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FOREWORD

N InpustriaL COMPUTATION SEMINAR, sponsored

by the International Business Machines Corpora-

tion, was held in the IBM Department of Education,
Endicott, New York, from September 25 to September
29, 1950. The ninety research engineers and scientists
who participated in this Seminar met to discuss the
fundamental computational methods which are appli-
cable in a wide variety of research problems. Particular
attention was drawn to computational techniques re-
cently developed in the fields of chemistry and petroleum.
The International Business Machines Corporation wishes
to express its appreciation to all who participated in

this Seminar.
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The Role of the Punched Card in Scientific Computation

WALLACE ]J.

ECKERT

International Business Machines Corporation

AS I LOOK over the list of occupations of the members
of this Seminar, I am impressed by the wide range of fields
represented—engineering, physics, chemistry, accounting,
even astronomy. It is interesting to note how experience in
one field can influence seemingly unrelated activities in
other fields. I might illustrate by a trivial example of a
procedure mentioned here in connection with an accounting
problem which also occurred recently in an astronomical
problem at the Watson Laboratory. It was mentioned that
it is frequently more convenient to produce the calendar
date on the accounting machine than to copy it from the
calendar. In our problem we required calendar dates at
forty-day intervals from 1653 to 2060, taking into account
the complicated leap-year rules of our calendar; the list
was prepared by a single run on the IBM Type 602-A Cal-
culating Punch.

The close relationship between apparently unrelated
things is not new in science; it is necessary to look at the
picture in the proper perspective to see the relationship.
Let us consider the ancient astronomer who was intrigued
by the small spots of light in the sky, called planets. He
spent many hours measuring and recording their positions,
and I am sure that his contemporaries could not see how
these activities would ever put food into the mouths of men.
His contemporaries could not see enough of the picture.
We now know how the study of such planetary observa-
tions has led not only to our understanding of the motions
of the planets, but also to our knowledge of the funda-
mental principles of mechanics, the basis of all mechanical
design. From this vantage point, when we see a farmer
riding a properly designed tractor and pulling carefully
designed implements, we realize that the early astronomer
has done more to feed the multitudes than all of his con-
temporaries.

The computing profession has always incorporated math-
ematical and mechanical techniques; benefits from one field
of science have been carried into other fields. At the time
of the early astronomical observations computing was being
done on a considerable scale, and from that time forward
man has tried to develop computing aids. The mathema-
tician and the scientist have tried to devise both mechanical
aids and mathematical aids. The first astronomer needed
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trigonometric tables in order to make his computations.
Later, the development of the logarithmic table greatly
facilitated his arithmetic operations. The adding machine
was invented by Pascal in 1642 and the desk calculator by
Leibnitz in 1693. Thus, we have the invention by scientists
of these two tools that were greatly needed by scientists;
yet they were of little use to science for over two centuries.
Although the desk calculator of Leibnitz was, in principle,
our present-day machine, two centuries were required to

“develop it into a generally useful implement.

There are two reasons for this long delay: one is mechan-
ical, and the other is mental. It is a long, hard pull from
the gleam in the inventor’s eye, or even from the first
model, to the point where a scientist can use a device as a
help and a tool, rather than as a problem in itself. It is not
difficult for the inventor to make his model work under his
own benevolent criticism, but to have it developed to the
point where it is accurate, fool-proof, and efficient is an-
other matter. Of course, things did not proceed as rapidly
in those days as they do now, but one should not overlook
the great number of technical developments necessary to
fill in the details that make a complicated machine work.

On the mental side there was the fact that people had
been trained in the use of logarithms, and computational
work had been organized for the use of logarithms. If you
look through many books in applied mathematics of that
era, you will find that large portions of many of them were
devoted to the conversion of basic formulae into a form
suitable for the effective use of logarithms. Then, too, there
was the matter of tables. To replace logarithmic tables with
natural tables required some time. This seems like a mod-
ern age, yet I am not an octogenarian and I can remember
the dying gasp of the logarithmic table as the standard
method of computation. I have seen the desk calculator be-
come a necessary instrument for every scientist who is
doing quantitative work. They are now so efficient and so
reliable that the scientist has merely to insert the proper
number, push the proper control key to perform his desired
operation, and read the results.

In medicine there is a well-known phenomenon. While
smallpox and diphtheria were decimating mankind, little
attention was paid to some of the lesser diseases, but now
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that smallpox and diphtheria have been brought under con-
trol the lesser diseases are considered very important. Simi-
larly in computation, when multiplication and division were
performed longhand, or with the aid of logarithms, the
computer did not worry about the associated clerical oper-
ations. The advent of the desk calculator, however, enabled
him to undertake larger problems, and he has become pain-
fully aware of the details of reading and writing data and
of initiating the proper control operations. The need for
automatic handling of data and instructions becomes impor-
tant for further progress.

Here again, we have a situation similar to that of the
development of the desk calculator. In 1893, as you have
heard, the punched card was introduced as a means of read-
ing data and instructions into a machine, but many years
elapsed before the method became accepted as a regular
part of scientific research. This delay also has been due to
the necessity of both mechanical and mental development.
When Mr. Watson became president of the International
Business Machines Corporation in 1914, he immediately
organized a development program to make the machines
more versatile. From 1914 to 1930 there was extensive de-
velopment of the various functions of the machines such as
reading cards, sorting, printing, adding, subtracting, multi-
plying and recording. During the following two decades
further remarkable technical development in the machines
occurred, but in my opinion the mental development among
the scientists and engineers has been more striking. During
this time there has come the general realization that the
punched card had already provided the means of automati-
cally handling scientific and engineering data. The recent
introduction of the electronic circuit, which has greatly in-
creased the speed of some operations, has dramatized the
automatic process, but the hundreds of successful automatic
computing installations now in operation have their roots in
the mental revolution of the past two decades.

It is interesting to note that during this period Mr.
Watson saw the importance of automatic computation to
science more clearly than the scientist or the engineer, and
the present widespread use of such facilities is due in large
measure to his early efforts. These efforts included not only
the rapid development of standard machines to make them
more generally useful, but the development of many special
devices for academic purposes. In 1928 he established the
Columbia University Statistical Bureau for educational re-
search, and soon after installed there a special statistical
calculator. The operation of this machine was very striking
even by today’s standards. It would read data and limited
operating instructions from the cards at the rate of nearly a
million digits an hour; it would add 100 digits simultane-
ously from the cards or from other parts of the machine
according to a complicated program, and print the results
at the rate of nearly one-half a million digits an hour. In
1933 a second laboratory was established at Columbia capa-
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ble of handling general scientific calculations such as the
solution of differential equations, and the reduction of ob-
servational data. This laboratory was in full-time operation
on basic research until the advent of the war when it was
converted to military research. By 1940 a number of labo-
ratories about the country were using standard punched
card machines for technical computation. During the war
new laboratories were quickly established in all phases of
the defense effort, including atomic energy, aircraft design
and construction, air and sea navigation, and many others
that are still classified. In 1944 the IBM Automatic Se-
quence Controlled Calculator was completed in Endicott
and presented to Harvard University; this machine, known
as Mark I, has since been in continuous service. In the
same year two relay calculators were installed at the Aber-
deen Proving Ground; these machines were more limited in
capacity and flexibility but were about twenty times as fast
as the sequence calculator. They are still the fastest relay
calculators in operation.

In 1945, a special table printing device was installed at
the Naval Observatory which enabled the scientist to print
mathematical tables from punched cards in a form suitable
for direct reproduction by the printer. In the same year, the
recording equipment for the great wind tunnel at California
Institute of Technology was installed so that the observa-
tional data could be recorded directly in cards without
hand transcription. Then came the 603, the first commercial
electronic calculator, which has been replaced by the more
versatile IBM Type 604 Electronic Calculating Punch. The
Selective Sequence Electronic Calculator, which was dedi-
cated in January, 1948, provided electronic speed of opera-
tion together with an internal storage capacity of half a
million digits and completely automatic programming. The
Card Programmed Electronic Calculator is the most recent
addition.

From such a wide variety of available punched card ma-
chines—sorters, accounting machines, collators, reproduc-
ers, the 602, the 602-A, the 604, the CPC, and the SSEC—
many of you are probably wondering which equipment you
should use and why. Since much of the later part of the
program deals with the more recent machines such as the
604 and the CPC and their detailed application, I shall con-
fine my attention to some of the more basic uses of the
punched card and of the simpler punched card machines.
I shall take my examples from some of the earlier work;
it is interesting to note that in many applications these early
techniques are still the most efficient in spite of all the ad-
vances that have been made in design. Moreover, many of
these early techniques clearly illustrate basic principles that
can be readily applied in general.

A question of basic importance in the application of the
punched card is whether the calculation should be done
sequentially or in parallel. In a ¢omputation with a desk
calculator the problem also arises, and we shall illustrate it
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with a simple calculation. Let us assume that we wish to
evaluate the formula
f(#) = a4 bx + cx*+ dsin(e + bx + c2?) .

Ordinarily we should write the formula across the top of
the sheet and assign successive columns for the intermediate
results. Successive rows would be assigned for successive
values of ». We could perform the computation. by evaluat-
ing the formula completely for the first value of #, including
the use of the sine table. In this case the work would be
completed a row at a time, or sequentially. On the other
hand, we could perform the first operation, say b - x, for
all values of # before proceeding to the next operation. This
procedure by columns is termed parallel computation. The
experienced hand computer knows that he can perform
operations such as table lookup most efficiently by the
parallel method. The user of the desk calculator, however,
can frequently avoid the recording and reading of inter-
mediate results by using the sequential method of operation,
for example, the formation of a 4 bx + cx2. Thus, he might
combine the sequential and the parallel methods. In the use
of the punched cards, parallel operations become more im-
portant because of the ease of reading and recording inter-
rnediate results in the cards.

The ability to store numbers temporarily in the machine
largely determines the length of the sequence that can be
handled before the recording of intermediate results. The
602-A, for example, can store a dozen numbers while the
SSEC can handle 20,000. Perhaps we should all like to use
a. machine that can handle a million digits, but economic
considerations must be taken into account. It must be re-
membered that a small box of cards costing about ten dol-
lars has more storage capacity than a million-dollar calcu-
lator. The desirable amount of storage in the machine is
thus an economic matter, and the amount of storage that is
needed depends to a considerable extent on the nature of
the problem. Where parallel computation can be employed,
and a very large portion of technical work can be so han-
clled, the small machine with card storage is indicated.

The length of sequence that a given machine will handle
depends on the facilities for handling instructions as well
as on the storage capacity. On the 602-A it is easy to wire,
say, ten, twenty or thirty successive operations; many more
than that are possible, but the wiring becomes somewhat
troublesome. The CPC has greater storage capacity than
the 602-A and also the ability to read operating instructions
from punched cards. It can therefore handle sequences of
any length, limited only by the storage capacity. The SSEC
has a tremendous storage capacity and facilities for the
most intricate programs. Not only can instructions be read
from cards, but the entire storage capacity of the machine
can be used for manipulating the operating instructions.

Efficient use of the punched card also requires that full
advanitage be taken of the facilities for rearranging data.

15

The simple sorter can rearrange cards at the rate of 500 or
600 a minute. When you consider that each card carries
eighty digits, it is easy to see that in a day you can rearrange
and reassociate millions of digits. Previous to the punched
card there was no facility for automatically rearranging
data; the computer wished to avoid such manipulation
rather than encourage it. In adopting a new medium for
computation it is desirable to profit from past experience,
but not to limit one’s thinking by the limitations of the past.

To illustrate new possibilities introduced by the ability to
rearrange data, I shall describe a large-scale operation car-
ried out in 1928. The results of a survey contained 50,000
cases with a dozen variables. These data were punched in
50,000 cards, and in a week or two all correlations between
all of the variables were computed. Those of you who are
familiar with correlation analysis know that this work in-
volved the formation of the sums of millions of products.
There was no multiplying machine available, but by sorting
the cards and adding from them in the proper order, we
obtained the required results and printed them automati-
cally. A small mental calculation shows the efficiency of
this method. By feeding eighty-digit cards at the rate of
9,000 cards an hour it is possible to accumulate partial
products at the rate of 720,000 digits an hour. It is neces-
sary to make a run for each digit of the multiplier and to
allow space in the counters for accumulation. Allowing for
three-digit factors it is easy to obtain 40,000 products an
hour, a considerable achievement even in modern terms.
This method, known as progressive digiting, or similar
techniques continue to recur as an effective method in
many problems including harmonic analysis and the forma-
tion of normal equations. Since the method requires only a
key punch, a sorter, and an accounting machine, it has been
applied where only simple accounting installations are
available.

An important change in emphasis brought about by the
ability to rearrange data is in the use of mathematical tables.
In hand computation the use of tables is laborious and is
frequently avoided. The punched card, however, makes the
consulting of tables one of the most efficient operations. The
sorter will rearrange cards, and each card may contain
eighty columns of tabular data. For example, a single card
can carry an angle, the sine, the cosine, the tangent and any
other data associated with the angle. The sorter will put the
cards in the proper place, and the reproducer will transfer
the data into the computing cards at the rate of 6,000 cards
an hour. This means that with this simple equipment you
can look up half a million digits of tabular data in an hour. -
This ability to find millions of digits of tabular data in a
day with the simplest equipment and a few cards is so fun-
damental that the scientist must re-examine his whole con-
cept of computation. He no longer says “How can I avoid
table lookup?” but “How can I use more tables?”
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Before leaving the subject of tables, I might mention one
example of their use. In 1940 the U. S. Naval Observatory
in Washington had the task of producing the American Air
Almanac for the use of navigators at sea and in the air. It
contains 730 pages a year, and each page contains several
thousand digits. Since the lives of the crew depend upon it,
the highest accuracy is demanded. The entire computation
was performed automatically on standard punched card
machines. Three months elapsed from the time the book
was decided upon until the machines were delivered and in
operation. The necessary planning and preparation of basic
data had been done meanwhile. The first volume was pre-
pared and checked, published by the Government Printing
Office and distributed to the fleet before the first of the fol-
lowing year. For the benefit of those who instinctively think
of the most recent and most powerful equipment for a given
problem, the work here described was performed with only
the key punch, the sorter, the accounting machine, and the
reproducer-summary punch. The multiplier was available,
but it was not used because the other method was more
efficient. The whole volume was produced by continuous
summation in parallel columns involving the sexagesimal
system. The summations were recorded for a ten-minute
interval, and the data to be summed were obtained from
special punched card tables prepared for the purpose. The
standard accounting machine performed the accumulation
in the sexagesimal system by means of fractional counters
that carry on 6 instead of 10 (these fractional counters are
regularly available). After the initial volumes had been pre-
pared, a special table printing device was installed to tran-
scribe the resulting data from the cards in a form suitable
for reproduction by means of line cuts and electroplates.
In the twelve years that the publication has been produced,
there have been computed and published about twenty-five
million digits, which have been examined and used by thou-
sands of navigators, and as yet not a single error has been
reported. '

Another example of the use of simple punched card
equipment dates back to 1935; this is a large-scale reduc-
tion of observational data, which should interest many here
who are associated with organizations that regularly handle

large quantities of industrial, engineering, or scientific data. '

Here, again, we have an example of a procedure that applies
equally well in any field; the punched card machines cannot
tell the difference between data concerning a chemical com-
pound or the wing of an airplane. The program handled in
1935 concerned the measurement of astronomical photo-
graphs. Fach plate contained several hundred black spots
or star images. Since the blackness and size of the image
depend upon the brightness of the star, the brightness may
be determined by the measurement of the amount of light
obscured by the image in a photometer. The total program
involved several hundred plates with several hundred thou-
sand images to be measured. The problems involved were
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those common to all measurements: identifying the object
to be measured, recording the instrumental reading, cali-
brating the instrument, applying instrumental corrections,
performing mathematical transformations, combining re-
sults, discussing the errors statistically, and recording the
results for publication. The punched card method permits
all these operations to be carried out more thoroughly than
before, without error, and with a minimum of drudgery.
The identification of the image at the instrument was made
with the aid of scale settings computed for each image on
the card; these settings were printed on the card by the
interpreter. The observer placed the card in a punch and
recorded the instrumental settings directly. The operator
applied the instrumental corrections to the cards by sorting
the cards into groups and gang punching the appropriate
correction.

The conversion from corrected instrumental reading to
star brightness was determined by an empirical process;
this conversion was made previously by means of a calibra-
tion curve for each plate. Each plate contained several hun-
dred images whose brightness was to be determined and
about forty comparison images of known brightness. Pre-
viously, the known images were plotted and the results for
the unknown ones read from the curve. The plotting and
reading of these curves had been very laborious. For the
punched card method investigation showed that, if a stand-
ard calibration curve were used for all of the plates, the
resulting errors for a given plate could be represented as a
linear function of the abscissas. Therefore, it was decided
to use a standard calibration curve in the form of a punched
card file and to determine the two constants of the linear
function for each plate. We determined these constants by
the method of least squares, using an equation for each of
the thirty or forty comparison stars.

The remaining operations consisted of arithmetic opera-
tions which were performed mostly in the parallel manner on
simple equipment such as the 601. The statistical analysis of
the errors was primarily a matter of sorting and counting.®

As a final example of simplifying the punched card pro-
cedure we shall describe a case where the longest way
around is the shortest way home. Frequently a computing
problem appears intricate and complicated, involving itera-
tive processes and long sequential expansions. Yet, if the
problem is turned around, the advantages of the punched
card method can be applied directly, and the solution is ob-
tained. The problem arises in connection with a method of
radio navigation developed during the war and known as
Loran. In this method each of two fixed stations broadcasts
a signal which is received by the ship or plane. The receiv-
ing instrument indicates the difference between the dis-

aDetails of’this work are given in Punched Card Methods in Sci-
entific Computation, W. J. Eckert (Thomas J. Watson Astronomi-
cal Computing Bureau, New York, 1940), Chapter X.
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tances from the two stations; the problem for the navigator
is to find the positions his ship could occupy in order to
obtain the observed difference in distance. Since long dis-
tances are involved, it is necessary to treat the earth as a
spheroid, and when the equations are examined it is found
that troublesome expansions are involved. However, when
you turn the problem around and compute the distance
from an assumed point on the spheroid to one of the broad-
casting stations, the computation becomes simple and
straightforward. The solution was to adopt a uniform grid
of points covering the desired area and to compute by sim-
ple parallel methods all the distances involved. The result-
ing distances, recorded in cards, were used as a table, and
the required positions were determined by inverse inter-
polation. Although the grid consisted of a two-dimensional
array of points, it was necessary to perform interpolation in
only one coordinate, the other being held fixed. Since the
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data were in cards, it was possible to separate them into
sections to facilitate the work. In some areas interpolation
along a parallel of latitude gave greater determinateness,
and in others interpolation along a meridian was preferable.
The tabular interval was chosen to permit linear interpola-
tion in most areas, and the critical areas could be removed
for the use of second-order interpolation where necessary.
Finally, the data were arranged with the sorter and listed
in the most convenient order for the draftsman who was to
plot them on a chart.

In conclusion I wish to emphasize the value of examin-
ing each problem as a job for the simplest equipment rather
than for the most recent and most powerful equipment in
operation. In the two and one-half years that the SSEC has
been in operation we have been impressed by the number
of problems proposed for solution on it that can be handled
effectively on a standard accounting machine.
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of @ Multicomponent Distillation Column
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ONE of the most frequently performed groups of chem-
ical engineering calculations is that involving fractional
distillation columns. In a continuous distillation tower, a
mixture of two or more volatile liquids is fed into the
column. Depending on their relative volatilities, the compo-
nents redistribute themselves on a series of trays or plates
(sometimes these “plates” are merely theoretical equilib-
rium points) above and below the feed. At each theoretical
plate, equilibrium is reached between the descending liquid
stream and the ascending vapor stream. At the top and the
bottom of the column (and often at intermediate points) the
partially separated portions are taken from the column. At
the top, part of the vapor is condensed and returned as
liquid reflux to the column; at the bottom, some of the liquid
is boiled and goes up the column.

The properties of each compound in the feed mixtures
are known. The total composition is also known. The col-
umn may operate at atmospheric pressure, or it may be
working at high or low pressures. The chemical engineer

desires to know the necessary amount of reflux, the height

of the column (i.e., number of plates), the temperature and
composition on each plate, and the composition of the top
and bottom product. For a multicomponent mixture, these
calculations can become quite complex and laborious.

There is considerable variation in the detail used in per-
forming these calculations. For example, if one wants only
an estimate of the number of plates required for a particular
separation, an empirical formula will provide this answer.
It is also possible to perform an extremely rigorous calcu-
lation, accepting no simplications or shortcuts. However,
the most frequent choice lies somewhere in between.

