! a Pebi aet a_= (81 !, ~. 01&t) 

auch tlaat 

(1) a. u a 'blurriag WPll: tor q wtta daapatecl placu a,11, •• 

• • • •1a•o,c1 ,c2 ,e t: S; 
• 

(U) CV• c•, \I (n1 , ... , .. ) c { o, 1, ... ,•)•>[ R( 0.o •1J1;3a•) ia 
f1nit• J • 

(111) a1sa(a1 )= O(aize(q)·1og(ais•C•>>>. 

Proof: (1) Coutruct a A-IPJIC Q t0r q, 1 aa 1a 1 ... 6, With de

a1gnatecl pl.M• a,1,, ••• ·1a·O· !o Htdn a.. a 1a. exteaclect .. 

tollowa (til'U'e 7): 

a) an eraaiag truait1oa 1• attaollecl te each aoa-d .. 1.pated 

place u of Q, 1.e. a tr-1tion With iapat-place u and ao out

put-place. '1'h1a ia indicated in tile die.gr• by a trana1t1on 
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t.a.t.lle.ba.fu Q wlilich has only an entering arc. 

b) acld the places c1, c2 , and e, and the tran•itions shown in 

the diagram. Wken tae net ia started with one token on s this 

token eaablea Q to output tokens on o as long as the one token 

receiYed on c 1 from a relll&ina there. Aa aooa as it is transpor

ted to c2 a. is frozen and cannot produce any more output. Now 

t• u.y tire up to N tiae• :it there are 1ntially 1' tokeaa on e, 

thua gathering at least N tokens an all non-designated places 

of fl.. Tlten, finally, erasing tran•itiona cu generate any nU11-

ber of tokens between zero~and Non each of the non-designated 
I 

places. Obnoualy, the era.Ising tranaitiona don't affect the 

WPNC-pi-operty of Q as they only decrease the markings. By the 

construction of Q,, if te ever ia enabled, the output on o is 

frozen., ao Q.e 18 an eN-WPNC tor q for all Ne fi, and it generates 

any nuaber of tokens up to at least N on the non-designated 

places. Hence, Qe 1• a blurring WPNC tor q. 

(11) For Cn1, ••• ,nm)e{o,1, ••• ,N}m, let M>O be a bound on the 

ot the non-designated places of a, reachable from 

Such a boUlld exists as the reachability set of a at 

the given initial marking is finite. As Q is frozen when t
8 

is 

enabled, M + N is an upper bound on the marki.ngs of the non-de
r1'1 nj N 

signated places of ad which are reachable from 8 3=tij • • But 

th1• iapliea (ii). 

(iii) follows in the same way aa (111) in theorem 4. 
q.e.d. 
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VII, Reduction 9t BPI to FCP 

'l'll• result• of the prenoue aectiou aow eaable u to reduce 

BPI to FCP etticiently, le pro•• 

iheorea. 6: 

BPI ia PolYDold.al-ti.Jle-reducible to FCP, 

Proof: Gi••n a triple (p,q,n) with a£• ud p, q c •[x1 , ... ,z.] 

for eoae a cB, •• ftrat coutruct tu two Petri aeta Jl and 

a.,,. .. indicated ill figure 8a) and b) ..... ••t ccat;e1u a cop;r 

ot the A-WPllC .4-n tor ~ o( theor.. 2 ad tJae boancted ftraion 

~ ot a IPlfC for p of tlleor~ 4 reap. the blurring DllC 0. tor 

q of th•or• 5 (!be etart•plac• ancl the iapat-plac•• of tile 

latter Ila•• been prilled 1n order to a•oid confut.oa ntb tile 

correapondillg placea of "'-n>• The pl.acea e, c1, and c2 of ~ 

are needed to -tell the correepondiag place• in ae of a.- •hi.ch 

don't get blurred in ~. W,l,g, we liQ uauae that :e Ud (J,.tl-

ha•e the aue nuaber ot places, If thi.a ia aot tile cue .! J!:!

fil one can add further dummy plac •• either to ~ wJd.cJa area' t 

connected to any traaaition, or to ~ witld.n U,., 1.e. Witll 

erasing traaai.tiou attached to th• and coanected to tlae tran

aitio• te of at (figure 7). The count-placu in th• two ••ta 

•reaember• the max1aal. iaput to the pol1110111.al IPKC•a. Cl.early, 
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~ and ~ can be constructed from (p,q,n) in polynomial time 

(note that in definition 10 the unary length of n waa uaed to 

define aize(p,q,n)). To conclude the proof' it sufticea to show 

Lemma 8: 

(p,q,n) e BPI<:::> <C~, a), (Q., al> e FCP. 