In our work we use the Lewis and Matheson method,
which is quite well-known to chemical engineers. In this
method, the composition of each plate is determined from
the composition of the previous plate by combining the
equations stating the equilibrium between the liquid and
vapor leaving a plate with the material balance equations
relating the compositions and quantities of liquor and vapor

X
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at any level in the column. This may be expressed as in the
following four equations:

1. For use above the feed in calculating up the column:

. »v_.D
Xn = n—-lPL xOL

2. For use below the feed in calculating up the column:
V’ w
Fn = Fp—1 %f + xb?
3. For use above the feed in calculating down the col-
umn:

_ PL bP
xn~xn+1p V+x0VP

For use below the feed in calculating down the col-
umn:

PL W P
Xp = ﬂ’n+1“p-7 - xb'i}?;‘

NOMENCLATURE

L = liquid flow leaving plate—above feed (mols).
L' = liquid flow leaving plate—below feed (mols).
V = vapor leaving plate—above feed (mols).
V' = vapor leaving plate—below feed (mols).
D = product leaving top of column (mols).
W = product leaving bottom of column (mols).
p = vapor pressure of a component (millimeters of
mercury).
P = total operating pressure (millimeters of mer-
cury).
x, = the concentration of a component in the liquid
leaving the nth plate numbering from the bottom
(mol per cent).
&y, ¥ = concentration of bottom and overhead products,
respectively (mol per cent).
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SIMPLIFYING ASSUMPTIONS

It is to be noted that the use of the vapor pressure of the
pure component implies that the equilibria in the system
follow Raoult’s Law. This is a common assumption used in
absence of data to the contrary; if more exact data were at
hand, we believe it would be practical in many cases to cal-
culate a suitable pseudo vapor pressure to use for a given
system. It might be remarked at this point that the use of
vapor pressure data, rather than alpha or k values, was
chosen, because the same cards can then be used for a given
compound in many different mixtures without further
work. We also expect to use these same cards for other
calculations such as flash vaporizations.

It will be found necessary to make one further simplify-
ing assumption in common use. This assumption is that the
reflux ratios L/ are constant throughout the column. As
will be brought out later, we expect to be able to handle
variable L./} by expressing it as a function of temperature.

MacuIiNgE CoMmpuTATION METHOD

In determining the composition of one plate from the pre-
ceding plate, it is necessary to set up one of the above equa-
tions for each component and solve it for the new concen-
tration. Only when the set of vapor pressures is selected at
the correct temperature does the sum of the calculated con-
centrations equal 100 per cent. As a rule in calculating
manually, an approximately correct set of vapor pressures
is obtained by estimating the temperature of the plate. In
that case, each calculated value is divided by the sum of the
concentrations to yield a distribution totaling 100 per cent.

In the machine method, advantage is taken of the high
speed of calculation (four substitutions into one of the
above equations requires eight seconds). A group of tem-
peratures with one degree centigrade intervals is selected
and a calculation made for each set of vapor pressures. For
every set, the composition is totaled and the sum is in-
spected for proximity to 100 per cent. The calculation yield-
ing the closest set of values is taken as the correct one. This
new composition is used to calculate the composition of the
next plate and so on. Although many more calculations are
made than are actually used, the rapidity of the machine
more than compensates for the extra computation.

While this operation has been performed using an IBM
Type 602 Calculating Punch, there is no reason to believe
that it cannot be performed with the IBM Type 602-A Cal-
culating Punch or the IBM Type 604 Electronic Calculat-
ing Punch. We have been able to calculate columns with up
to four components on the 602 machine. Six component
calculations could be calculated with the 602-A if all count-
ers and storage units are provided.

At first glance, the solution and testing of four sets of
equations as ahove seems difficult for the machine to per-
form on each card cycle. However, as several of the terms
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" are constant for one portion of the column, they may be

combined. Thus, the equations may be reduced to the forms:
An=tn_1 K- pxC

for calculating up the column;

s (Y20 (1)

for calculating down the column;

where K = VV/PIL,

K'=PL/V
C = xozorxb%
DP WP

C' = xo—5—Or xp = .
0 V b V[ .
In a preliminary step, the constants are multiplied by the
vapor pressures or their reciprocals as required. The equa-
tions then reduce to the form:

Kp = Xngq K" + CH

where K" = K - por K’ (%)

1
" = Cor C' (_)
or )

The 602 may be wired to calculate four sets of these
equations and to accumulate the sum of the results. The
over-all procedure used in the calculation is determined
when the chemical engineer fills out a form which contains
sufficient information to enable the tabulating department
operator to proceed with the calculation. The steps are as
follows:

Preparation of Vapor Pressure Cards

These need be prepared only once for each compound
used (unless systems are encountered requiring different
pseudo vapor pressures). After calculation, the cards are
filed for future use. As the cards may be readily duplicated,
it is possible that prepared sets of vapor pressure data for
common compounds will become available. The data are
calculated by means of the Antoine equation: log,,p =
A — B/(T+C), although it is perhaps better to interpolate
actual physical measurement of the vapor pressure. Briefly,
the preparation of the cards begins with the gang punching
of A and B on a reproduced set of (74-C) masters. These
masters contain the reciprocals of 7' + 230 (the value of C
used here) with the corresponding 7' (temperature) from
—100 to 270°C. A—B [1/{T+230)] is calculated quite
simply. The results are merged with a set of logarithm
cards, and both p and 1/p are punched on each detail card.
Thus, we have a set of 370 cards containing temperatures,
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vapor pressures, and reciprocal vapor pressures. If several
sets are prepared at once, the time required per set reduces
to approximately twenty minutes.

Preparation of Master System Cards

A portion of the vapor pressure cards is selected which
will safely include any temperatures encountered in the
column. Cards are selected for each compound and are suc-
cessively reproduced into a single set of system masters.
These cards form a set of operating vapor pressures (and
-reciprocals) for the problem. They may be used for any
problems involving the same mixture. Figure 1 contains a

listing of the vapor pressure portion of cards for mixtures

of carbon tetrachloride, trichloroethylene, 1,1,2 trichloro-
ethane, and perchloroethylene.

Preparation of Master Working Cards

In this operation, the vapor pressures (or reciprocals)
are multiplied by the appropriate constants. These cards
are used for one problem only.

Reproduce Detail Working Cards

The master cards are reproduced into the cards that will
be actually used in the plate calculation. Several sets of
details are prepared. If additional cards are required, they
may be reproduced later from the masters.
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Actual Plate-by-plate Calculation

The working cards contain K”, C”, and the X78 that
determines the sign of the C. Starting at the bottom, for
example, the initial composition is gang punched into a
set of details. The set is run through the machine, which
stops and signals when the total composition passes 100%.
The correct (closest to 100% total) card is selected and
marked x,. This card is placed at the head of another group
of detail cards, gang punched, and then set aside for the
listing. This new group is calculated in the same way. This
successive calculation continues until the terminating con-
ditions are encountered. At this point, either a new section
of the column is calculated or the calculation is discon-
tinued.

Printing the Results of the Calculation

The correct cards are accumulated into a deck during
the plate calculation with the bottom of the column on the
bottom of the deck and the remaining cards in ascending
order of the plate numbers. The cards are run through the
405 accounting machine and listed. A partial listing for a
distillation involving the same compounds shown in Fig-
ure 1 is given in Figure 2. This listing is sent back to the
chemical engineer as the results of the calculations.

To illustrate the method using a well-known example,
the three component system, benzene-toluene-xylene, was
calculated using the conditions described by Robinson and
Gilliland in Elements of Fractional Distillation. Figure 3
shows the comparative results obtained by Robinson and
Gilliland and by the use of this method. As these writers
made exactly the same assumptions as are made here, the
results should be comparable. While the feed plate, xylene
disappearance plate, and total number of plates are the
same, there are definite numerical discrepancies. The use of
smaller temperature intervals (one degree steps instead of
five) should slightly increase our accuracy. The three fac-
tors discussed below, however, make the machine calcula-
tions less accurate.

Use of Calculated Vapor Pressure Data

One cause of the discrepancy is the use of different
sources of vapor pressure data. Robinson and Gilliland
have read points from graphed physical data. Our vapor
pressures were calculated by means of the Antoine equa-
tion.

In the range used for the calculation, the vapor pressure
discrepancy had a mean value of 1.15% for benzene, 0.57%
for toluene, and 2.25% for xylene. If the same data were
used and correctly interpolated, this discrepancy would
disappear.
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Failure to Balance to Exactly 100 Mol Per Cent

At each plate, the calculation is stopped at (usually)
some value between 99 and 101 mol per cent. If each com-
position were divided by the total, the distribution would
remain the same, but the values used for the next calcula-
tion would be more accurate. This division by the sum is
perfectly feasible in machine operation but requires the use
of a more elaborate calculating machine.

Digital Errors

The four multiplications are carried to six significant fig-
ures, but two of the multiplicands are limited by machine
capacity to the first three significant figures. This results
in a digital error of .01% for two of the factors and .1%
for two others. The use of a 602-A or another larger
capacity machine would eliminate this inaccuracy.

Because of the iterative nature of the calculation, the
errors accumulate and are compounded. The nature and
extent of these inaccuracies should be kept in mind.

ONCE the required vapor pressure cards are on hand for
the desired calculation, the time of calculation is as follows
for a four-component calculation over a fifty-degree boiling
range that requires forty plates for separation:

Machine Operation Machine Time

Prepare master system cards (1 set) 2.0 minutes
Prepare master working cards (2 sets) 12.5 minutes
Reproduce 5 sets of working cards (10 sets) 5.0 minutes
Calculate plate composition 26.6 minutes
Print column composition 0.5 minutes
TOTAL 46.6 minutes

The number of cards per test will vary from ten to two.
An average of five was used in calculating machine time.

The additional operator manipulation time depends on
the skill and experience of the operator. It should certainly
not exceed the machine time.

Calculations with Vawishing Components

If one or more of the feed components in the upper or
lower part of the column is reduced to less than .01 mol
per cent, the calculation may be handled as follows:

1. No vanishing components—Calculate up column or
down column.
2. One or more components vanish in upper section—
Calculate up the column.
3. One or more components vanish in the lower section
—Calculate down the column. N
4. At least one component vanishes in each section of
the column—~Calculate both up and down the column.
The practicability of applying machine methods of calcu-
lation to chemical engineering calculation hinges on many
factors. Rigorous calculations of this type should always be

INDUSTRIAL COMPUTATION

made by or under the direct observation of one who under-
stands the problems involved. The method described here
is offered as a rapid method of accumulating information
about column design and performance. Some of the cases in
which this rapid collection of information should be excep-
tionally useful are suggested below:

Calculation of columns for compounds and classes of
compounds frequently handled. For organizations calcu-
lating large numbers of columns, this should be quite
valuable.

Calculations in which several assumed conditions must
be calculated in order to select the correct one. This is the
case where the boiling point of one or more components
lies between those of the components whose separation is
desired.”

Preparation of correlations between properties, oper-
ating conditions, and column performance. The effect of
reflux ratio on column height, optimum feed condition,
position for side streams, etc., may be found for a variety
of systems.

Calculation of temperatures and compositions for a
number of variations in the operating conditions (e.g.,
estimating optimum temperature control locations).

In rigorous calculations the chemical engineer often
makes a heat balance on each tray as he calculates down
the column. This determines the change in L and V" due to
heat losses from the column, the change in liquid and vapor
sensible heats with temperature, and the differences be-
tween the heats of vaporization of the various components.
Experience indicates that this change may be often closely
approximated as a function of temperature alone for a given
problem. This function may be found by first calculating
the compositions for a constant L/V followed by thermal
balancing at selected plates in the column. Interpolation at
1°C. intervals will then give a first approximation to the
L/V throughout the column.

Since an individual detail card contains the vapor pres-
sure and the reflux data for each temperature, it is clearly
possible to use the interpolated L/V’s on successive cards
at different temperatures. By repeating the plate-by-plate
calculations with the more exact L/}”’s, a more accurate
calculation will be obtained.

DISCUSSION

Professor Donnell: The general advantage of doing the
calculation by the punched card machine rather than by a
slide rule is that very quick short-cut methods using
abridged formulae yield insufficient information for most
purposes. They may give one answer, the number of plates,
but will not tell you temperature gradient or the composi-
tion of a given point.
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Professor Nichols: How do you go about calculating the
feed plate in your position? :

Mr. Opler: We assume that we are given the composition
that is entering the column at that point. Knowing that
composition, we simply use it as our initial condition in a
distillation. I actually insert a zero for the amount of the
material which is removed at the top or bottom of the
column.

Professor Donnell: 1 have a question in regard to the dis-
appearance of compounds in the bottom and the top. How
do you know the composition of the feed tray?

My. Opler: We are assuming that the feed composition is
the composition of the feed plate. This may be a weakness.

Professor Donnell: Don’t you think that is quite far from
the case?

Mr. Opler: The trick is to match the feed as closely as
possible to the composition of the feed plate. I am using a
little inverse logic in trying to match the feed plate as
closely as possible to the feed.

Professor Donnell: The reason we are so particular is
that we work in petroleum and have disappearing com-
pounds in the bottom and the top. We have found that the

23

composition of the feed tray is different; the reflux ratio is
about four to one. You could go on and say, “We will just

" match the ratio of the key component on the feed tray with
- the feed. That does not give you the maximum feed tray

location.”

Myr. Opler: That is very probably one of the weaknesses.

The problem of choosing the optimum feed tray location
is often solved when using the Lewis and Matheson method
at the desk by trial and error, introducing the disappearing
components as a chosen feed tray is approached from both
top and bottom and carrying the calculation a few plates
past the chosen feed tray. When the proper tray at which
to introduce these disappearing components has been estab-
lished by trial so that the compositions match sufficiently
close at the feed tray, one completely balanced solution has
been found. Repetition with choice of a different tray for
the feed will disclose whether more or fewer total plates
for the column are required. Further repetition will locate
the optimum feed location for minimum total plates. Al-
though we have not worked out examples of this in detail,
we believe that the machine procedure would save consider-
able time in carrying through the tedious repetitions.
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READILY available large-scale computing machines
such as the IBM Type 602-A Calculating Punch and Type
604 Electronic Calculating Punch have been shown to be
very advantageous for any calculation problem where multi-
ple repetition of a relatively simple calculation procedure
was necessary. For instance, tables of values of plate com-
positions at finite reflux ratios for binary mixtures in 100-
plate distillation columns, and for ternary mixtures in
25-plate columns, have been readily obtained using the 604.4
For more complex problems these machines are restricted
by their limited storage capacity and by the fact that a new
set of wiring for the control panels is necessary for each
new calculation procedure used.

The new IBM Card-Programmed Electronic Calculator,
however, has approximately five times the storage capacity
of the type 604, and a single set of control panels can be
used for any arithmetical calculation procedure, provided
fractional exponents are not involved. Thus, this machine
overcomes many of the shortcomings of the previously
mentioned machines. The card-programmed calculator owes
its versatility to the fact that the control panels are wired
to make possible each of the four basic operations of arith-
metic. The particular calculation procedure desired is car-
ried out by means of a deck of specially punched IBM
cards, each card in its turn choosing the proper arithmetical
operation and the proper factors to carry out one step in
the calculation. A new equation can be evaluated merely
by the use of a new set of program cards, properly punched
to carry out the steps of the equation desired. Thus, by the
proper combination of program cards any length problem
can be handled, provided only that the storage capacity of
the calculator is not exceeded during the calculation period.

This versatility of the card-programmed calculator led
the authors to investigate its use for the trial-and-error
type of problem which arises in many chemical engineering
design problems as well as in other engineering fields.
Within the field of chemical engineering the unit operation

*Solution of trial-and-error-type problems.

X
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of distillation was chosen because of its wide usage and be-
cause of the large number and variety of problems en-
countered. Also, in the field of distillation, as well as all the
other diffusional operations, the trial-and-error problem is
especially important, because in a large proportion of the
cases studied, insufficient data are available to establish the
value of all the independent variables present. Thus, the
values of some quantities must be assumed, and the accu-
racy of these assumptions must be checked—hence, the
trial-and-error calculation. This situation arises almost con-
stantly in the problems encountered in design studies on
distillation columns. Solution of these problems by machine
methods should result in large savings in time and money
for all organizations involved in this and related fields. The
methods of solution of several variations of problems of
this type are discussed in this paper.

TuE GENERAI PROBLEM

A problem frequently arising in distillation involves de-
termining either the head composition (xp), the number of
plates (n), or the reflux ratio (R) corresponding to a par-
ticular feed condition, with other column variables known
or specified. In nearly every case the problem becomes a
trial-and-error type of calculation, because an explicit
function of either xp, n, or R, in terms of the other vari-
ables of distillation, is either very complicated or entirely
inexpressible. This is especially true if the distillation sys-
tem under study involves variation in relative volatility (@),
heats of vaporization of the components, or plate efficiency.

In order to define a distillation system properly, the val-
ues of a certain minimum group of the variables must be
established. This group need not always consist of the same
variables, of course. The values of all other column vari-
ables can then be calculated from these known quantities.

For the case of an adiabatic continuous column (Fig-
ure 1) operating on an ideal binary system (the simplest
possible case), the minimum group of variables might con-
sist of the following:
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Feed rate (F) in mols per unit time.

Feed composition (z;) as the mol fraction of the more
volatile component.

Condition of feed (g) as a ratio of the heat required
to vaporize one mol of the feed to that required to
vaporize one mol of saturated liquid of the same
composition.

Distillate composition (#p) as the mol fraction of the
more volatile component.

Distillate takeoff rate (D) as mols per unit of time.
Enriching section vapor rate (}') as mols per unit of
time.

Relative volatility of the mixture ().

Number of theoretical plates (») in the column.

From the above factors the following additional func-
tions, which are necessary to define the distillation system
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completely, can be calculated. The additional functions are:

1. Enriching section liquid return rate (L) as mols per
unit time,

2. Stripping section vapor rate (7”’) as mols per unit
time.

3. Stripping section liquid rate (L’) as mols per unit
time.

4. Bottoms takeoff rate (J#/) as mols per unit time.

5. Bottoms composition (xw) as the mol fraction of the
more volatile component.

6. Feed plate composition (;) as the mol fraction of
the more volatile component.

7. Plate compositions (x,) as the mol fraction of the
more volatile component.

It must be kept in mind that variations of the problem in-
volve other combinations of known and unknown factors.

The usual design problem arises because not all of the
minimum group of factors are known; and, in addition, the
relations between variables are too complex to permit direct
calculation. Therefore, the required procedure must be:
(1) to guess at some probable values of the unknowns
among the minimum group of factors; (2) use these trial
values to calculate trial values of at least one of the de-
pendent functions in two or more different ways; (3) from
a comparison of these calculated values, determine a proba-
ble error in the original trial values; and finally, (4) choose
new trial values and repeat the above procedure until the
chosen trial values show themselves to be correct. This trial-
and-error procedure is important not only in distillation,
but also in the design calculations of nearly every phase of
chemical engineering.

Use of the Card-Programmed Calculator
in Solving the Problem

As a basis for a description of the use of the card-pro-
grammed calculator in trial-and-error calculations, assume
that the following problem is at hand: The variables whose
values are known, or specified, are the same as those listed
in the general case discussed above. Let the distillate com-
position (xp) be the variable for which trial values are to
be assumed until a satisfactory value is obtained. The com-
plete calculation procedure is now carried out with the card-
programmed calculator according to the steps of the follow-
ing plan. The equations are numbered to correspond to the
steps wherein they occur.

1. The values of the known and assumed quantities are
read into the calculator and stored in designated stor-

age units.
2. 'The bottoms rate is calculated as
W=F—-D. (2)
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3. The bottoms composition is calculated as

= L8P0 | 3)

4. The enriching section li(iuid rate is calculated as
L=V-D. 4)

5. The stripping section liquid rate is calculated as
L'=L1+4gqF . (5)

6. The stripping section vapor rate is calculated as
Vi=V+ (-1 F. (6)

7. The feed plate composition is calculated as

_ (L+D)% + D(g=1)xp 7
= (L+D) '

8. The top plate liquid composition is calculated as

2]

XD

e (a—1)ap

)

The immediately subsequent steps involve plate-to-plate
calculations down the column by the well-known McCabe-
Thiele procedure! That is, we calculate the vapor and
liquid composition on each plate of the column in turn, until
the bottom plate (reboiler) is reached. The liquid composi-
tion in the reboiler is the bottoms composition, here desig-
nated as #'w, if perfect mixing occurs. If the trial value of
xp were correct, then #'y would be identical with xy from
step 3. In general, the first trial value of xp will not achieve
this equality. A comparison of 'y with #y gives a measure
of the error in the original assumed value of xp. From
knowledge of this error we are in a position to choose a
much more accurate value of xp for the next trial.

The plate-to-plate calculation of liquid and vapor com-
positions by the McCabe-Thiele method is carried out on
the card-programmed calculator as follows:

9. The composition of vapor leaving the plate next to

the top plate is calculated as

D
Wa=Hat Do, (9

10. The liquid composition on the plate next to the top
plate is calculated as

Yi—1

#i—1 = o4 — (a_l)yt—l '

(10)

Liquid and vapor compositions corresponding to the re-
maining plates above and including the feed plate, that is, in
the enriching section, are calculated similarly by repeated
alternate use of the equations:

D
11, y,,:II—;x,,H-I—?xD. (11)
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12. Zn In

i iyl (12)

However, below the feed plate (that is, in the stripping
section) a different set of equations must be used to cal-
culate the values of y, and x, because of the different flow
characteristics of the column, caused by the introduction of
the feed. The required equations are:

’
y,.:gl;—,xmﬂ— —”%'L (11a)
and

= Im
ST CE (122)
The basis of determining whether a particular plate is in
the enriching section or the stripping section of the column
is to note whether or not x, is greater or less than the
value of x;, the composition corresponding to the point of
intersection of the operating lines with the g line.

This can be used by the calculator to give it a basis of
choice between equations 11 and lla in calculating the
value of y for the next lower plate.

It can be seen that the equation

#n — (2 4 0.0001) = u (13)

will give a negative value of # for any x, less than or equal
to x; and a positive value of # for x, greater than x;.

Use is now made of the negative balance feature of the
machine to cause a selector to transfer when # becomes
negative. This selector controls the region of the program
card from which the program punches are read, and thus
can cause the calculator to use equations 11 and 12 or 11a
and 12a, if the proper control signals are punched in the
two different regions on the card.

The test described above must of necessity follow the cal-
culation of every value of plate liquid composition and,
therefore, will take place between calculation steps 10 and
11 and after step 12 as they are described above.

To recapitulate regarding the plate-to-plate calculations,
the calculator starts with steps 9 and 10 for the plate next
to the top plate, then makes the comparison of equation 13.
Unless the unusual condition of introduction of feed on the
top plate is involved, the results of the comparison of equa-
tion 13 will direct the calculator to proceed through steps
11 and 12, following which the comparison of equation 13
is again made. This cycle of steps 11 and 12 followed by
the comparison of equation 13 is repeated until the test
indicates the need for use of equations 11a and 12a instead
of equations 11 and 12. These are then used repeatedly
until the plate-to-plate calculations have been made for the
specified total number of plates in the column. The value
of #,, from the last use of equation 12a is, as mentioned
before, the desired trial 4"y.
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When 2"y has been calculated, the difference,

(14)

is a measure of the error in the original assumed value of

xp. Because of the hyperbolic form of the equilibrium dia-

gram for an ideal system, the function relating e,, and
Cyyp takes on the following form:
(1.0—2xp)* eqy

T K (aw)t 7

k= f(d) ’
and K is a constant.

From the value of C,, calculated above, it is possible to
determine a new value of xp as:

’
xW_xW=ewW’

(15)
where

(16)

(17)

Since the calculator must use integer powers of numbers
in repetitive calculation, # must of necessity take the in-
teger form, although this may require several more trial
values of xp because C,;, cannot be calculated exactly.

XD new trial value = ¥p + pr .
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Once the new trial value of x#p has been calculated, the
whole procedure is repeated with the exception of step 1 to
obtain a new trial value of xp, etc. The calculation is fin-
ished whenever C,, equals zero, that is, the correct value of
xp has been assumed. Figure 2 shows two such trials as
graphed on an equilibrium diagram.

OTBER VARIATIONS OF THE DISTILLATION PROBLEM
AND T'HEIR SOLUTION

Determining Reflux Ratios by Trial and Error

As mentioned previously, the above-described problem is
only one ramification of the general distillation problem.
Another aspect which presents itself is as follows: A spe-
cific distillate composition (xp) is desired, and the problem
is to determine the proper reflux ratio (L/D) to attain
this result from a known feed. This type of problem is at
least as important as the one just discussed in detail and is
solved in the same manner, except for two changes. In this
case trial values of enriching section liquid rate (L) are
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chosen, and a system must be devised to provide a basis
for choosing new trial values of L. The inclusion of the
liquid rate (L ) among the minimum group of required vari-
ables, of course, places the vapor rate (/) among the de-
pendent variables.

The method used for the choice of the new trial value of
L, and thus eventual determination of the proper value of R,
takes the following form:

B Lypr,

Ry = Lo/D =1 = (18)

where 7 is > 1 when e, is positive and 7 is << 1 when

€2y 1s negative. This condition is satisfied if
r=14K'(esy ) , (19)

and thus

Ly

L R K'(ezy) *
Effects of Non-ideality

Both of the problems considered previously have been
for the case of a column in which all of the simplifying as-
sumptions of distillation hold true. This was done in order
to give maximum clarity to the trial-and-error aspects of
the problem. A note is in order here, however, concerning
some of the methods of handling the various types of non-
ideality and to show that their only effect upon the problem
is to lengthen it somewhat.

The four most common causes of non-ideality in column
operation are:

1. Non-constant relative volatility («) of the mixture

being distilled.

2. Non-adiabatic operation of the column itself due to

heat gains or losses through the column walls.

3. Unequal heats of vaporization of the components of

the mixture being distilled.

4. A column plate efficiency which is not equal to 100%.
A discussion of the method of handling each of these will
now be given.

In most cases the components of the mixture do not ex-
hibit a constant relative volatility over the complete com-
position range; that is, the relative ease with which one
component is boiled away from the other is not constant.
This is due usually to physicochemical effects within the
mixture itself,

The method of solution involves one of two choices.
Either the quantity « can be expressed as a function of z,
usually a series, or & can be expressed directly as a function
of y, again usually a series. Of these, the second choice is
undoubtedly the best, for the other would involve an itera-
tive calculation, because « is a function of &, and x is, of
course, the quantity we desire to establish. In the second
case, the calculations above would proceed the same as be-
fore, except that equations 8, 10, 12 and 12a would be in
the form

L (20)

v =1, (21)
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different from and probably more complicated than that
previously used. Equation 21 is commonly in the form of
the series
r=ay+ by £y ..., (22)
Non-adiabatic operation of the column has the effect of
changing the values of L and V, and of course, L’ and I’
from plate to plate as one proceeds up the column. In the
case of heat loss from the column, both I, and V" will be
decreased by the amount

N
AL = AV = £, (23)
and
Ln= Lo+, (24)

where Q is the amount of heat lost per unit time, and H,
is the heat of vaporization of one mol of the mixture being
distilled. If the heat loss is constant for each plate, usually
a good approximation, this merely means that steps 5
through 8 must be repeated for each plate rather than occur
only at the start of the calculation. In other words, the cal-
culation for each plate now involves the use of equation 24,
followed by steps 5 through 10 rather than merely steps 9
and 10 or 11 and 12,

The case of unequal heats of vaporization which also has
the effect of varying I, and V is best handled by the well-
known Peters method?® which involves the use of a fictitious
molecular weight for the components of the mixture so that
H, is again constant per mol of liquid. This has the effect
of making the values of L and ¥, expressed in mols, con-
stant although the values of L and V/, expressed in pounds,
may be decidedly different from plate to plate. The effect
of the above change upon the calculations is usually only a
change in the value of a.

Theoretical plates—that is, column plates which fulfill
equations 10 and 21 exactly—are uncommon in actual prac-
tice. Therefore, an efficiency term must be inserted to com-
pare the actual relation of x and y which exists in the
column, to that of a column with theoretical plates. The
efficiency term is usually expressed? as

_ Fnt1l T An
==,

= 25
xn-{»l — Xn ( )
where x,* is the value of x, expressed by equations 11 and
12, and x, is the value of x, actually existing in the column.
Therefore,
Zn = ng1 — E(Fpp1 — 22%)

(26)

and the efficiency can be used in the calculations above by
using equation 26 after step 12 for each plate.

Consideration of the above discussion shows that for the
general case any or all of the above causes of non-ideality
can be taken into account in either of the calculations de-
scribed previously with no major effect except to lengthen
the calculations in some cases.
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GENERAL SOLUTION OF TRIAL-AND-ERROR PROBLEMS

Consideration of the method of attack of the problems
already discussed leads to some general statements regard-
ing trial-and-error problems as a whole.

The first and most important point to be brought out is
that trial-and-error calculations can be done independently
by the machine only if expressions such as equations 15 and
20 can be derived. Other than this, the only restrictions are
that arithmetical operations must be used, and the storage
capacity cannot be exceeded.

The general method of approach in calculating trial-and-
error problems is as follows:

1. Express the known independent variables of the sys-
tem along with a trial value of the variable to be
established.

2. Calculate the values of the dependent variables from
known and assumed values of the independent vari-
ables, being sure to express at least one of the de-
pendent variables in two different ways, thus getting
two possible answers for this variable.

3. From the magnitude and sign of difference between
the two possible answers of the dependent variable,
determine a new trial value of the assumed independ-
ent variable.

4. Repeat the above steps until no difference is noted in
the dependent variable as calculated by the two dif-
ferent methods. The last trial value of the unknown
independent variable is then the correct value.

CONCLUSIONS

The work of this paper has shown that the method of
calculation control employed on the card-programmed cal-
culator makes its use possible for nearly all types of trial-
and-error calculations. The machine is capable of carrying
out the calculations at a great saving in time compared with
hand calculation, and this saving increases greatly as the
complexity and length of the problem increases.

The main requirements in applying the machine to
common engineering problems where the trial-and-error
method is involved are:

1. The relations involved must be arithmetical or must

be capable of being expressed arithmetically.

2. A basis must be available to enable the machine to

choose a new trial value of the desired quantity.

3. The storage capacity of the machine cannot be ex-

ceeded.
NOMENCLATURE
a,b,c, ... Constant coefficients used in equation 22.
Cop ovvvn Correction to be applied to #p to obtain a new
xp for the next trial.
D....... Distillate takeoff rate in mols per unit time; as

a subscript it refers to distillate.

.....
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Plate efficiency as defined by equation 25.
Difference in the value of xw as calculated by
two different methods.

Feed rate in mols per unit time.

Heat of vaporization of the liquid mixture at the
point in question.

As a subscript it refers to the intersection of
operating lines, i.e., feed plate.

Constant in equation 15.

Constant used in equation 20.

Exponent in equation 15.

Enriching section liquid return rate as mols per
unit time. »

Stripping section liquid rate as mols per unit
time.

As a subscript it refers to the general value of
the plate number in the stripping section.

As a subscript it refers to the general value of
the plate number in the enriching section of the
column.

Amount of heat loss from column per unit time.
Condition of the feed as a ratio of the heat re-
quired to vaporize one mol of the feed to that
required to vaporize one mol of saturated liquid
of the same composition.

Reflux ratio as L/D.

Divisor used in derivation of equation 20.

As a subscript it refers to the top plate.

Value of the difference between the liquid com-
position on the plate in question and the liquid
composition on the feed plate.

Enriching section vapor rate as mols per unit
time.

Stripping section vapor rate as mols per unit
time.

Bottoms takeoff rate as mols per unit time; as a
subscript it refers to the bottoms.

Liquid composition as the mol fraction of the
more volatile component; as a subscript it refers
to the location in the column.

Value of the liquid composition as predicted by
theory under ideal conditions.

Vapor composition as the mol fraction of the
more volatile component; as a subscript it refers
to the location in the column.

Feed composition as the mol fraction of the
more volatile component.

Relative volatility of the mixture under study.
Symbol signifying the rate of change of the
quantity in question.
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APPENDIX b. Plate or
Calculation
Problem 1. Calculation of the Correct Value of xp. Step - rw In  Fn % bayy 4D
o o . . Material Bal. 0.1378
I. The initial conditions are specified and supplied to Top 0.5862 +0.3860
computer: 5 0.6209 0.4234 +0.2233
a =223 F = 10.0000 2; = 0.2000 4 04906 0.3016 4-0.1015
L =40000 D= 10000 g = 1.0000 3 0.3932 0.2251 +4-0.0250
2 0.3320 0.1813 —0.0178
II. The machine first uses equations (2) to (8) as in- Calculator transfers to stripping line equation here,
dicated to calculate remaining initial conditions: N 1 02624 0.1376 00002 07595
ewW 4 —U. ..
W = 9.000 (2); xw = 0.1333 (3); V' = 5.0000 0.7595 is, therefore, the true value of xp.
(4); L' = 14.000 (5); V' = 5.0000 (6); x; =
0.2000 (7); x, = 0.2000 (8). Problem 2. Calculation of the True Value of xp for a Case
III. The value of x4y is checked for feed plate location: of Non-Constant Relative Volatility.
u = 04420 (13) Conditions are same as for problem 1, except that x is
) related to y by means of the equation below rather than
IV. Calculation of plates is then carried out in order as:  equation (12);
(a) Plate5: x = ay + by? = 0.1429y + 0.8571y? (22a)
Vs ~ 0‘607320(79')i s = 0.4808 (10); Use of this relation also necessitated a change in equa-
u=+0. (13). tions for the calculation of the new trial xp so that
(b) Plate 4:
vy = 0.5446 (11); x4 = 0.3491 (12); _ap + (1.0—xp)? 15b)
" = +0‘1490 (13). : 4D new trial value = 5<xW)1 Tw (
(c) Plate 3: . . .
ys = 04303 (11); x5 = 0.2600 (12); This was necessary in order to dan?p the calcp!atl‘ons
w = 400599 (13) properly because of the small spread in the equilibrium
) Plate 2. ' ’ curve at its upper end (Figure 3). The actual operations
(d) aff d3680 " are as follows:
Y2 - '0 0065) 1); xz = 02070 (12); 1. Initial conditions, both calculated and specified, are the
w=+0. (13). same as for problem 1 except as specified above and
(e) Plate 1: below.
y1 = 0.3256 (11); x; = 0.1780 (12); II. The trials are carried out as follows:
u = —0.0221 (13).
The calculator would now begin to use stripping 1. Plateor
. . . Calculation
line equations (11a) and (12a), if there were more Step Xw Va X u oy %D
plates to be calculated. However, plate 1 is the last Material Bal. 0.1333
plate. Top 0.6628 +0.4627
. . . 6902 0. 0.3068
V. Calculation of the new value of xp is carried out i 822(5)5 gggﬁg -|+-0.1548
using the equations (14), (15), (16) and (17) with 3 04439 0.2322 +0.0321
xp new trial value = 0.7666. 2 0.3458 0.1519 —0.0482
. Calculator transfers to stripping line equation here.
VI. The above calculations are repeated for the new 1 " 0.1854 0.0560
trial with the following results. New xp +0.0773 0.8233
a. Plate or 2. Plate or
Calculation Calculation
Stgp Xw Y Xn u ea,w Xp Step Xw Yo Xn u ewW XD
Material Bal. 0.1370 Material Bal. 0.1307
Top 0.5956 --0.3954 Top 0.6985 --0.4984
5 0.6298 0.4328 . 4-0.2327 5 0.7235 0.5521 +4-0.3520
4 0.4996 0.3093 -+0.1092 4 0.6063 0.4017 +0.2016 .
3 0.4008 0.2307 --0.0307 3 04860 0.2718 +0.0717
2 0.3379 0.1862 -—0.0139 2 0.3821 0.1797 —0.0204
Calculator transfers to stripping line equation here. Calculator transfers to stripping line equation here.
1 0.2748 0.1452 1 0.2679 0.0998
New #» —0.0082 0.7595 New xp +0.0309 0.8317
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3. Plate or 5. Plate or
Calculation Calculation
Step Xw Yn Xn u ey XD Step rw Y Xn u Cow D
Material Bal. 0.1298 Matelgial Bal. 0.1295 07157 L0156
op . +0.
Top 07117 +0.5116 5 07394 05743 03742
5 0.7357 0.5690 +0.3689 4 06263 04257 -0.2256
4 0.6215 04199 4-0.2198 3 0.5074 0.2932 4-0.0931
3 0.5023 02880 +0.0879 2 04014 0.1955 4-0.0036 .
2 0397 0.1916 —0.0085 . Calculatoxb gr&xésf%ri Ztgé stripping line equation here.
Calculator transfers to stripping line equation here. New #» ’ ) 40.0001 0.8342
1 0.3028 0.1219 0.8342 is, therefore the correct value of xp.
New xp 4-0.0079 0.8337
4. Plate or REFERENCES
Calculation i 1. Warren L. McCase and E. W. TuIELE, Industrial and Engi-
Step rw Yu Zn u €zyy ¥ neering Chemistry, 17, 605 (1925).
Material Bal. 0.129% 2. 5)6.0\7(.11312!;1)(?11“15, Industrial and Engineering Chemistry, 17, 747,
Top 0.7149 -4-0.5148 3. W. A. Perers, Industrial and Engineering Chemistry, 14, 476
5 0.7387 0.5733 403732 (1922).
4 06254 04246 402245 4. ArTHUR Rosk and T. J. WiLL1AMS, Industrial and Engtneering
3 0.5064 02922 40.0921 Chemistry 42, 2494 (1950).
2 0.4005 0.1947 —0.0054

Calculator transfers to stripping line equation here. DISCUSSION

1 0.3119  0.1280 [There was an informal discussion of this paper during the demon-
New x» +0.0016 0.8342 stration of the problem on the card-programmed calculator.]



Application of Automatic Computing Methods
to Infrared Spectroscopy

GILBERT W. KING

Arthur D. Little, Incorporated

ALTHOUGH it cannot be said that computing ma-
chines have been indispensable to progress in infrared
spectroscopy, they have allowed progress in certain fields,
and as more people become active in the mixed field, ad-
vances in almost all directions will be made. To illustrate
both these points, we shall catalogue the instances where
our computing laboratory has supported-the infrared.

Interpretation of Rotational Structure

The earliest application was in the interpretation of spec-
tra. The foundations for this are firmly based on quantum
mechanics, and the dimensions of many symmetrical mole-
cules have been deduced from the rotational structure of
their infrared spectra. In the case of the majority of mole-
cules, asymmetry prevented such an analysis because of the
numerical work required. The most troublesome step is the
calculation of the energy levels of a rotor with three differ-
ent moments of inertia. These levels are simply related to
the roots of certain matrices, and give rise to the well-
known problem of finding characteristic values of sets of
linear equations. In the case of the asymmetric rotor, the
matrices (and their determinants) have only three non-zero
diagonals, and the problem of finding the energy levels is
simply that of finding the roots, », of a series of continued
fractions,

by
a—q+ b
a —mn....

g —n —

=0

H

This can only be done by successive substitutions of guesses
at 5; however, a characteristic of continued fractions is that
such a process rapidly converges.

- This problem is ideally suited to punched card equip-
ment because the operation has to be repeated many times
(spectroscopists would like a table consisting of a million
n’s) and because, further, the whole process depends on a
simple arithmetic algorithm

a—b/c, (2)

ot
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which is iterated several times. These roots, incidentally,
are the characteristic values of the Lamé functions.

A coarse table was constructed by these means. Five-
point interpolation carried out on computing machines gave
good approximations for y at finer intervals. These approxi-
mate »’s were substituted in the continued fraction to give
the correct answers. In this way, a fundamental table of
the energy levels of the asymmetric rotor has been built up.
It has found great use by infrared and microwave spectro-
scopists, and we are at present enlarging it.

Having this basic table on cards, we can proceed with
the analysis of rotational band spectra. The approach has
been a stochastic one in which a structure of the molecule
is assumed, the spectrum calculated and compared with the
observed. Since several successive guesses have to be made,
the repetitive nature of the procedure is suited to punched
card techniques.

The computation required is as follows: First, a para-
meter, x, a characteristic of the molecule, is computed by
hand, and the appropriate reduced energy levels, 5;(x), are
looked up in the fundamental table. We then calculate

Ei(x) = TUJ+1) [(a=c)mi(x) + (a+c)],  (3)
where a and ¢ are further parameters of the assumed dimen-
sions of the molecule (actually the reciprocals of the least
and greatest moments of inertia), and J is a second serial
number labeling the levels.

In the meantime, another basic table, giving the proba-
bility ®;; of a line occurring in the spectrum because of the
absorption of energy transferring the molecule from energy
level E;(x) to E;(x), is taken for the « in hand, and repro-
duced. This is a two-way table: First, the energies E;(x)
are collated with it, each E;(x) card preceding all the &;
cards with the same 7. The value of E;(x) is gang punched
into the ®;; cards. Next, these cards are sorted on j, the
E;(x) cards are collated, and E;(«) is gang punched.
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We now have the basic cards representing the expected
spectrum. On them we calculate the position of the line

v = Ej(x) — Ei(x) , (4)
and the intensities of the line
Wi = q)ije—E‘(K)/kT . (5)

The exponential function of the argument is obtained by
collating the ® cards with E;(x)/kT = x on them with a
basic table of the exponential function e—2. The latter is
gang punched from the basic table into the cards. Multipli-
cation by ®;; is an elementary operation.

On sorting the cards by v, we have the basic line spec-
trum, a card for each line, having its position » (in wave
numbers) and intensity «. Unfortunately, as a rule, infra-
red spectroscopy does not resolve the individual lines, and
we come to a real contribution of punched cards. The re-
corded spectrum is actually a certain integral of intensity
over the finite slits of the spectroscope. We know the slit
function p (v) well enough® and can calculate what our com-
pletely resolved spectrum (the cards with « and v) would
look like with finite slits by calculating the integral

+ =

Iv) = pv—y) a(¥)dv . (6)
The function of p(v) is replaced by a set of discrete values,
and the integration obtained by summing over a finite in-
terval. With card cycle transfer, this sliding integration can
be done in one pass through the accounting machine.

The above procedure is repeated many times for various
structures until a satisfactory fit with the observed is ob-
tained. The compatison is done graphically, and because
many trials are made we have found our method! of plotting
with the 405 accounting machine very useful. Several infra-
red bands have been analyzed in this way.23* Each one, a
few years ago, could have been a doctoral thesis.