Proof of the lemma: We assume that the two sets of places are 

ordered suitably, e.g. aa follows: f:Lrat a, then the places ot 

the A-n-copies (in the same order in both nets), then count, a•, 

if, ... ,~, and o, followed bye, c 1, and c2 , and !1.nal.ly the 

rema.1.ning places in the polynomial WPHC 1a, 1 in any order and in

dependent from each other, including place b ot .t. 
i 

Aaauae first that (p,q,n) E BPI and coDsider soae marking a ot 

t reachable from a which contains c•, a1,~···~· k tokena on 
the p1acea count, 11,••••1i:.• o, respectively. A.a the places i;, 

••••1m received c• tokens each from '*n and as those places can

not receiYe tokens from other places of Ji., ~ used up c • - nj 

tokens frOll the place i j (tor j = 1, ••• ,m). As Ji. i• a WPHC for 

p th:1s implies k 5 p(c•-n1, ••• ,c 1 -.n~). nae marking on the non

deaignated places of fl. and on b, e, c 1 , and c2 is bounded by 

c• + max{llPll, llqll} because of the properties of Ji (theorem 4). 

Clearly, as the "'n-componenta agree in .1;. and 12"4-, the s-e mar-

king is reachable in a,,,. as tar &8 the plac ea in '*n and s' a' ' 
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and count are concerned. ae may now use c• - nj tokens trom 

each ot the places 11, ••• ,1~ in ~'and output any number of 

tokens up to q(c•-n;, ••• ,c•-~) on o. But a.a (p,q,11)E:BPI, 

k sq ( c '-n1, ••• , c '-~). In the final stage of <2J a c oapq.tation 

a, can blur •11 its non-designated places up to at least c• + 

max{UPI, lql} and then reach a marking with no tokens on the 

places e, cl, and c2 of a~, thus matching the given marking of 

~. As the reachability sets of J4n and ~ are finite and there 

is no feedback trom Qe to -'n• <( J'.J4., a), ( Q,., el> E: FCP. 

Now assume conversely that <( ~' s), (a,, al>£ FCP. 1.llen ! tqr

teriori the projection ot R(~, s) on the places count, 1;, ••• , 

i~, o ia contained in the corresponding projection of RCO.,, a). 

Consider such a submarking of~ with c•, n;, ... ,n~, k tokens, 

resp. • As ~ is a WP.NC tor p we have 0 s k s p( c '-n; , ••• , c '-n.:i), 

and each of these values tor k is possible. But, as the eaae 

submarking is reachable in ~' and u (2.e is a WPNC tor q this 

implies that q(c•-n1 1 ... ,c•-n.:i):::k for each k with Osks 

p(c•-n1, ••• ,c•-n~). As count may receive any number or tokens 

between O and A(n) we obtain, therefore, p(c•-n1, ••• ,c•-~) s 

q(c•-n;, ••• ,c•-n~) for all C 1 £ {0,1, ••• ,A(n)} &ad all (n;, ••• , 

n~) c { 0, 1 , ••• , c '} • Henc e, ( p, q , n) c BPI. 

q.e.d. 



We can now at once der1T• our aa1n re•ult: 

'lheorea 7: 

FCP ia decidable, but the coapluit;y of each decision proce

dure tor FCP exceed• UY pr1Jlit1T• recursive twactioa inti

ni tely often. 

Proof: Each tut decieion method tor FCP would yield a r .. t 
algorithm tor BPI via tbe reduction of theor .. 6, ud would 

thua contr..tict theorea 1. 

q.e.4. 

Corollary: Die tiDi·te equality probl•• FBP 1a decidable, but 

the complexity of each decision procedure tor !'BP aceecta an7 

prild.tiTe recureiTe function infinitely often. 

Proof: Hack•a reduction of the general inclusion probl• for 

reachability sets to the equality probl• (8, p. 122) preaerTea 

finiteness if the reachability eeta of the two origiJaal Petri 

nets are finite. 'lhe reduction can be effected in pol.piolli.al. 

time. Hence, the saae argument u in the proof ot the theorea 

applies. 

q.e.d. 