Vibrational Spectra

The majority of molecules have so many atoms that the
rotational structure discussed above is smeared out and the
infrared spectrum consists of many bands, each one asso-
ciated with an excitation of vibrations in the molecules. An
analysis of these spectra could proceed along the lines out-
lined above, although the details are considerably different.
Here, one would have to assume certain force constants in
the molecule, calculate the vibrational frequencies by find-
ing the roots of simultaneous equations, which in this case
are more general than the ones discussed above, and recon-
struct the spectrum from these results. Unfortunately, there
are so many parameters to be introduced into the funda-

aRecently we have carried out the necessary Fourier transforms
giving the precise nature of p(»), taking into account all the ex-
perimental conditions, using punched card methods.
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mental equations, this procedure cannot be followed with-
out further considerations. However, there is no question
that computing machines will be necessary to solve the
equations once a procedure for setting them up has been
defined.

At the present time, an empirical approach is being made
in many laboratories to assign frequencies to certain struc-
tural features. This is an empirical and, in a sense, a statis-
tical procedure, and now calls for large-scale computing
methods since several thousand spectra have been recorded.
However, one should approach these data with considerable
caution because there is no sense in trying to make empiri-
cal rules out of incorrect data. In particular, the present-day
infrared spectroscope is incapable of resolving all the fre-
quencies which are characteristic of a molecule, and before
any large-scale computing is done, the data should be better
digested. One aspect of this that we are studying in our
laboratory is the use of low temperatures to improve the
resolution of the bands. Low temperatures decrease the
natural widths of the bands and, therefore, separate them;
but to see this decrease in width of the bands, one needs
instruments of high resolving power. Computing methods
to improve resolving power of an instrument are discussed
below. To make the empirical assignments of band fre-
quencies to structural features, the original data should be
put on cards and comparisons made with the collator. The
direct recording of spectra on cards is described below.

Refleciton Data

Another example where present data are misleading and
could give rise to a lot of fruitless calculation is shown by
the reflexion spectrum of materials which are highly ab-
sorbing, such as glass, quartz and other minerals. It is con-
ventional to interpret the maxima in the reflexion curves as
vibrational frequencies of the crystal. A closer examination®
of the theory shows that the reflexion curves are functions
of both the absorption coefficient and the refractive index,
and the characteristic vibrational frequencies of the crystal
are determined from the maxima of the square of the re-
fractive index times the absorption coefficient. It is, there-
fore, necessary to get the refractive index and the absorp-
tion coefficient from the reflectivity data. This can be done
if the reflectivities are measured at two angles. In this case,
the required parameters # and  can be obtained by a solu-
tion of the transcendental equations:

R = (7)

*  (g= 2fcos ¢+ cost) (g + sin’ tan’s)
(g + 2f cos ¢ + cos2¢) (g + 2f sin ¢ tan ¢ - sin®¢ tan®p)’

bThese experiments will be presented in detail elsewhere by H. O,
McMahon and I. Simon.
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with
g= % [#? (1—«?) — sin®¢]
+5 VIR (T=) F sinfgTs + 4% (8)

2nik2

e (1—x2) — sin?¢] + VInZ (1—x%) — siPg]? I dnix?
and f = (9)

\/ %[nz(l — &) —sin?¢] + %v [WZ(1=%) —sin’g |2 4nie?

Clearly, a solution for n and «, given two reflectivities"at
two angles, is a considerably complicated problem. This has
been done in our computing laboratory, and a fundamental
table giving » and « in terms of two reflectivities has been
made. Given two reflectivity curves, at each wave length
one can enter the table by use of a collator and obtain the
refractive index and the absorption coefficient. When these
are plotted, it is seen that there is considerable difference
between the true vibrational characteristics of the crystal
and the observed reflectivities. Again, we note that the con-
version of the recorded spectra into the final significant
curves requires the reading of the signal at every point
along the curve. Clearly, the direct recording of the data as
digital numbers on cards, rather than as a graph, saves a
great deal of manual labor.

Card-Programmed Selective Sequence Calculations

The solution of the equations given above involves a
great number of operations and was only made possible by
certain developments in computing methods with IBM
equipment. Specifically, we have converted our 602-A cal-
culating punch into a card-programmed selective sequence
calculator. A single control panel is permanently wired.
One of twenty-four different operations can be called for
on this control panel by a lead card in which the required
operation is coded. Other instructions have to be given to
the machine, such as clearing counters and calling for a new
card. The code numbers are punched on a lead card. Several
successive operations can be calculated on each card by
having a sequence of codes punched on the lead card. At
the present time, we have only extended the calculations to
three successive operations. With this control panel, we
have found the 602-A more flexible than a desk calculator.
With the use of this card-programmed control panel, the
equations for the reflectivity are not formidable, and the
number of operations required to evaluate them can be car-
ried out in a reasonable time.
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Reading of the Data on Cards

The foregoing examples are typical of the processing of
experimental data by various theoretical and calibration
procedures in which the recorded data have to be read
point-by-point over a long strip. One spectrum alone may
require 2,000 points to be read off in a continuous curve.
Obviously, this is the bottleneck when a great deal of ex-
perimental data are accumulated. T'o overcome this problem
we have built an instrument, which instead of giving a
continuous record of a signal taken experimentally, con-
verts the signal into a number, which it punches in a card.
Thus, the data are recorded as digital numbers on cards as
well as on a continuous curve. Any processing of the data
can be done with standard IBM equipment. For certain
practical and theoretical reasons, the most efficient method
is to record a single number in a single column of a card.
To do this, the number has to be represented in a binary
system. Fundamentally, punched cards allow a representa-
tion of binary, rather than decimal numbers, for either there
is or is not a hole in a certain location, corresponding to
the digits 1 or 0, which is all that is required on the binary
scale. We have found that the most convenient method of
using standard IBM equipment is to indicate the binary
digits by punches down the rows so that each column rep-
resents a single reading of the instrument. A card then car-
ries 80 successive readings.

Our first application of this recording of an output of an
infrared spectrometer as digital numbers on cards for proc-
essing was a study of the noise of the instrument. This is a
very appropriate example, because the noise is essentially
discontinuous, and it is very difficult for a galvanometer
continuous recorder to give an accurate account of noise
arising in the detector. The digital reader does not suffer
from the discontinuity of the signal.

Contribution to Experimental Technique

Our study of noise was the autocorrelation function to
see if there are any fundamental periods which would be
due to pickup, rather than to Johnson noise from the
detector,

T

I(t—r) I(t)dt. (10)

#(r) = 37

—T

It is very easy to obtain autocorrelation functions on
punched card equipment once the data are read off point-
by-point as a digital number. One merely makes a new
deck of cards, collates it into the primary deck, and sums
all the cross products. The two decks are then separated, a
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card removed from the second deck, and the two collated
again. This is repeated, removing as many cards as re-
quired, the sums of the cross products forming the auto-
correlation function.

To carry out calculations of this sort, it is not necessary
to convert the binary numbers in the column of the card
into a decimal number. By means of digit selectors on the
602-A or the accounting machine, it is possible to read the
binary number directly into the counters of the machine
and carry out the multiplication on the decimal system. For
example, if the value of the signal were 3 (in the binary
notation 11), the cross product of 3 with itself would be
read into the machine as 11 X 11, giving 121 which is a
mixed binary in decimal code, indicating 4 + (2X2) +
1 = 9, the correct answer.

The digital reader has also been used to record the spec-
tra directly into cards. Autocorrelations of spectra have
been made in order to determine the characteristics of these
spectra for the design of filters; and cross-correlations of
spectra with noise have also been made for use with a more
advanced theory of filtering. Now that the data are in
digital form and- can be handled by automatic computing
equipment, a vast new field of processing data is available.
For instance, it is now possible to apply any filter charac-
teristics to the data without having to build special equip-
ment. For example, it might be found desirable to use a
square filter. The difficulty of building such a filter into the
recording apparatus is that there are invariably phase shifts
over such a filter which cause considerable unwanted oscil-
lations of the recording equipment. When the values of the
spectra are punched in cards, it is possible to process the
data through the accounting machine and apply a filter of
any characteristics without phase shift (or, strictly speak-
ing, with a constant phase shift which is the same for all
frequencies). In particular, a square filter would be obtained
by applying an equation like (6) with p(x) = sin x/x.
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We are at present developing the theory of time series to
the recording of infrared spectra and anticipate employing
various types of filters suitable for the spectrum in hand in
order to improve the filtering and, therefore, improve the
resolving power of the instrument.

Analysis of Infrared Spectra by Use of Punched Cards

It is quite clear when the experimental data are in
punched cards in digital form, a great many other treat-
ments of infrared spectra can be made. It is now possible
to compare spectra not only at peaks, which has been the
custom in the past, but in every wave length. One can also
analyze spectra of mixed components by subtracting the
desired amount of the spectrum of any one pure compound
from the observed spectra. This would leave a residue
which can then be studied for the presence of further
components.

Conclusion

The application of computing machines to infrared spec-
troscopy has been treated here very superficially, but it
should be clear that punched card machines are now part
of the scientific equipment of a research laboratory.
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Correlation and Regression Analysis
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IT IS MOST unusual for any variable to be of great
interest when considered by itself. Usually interrelation-
ships of different quantities are sought in an attempt to
explain what influence one might have on the other. The
simplest type of interrelationship which can be imagined is
one in which one quantity completely determines the other.
Perhaps one of the most common illustrations of this rela-
tionship is found in the arithmetic lesson of the grade school
student who finds out the cost of three pencils if one pencil
costs 5 cents. In a general formula form, if » is the number
of pencils and ¢ is the total cost, then the formula is
c=5n.

Mathematicians call this a functional relationship, and it is
said that ¢ is a function of # because when # is given, ¢ is
completely determined. No doubt you can think of many
others, especially in physics, because in this field many of
the laws are expressed as precise functional relationships.
It is for this reason that the use of statistics in physics is a
rather new development. It has come into prominence in
nuclear physics because of the possibility of electrons mov-
ing in a variety of directions. It is now popular for the
physicist to be interested in statistics. He must study some
of the phenomena which are not simple functional relation-
ships and which properly are described as falling in the
field of correlation theory.

Before attempting to define correlation, it might be well
to consider the other extreme. The functional relationship
is one of the boundaries of correlation, and this other ex-
treme to which I refer is the other boundary. It can be
illustrated by considering a somewhat senseless example.
There is no relationship between the population of a state
and the size of the shoe worn by the senator from that
state. These two items are totally unrelated and they would
be called uncorrelated. In the range from functional rela-
tionship to totally unrelated variables there is a broad field
which is included under the term correlation, although it
must be remembered that it is common to think of the
extremes as being special cases still within the frame-
work of correlation itself. If the age of a married man is
known, a reasonable estimate of the age of his wife can be
made—although in most cases, probably, it cannot be con-
firmed. This is due only to the reticence of most women to

X
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state their ages and not due to the lack of relationship be-
tween the ages of husbands and wives. Except for recently
notable examples which were in the newspapers, it is com-
mon for husbands and wives to have approximately the
same ages. It should be possible then to derive some for-
mula for making a good guess, a guess which is based on
the habits of the people and not purely on speculation.

This illustration is exceedingly simple because it involves
only two variables. This restriction is not necessary, and
indeed it must be removed if certain problems in industrial
statistics are to be solved. An excellent illustration of this
is found in the doctor’s thesis of one of my colleagues, in
which he made a study of the demand for copper and in
which an attempt was made to evaluate two methods of
finding a relationship. In his analysis he tried to estimate
the amount of copper delivered by looking at the undeflated
price, the private gross capital formation, the stocks of
copper at the beginning of the year, and the undeflated price
of the previous year. This is a more-practical problem and
gives us a better illustration of the types of relationships
which might be developed in actual practice. The important
point is that these variables, as listed, are not sufficient to
determine completely the deliveries of the copper, but they
are highly influential and will include most of the items
which combine to determine the actual deliveries which are
made.

In order to make these vague notions more precise, it is
necessary to consider a few mathematical manipulations.
It is best to consider first the simple case of only two vari-
ables, because the fundamental concept for handling more
variables is really no different from that involved in han-
dling only two. Naturally, a search for the relationship be-
tween two variables is started by looking at the values of
these variables which have been observed in the past as
occurring together. For example, find the ages of husbands
and wives for 100 married couples and try to make an esti-
mate of some formula from the data on the 100. Call the
two variables X and Y, and assume that N is the number
of pairs of values of these variables which are in the basic
data. Consider X as being given and try to find a formula
which would allow a prediction to be made of the most
probable ¥ to associate with that X. Unfortunately, this
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problem is very difficult if the formula is complicated. If,
however, a simple formula is assumed, as in the case of the
cost of the pencils, the problem is quite simple. Suppose
that the relationship is

Y =A4BX.

The best such formula will be found, and what is meant by
the word best should be defined. Obviously, it should be
concerned with the size of the errors involved. By errors
it is meant that, in an individual case, there is no guarantee
that the ¥ value, estimated from the known X, is exactly
correct. It is hoped that if there is an error in one case in
one direction it will probably be counterbalanced later with
an error in the other direction. This is not quite enough,
since it is not desirable to allow a large error to creep in
under the assumption that later there will be a large error
in the other direction. The desired condition can be imposed
by saying that the squares of the errors are to be small.
This will force all errors to be small and eliminate the
chance of counterbalancing large errors, one against the
other. This criterion is called the criterion of least squares.
If A and B are chosen by the principle of least squares, then
the resulting formula is the one which will be called best.
It might be well to keep in mind that if the relationship is
at all valid and that X does form a good basis for the pre-
diction of ¥ by a formula of this type, this method or any
other reliable method would give a close approximation to
the correct answer. The pairs of values by X’s and ¥’s can
be denoted with subscripts in the following way:

(X1, Y1), (X2, Y2), ..., (Xw, V) .

For each X there is a corresponding estimate of ¥, and
these X’s and their estimates give N more pairs of values
which will be written as:

(XI) El); (X2’ E2): ceey (XN; EN) .
The following formula is assumed:
Y =4+ BX.

An application of the least squares condition requires that
A and B be selected so that

i=N
Z (VimE))?
j==1

is less than it would be for any other values of 4 and B
which might be selected. Substituting the formula for the
E in this expression, it becomes

i=N

2 (Y; — [44BX;])2.

=1

Take the derivative first with respect to the coefficient A,
and secondly, with respect to the coefficient B, giving
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i=N i=N
- 22 (Vi—A—BX,) and — 22 X.(Vi—A—BX.) .
i=1 i=1

The minimum value is obtained by setting each of these
expressions equal to 0. If this is done and the summations
are separated to simplify the form, the following result is
obtained :

NA + B3X; = 3Y;,and

ASX; + BSX? = 3X,V,.

For convenience I have omitted the summation limits ¢=1,
i=N. Perhaps you remember your algebra sufficiently to
see that it would be a simple matter to solve the two equa-
tions for A and B with the result:

3V 3X2 - 3X3X,Y;
N2X?% — (3X:)% 7

N3X.,Y, — 3X,;3Y,
N3X2 — (3X,)?

A=

B =

At this point, as is often the case in mathematical deriva-
tions, it can be seen that it would be much easier if the sum
of the X’s and the sum of the ¥’s in these two expressions
were each 0, for then 4 and B would have many fewer
terms. Since the sum of the deviations of a variable about
its mean is 0, this situation could have been obtained if the
mean of X had been subtracted from each of the X values
and the mean of ¥ from each of the ¥ values at the start.
Denote these means by X and ¥, respectively, and let
#i=X;—X and y; =V, — Y forallis.
Then 3x,; and 3y; would each equal 0. Furthermore, all of
the steps above would be the same, but with small letters
replacing capitals. The answers would have appeared in the
simple form

Exiyi .

a=0, b= S0

this assumes that the original equation would have been
written

y=a+4 bxr.
The best estimating equation would be
. Exiyi
= —2«‘6% x

This is not a commonly used form. It shall be changed to
the more usual one, and I will explain the advantages by
the later discussion. This common form makes use of three
constants: the two standard deviations ¢, and o, and the
correlation coefficient r,, which can be defined as:

32 Sy? Sxy
= NF o vENE T N,
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These can be introduced by the following manipulation:

312 = No2 and 3Sxy; = Noyoyray -
Therefore 2eys _ Nowoyray _ oyfay
342 7 No2 )
i Oy Og

Substituting in the equation, we have

y = 9ylay

Oy
Of course, this equation can be expressed in terms of the
original X and ¥ values by writing

V- 7= —(W—’”(X—)_(),or

Oy

V=202 (X -X) 4+ 7.

Oz

It was noted above that the errors in the estimates should
be small. The size of these errors can be determined by
calculating the standard deviation of the difference ¥ — E.
Denote this difference by d.

Thend:Y—E:Y—l:l?/’_W(X_)_()_’_y‘]
Oy

=V VDo (X _X) =y e,

Ty Iz

For convenience I shall omit summation subscripts, 4, in
the future.

1 1 2 1 - 2
”3=N2d2"<ﬁzd)zﬁz(y—“’:;"x>
_1 _ 9y :

N2<2[y Oy x])

2 Oy ay Ui"z?/ 5

= 3 (v - 22y 4

X
oz oz
1 Oyl ey 2
N (Ey . Sz

=l2y2__20'1/7m/ 2xy+ Uwrwy Sa? )
N o N o N
2,2
oy oy Nogoyr oyt
= o2 — 2 Doy N2 ey 4 NToy a
Oz Oz

2, 2 2 2
oy — 20470y + oytay

2 2,2
= Oy —0yVay

=2 (1—r2).

The standard deviation of these differences is called the
standard error of estimate and is usually denoted by S,.
The formula for S, shows that the constant 7,, is never
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numerically larger than 1, since the quantity calculated is
non-negative. The standard error of estimate is O only in
case the 7,, is equal to plus or minus 1. Before leaving this
subject to discuss the more complicated cases, it is well to
find an answer to the question, “What is the variability
present in the estimates, E, themselves?”’ This can be found
by calculating the standard deviation of these E values. The
mean of the E’s, E, is:

=
f

s| 2o x-%) 47 |

Wy (X —X) +%N7
a,

&

N = 2

Then the variance of the E’s, o2, is:

1 7= 1 oyY — = — 2.
of = 5 3(E-E)? = Nz[z—w” (X-X) 47~ Y]

2 2
sy

g, 1,7’4;”

22

@

2 2
Gyfay o
Oy
2.9
= oty -
This says that g = oy#sy .

The standard deviation of the E’s, the standard error of
estimate and the standard deviation of the original ¥ values
are all related by an interesting formula which can most
easily be expressed in terms of the squares of these various
standard deviations. Reference to the formulas just derived
immediately shows that

2
Sy = O'y R,
which is more usually written
o = Si+ oh.

This is the first time the statistics student encounters this
formula, which is later termed the analysis of wariance;
the square of the standard deviation is frequently termed
variance. In this case the variance of the original ¥ values
is broken into two parts, one of which refers to the vari-
ability in the deviations between the estimates and the ac-
tual values, S2, and the other which refers to the deviations
in the estimates themselves, o3. It is common to speak of
the latter as that amount of variability in the ¥ variable,
which is explained by the variable X. The former is that
portion of the variability of ¥ which is unexplained. It is
clear that if S2is large and o} is small, the variability in ¥
is not particularly associated with the variability in X. On
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the other hand, if S} is small and ¢ is large, then a great
deal of the variability in ¥ can be explained in terms of the
independent variable X. The extreme case is that in which
one of these two is 0. For example, if SZ is 0, then all the
deviations are 0 and every estimate is perfect. This situa-
tion occurs in examples such as the one involving the cost
of the pencils. On the other hand, if o2 is 0, then none of
the variability is explained in terms of X, and the situa-
tion is of the type illustrated by the population of the
state and the size of the shoe of the senator. Usually the
intermediate situation arises and the attempt to explain ¥
in terms of X is partly successful.

It might be well to consider a numerical example
(Table I). For convenience, 1 have chosen one-digit val-
ues for X and ¥, and I have assumed N to be 10 so that
the division is easy. The arithmetic of the calculation is
carried out in terms of the original variables, as well as
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in terms of the small letters which denote deviations from
the mean. By the proper choice of values it was possible
to obtain means which were whole numbers. This simpli-
fied the arithmetic considerably. In this instance r,, was
calculated to be .867, indicative of a relatively high degree
of association between X and Y.

It is not the purpose of this paper to discuss significance
tests. It is easily seen that the importance of a result of
this type is dependent on the number of pairs of values on
which the calculations have been based.

A very illuminating approach to the subject of correla-
tion can be obtained by an examination of the relationship
between the observed values of the dependent variable, ¥,
and the estimate of this variable, E. The correlation be-
tween these two variables is exactly the same as the cor-
relation between X and V. This can be easily established
if the small letters are used instead of the big letters. F

TaBLE I
ExampLE oF SiMpPLE CORRELATION*
X Y X vy XY x y 4% 42 xy E YE E?
9 8 81 64 72 4 4 16 16 16 7.125 57. 50.765625
9 6 81 36 54 4 2 16 4 8 7.125 42.75 50.765625
7 5 49 25 35 2 1 4 1 2 5.5625 27.8125 30.94140625
6 7 36 49 42 1 3 1 9 3 4.78125 33.46875 22.8603515625
5 3 25 9 15 0 —1 0 1 0 4., 12. 16.
4 2 16 4 8 —1 —2 1 4 2 3.21875 6.4375 10.3603515625
3 2 9 4 6 —2 —2 4 4 4 2.4375 4.875 5.94140625
3 4 9 16 12 —2 0 4 0 0 24375 9.75 5.94140625
2 2 4 4 4 —3 —2 9 4 6 1.65625 3.3125 2.7431640625
2 1 4 1 2 —3 —3 9 9 9 1.65625 1.65625 2.7431640625
S 50 40 34 22 2% 0 0 64 52 50 40 199.0625  199.0625
*There is no rounding in the tabular values.
X=35 V=4 N=10
2 _ 2
o2 = Ez)vi X2 =314—25=64= % 0y = 2.5208
2 2
af,:g—y———y2=21.2—16:5.2:% o, = 2.2804
, _3XY X3V 250-5(40) 50 _ oo Say
W= T Newoy - 10(2.5298) (2.2804) ~ 5769 ~ % = Nowe,
Normal Equations: NA -+ B3X = 3V 104 + 50B = 40
ASX + B3X?2 = 3XY 504 + 314B = 250
Solution ¥ = 0.09375 4 0.78125X
ok = 19—9%635 — 16 = 3.90625 op = 1.9764
S SYE — VSE _199.0625 — 4(40) _ 3.90625 0867 — 7
B = T Nopoy | 10(1.9764) (2.2804) _ 4.5070 — 00/ = Tav:
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shall not bother to prove the following statement, but it is
true that if each of the values of one of the variables in a
correlation is multiplied by any constant other than 0, or
if any constant is added to each of the values, or if both
of these things are done, the correlation coefficient itself
is unchanged. Since the difference between x and X is
merely that X minus its mean is #, this will not change
the correlation.- A similar statement can be made with
respect to V. The truth of the above assertion about the
correlation of ¥V with its estimate can now be established
by calculating

Sye

rﬂE:rﬂe:NO‘O’ ]
yOe

remembering the relationship between the estimate and «.
This formula can be expressed in terms of x by substi-
tuting
= T2y .
Og

in the formula. This gives

1 sy Tayoy . ,

Tye = =5
Noyo, oy
which can be reduced to

Sxy

Tve = myNo-o- ’
@0¢

The only unknown term in this expression is the standard
deviation of the estimated values which can be easily cal-
culated as:

2 2
1 PR

— = ,
N ol

2
e =

a

which reduces to

2 2
0_2 _ Tgyoy Sa2
2 il
o2 N

l

or
2

O = 7’%1,05 .

If the above relation is substituted in the original expres-
sion for the correlation, and is simplified by the following
steps, the result is apparent:

3xy 3xy

Tye = Tgy = = Vuy .
Noyruyoy Nogoy v

This formula states that the degree of agreement between
# and y, as measured by correlation, is the same as the
agreement between y and its estimate, when this estimate
is based on « by the assumed formula. It is this approach
which will be found most useful in the subject of multiple
correlation to be discussed later.

There are other properties of simple correlation which
might be of considerable interest. One of these important
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properties is the fact that if y is estimated from x and then
an attempt is made to estimate x from v, the two formulas
are not identical. By this I mean that the equation

Y =4+ BX

could not be solved for X to obtain the best estimating
equation for guessing at an X which is associated with a
given Y. Therefore, there are actually two equations: one
minimizes the squares of the errors in one direction, and
the other minimizes the squares of the errors in the
other direction. These two equations will be the same
only in case r is equal to plus or minus 1. Geometrically,
the graphs of these two equations are straight lines, called
the regression lines. They intersect at a point whose X
value is the mean of the X’s and whose YV value is the
mean of the ¥’s. In the case of perfect correlation, r is
numerically equal to 1; the two lines coincide, and all
points lie exactly on the lines. In case of no correlation,
the lines are perpendicular—one horizontal and the other
vertical.

I have spent a great deal of time considering the simple
case involving two variables, because it is by analogy that
this can be extended to multiple correlation in which any
number of variables are being considered. It is conven-
ient to think in geometric terms. The simple two-variable
case, geometrically, is the problem of fitting a straight
line to a set of points, which will all lie on the same
straight line if #,, is equal to either plus or minus 1, and
which will scatter widely about the line if 7,, is close to 0.
The d values are the vertical distances from the points
on the line to the observed values of ¥, and the E values,
or the estimates of ¥, are the distances from the hori-
zontal base line to the point on the line.

If there are three variables, the geometric analogy is quite
simple because it can still be thought of in terms of pictures
which can be drawn. Unfortunately, it is difficult to visual-
ize more than three dimensions, but the geometers who dis-
cuss these subjects carry over the language of solid geom-
etry into higher dimensions by speaking of hyperplanes
instead of planes. For convenience the three-dimensional
terminology will be used. The formula requires the estimate
of one variable in terms of two others. It shall be assumed
to be a first-degree expression similar to the above for two
dimensions, such as

Z=A+BX+ (Y.

Now Z is estimated from X and Y; before ¥ was estimated
from X. Geometrically, this represents a plane in three di-
mensions. Values of d and E may be discussed just as be-
fore. The E value is the value of Z obtained by substituting
a given pair of X and ¥ values in the right-hand side of the
equation. It is a vertical distance from the base plane to the
approximating plane. The d value is the vertical distance
from this point on the estimating plane to the actual ob-
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served point. The only difference in the formulas between
this and the previous case is that of the estimating equation,
Z=A+4+BX+CY.
The formula for d is identically the same,
d=7Z—-E,

with, of course, the substitution of Z in place of ¥ as the
estimated variable. Of course, the formulas for 4, B and C
will be derived by a slightly more complicated process, since
there are more letters involved; therefore, there will be
more equations. The criterion of least squares still gives the
methods necessary to obtain these answers through the
media of calculus and algebra.

For the present those equations will not be discussed, and
the correlation coefficient itself will be considered more di-
rectly. Assume that an analogous standard error of estimate
could be calculated. If the formula were completely worked
out for the coefficients 4, B and C, the given values of X
and Y could be substituted and the estimates, E, calculated.
Then each E could be subtracted from its corresponding Z
and the values of the d’s found. Then the calculation of the
standard deviation of these d values would give the standard
error of estimate. The important point is that the standard
error of estimate does not involve any complication due to
the existence of the two variables X and Y on the right side
of the equation. It is still merely the standard deviation of
a set of d’s. Now this standard error of estimate could be
assumed to be of a similar form:

SZ2=02 (1—R24) .

This R? plays exactly the same role as 7 did in the previous
case. I assume it is clear that I was forced to use z in the
subscript in place of y as I did before, because z is now the
variable being estimated. However, in the other instance I
put two subscripts on the 7. There is an interesting point in
reference to the 7, as well as a new one about R. Reference
to the formula for » will disclose the fact that it is symmetri-
cal with respect to X and V. If every X were replaced by a
Y and every ¥ were replaced by X in the formula for 7, the
answer would be unchanged. It has not been established,
but it is a fact that with the three variables this symmetry
is not maintained. We must differentiate in our minds be-
tween the variable which is being estimated and the vari-
ables on which the estimate is based. For this reason it is
common to use a notation as follows:

Rz.xy -
You might naturally guess that the X and ¥ can be inter-
changed in this formula without changing the value of the
answer. However, you could not interchange the X and Z
or the ¥ and Z without changing the value.

The notion of multiple correlation, as incompletely de-
scribed above, is the first and simplest of the extensions of
the simple case. It is a measure of the association between
a given variable Z and its estimate based on two other vari-
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ables X and Y. The inherent relationship between Z and X,
also, might be desired, for example, if the effects of ¥ on
each of the variables X and Z were removed. Stated in a
more direct form it is: calculate the amount of X that can-
not be explained in terms of ¥ and calculate the amount of
Z that cannot be explained in terms of ¥. Then the rela-
tionship between these two amounts is the relationship
measured by means of a partial correlation coefficient. In
another form, it is asked, how much of the variability in Z,
which cannot be explained in terms of ¥, can be explained
in terms of that part of variability in X, which also cannot
be explained in terms of ¥ ? When stated in this form, the
formula and the arithmetic are almost obvious. What must
be done is to find the differences between the values of Z
and the estimated value of Z, if this estimate is based only
on Y. The same must be done for X; namely, find the dif-
ference in the actual value of X and the value that would be
obtained by estimating X from Y alone.

These two calculations will result in two variables which
can be thought of in exactly the same way as X and V¥ in
the case of simple correlation. The resulting correlation co-
efficient is called the partial correlation between X and Z
with the effect of ¥ eliminated or with ¥ being held con-
stant. The latter description is probably the least desirable
of the two.

Now return to the problem of finding the estimating for-
mula for a case with more than two variables. For conven-
ience the formula

Z=A+BX+4CY
referred to before, will be used. The extension to more
variables will be very easy if this case is thoroughly under-
stood. First express the deviations between the estimated
values of Z and the observed values. Then square these de-
viations, add them all and then choose the numerical values
of A, B and C so that this sum of squares of deviations is
less than it would be for any other selection of the constants
A, B and C. The expression for this sum of squares is
3[Z — (A+BX+CY)]2

At this point, again, calculus must be used to obtain the
resulting equations. The steps involved are merely partial
differentiation with respect to the three coefficients 4, B
and C. These partial derivatives are as follows:

- 23 [Z - (A+BX+CY)]
—23X[Z — (A+BX+CY)]
—23Y[Z — (A+BX+CY)].
The minimum sum of squares is obtained when these deriv-

atives are set equal to 0 and the resulting equations solved
for the unknown coefficients A, B and C.

NA+ BsSX + C3Y = 3Z
ASX + B3X? 4+ C3XY = 3XZ
ASY + B3XY 4 (C3Y? = 3YZ.
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We shall consider the formal solution a little later. Now I
would like to point out the general formation of these equa-
tions. Note that the first equation contains all the terms in
the original predicting equation with a few summation signs
and a coefficient N. The second equation is similar to the
first one, except that each term involves an extra X, and the
N does not appear. The third equation is similar to the
second, except that it has an extra ¥ in each term instead
of an extra X. If there were more than three variables, there
would be more than three equations. The number of equa-
tions is always equal to the number of variables. The addi-
tional equations in the case of additional variables are
formed like the last two mentioned above, in which an
extra letter appears in each term. This means that there are,
essentially, a set of equations with coefficients, which in-
volve cross products of different variables and squares of
variables all added together with some simple additions of
the variables themselves. These simple additions always
occur in the first equation and the first terms of the others.
Again, notice that the whole set could have been materially
simplified if #’s, y’s and 2’s had been selected instead of
X’s, ¥’s and Z’s. This modification would have eliminated
the first equation because all the terms except N4 would
have been 0. Thus, if the small letters are used, indicating
deviations from the mean, for each variable, there would be
only two equations when there are three variables. In gen-
eral, the number of equations will be the same as the num-
ber of dependent variables on which the prediction is based.
In the present example this is two, # and y. There would be
also only two unknowns, b and ¢ (a would be zero). Notice
that in terms of the little letters the equations are

b3a? + 3wy = 3wz
b3xy + c3y? = Zyz,

and involve only sums of squares and sums of cross prod-
ucts. These sums contain deviations from the mean, and
hence are numerators in the formulas for correlation coeffi-
cients and variances, the square of the standard deviation.
For example, Sxy is the numerator in the formula for cor-
relation coefficient

Sxy

Nayay

Yoy =

For completeness, I shall also write the formula for ¢2,

In this formula the numerator occurs as one of the coeffi-
cients in the two equations. It is, therefore, possible to ex-
press all of the coefficients in these equations directly in
terms of correlation coefficients and variances. The result
of this method of expressing it is to obtain an array of co-
efficients in which the variances occur in somewhat of a
diagonal position, while the correlation coefficients them-
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selves would enter in the positions off the diagonal. This
can be done in the following way:

3wk, 4 3ry _ 34E
Nt NN
Jwy, 2y 3y
N b+ A A

af,b + Toy0a0yC = Vo040,
rwyo'wo'yb —I— O%C = ¥y0y0z -

This array of coefficients, when placed within the proper
symbol bars, is called the variance-covariance matrix. The
detail of the numerical solution of these equations will be
discussed in another paper; so I shall not discuss that sec-
tion of the theory, but say merely that the symmetry of the
system of coefficients is the foundation for the development
of a very simple solution routine, which is commonly known
as the Doolittle method. The details of this method are un-
important for the discussion, because what is of interest
here is the form of the relationship which does exist.

Indeed, further amplification of the theory of the normal
equations needed to obtain the coefficients in the predicting
equation is unnecessary, since the concept of multiple re-
gression itself was attained without any necessity for finding
the exact method by which the coefficients could be deter-
mined. This point is particularly important if you are in-
terested in the subject of graphic multiple correlation
methods or in the subject of curvilinear correlation. The
concept of the correlation coefficient as a portion of the
formula for the standard error of estimate easily suggests a
method for doing correlations graphically. An approximat-
ing curve, not necessarily a line, can be drawn from an as-
sumed equation or by a freehand fit to a given set of data.
The deviations from this curve can be measured directly
from the graph. The variance of these deviations will then
be directly analogous to the standard error of estimate.
The standard error of estimate can then be solved for the
curvilinear correlation by means of the formula

rP=1-=.
g

In this case 72 and s* have meanings a little different from
those in the straight line case. They are now measured from
a curve,

Regression in Terms of Independent Variables
Consider a set of variables denoted by
Xl, X2, Xg, and X4 .

For convenience the discussion will be restricted to the
case of four variables; the extension to more is obvious. Let
their deviations from their means be

X1, ¥, X3, and g .
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Let x; be the dependent variable and consider the linear
estimate of x; from x, alone by the least squares method.
This can be written

X1 = C12 X2 .

The estimate of x; from x; is, in general, less reliable than
the estimate from x, and xs. Since xp and x3 are usually
correlated, use of only that portion of 43 not included by
previously using x2 could be considered. This can be done
by including, as an additional variable, the difference be-
tween x3 and its estimate based on xs. Denote this by #3,.

The estimate is assumed to be the linear least square esti- -

mate. Then the estimating equation for #; would be
X1 = C12 %42 + C132 %32 .

This could be extended to include x4 in a similar manner,
namely, by adding that portion of x4 not included in x»
and x3 as estimated by a linear least square estimate. De-
note this by x4 23. Then the estimating equation would be

X1 = €12 %2 + C13.2 ¥3.2 + C14.23 Y423 .

This equation yields a set of normal equations with a single
unknown in each equation. The variables on the right are
orthogonal polynomials involving the original variables
%2, #3 and x,. The predictions resulting from this method
are identical with those obtained from the usual regression
method. Indeed, this procedure is the basis for an obvious
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method of graphic multiple correlation. It is of little value
as a numerical tool because of the heavy arithmetic. It
should be noted that the addition of other variables leaves
previously calculated coefficients unchanged.

DISCUSSION

Mr. Bejareno: Could you give me a reference on correla-
tion based on curve fitting which would be applicable to
engineers’ problems where they vary from a straight line,
and it is apparent that there is a curve of some sort. The
book known to me is Graphical and Mechanical Computa-
tion by Joseph Lipka (New York: John Wiley, 1918).

Dr. Sherman: In connection with curve fitting, I have a
few remarks. One problem which comes up in engineering
is that if you clock your data and try to fit it by means of a
polynomial, there are cases in which the polynomial carried
to rather a high degree is not a satisfactory fit, simply be-
cause the data may, for example, fit a hyperbola. There is a
good section in William Edmund Milne, Numerical Cal-
culus (Princeton University Press, 1950) on this point.
Another book which I have found useful in curve fitting is
Deming’s book, Adjustment of Experimental Data. General
problems of curve fitting in which the variables x and y may
be subject to error are answered, and good examples are
given.



Pile-Driving Impact

EDWARD A.

SMITH

Raymond Concrete Pile Company

THIS CALCULATION, performed in the IBM
Technical Computing Bureau, provided a complete numeri-
cal analysis of the behavior of a pile when struck by a pile-
driving hammer. The results indicated what stresses
occurred within the pile and capblock, as well as the pene-
tration of the pile into the earth. This is an example of the
replacement of costly experimentation by economical cal-
culation.

Previously, using only key-driven calculators, it has
been possible to study only partially a few isolated cases of
the behavior of a pile under an impact. This was due to the
high cost in time and money associated with each case
studied. By employing the high speed and accuracy of IBM
electronic calculating machines to perform this repeated
formula evaluation, it is possible to study the behavior of
numerous pile types. The cost of each case studied thereby
will be substantially reduced.

When piles are driven as a foundation for a building or
other structure, the load that they will carry safely usually
is determined by measuring the penetration under the last
blow of the hammer and substituting this figure in a for-
mula. Many different formulas are in use, and they vary
widely in the answers they give. This calculation provides
a means of mathematically testing the accuracy of these
formulas when applied to various types of piles and various
ground conditions. ,

Furthermore, when the engineer has been asked what
stresses the pile or the pile-driving equipment should be
designed to withstand, he has often been at a loss for
an answer. He has known only that certain practices and
equipment have proved successful in the past. To do some-
thing new has meant proceeding by the often costly process
of trial and error.

Because a pile is an object of considerable length, pile
driving is a problem in longitudinal wave transmission and
impact, the basic principles of which were first investigated
100 years ago by the French mathematicians, Saint Venant
and Boussinesq. These principles have been ably set forth
by L. H. Donnell in ASME Transactions APM-52-14.
However, the problem is a very complicated one. The
method of solution offered herein is based on approximate
integration using a step-by-step calculation, and is of gen-

ot
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eral interest because it can be applied to other impact prob-
lems. The calculation can be done by hand with a slide rule
or desk calculating machine; however, modern electronic
digital calculating machines are especially well adapted to
make the calculation quickly and easily.

General Case—Basic Theory

For purposes of analysis, the hammer, pile, etc., will be
represented by a series of concentrated weights separated
by weightless springs. Subscripts m—1, m, m-1, etc., will
be used to denote order of position, and superscripts n—1,
n, n-+1, etc., will be used to denote order of time.

Referring to Figure 1, let W1, W, and W, 1 repre-
sent successive weights, and Sp—1, Sm and Sy 1 the springs
underneath the respective weights. Let the initial positions

o
"f Fm—l Rm-l
'm Sm-—l
e QE -
e
o T
_ F, S R,
Oml -; "
—t 1 — ]
al i
=i v
o>
Fm+l <:> Rm+1
m + 1
| etc.
Ficurg 1
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of weights W, etc., at the beginning of impact be indicated
by Ou, etc., and the initial lengths of the springs, by L9, etc.
Also, let

D,,, etc. = instantaneous displacements (inches).
Lm, etc. = instantaneous lengths (feet).
Cm,etc. = 12[{L%—Ly] = Dy — Dpyy = instantaneous

amount of spring compression (inches).

Ko, etc. = elastic constants for springs S, etc. = force re-
quired to produce 1” of compression Cp, etc.
(pounds per inch).

F,, etc. = instantaneous forces (pounds) resulting from
Cm, etc.

Vm, etc. = instantaneous velocities of W, etc. (fps).

Ry, etc. = external forces, such as ground resistance, af-
fecting the motion of ¥, etc. (pounds).

Zn, etc. = instantaneous net force acting on W, etc. =
Fm_1 — Fy — Ry, etc. (pounds).
t = time (seconds).

Also, let superscripts n—1, #, n+1, etc., denote successive
time intervals Af, so small that with negligible error it may
be assumed that all forces and velocities remain constant
during each time interval. Then, if by previous calculation
or otherwise, the values of ¥ and D are known for some
particular time interval n — 1, all values for C, F, Z, V and D
for the next time interval can be calculated as follows:

Let I’%-1 and D71, etc., represent definite known values
for time interval n—1, and let C},, F7, etc., represent defi-
nite values to be calculated for time interval #. Then the
following general formulas apply:

Cn =Dyt — Dr7y (1)
Fr = K,C: (2)
Zy=Fm_1— Fp —R. (3)

vi= vt arh = v (B 2 (g
W
Dy = Dt 4+ ADg = D=t 4 (12A8) V2 (5)

AV above is evaluated by using the standard formula for
change of velocity

Force X Time g Ft
Mass T W

where ¥ is the weight, and g is the acceleration of gravity.
AD above is evaluated by the formula for distance traveled
s = ot with the coefficient 12 introduced to convert to
inches.

(v1—v2) =

Careful consideration of the above formulas will disclose
that the force at the beginning of an interval is used to cal-
culate the velocity at the end of the interval, and then this
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end velocity is used to calculate the distance traveled dur-
ing the same interval; therefore, the forces, velocities, and
displacements used are slightly out of step with one an-
other, depending on the size of the time interval.