We remark that theorea Z and its corollary actually do not de

pend heavily on the encoding used tor Petri net• and pol1Jlomi.al• 

as long u the ratio to the particular code chosen in thia the-
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sis is bounded by a primitive recursive function. In particu

lar, we might use log(n) instead ot n in definition 10 for 

size(p,q,n). 
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VIII, Concluaion and Onn Probl-

ihe Petri nets tut were conatructed in the course ot thia 

theeia to d .. onatrate the coaputational coaplait1 of FCP and 

l'EP had .! priori tim.te rwhabil1t1 aeta, Backott•a upper 

boUllda tor th• bouad•cla•aa probl•• { 16] now that th• c•

plez1. t7 ot the contaimlent deciaioa proceclvee doee aot 1.n

creue aubatanti&lly iii the general c- wtaen tb1.a illtoration 

is not gi.Yen, 'l'hua, the non-prild.tiY• recvaiv• lower bound 

tor FCP and FEP 1• intrinaically du• to the coata'i•MDt pro

perty tor reachability ••t• wl'JJ.ch - u atated ill tile illtro

duction - becoaes undecidable whea •• oouider the cl.Ma of 

general Petri neta, 

J'CP and PEP are the tirat deciaioa probl- tit.at are uacoa

tri •ed and whoa• deciaion proceduru are Jaaawn to be aon-pri

ld tive recurai•• Cu tar u one accepta Petri aeta ad Yector 

additil'Pl a19t- u •natural' concepte)(we couider BPI u 

contrived because the non-pr11d.ti•• recurain ccaplezity 1a 

obtained by explicitly bUilding 1• a aoa-prild.ti•• recaraive 

function u upper bound for the argmaeata; auch a special •de

Yice• doea not appear in .PCP or FIP), 

Another aubclaa• ot the clue ot geaeral Petri aeta tor •Id.ch 

the contaimleat and equality probl• ve Jmoa. to be aolY&bl• 

are the reYeraible Petri neta, It 1a aot difficult to ••• that 

the reachability aet of a reveraibl• Petri net 1a a aeal.linear 
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aet [ 9] , and the r••Ul.ta ot Bir1UkoT [ 4] and 'l'a1c11• [ 18] 

yield a coaatructiTe uaitora .. thod to obtaill this aeail.illear 

aet. A.a coataiuaeat aad equality of a..tliaear aeta are de-
\ 

cidable •o are the correepo11d11lg propert1•• tor the reacha-

bil1 ty ••t• of reyenible Petri nets. It 1a not known, how

•••r, whether th••• problema are &leo aoa-pr1a1t1•• recurai••· 

, Ia [ .5], it bu bea e.bown that the reaclaab:llity problea tor 

.reYereibl• Petri net• i• exponential •PIO• COllplete under log-
' 

'Dae coacepta ued :la thia tll••ie do aot apply to tlle rHC:ba

bility probl• becaee IPllC•a are not forced to produce a011e 

nuaber of output-takw, ad ao way 1a lmown to build •atroag• 

Petri aet coaputere for.po11JlGll1ala r.atricted to a tia1t• do-

11&1Jl. Ia tact, tu aiateac• ot uar .. tricted •etrong• Petri 

••t coaputera tor pol.)'acm.&la (or • ., .. onl.1 tor the equaring 

tuact:loa) would iaply the undecidability et th• geaeral. reacha

bility iroblea, coatradicting t.be recent reaul.ta of S&cerdote 

and Teaaey [17]. 

Other iaportaat clua.. of Petri aeta which UT• been studied 

in detail are the per•iatent net•, and WitlliJl thia clua, the 

proper aubcl.Ua of conflict tree Petri ••ta [ 10, 12]. It ie 

Jmon {12] tllat tJae·reachabillty aeta ot peniateat aeta are 

aea:llinear, but ao aJ.goritlua hu been found ao tar to obtain 

th••• ••111.linear aeta. In [ 10], among other• the coaplexity of 
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the reachability problem for the restricted class of 1-con

servative Petri nets (which have finite reachability sets) is 

shown to be polynomial space complete. Besides this special 

case, no nontrivial bounds are known for the finite reachabi

lity problem. 
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