These five formulas are used repeatedly until the calcu-
lation has been carried as far as necessary. They apply
whether or not the successive weights, elastic constants,
and external forces are equal or unequal. Furthermore, the
values of K, R, and A¢ may be changed from interval to
interval according to any definite formula, or suddenly as
required. Sudden changes are required, for instance, when
the stress in a material reaches the yield point, when a
weight loses contact with a spring designed only for com-
pression, when a coefficient of restitution is introduced, or
when a ground resistance force must be made negative so
as to resist temporary upward movements. Such conditions
are called boundary conditions. Some of the more compli-
cated digital calculators can take care of these boundary
conditions automatically.

Choice of Lengths L, and Time Intervals At

It should be borne in mind that formulas (1) to (5) in-
volve the use of small but finite increments, not infinitesi-
mals. The lengths I, and the time intervals At must, there-
fore, be chosen small enough to suit each particular type of
problem. For each new type of problem halving or quarter-
ing the size of the units and recalculating part of the prob-
lem must be tried until it is found that the use of smaller
units makes a negligible difference in the peak stresses that
occur soon after impact. The time interval can be changed
while a calculation is in progress by inserting a new value
for At in formulas (4) and (5), although this change is
subject to the limitation pointed out in Step 2 below.

Hlustrative Problem

A pile of non-uniform section as shown in Figure 2 is to
be driven through water or very soft mud to a hard layer
of ground which is capable of resisting a maximum force of
600,000 pounds under the pile point. If the point of the pile
starts to move upward momentarily, a negative frictional
force of 100,000 pounds must be assumed, acting to hold
the point down. No other side frictional forces are to be
considered. The calculation is made to determine the final
penetration per blow at which the assumed point resistance
of 600,000 pounds will be developed.

Side friction along the pile has been omitted from this
problem so as to allow the stress wave to travel with the
known speed of stress (or sound) in the pile material and
thus provide one way of checking the calculation. The
method would apply equally well no matter what values
were assigned to side friction.



46

Step 1. Decide on the time interval A¢. From previous
experience a time interval of 1/4000 second has been chosen
as being small enough to give accuracy within about 5%.

Step 2. Decide on lengths L. These must be at least as
great as the distance stress will travel in the chosen time
interval At; otherwise the stress wave will run ahead of the
calculation, and the results will be meaningless. It is recom-
mended that L, be made equal to twice the distance that
stress would travel in the chosen time interval. The upper
part of this pile is entirely of steel, and the known speed of
stress in steel is 16,800 fps; therefore, the recommended
length for L is (16,800 X 2) < 4000 = 8.4 feet. The pile
length, plus a little added for the follower, happens to bea
multiple of this figure; therefore, 8.4 feet can be used
throughout. If an odd length were required, it would be in-
serted at the point of the pile.

Step 3. Prepare a diagram as per Figure 3 showing how
the ram, capblock, follower, and pile are to be represented

FTTTTN
L——

3'-6” Gravity Drop

N

b~

. Steel Ram—7500#

‘Wood Capblock
— ~—Steel Follower 1120#

16” O.D. Steel Pipe
%" Wall 100 ft. long

16” O.D.
: O
A

SECTION A-A

"1

Concrete Encasement
22 ft. Long

8-7%" Round
Reinforcing
Rods

r-_-_-_--_--
(A

®

-
B

SECTION B-B

FiGuRre 2

INDUSTRIAL COMPUTATION

for purposes of calculation. The individual weights #,,
etc., are calculated so as to give a weight distribution
closely equivalent to that of Figure 2.

Step 4. Prepare a tabulation of all constants required for
formulas (1) to (5) as per Figure 4. This is readily done
by considering the-weight, cross-section, and modulus of
elasticity of each portion of Figure 2 equivalent to a single
spring or weight in Figure 3. The elastic constant K; for

* the wooden capblock must be determined by experiment or

must be assumed. For this problem, a value of 6,400,000
pounds per inch has been assumed, which represents a
rather stiff capblock, perfectly elastic.

Step 5. If the work is to be done by hand, it is con-
veniently tabulated as shown in Figure 5, which covers
only the first three time intervals. In order to start the
calculation, it is necessary to have a value for V and a
value for D in the first time interval. The value of V,
representing the velocity of the ram at the beginning of

W, = 7500# = Ram

W, = 1468# = Follower + Weight
of 4.2 ft. of Pile

W, = 695#

W, = 6954

W, = 6954 = Weight of 8.4
ft. of Pile

100.8 ft.

W, = 695¢

W, = 6954

W, = 695¢

W 9 = 695#

Wi, = 695¢

12 equal Spaces L @ 8.4 ft.

W“ = 1160#

Wi = 20404

W, = 3116# = Weight of 8.4 ft.
of Pipe and Concrete

W, = 1558#

FI1GURE 3



(At = 1/4000 Second)

Subscript 32.17 At
“m,,p W K R - 12 At
1 75004 6,400,0004 0 1/932,500 0.003
2 1468 7,206,000 0 1/182,500 0.003
3 695 7,206,000 0 1/86,500 0.003
4 695 7,206,000 0 1/86,500 0.003
5 695 7,206,000 0 1/86,500 0.003
6 695 7,206,000 0 1/86,500 0.003
7 695 7,206,000 0 1/86,500 0.003
8 695 7,206,000 0 1/86,500 0.003
9 695 7,206,000 0 1/86,500 0.003
10 695 7,206,000 0 1/86,500 0.003
11 1160 14,900,000 0 1/145,000 0.003
12 2940 19,600,000 0 1/366,000 0.003
13 3116 19,600,000 0 1/388,000 0.003
14 1558 See Note 1/194,000 0.003

NoTE: R, assumed =F,; until F,, reaches 600,0004. Thereafter R,.;=600,000# if
W .. is moving down and —100,000# if W ., is moving up.

Ficure 4
) Ci F, A Vi D,
Zﬁ
Dy=1— D=1 | 6,400,000CYT ng yr-t 4 9—3—2’—1503- Dy=* 4 .00377

Inches Pounds Pounds F't. per Sec. Inches
1 0 0 0 14.2500 04275
/— 2934 P 04187
2 04275 273,600 — 273,600 13.9566 — 08462
08462 —~.5499 .04022
00449 / Pt
3 08013 512,783 512,783 13.4067/ 12484

n C 2 F 2 Z 2 V2 D 2

Zn
Dr—1—Dz—-1 | 7,206,000C? ’F{' — F? V14 W D=1 4+ 00378
Inches Pounds ~ Pounds Ft. per Sec. Inches
1 0 0 0 0 0
2 0 0 273,600 1.4992 00449
512,783 2.6322 01240
32400 | .

3 .00449 32,409 480,374 4.1314 / .01689

NorE: Line 3 is not complete because the Force F§ = 32,409 can be used to calculate values

for Z§, V3§ and D3 which are not shown. Velocity of Ram at Impact = 14.250 fps.

FIGURE 5
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the impact, must be calculated by considering the dis-
tance it falls and allowing for hammer efficiency. For this
problem, efficiency was assumed to be 90%, which gave
a velocity of 14.25 fps to be used in starting the step-by-
step calculation. The numerical value of the displacement
D in the first time interval is obtained from the assump-
tion that the ram continues to move with undiminished
velocity through the first 1/4000 second after the impact.
For an impact velocity of 14.25 fps this gives a displace-
ment in the first time interval of 0.04275 inches. This
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displacement then is used to calculate force F; for the
second time interval, and so on. As the stress wave
travels down the pile, additional columns are needed in
groups of five, all headed by the basic formulas (1) to
(5) using constants taken from Figure 4.

If the work is done by an electronic digital calculator,
the results will be tabulated by the machine as shown in
Figure 6. This is a condensed tabulation which shows
time intervals 1 to 5 and some of the later time intervals.
For the later time intervals, only the data for the top

Time Forces Forces Velocities Displacements
Interval Subscript “F” “R” “y “D”
“n” “m” pounds pounds fps inches
1 1 0 0 14.2500 0.04275
2 1 273,600 0 13.9566 0.08462
2 0 0 1.4992 0.00450
3 1 512,783 0 13.4067 0.12484
2 32,409 0 4.1314 0.01689
3 0 0 3747 0.00112
4 1 690,869 0 12.6658 0.16284
2 113,621 0 7.2944 0.03877
3 8,100 0 1.5946 0.00591
4 0 0 .0937 0.00028
5 1 794,001 0 11.8144 0.19828
2 236,839 0 10.3473 0.06982
3 40,547 0 3.8638 0.01750
4 2,024 0 .5390 0.00190
5 0 0 0234 0.00007
20 1 238,945 0 5.7933 0.54314
2 223,200 0 5.2403 0.50414
13 522 0 0.0199 0.00009
14 0 522 0 0
28 1 166,719 0 3.9070 0.65498
2 221,163 0 4.6805 0.63125
13 366,135 0 3.5019 0.02919
14 0 366,135 0 0
30 1 139,864 0 3.5942 0.6770
2 195,695 0 4.0635 0.6566
13 834,305 0 5.1612 0.0581
R 0 600,000 1.2734 0.0038
46 1 465,569 0 0.3514 0.78710
2 539,162 0 3.7305 0.70211
13 424,886 0 3.8138 0.26202
14 0 600,000 0.0933 0.22918
56 1 182,869 0 -5.0749 0.69620
2 365,779 0 -0.6060 0.68104
13 334,104 0 0.4408 0.30442
14 0 600,000 -0.9241 0.28328
57 1 97,066 0 -5.1790 0.68067
2 280,059 0 —-1.6087 0.67621
13 414,362 0 -0.2967 0.30353
14 0 -100,000 1.8713 0.28890
58 1 28,516 0 -5.2096 0.66504
2 157,825 0 -2.3172 0.66926
13 286,881 0 -0.5238 0.30196
14 0 600,000 0.1696 0.28940
59 1 -27,017 0 -7.4977 0.64254
2 . 15,191 0 —~2.5485 0.66161
13 246,113 0 -0.4272 0.30068
14 0 600,000 -1.7537 0.28414

FIGure 6
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and bottom of the pile are included, because these are
the controlling factors in the calculation.

The calculation begins in the first time interval with
a ram velocity of 14.25 fps and a displacement of 0.04275
inches. The stress wave travels down the pile, bringing each
successive section of the pile into action. For example, in
the fourth time interval, the velocity V3 amounts to only
1.5946 fps with a displacement of D3 of only 0.00591 inches,
and a total force F5 of only 8100 pounds.

It will be observed that, to represent the specified ground
resistance, R4 is given a value equal to Fq3 until Fi3 ex-
ceeds 600,000 pounds, as it does first at time interval 30.
From this point on, Ry, remains at 600,000 pounds, except
that when /14 becomes negative, as it does in time interval

20
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56, R4 is given a value of —100,000 pounds in the next
time interval, which, in this case, is interval 57. In interval
57, the velocity V14 is again positive; therefore, R4 is again
given a value of 600,000 pounds in interval 58, and so on.
In the meantime, the values of the displacements D;4 have
increased gradually to a maximum of 0.28940 in interval 58,
after which they remain practically unchanged. It will also
be observed that the capblock force F; becomes negative in
time interval 59. This means that the hammer ram has
separated' from the capblock; therefore, at this point, the
hammer ram is dropped from the calculation.

Figure 7 is a graphic representation of the results of the
calculation. A separate curve is plotted for each weight ¥/,
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and the curves represent the relationship between displace-
ment and time. It can be seen from the curve for /#/; that
the hammer ram curve crosses the pile head curve in the
58th time interval. On the curve for }#,4, it can be seen that
the penetration reaches a maximum in the 53rd time inter-
val and then fluctuates slightly in the succeeding time in-
tervals, reaching practically the same maximum again in
interval 58. The calculation should always be carried beyond
the first maximum of penetration in order to make sure that
only slight fluctuations in penetration will occur thereafter.

Checking the Calculations

The total energy of the system for any particular time
interval can be obtained by adding the kinetic energies of
the individual weights, the potential energies of the indi-
vidual springs, and the total work performed in overcoming
the various external forces. The total should equal the
energy of the ram just before impact.

The total momentum of the system for any particular
time interval can be obtained by adding the products of
each mass multiplied by its instantaneous velocity and the
products of each external force multiplied by the total time
it has acted. The total should equal the momentum of the
ram just before impact.

Neither check is exact because of minor inaccuracies
in this method, but a sudden variation between one time
interval and the next indicates a numerical error. If the
total varies by more than about 5%, consideration should
be given to reducing the time interval and possibly the
lengths L. If the work is done by hand, it is recommended
that checks be made at every 10th interval. If the work is
done by an automatic calculator, it may be possible to in-
clude a running check as part of the setup. The energy
check is to be preferred to the momentum check as it is
more complete. Plotting the calculated results for displace-
ments D as per Figure 7 is also an excellent check on the
reasonableness of the results. Curves for separate calcula-
tions may be readily compared. .

Recalculation for Change i Ground Resistance

A change in the resistance near the point of the pile will
change only a half or a third of the total calculation. Piles
may, therefore, be recalculated for various point resistances
with a considerable saving of effort as compared with an
entirely new calculation.

DISCUSSION

Mr. Sheldon: 1 would like to make a few comments. 1
have been much impressed with Mr. Smith’s handling and
understanding of the phenomena which go into these piles.
He has not employed calculus, but he has really derived for
you the partial differential equation for the motion of the
pile with boundary conditions.

INDUSTRIAL COMPUTATION

The equation for the displacement D(x,t) in a one-
dimensional, inhomogeneous elastic medium is:

o) 5 = 2 ) 24+ )

where p(x) is the mass density, ¥ (#) is Young’s modulus,
and f(#,t) is the applied stress. The simplest difference
system by which we can replace the above differential equa-
tion is, in the notation of Mr. Smith,

Dyt —2D% 4 D=t
pm (at)? -

Ymi1[Dmi1r — Dp] — Ym[Dy — Dins]
(ax)?

+fm-

The solution of this difference system is exactly equivalent
to the solution of the difference system derived by Mr.
Smith from first principals. To see this, note that

Ym n n n n n
K, = E: m = m[Dm - -Dm—l]: Ry = fmAx,
w n D;‘ﬂ —" D:ffl
3217 = Par and Va= g

Mr. Smith chose an interval At = Ax/2c¢ (¢ = sound
speed), so that he had a safety factor of 2 in the Courant
condition for the stability of numerical integration of hyper-
bolic type equations.

We solved this problem on the card-programmed cal-
culator at the technical computing bureau. We chose the
CPC for solution because Mr. Smith had quite complicated
boundary conditions imposed. For one thing, the resistance
of the ground is a non-linear function. It is 600,000 pounds
upwards when the last weight is moving down and 100,000
pounds downward when the last weight is moving up. An-
other condition that has to be provided for is that the cap-
block and follower are not attached to the pile itself, so
that after a certain period of time the capblock and follower
fly off the top of the pile. Using the card-programmed
calculator with its facility to list answers as we go along,
we were able to observe the sign of the velocity at the
bottom of the pile and also whether there was a tension or
compression in the capblock. As soon as the condition
which bounded this motion changed, we were able to insert
a new instruction card which would take care of the new
condition. This is a much simpler procedure than attempt-
ing to put these conditions into the control panel of a
machine. We have solved, totally, eight cases of this pile-
driving work, and for the last six cases there was an addi-
tional complication in the auxiliary conditions. Mr. Smith
decided to take account of the fact that the capblock was
made of wood and, therefore, was not perfectly elastic. We
changed the elastic constant of the capblock according to
whether the capblock was being compressed or was ex-
panding.
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The problem runs at about one step in the time every
three minutes. This is an average figure, taking account of
changing the program cards to take care of auxiliary con-
ditions.

Dr. Aronofsky: I do not understand the boundary condi-
tions at the top. The weight of the ram is 7,500 pounds. Is
there any condition imposed?

Mry. Sheldon: The weight at the top is a freely falling
weight; so the boundary condition at the upper end of the
pile is that at # = O the ram has a certain definite velocity,
and all the other weights are not moving.

Dr. Aronofsky: Is there any assumption about resistance
along the lateral side of the pile all the way down?

Mr. Sheldon: In one case there was just the resistance at
the bottom. In another case the resistance was applied in
the middle.

Myr. Smith: In Figure 4 the only resistance that is in-
serted is the last one. All the other resistances are zero.
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However, if desired, you can put in as many resistances as
there are weights.

Dr. Buchholz: 1 think such studies have been made on
analog equipment. You replace this type of system by a
network of little capacities and provide certain nonlinear
elements to take care of boundary conditions and special
conditions. You run into a bit of a problem in the case of
the capblock leaving the rest of the system. I don’t know
whether this problem has been done, but I imagine it might
be possible to do so.

Mr. Moncreiff : Was special wiring used for this problem ?

My. Sheldon: No effort was made to change the standard
setup at all. We made it very simple so that it took about
one day to plan for the machine.

My. Moncreiff: The calculation is simple enough so that
you could save time by wiring a special control panel.

Mr. Sheldon: That is true.



Punched Card Mathematical Tables
on Standard IBM Equipment

ELEANOR KRAWITZ

International Business Machines Corporation

THE EFFICIENCY with which punched card tables
can be constructed and used is so powerful that each prob-
lem should be examined for the extent to which tables can
be used. Examples of tables commonly used in this manner
are trigonometric and logarithmic tables. The cards are an
ideal medium for mathematical tables; it is possible to
look up millions of digits in a single day. In fact, the effi-
ciency of the method increases as the number of cards
increases.

An ordinary printed table has a tabular interval, argu-
ments, function values, and it may have interpolating aids
such as differences. The simplest table is a critical or turn-
ing point table in which the arguments are so chosen that
the value of the tabular function changes by one unit. For
example, consider a section of the sine table:

TasrE I

x Sine x

2°,551
0.045

2°.608
0.046

2°.666
0.047

2°.723
0.048

2°.780

For values of the argument between 2°.608 and 2°.666, the
value of the sine is 0.046. If the required value of the argu-
ment may be one of the printed values, then the author must
state which of the two adjacent function values corresponds
to that argument. This is usually stated near the printed
table. In this example, the lower of the two adjacent values
is taken, that is, sin 2°.608 is 0.046. This critical table.of
the sine consists of 1001 cards for the first quadrant, and
the error is 0.5 in the third decimal.

In most cases the number of necessary entries in a critical
table is prohibitive; we may shorten the table by making use

X
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of the differences of the function. Consider the following
small section of the sine table:

TasLE IT
X Sine x; &

2°0 0.035

+17
3°0 0.052

+18
4°0 0.070

+17
5°.0 0.087

To compute the value of sin 3°.38 using linear interpola-
tion, we have

fu=fi+ u 8 where u =
Xit1

sin 3°.38 = 0.052 + 9@ (0.018) = 0.059 .

X — X
_xli’

The required argument serves two purposes in a table in-
volving interpolation; it is used to enter the table, and it is
used in the interpolating process. This sine table involves a
linear interpolation, consists of 91 cards, and has the same
accuracy as that of the critical table.

The number of entries in the table may be shortened still
further by the introduction of higher order differences
(Table III).

TasrLg II1

x sinx Slpape 87 (8l_1/2048i41/2)/2 8//2

0° 0.0000 0 1736 0
11736

10° 0.1736 — 52 1710 — 26
1684

20° 0.3420 —104 1632 — 52
1580

30°  0.5000 —152 1504 — 76
1428

40° 0.6428 — 196 1330 - 98
1232
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TaBLE 111 (Continued)

¥ osinxg 8y 87 (812 4+8itas2)/2 87/2

50° 0.7660 —232 1116 —116
1000

60° 0.8660 —263 868 —132
737

70° 0.9397 — 286 594 —143
451

80° 0.9848 —299 302 —150
152

90° 1.0000 —304 0 —152

Using Stirling’s interpolation formula, we have:

fo = fot u [8{—1/2 —:{Z— 8it1/2 tu %_] '

To compute sin 37°.689,
sin 37°.689 = 0.5000

+ 7689 [w n .7689( _ 9-1253)] — 6111.

The necessary interpolation procedure involves three addi-
tions, two multiplications, and two divisions. In many prob-
lems, however, it is more efficient to tabulate quantities
other than the differences themselves. If the qﬁantities
(8i—1/2+8i+1/2) /2 and 87/2 are tabulated instead of the
straight differences, the interpolation operation involves
only two additions and two multiplications. This table con-
tains ten entries, requires second-order interpolation, and
the maximum error is 4 in the fourth decimal. A punched
card table may be key punched directly from a printed table,
it may be constructed with the use of machines, or it may
be copied from someone else’s punched card table. One
value of the argument, its function value and interpolating
aids are punched in a single card so that each card car-
ries a line of the table. For example, a card for Table I1I
would carry x;, sin xi, (8/_1/24811,2)/2and 8//2. A dis-
tinguishing X is punched in some column for identification
purposes.

Assume that we are given a set of detail cards, each of
which carries a value of the argument to be used in consult-
ing a table. The arguments in the detail cards are presum-
ably the result of a previous calculation. The first step in
consulting a punched card table is to merge the detail cards
with the table cards in such a manner that each table card
is followed by all the detail cards whose arguments are
greater than or equal to the argument in the table card but
less than the argument in the following table card. This
may be done on the sorter (if the arguments in the detail
and table cards are in the same columns) or on the collator.
If the sorter is used, the two sets of cards are arranged in
ascending order of the argument, with the table cards enter-
ing the machine first. If the collator is available, and each
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set of cards is in ascending order of argument, then a simple
run will accomplish the same purpose. The table cards are
placed in the primary feed of the collator, and the detail
cards are placed in the secondary feed. The argument of
the first table card is compared with that of the first detail
card for a high, low, or equal condition. If the arguments
are equal, both cards are ejected simultaneously, with the
card from the primary feed alighting first. If the arguments
are not equal, the card with the lower argument is ejected.
The control panel is wired to perform these operations.

In the case of the critical table it is only necessary to
transfer the value of the function from a table card into the
following detail cards with the use of the gang punch. The
distinguishing X punch in the table card prevents punching
from the last detail card of a group into the following table
card. If the table is one in which interpolation is necessary,
the cards may be passed through a calculating punch imme-
diately after the merging operation. The values of the func-
tion and the differences for a table card are stored in the
machine and used for the following detail cards. The next
table card signals the machine to reset the previous data
and replace it with new values.

Some features of the IBM Type 602-A Calculating Punch
will be discussed, and a description of the control panel
wiring for second-order interpolation will follow. There are
30 counter positions divided into six counter groups, and
six storage registers of 12 positions each. All storage regis-
ters except the first one are divided into a right- and a
left-hand group of six digits each. The first storage register
is divided into an eight-digit right-hand group, which stores
the multiplier and divisor, and a four-digit left-hand group.
Two of these storage registers are capable of punching re-
sults. The counter groups are capable of adding and sub-
tracting, and do not reset until they receive an impulse to
do so. The storage units do not accumulate, and they auto-
matically reset before a new number is accepted. There are
12 available program steps, which may be repeated or ex-
tended. In multiplication, the multiplier is read into the
right-hand part of storage register 1 (IR), and the multi-
plicand is read out of any storage unit or counter into any
other counter to accumulate the product.

The programming for the second-order interpolation,
fo = Ji+ u [(8_1/2+8+1/2) /2 + u (87]/2)], is as follows
(Figure 1):

Table cards: Read f; (function) into storage unit 3R.
Read (8/_1/2+8i+1/2)/2 (modified first dif-
ference) into storage unit 2L,.

Read §;’/2 (modified second difference)
into storage unit 2R.

Detail cards: Read # into storage unit 1R.
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Program step 1: Multiply » &'/2: Read out §'/2 from
storage unit 2R, and develop the negative product in count-
ers 5, 6.

Program step 2: Add (8i—1/2+811/2) /2tou(8!) /2: Read
out (8/_1/2—8/+1/2) /2 from storage unit 2L, and read posi-
tively into counters 5, 6.

Progmm step 3. Multiply [(84’;..1/2-{-82.'.1/2)/2 +u (8:’)/2]
by u: Read out [(8{_1/2+8€+1/2)/2 + u (8{’)/2] from
counters 5, 6 and develop the product in counters 1, 2, 3.

Program step 4: Add fitou [ (8 —1/2+8/41/2) /2 + u (8!) /2]
to obtain f,: Read out f; from storage unit 3R and read posi-
tively into counters 1, 2, 3. Reset counters 5, 6.

Program step 5: Punch the result f,: Read f, out of counters
1, 2, 3 into punching storage unit 6. Reset counters 1, 2, 3,
reset to 5.

The design of a punched card table for a particular prob-
lem depends upon many factors. If the problem is of con-
siderable magnitude, it is worthwhile to spend time and
energy to prepare special tables. On the other hand, for a
shorter problem a less refined table may be more efficient.
In general, the selection and design of the punched card
table depends upon the problem, the machine operators, and
the machines available. Each table should be constructed so
that it will be most economical.

Usually, it is necessary to trade table size for length of
computation. Consider, for example, Newton’s formula

fu=f,~+uA{+1‘—(“—2_~llAg'+... .

If a critical table is desired, the effect of the first differences
must be negligible; therefore, all possible function values
are needed. If only first differences are permitted, the effect
of second differences must be negligible; however, a larger
interval than that in the critical table is permitted, and
fewer entries will be necessary in the table. The computa-
tion of the function now involves an addition and a multi-
plication. In the three tables we discussed previously, the
critical table contained 1001 entries, and its accuracy was
0.5 X 1073; the table with linear interpolation contained 91
entries and had the same accuracy; the table with second-
order interpolation contained 10 entries, and its accuracy
was 0.4 X 10—3. This process of the reduction of table size
can be continued until one table entry remains, but the
amount of necessary calculation is huge. In fact, in many
cases this calculation may be equivalent to evaluating the
function by its series expansion. In constructing a table, it
should be kept in mind that the first differences vary
directly with the interval, the second differences vary di-
rectly with the square of the interval, etc.
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In most printed tables, the tabular interval is a unit in a
given position of the argument, and it is usually constant
throughout the table or varies by a power of 10. This choice
of interval facilitates the interpolation process for the com-
puter, and hence fewer errors result. In many problems it
is desirable to use the largest tabular interval in which it is
legitimate to interpolate with a given order of differences.
A table constructed on this principle is called an optimum
interval table. The punched card method conveniently han-
dles varying intervals, and thus makes possible a consider-
able saving in the number of entries in the table. Moreover,
the formula used for nth order interpolation in the optimum
interval method is equivalent to that used for a constant
interval table.

Consider a linear optimum interval table of the exponen-
tial function, y = ¢, in the range # = 0 to # = 5, where
the intervals are so chosen that the error due to neglecting
second differences does not exceed .05. The permissible
intervals have been computed, and a portion of the table
follows:

X, Interval F D
1.06
31 —.70 3.38
1.37
27
1.64
4.85
5
490
5
495

It is clear that a large interval may be chosen at the begin-
ning of the table, but the interval must decrease sharply
near the end of the table. To facilitate the interpolation
operation, the formula for ordinary linear interpolation is
transformed so that,

¢” = F 4 Dx where D = f(rir) = f(x) ,

Xiv1 — X

and F = f(x;) — %D .
For example:
el = — 70+ (1.23)(3.38) = 3.46.

The true value for e'-23 is 3.42, which is within the limit of
accuracy. This table consists of 40 cards; a table with uni-
form intervals of .01 contains 500 cards. It should be noted
that the machine operations are the same as those necessary
for ordinary linear interpolation.
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Consider the problem of determining the sines of cer-
tain angles in the first quadrant with a given accuracy of
1 X 10~". The chart below gives the type of table, the order
of interpolation, and the number of necessary cards.

Order of Number

Type of Table Interpolation of Cards
critical table first order 5,000,000
constant interval first order 9,000
optimum interval first order © 1,500
optimum interval second order 60
optimum interval third order 15

It is apparent that for different problems different tables
are more efficient. The third-order optimum interval table
containing 15 cards looks attractive at first glance, but if it
is to be used only a few times, it would not be economical
to construct.
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DISCUSSION

Dr. Sherman: In the problem of inverse interpolation,
can optimum interval tables be used?

Miss Krawitz: It is not possible to use the optimum in-
terval table directly for inverse interpolation. The values of
F and D must be modified.

Mr. Opler: There is an article in the July MTAC on
maximum interval tables. They appeared to be differentiat-
ing them from optimum interval tables.

Dr. Grosch: Stadler’s article, which was the first sent to
this country, is just an example of the confusion into which
we are always getting. He prefers the term maximum inter-
val, because if you apply the methods which he worked out
independently of me for determining intervals, the calcula-
tion of the maximum allowable interval is obtained, but
when Clemmons and Herget coined the phrase optimum
interval, they implied a little more than choosing the largest
possible interval. They implied the possibility of, having
found the maximum interval, abandoning it in favor of a
more suitable interval, if something is to be gained by it.
In the list of tables of the Watson Laboratory there is a
third-order uniform interval table of sines and cosines
which is accurate to about 814 decimal places. That is a
uniform interval table of 25 lines per quadrant, because both
sine and cosine were present in the same line of the table,
and the allowable maximum interval governed, for half of
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the quadrant, the maximum function allowable for the co-
sine function. Actually, we would have only reduced the
table to about 23 lines per quadrant if we had taken the
maximum interval table.

We gained all sorts of advantages in implementing the
table on the mechanical computing aids available. I think
we ought to say that an optimum interval table is a table
best adapted to the facilities at your disposal. That is, per-
haps, the initial stage that you go through in arriving at an
optimum table. We have many tables at the Watson Labo-
ratory which started out to be extremely elaborate ones and
finished in uniform interval form because we could use f
instead of F and make the table more easily recognizable
and usable.

As I see it, all phases of the problem, choosing the proper
interpolation, forming the proper intervals of the table, and
so forth, must be considered in order to make the table as
economical as possible to use for the particular problem you
are trying to solve.

Lt. Hastings: I would like to ask for some general com-
ments on the extent to which it is no longer necessary to
have tables of simple functions like sine and cosine, because
of the program repeat on the CPC.

Dr. Grosch: There are certain mathematical functions
that are very well adapted to the idea of direct mathematical
handling. I think an example is the sine, cosine, where you
have a very simple formula which converges very rapidly,
for which only every other power of the power series in-
volved is required, and in which all of the coefficients are
simple rational numbers. Obviously, you can use the pro-
gram repeat device and evaluate the sine function very
nicely without reference to any of the tables discussed. The
critical idea, in my mind, is whether or not you are able to
step from value to value. If your problem is—such as it
might very well be in a trajectory, for instance—that each
table lookup is the value of the argument which is pretty
near the preceding one, then you add the important ad-
vantage of being able to use, what I might think of as your
past value of the X function, for instance, and obtain the
X + AX, using AX as a variable. In some cases you must
be very careful about accumulation of errors. On the other
hand if you have random lookups, evaluation of each func-
tion, without the aid of a table, is more advantageous.

Dy. Hurd: I think what prompted Lt. Hastings’ question
is the fact that he has made a survey of computing facilities
around the country. He noticed in many places where a
CPC is available that such functions as trigonometric func-
tions and square root, etc., were being calculated directly
on the calculator as these functions were needed.
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SIMULTANEOUS linear algebraic equations up to
and including order 21 may be readily solved on the IBM
Card-Programmed Electronic Calculator by using a basic
approach sometimes referred to as the Crout method.! A
slight modification has been incorporated in the procedure
in completing the back solution. Having obtained the aux-
iliary matrix at the end of the forward solution, the operator
rearranges the elements in such a way that almost the same
reduction technique may be used for the back solution.

The method involves the augmentation of the matrix of
coefficients of the unknowns. To this original matrix is
added one of the following: .

a. One column of constants, if a single solution is de-

sired; or

b. Several columns of constants, for several solutions; or

¢. A unit matrix, if the inverse is desired.

Regardless of which end result is needed, the reduction
calculations are the same.

By using the CPC, the solution is obtained much more
rapidly and with considerably less card handling and proc-
essing than has been possible heretofore on IBM calculating
punches.

Renumbering Elements of Original Matrix

To take advantage of the internal storage numbering and
to facilitate coding instructions, the familiar notation for
each element of the matrix has been altered. Instead of
using 1, 2, 3, . . . . to designate row 7 or column j location,
one numbers the elements after the code numbers of storage
units and counters in the CPC.

It takes six hours to invert a 20 X 20 matrix on the 604,
sorter, reproducer and accounting machine, and it takes two
hours to perform the same inversion on the CPC.

The storage and counter designations are as follows:
11,12, 13, 14, 15,16, 17, 18
21, 22,23, 24, 25, 26, 27, 28
—2,3,4,56,7

Storage bank 1:
Storage bank 2:

Counter groups:

*
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The code digit 7 before any counter group number is,
here, an instruction code meaning add into. Thus, it is ad-
visable to assign row and column numbers as follows:

1234567 8291011

121314151617 18192021
New notation: 11121314 151617 1821 2223
24252627287273747576

Usual notation:

Counter group 7 is reserved for the accumulation of the
check sum. Counter group 1 is not used to store element
values. Thus, it is possible to store 21 elements and provide
for the accumulation of a check column. Each counter-
group and storage location has the capacity for handling a
ten-decimal digit number and its associated sign.

Augmenting the Original Matrix

Before the reduction calculations are made, the original
matrix, consisting of the coefficients of the unknowns, must
be augmented. The augmentation is always made by adding
columns of elements to the right of the original matrix.

To facilitate identification, the composite matrizx, includ-
ing the original matrix, the augmented portion, and the
check column, is divided into sections called subdivisions.
The original matrix is subdivision 1, the augmented portion
is subdivision 2, and the check column, each element of
which consists of the sum of the elements in the correspond-
ing row, is subdivision 3. The augmented portion, subdivi-
sion 2, will vary, depending on whether one or several solu-
tions are desired, or whether the inverse matrix is to be
obtained. In this paper the case of the inverse will be treated.
The other cases would be handled as described below, but
the augmented portion would consist of as many columns
of constants as the number of solutions required—instead
of the unit matrix.

Using the new notation and augmenting the original
matrix so as to prepare for calculating the inverse, one has
the twenty-first order matrix shown in Figure 1, page 58.
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1. Take the corresponding element a;; in the composite
matrix.

2. From it subtract the products resulting from pairing
the elements of the auxiliary matrix in the row to the left
and in the column above the desired element, taking the
products in order, i.e., first in row by first in column, sec-
ond in row by second in column, etc. (This rule will be
illustrated later.)

3. If the desired element is on or below the principal
diagonal, record the result obtained in 2. If the desired
element is to the right of the diagonal, divide the result
obtained in 2 by the diagonal element in the same row of
the auxiliary matrix.

The reduction calculations are applied to each element of
one row of the original composite matrix to obtain the
corresponding row of the auxiliary matrix, completing the
solution for that row for the forward solution. Calculations
begin on the first row and continue on succeeding rows
until each row of the original matrix has been reduced to
form the auxiliary matrix.

After one has developed a portion of the auxiliary matrix,
it will appear as in Figure 2.

The zero elements to the right of the diagonal in the unit
matrix need not be introduced until the back solution is
started.

Reduction Calculations

To obtain the inverse matrix (or specific solutions) each
element of the original composite matrix is reduced by a

Subdivision: 1

\\bll,ll\'b.ll,12 b11,1s b11,14 b11,15 L

bz i~z 3~Biz1s bizia bizas .

bisar b3z~ bisi3~ b1z buzas - .

biann Digae b14,1§Zb14,174\
P

series of calculations which may be divided into two major
portions. The first portion consists of the reduction calcu-
lations applied to each element of the original composite
matrix. These reduce it to a matrix known as the auxiliary
matriz. This first reduction is called the forward solution.
The second portion of computations applied to each element
of the auxiliary matrix (whose elements have been shifted
as described later) reduce it to the final result which is
the inverse matrix. This second reduction corresponds to
the back solution of the Crout method.

Regardless of whether the reduction calculations are for
the forward solution or the back solution they follow the
same basic rules. These rules for calculating the value of a
reduced element b;; are:

As an example of how to apply the rules for calculating
the value of a reduced element b;; of the auxiliary matrix,
consider the computation

bia1s =
1415 + (—b1411 b11,15 —b1a12 b1215 —b1a13 b1s15)
bia1a

During the calculation of the reduced elements b; ; in any
one row of the auxiliary matrix, the elements to the left
and on the principal diagonal are stored, and all of the
elements to the right of the principal diagonal are summary
punched as they are calculated. Each of these summary
punched cards becomes the source of one of the pair of
factors involved in negative multiplication. At the comple-
tion of the calculation for one row, the summary punched
cards for that row are merged in with cards summary

2 3
1
bi7e | b1 }dn,u
bize 1 biz11 bizaz '|d12,11

I
bisge 1 bisnn bisaz bisis ldisn

| !
| o

rincipal diagonal

Ficure 2
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punched from previous rows. These combined cards are
arranged in groups to form the columns of elements above
the particular row elements to be reduced by the next cal-
culation. The original elements a; ; are also in this deck.

As the calculations proceed across a row, each result to
the left of and on the principal diagonal is stored internally
in the storage location corresponding to the identification of
the column of the original element involved. In the example
above, the b,4,15 element will be stored in the column desig-
nation of a,4,15 which is storage 15. Similarly, code 76 means
add into counter group 6.

While the summary punched cards in the column above
the particular element being calculated feed through the
IBM Type 402 (or 417) Accounting Machine, each card is
paired with its proper other factor for negative multiplica-
tion, This proper pairing is accomplished by having that
storage location designated by the column number read-out
to combine with the summary punched card containing the
same row number. That is, the summary punched card con-
taining one factor by ; and row designation % calls out the
second factor b;; from the internal storage of the same
column number k.

As the original element card feeds through the type 402
accounting machine, its value is added.

For any one row the divisor is always the same and is
available once the principal diagonal element has been cal-
culated. The storage location of the divisor is remembered
for the entire row and is used to complete division at the
proper time.

The same reduction operation applies throughout the en-
tire composite matrix, including the unit matrix and check

b11,76 b11,75 LI b11,14 b11.13 b11,12 011,76

Subdivision: 1 \
brs,76 ! bre,16
brae  bagrs :015.7;1

I

l .

|
- ' .
bizre bizts . . . bizag bizas '

]

|

column. At the end of the forward solution the auxiliary
matrix will be as shown in Figure 3.

To identify correctly, by row and column, results that
will appear in the spaces occupied by the zero elements in
subdivision 2, the following cards must be added:

O11,12 O11,13 LRI 011,75 011,76
012,13 L 012.75 012.76

074,75 074,76

075,76

Back Solution

The Crout method back solution is modified so that the
same calculating rules may be used as were employed in the
forward solution, except that no division is involved at any
time. T'o do this it is necessary to shift the arrangement of
the elements in the auxiliary matrix before starting the re-
duction calculations.

This necessary rearrangement of elements is rapidly car-
ried out on the sorting machine. The necessary shifts are:

1. Invert the order of the rows in each column of each
subdivision, at the same time combining the zero elements
with subdivision 2.

2. Invert the order of the columns in each row of sub-
division 1 and 2.

Thus, the rearranged auxiliary matrix is as shown in
Figure 4.

2 . 3
bre,15 bre1s  bre12 bie,11 | drenn
bas,15 brsis  bisae bzs,11 : drs,11

brsis braae bra11 : drg11
[}
'
. ] .
. bis,12 b12,11 : di211
011,75 Or1,74 011,12 b11,11 ; d11,11

Ficure 4
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Repeating the calculations except for division, one obtains
the rearranged auxiliary matrix reduced to its final form.
Subdivisions 2 and 3 are of interest here:

Subdivision: 2 3
]
| e1676 €765 . . - €7612 €781 | fr611
] 1
| 615,76  €75,75 - . . €15,12  €15,11 IRALEE
|
| . . . I -
|
! . . i
1 i
I . . - ' .
] [}
1 €12,786  €12,75 - - - €1212  €12,11 1 fi211
| ]
1€11,716 €11,75 . - . €11,12 €11,11 | fn,u

Subdivision 2 is now the inverse matrix. The inverse
matrix may, of course, be used in matrix by vector multi-
plication with any column of constants to obtain the specific
solution corresponding to those particular constants. If one,
or several, columns of constants had been used in the aug-
mented portion of the matrix, the specific solutions would
appear in as many columns of subdivision 2 above in place
of the inverse matrix.

The idea of using the Crout method on the CPC was
originated by Mr. William W. Woodbury, Northrop Avia-
tion Company.

Details of planning charts and wiring diagrams may be
obtained from the Applied Science Department, Interna-
tional Business Machines Corporation, 590 Madison Ave-
nue, New York 22, New York.
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DISCUSSION

My. Elkins: Is this method the most efficient method now
known for inverting a matrix?

Dr. Hurd: This is the most efficient method that we have
so far discovered for the card-programmed calculator. As
far as we know, this minimizes the amount of summary
punching which is necessary. On standard machines, using
the combination of any one of the calculating punches, the
sorter and the reproducer particularly, if there are a num-
ber of matrices of the same order to invert, you will also
have very efficient operation.

Dy. Sherman: There are several things I might say. If
the original matrix is symmetrical, which is true for the
case of normal equations, then the auxiliary matrix can be
calculated slightly more easily because the elements below
the diagonal are related to the elements to the left and right.
You can either save almost half of the calculations, if you
have a case of a symmetric matrix, or you can carry out
this procedure and have an additional check. There is one
obvious difficulty which actually arises; that is, if any one
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diagonal element is very small or close to zero, there are
difficulties with the later calculations. How do you handle
that case?

Dr. Grosch: That is a hard problem. I inverted a 19 by 19
where I knew in advance I was going to have a lot
of indeterminates. I used the 602-A punch and carried
24 X 24 = 24 multiplications throughout. I lost 16 figures,
which were so many that I could not iterate by the simple
iteration procedure. I must do it over again with 32 figures,
one of these days. There are other methods of using what I
obtained. The trouble is that we have all sorts of interesting
ideas about how to handle the problem of troublesome mat-
rices but usually we don’t know they are troublesome until
we have started the problem. My own idea is that the
Goldstein estimates of the laws of accuracy in inverting
large matrices need not bother us unless the matrices arise
from something like operational research where you have
no idea at all of how the matrix is going to behave.

The kind of matrices that arise in flutter work are not
likely to give trouble unless, in the few cases such as those
with which I was experimenting, you have been warned in
advance by the physical situation. I was using this as a
matrix for fitting polynomials to curves which did not fit
well, and I knew that determination of the coefficients was
going to be hard; so I was not surprised at my troubles.

All of our discussion has been matrix arithmetic so far
and has centered on the triangulation theme. There will be
another paper on the Seidel or relaxation procedure. There
is one other process worth considering on the card-pro-
grammed calculator. If you have a symmetrical matrix with
which to deal and want an inverse in a simple manner, you
may use the square root method which is now known under
the name of Choleski. This is a process of finding a tri-
angular matrix which, when multiplied by its transpose,
equals the original given matrix. Having a triangular ma-
trix you can find its inverse by operations similar to the
back solution in the Gaussian elimination scheme.

This may be well worth considering, but the job of find-
ing the triangular matrix is hard on any kind of standard
equipment. With the card-programmed calculator, a pack
of eight or ten cards is needed for a second-order matrix,
then with a few more added for a third-order matrix and
fourth-order, etc., up to several drawers full for 20th order.
You would invert your matrix by loading the whole thing
into the card-programmed calculator, and summary punch
the results without any wasted time summary punching.
Then, the cards just summary punched would be placed in
the machine for the back solution, which is very simple.

Myr. Opler: 1 would like to make a general remark also
about matrix inversion. Because the usual elimination pro-
cedures have so many different steps, I have spent consid-
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erable time investigating methods of matrix inversion other
than the Gaussian elimination or row-by-row method.
There is no doubt that this method which you have demon-
strated is the only method that will work for virtually all
cases of matrices. However, at times you have a borderline
case which may be troublesome if you are not careful. There
are a number of methods that appeal to me because I have
done my calculating through the accounting department per-
sonnel, and I find that they have difficulty in a long proce-
dure involving row-by-row elimination; so I prefer, in gen-
eral, a method that will work by a simple procedure. There
are several simple procedures for inverting matrices, but
they do not apply to all matrices. One, which is without a
doubt the simplest method and which I have carried out, is
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the Monte Carlo Method. The entire method consists in
taking a pack of cards and putting them in an accounting
machine. It’s a very nice method, but unfortunately is only
adapted to classes of matrices whose largest characteristic
roots are less than 1.

Mr. Chancellor: 1 would like to second the motion of
getting your operation as completely automatic as possible.
That is the whole IBM goal in all of your applications—
mathematical, accounting, or otherwise.

Lt. Hastings: 1 just wanted to remark that using the
card-programmed calculator simultaneously for two sys-
tems, because of the alternation of the calculation and the
collating steps, two systems could probably be done in very
nearly the same time as one system.
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The Gauss-Seidel Method of Solution
of Simultaneous Linear Equations

THE GAUSS-SEIDEL method for the solution of
simultaneous linear equations was first advanced by Gauss
and Seidel about the turn of the 19th century in connection
with the solution of normal equations. In addition to the
solving of normal equations, this method may be used to
solve various other systems if they meet certain require-
ments. We have used this method successfully, and the air-
craft industry uses it very extensively, finding that it yields
good results.

I would like to list the advantages of this method in an
attempt to show you, as we go through the procedure, how
these things are advantageous. We can obtain accurate an-
swers to a large number of digits at a rapid rate. The prob-
lem is easy to set up for the machine. The machine runs
continuously until an answer is obtained. In one 10 by 10
set of equations considered, results were obtained in thirty
minutes, with the answers to seven decimal places. In about
twenty minutes, the answers to five places were obtained.
In less time than that, there were three or four places. The
operator is in touch with the problem constantly and can
tell how the problem is progressing immediately, since each
new value of the variable and the correction factors are
listed after they are calculated. The operations are com-
pletely repetitive, and almost any standard control panel
can be used.

The mathematics is quite simple, and I would like to go
through it briefly with you. Consider a set of three algebraic
equations, bearing in mind that this method is general for
any number of equations:

a11%1 + ayox2 + a13xs — by = 0,
a91%1 -+ Goax2 + aosxs — by = 0,
a3141 + azovs + azavs — by = 0.

Each of the elements, a; j, is on a separate card. If the values
of the 4’s are known, each of these equations will yield zero,

*
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to some accuracy. Assuming these values are unknown, let
a first guess be made for each unknown ». Now the equa-
tions will not yield the answer zero, but something different
from zero, say ¢, and the equations will be as follows:

@141 + Grax2 + G13¥3 — by = ¢, (1)
A%y + G2axs + Ag3%s — by = €9, (2)
Ag141 + Agax2 + azaxs — by = €3 (3)

The general procedure is this:
1. Using the first guess for xy, x2, and #3, solve for ;.
2. Determine a new x that will cause this equation to
yield zero from this formula
€
Flnew = X1o0ld — '&; 3
where ¢ = residual from an equation and a;; is a main
diagonal coefficient of that equation. For equation (1)
a is a;1 and for (2) a is ags, etc.

3. The new x4 is used in place of the old #; from now
on until a better value is found on the next cycle.

4. Using the new xy, the old 3 and x3, solve for e from
equation (2).

5. Solve for the new x5 to make the equation go to zéro.

€2
Xnew = Xold — a—22‘

6. Substitute the new x5 for the old xs.

7. Solve for €3 from equation (3).

8. Solve for the new x3.

9, Substitute the new x3 for the old x3. This is the end

of a cycle for a set of three equations.

The process is repeated using one new value each time
an equation is solved. As this process is continued, the val-
ues will converge to the correct answers for all equations,
and the residual values will approach zero. This method has
been found to converge for nearly all algebraic equations
derived from engineering and physical problems and normal
equations.
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MACHINE PROCEDURE

Assume that a standard 604 calculator control panel is
available that will do at least the following operations nec-
essary for this problem: multiply, divide, subtract, and
transfer from channel C to channel B.

The 402 accounting machine control panel is the standard
control panel that reads factors from channels A and B and
coding instructions from the card. It is wired to LisT from
from an X in the OP field channel A,B,C and instructions.

The additional wiring consists of the following: all of the
a;; coefficients are in cards; as the main diagonal, a;;, is used
to multiply by the proper x, it also must be stored to be used
in the calculations for the new x.

€
Xnew = Xold — a““
it

Channel A is wired to the entry hubs of counter group 7.
An identifying X-40 is punched in all cards containing main
diagonal, a;, coefficients. This X is used to pick up pilot
selector 11 from the upper brushes. The sign of coefficient a
will pick up pilot selector 12. When the main diagonal co-
efficient is read from the lower brushes, it will be added or
subtracted into counter group 7 by the following wiring:

No. No.
11 12
T o—Group 7 Subtract
Channel A
C o\ &—Group 7 Add

N
2 . Card Cycles Pulse

o o— 0 To o
Co o
Counter Entry Group 7 No o

(could be selected with two coselectors)

Froure 1

Channel A is also wired to the entry hubs of counter
group 7.2

CopiNG oF CARDS

There are 22 ten-position storage registers in the CPC.
Sixteen of these are registers, and six are counter groups.
Let one counter group, say counter group 6, be used to ac-
cumulate the sum of products, Sax — b = e Group 7 is
used to store the main diagonal coefficient a;;. That leaves
20 storage units for as many as 20 unknown x’s. Each x is
assigned to a storage unit and will be called for use from
that unit at the proper time. When a new x is developed it

aWith this added wiring, counter group 7 cannot be read out with-

out resetting on channel A unless the wiring from channel A to
the entry hubs is put through the transferred points of the co-
selectors coupled to pilot selector 11. This is unnecessary in this
application as counter group 7 is always read out and reset.
Counter group 7 cannot be read out on channel B at all; it will
not read out properly.
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will be sent to the storage unit to replace the proper old »
value. x; and x5 will be assigned to counter groups 2 and 3,
respectively. All other values may be assigned in either-
counters or storage registers. This is done to avoid un-
necessary blank cards. All of the coefficients, the values of
the a;;’s and the right-hand column, or b;’s, are key punched.
There will be as many cards as there are g;’s and b;’s, one
value on a card. Each card will also contain row and column
identification of the coefficient as it appears in the matrix
form, and instructions to the machine to perform the re-
quired operations.
Consider equation (1) of a 20 X 20 set of equations:

01141 + G952 + @is¥s + Grava + ...+ Qr2o¥20 — b1 = €.

Card 1 contains ay; which is read on channel A. It con-
tains instructions to read x; on channel B and multiply x4
by a1, adding the product in counter group 6.

Cards 2 through 20 contain similar instructions. Each
card contains an a;; coefficient and calls out the proper z,
multiplies, and accumulates the answer in counter group 6.

Card 21 reads the right-hand side through the calculator
to subtract in counter group 6.

Card 22 is a blank card necessary because the accumu-
lated answer ¢ is wanted for the next operation, and it is
not complete until the right-hand side b, is subtracted.

Card 23 reads out ¢ which is in counter group 6 on chan-
nel A. It reads out the main diagonal coefficient, a;, which
is in counter group 7, and divides e/a;;, and transfers the
answer back to channel B. This answer will be listed from
channel C.

Card 24 reads out the proper x4 on channel A and per-
forms the operation

€
KXold — —— = Xnew -
o 0/,',5,

Znew 1S stored in place of x4q ready for use from then on.
There are a total of 481 cards.

The cards for the next row initiate the same operations
of multiplying and accumulating the answer in counter
group 6. The main diagonal, a;, is stored automatically and
used in card 23 of each row to calculate ¢/a;;. Card 24 cal-
culates the new value of the x concerned and stores it in
place of the old value to be used in the following operations.

This deck is fed through the machine as many times as
necessary for desired convergence. For convenience, an-
other deck may be 80-80 reproduced from the correct deck,
thus giving 962 cards. Cards may be taken from the card
stacker and replaced in the feed hopper, thereby keeping
the machine in constant operation.

It would be very helpful if a good first guess could be
entered in the machine. A good first guess would be the
first digit of the actual answer. The machine would imme-
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diately show refinement of these answers. This in general
is not necessary, fortunately, and the method usually works
nicely with an initial guess of zero for all values. This is
done by resetting all the storage registers and counters to
zero in the beginning of the process.

One can tell that the process is functioning properly by
watching the printed indications of the correction factors
and the values of the x. As the process converges, the cor-
rection will become smaller and the x values will remain
constant. In this process the machine may be run non-net
balance to avoid conversion cycles. All answers are listed
from channel C and are true figures with a sign.

If a master deck is available for the 20 X 20 set of equa-
tions, it will take approximately 224 hours to key punch the
ai; and b; values into the cards, prepare the deck by repro-
ducing, and run the problem on the CPC. An example of
the solution of a typical 20 X 20 after it was started on the
CPC is as follows: A first guess of all values of x = 0 is
made, with eight-decimal digits in original data and seven-
decimal digits of accuracy required in the results. Twenty-
seven iterations- (times through the entire set of twenty
equations) are completed in 90 minutes. Complete setup
time, including punching of original data, should be less
than one hour, using efficient methods.

Recommended Setup Method

A master deck for the solutions of a 20 X 20 set of equa-
tions is on file. It contains all necessary punching, except
that the field in the cards set aside for the coefficients to be
read on channel A will be blank. Assume that a set of
14 X 14 equations is to be solved:

The master deck is in order for operation on the CPC,
that is, row, column. There are only 14 equations, so that
the cards for row 15-20 will be taken out by hand and set
aside. Sort the master deck in column order. This will put
the card numbers for each row together. Recall that there
are 24 cards for the solution of one equation in a set of
20 X 20 equations. Therefore, in column order, or card
number in the row, there are 24 groups. Pull groups 15-20,
as there is no use for these for a set of 14 X 14 equations.
The remaining cards are the necessary cards for solution.
Reproduce this deck (80-80). This deck is called the work
deck. Put the master deck in order and file.

Key punch the a;; coefficients and the right-hand sides, b;,
each in a card with column and row identification. There
will be 210 cards punched in approximately 14 columns of
the card. This punching must be correct; therefore, verify
the punching! Sort the key punched cards in the same order
as the work deck, column, and row. Take groups 1-14 and
21 out of the work deck. Reproduce the key punched co-
efficients into this part of the work deck, comparing the row
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and column for correct card punching. Place this deck back
with the remainder of the work deck and sort into row and
column order. This deck is ready for the solution on the
CPC. It may be reproduced (80-80) several times to obtain
a convenient number of cards if desired.

CPC Operation®

Reset all storage to. zero. Commence running the cards
with the setup switch on r1sT, each card for one complete
cycle. Check all 210 punched numbers against the original
data. The machine will list from channel A. Switch off the
accounting machine from this point, listing only card 23
and 24 of each row.

DISCUSSION

Mr. Liggett: 1f the matrix is positive definite, the Gauss-
Seidel method may be used for the solution of the simul-
taneous linear equations. The process for discovering
whether the matrix is positive definite is so laborious that
it is not worth while. However, if the values on the main
diagonal are large in comparison with the remainder of the
elements of the matrix, the method is worth attempting.

Dr. Sherman: 1 have used the Gauss-Seidel method and
found that it is very satisfactory for my purposes. In one
case, in connection with infrared spectroscopy, 1 wished to
solve a set of simultaneous equations with quadratic as well
as linear terms. The Gauss-Seidel method may be applied
to this problem. I neglected the quadratic terms and used
only the linear terms for the first approximation. Having
obtained the first approximation, I used it to solve the
quadratic term. By this method the iteration may be con-
tinued and satisfactory results obtained.

Mpr. Liggett: The problem I have discussed with you was
a 10 X 10 matrix. It is part of a 20 X 20 matrix which was
actually solved in our New York Technical Computing Bu-
reau. The elements of the main diagonal consist of values
between .6 and .9. The off-diagonal elements in some cases
were as high as .7, with the major portion of the values
smaller. Our problem of the 20 X 20 matrix was solved
with 7 decimal-digit accuracy in 28 iterations. The 10 X 10
portion which I have used required 28 or 29 iterations to
obtain the same accuracy. This indicates that the number
of unknowns does not necessarily affect the rate of con-
vergence of the iterative procedure.

bThis method may be extended conveniently to 21 unknowns if the
sums of products are accumulated electronically. Additional stor-
age units allow the increase of the number of unknowns. If the
sign of the answer is known, more than one element may be stored
in the same unit, thus doubling or tripling the number of un-
knowns that can be accommodated.
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One problem which has been solved on our SSEC con-
tained 168 equations and required only nine iterations. Be-
cause this method does not take zero elements into consid-
eration, these cards may be removed from the deck before
calculation.

The Gauss-Seidel method may be adapted to the IBM
Type 604 and 602-A Calculating Punches. Because there is
not the added storage in these machines, it is necessary to
punch intermediate results on a trailer card. These inter-
mediate results are reproduced into another field of the
card, the wires changed, and the iteration procedure re-
peated.

If a minor mistake is made during the calculation, there
will not be any effect on the convergence, but if a major
mistake is made, the effect would be the same as though the
process had been begun again.

If, after a number of iterations, the values for the x;’s
become increasingly large, convergence will not be accom-
plished. In general, after each iteration the values of the #’s
will improve, but not necessarily every value, every time.

Dr. Sherman: The Gauss-Seidel method has a more gen-
eral application than the solution of simultaneous linear
equations. It may be used for many types of simultaneous
nonlinear equations.

My, Opler: The Fisher method can be used as an approxi-
mate test as to whether the matrix converges, that is, if
ity < auaj;, the Gauss-Seidel method will converge. This
is a sufficient condition, but not a necessary one.
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Approximating the Roots
of @ Polynomial Equation

THE PrROBLEM of approximating the roots of a polynomial
equation arises frequently in industrial research. For ex-
ample, in the aircraft industry it is desirable to calculate
the roots of an equation which is obtained by equating the
flutter determinant to zero.

A common method of solution of polynomial equations
employs the Newton method of successive approximation.
Thus, to approximate a root of f(x) = 0, one uses the
iterative procedure described by

_ f(#n)

F(#n) "

John Lowe has described a process for applying this proce-
dure to polynomial equations with complex coefficients
through the use of the IBM Type 602-A Calculating
Punch.! Mr. Lowe uses synthetic division to calculate f(x,)
and f'(x,) in one run through the 602-A, and calculates
Xp4+1 1n a second run.

The purpose of this paper is to indicate that the card-
programmed electronic calculator has also been applied
successfully to problems of this sort. We have wired a
general-purpose control panel for complex arithmetic with
ten-decimal digit accuracy. A total of sixty cards for data
and programming will load the machine and carry out an
iteration for a cubic polynomial equation with complex
coefficients.

Extensions of the method of Newton to non-polynomial
equations through the use of the CPC are clearly possible.
For example, iterative solutions of equations containing
trigonometric or exponential coefficients are possible if
appropriate general purpose control panels are used.

Xnd1 = Xn
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Matrix by Vector Multiplication
on the IBM Type 602-A Calculating Punch

ELEANOR KRAWITZ

International Business Machines Corporation

PUNCHED CARD equipment handles matrix arith-
metic in a very efficient manner. Before giving a machine
application, I should like to discuss briefly the basic prin-
ciples of matrix arithmetic.

A matrix is a rectangular array of numbers; each number
is referred to as an element of the matrix. Two indices are
associated with each element: the first denotes the row, and
the second denotes the column in which the element is
found. For example, the element a;; is located in the ith row
and jth column of the matrix 4. The following matrix A4 is
referred to as an # - m matrix, where » (the number of
rows) may or may not be equal to m (the number of
columns).

Q11 Q12 Qim
ag1 Qg2 d2m
an1 n2 Anm

There is a matrix arithmetic that includes addition, sub-
traction, multiplication, and, in a sense, division. The sum
of two matrices, 4 + B = C, is obtained by the addition of
corresponding elements, i.e., a;; + by = ci;. Subtraction is
defined in a similar manner.

Consider a matrix A that has # rows and ! columns, and
a matrix B that has ¥ rows and m columns. The product,
A-B,is defined only if / = k; that is, the number of columns
in the matrix A4 must equal the numbers of rows in ma-
trix B.

a11 an b11 bim C11 Cim
a21 Az bar bom C21 C2m
A1 429} bu bim Cn1 Cnm

The product matrix, C, is an #-m matrix. The elements of
the C matrix are defined in the following manner:

*
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FO]‘ example, C12 = aublz + 012b22 + e + alzblz .
‘If we have a set of twelve equations in twelve unknowns

11 %1+ e X2+ oot B K12 = by
Us1 %1+ @22 X2 + ...+ G212 X12 = b2

. . 1)

Q12141 + Q12,242 + . .. + G12,12%12 = b12,
it may be represented by a matrix and two single-column
matrices. (A matrix that consists of a single row or column
is referred to as a vector.)

11 Q2 Q1,12 X1 by

,or Ax = B.

122 .. b12 (2)
If the multiplication of the matrices is performed, the result
will be the set of equations (1). To solve for the values of ,
we must multiply both sides of the matrix equation (2) by
1/A4 or A—*. The inverse of a matrix 4, or A1, is defined
as the matrix that, when multiplied by A, yields the unit
matrix [.

a12,1 a12,12 Y12

0
AA-1 = A" 4 =1 =

0 0 1
A discussion of matrix inversion will be given in a later
paper.
Multiplying both sides of equation (2) we have
A-14x = A7'B.
Since any matrix multiplied by the unit matrix yields the
matrix itself,
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x = A-B B
or x1 ' @112 by
’ !
Z12 12,1 a12,12 b1z
14 ’
or i = @iaby + a2bs + ...+ ai12b12,

where: =1,...,12,

We have now developed a problem that involves the
multiplication of a vector by a matrix. There are many
possible methods of performing this process on the calculat-
ing punches; the most efficient method depends upon the
machines available, the order of the matrix, the number of
digits in the elements, and the number of necessary multi-
plications. The following method was chosen for its sim-
plicity. Assume that we have a vector with 12 elements, and
a matrix of the 12th order;

(@11 a112) b1 b1,12

D112 b12,12

The 12 columns in the B matrix are divided into four
groups of three columns each, in the following manner:

b1 b2 bis

b1 bize D123

b1,4 bl,5 b1,6

bis,6

bl,’? b1,8 b1.9
b12,7 b12,8 b12,9
bl,lO bl,ll b1,12

b12,10 bl2,11 b12,12
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Fach row of three elements is punched into a card; there
will be four groups of 12 cards each or a total of 48 cards.
Three columns of each card carry the identification; one col-
umn denotes the group, and two columns denote the number
of the card in the group. A group of 12 cards is punched for
the A matrix, so that each card carries an element of the
matrix. Two columns are used for the identification of the
element. The elements of the 4 matrix are reproduced into
each of the four groups of B-matrix cards. The cards are
now in the following order:

1 1 ay by by,2 bi,s
1 2 a b2 ba,2 ba3

1 12 a2 biza1 bize  bizs
4 1 o biio b1 biae
4 2 a b2,10 b2,11 bs12
4 12 ay b12,10 b12,11 b12,12

A trailer card with a distinguishing X punch is inserted
behind each group of (detail) cards. The sum of the prod-
ucts of the vector by three columns of the B matrix will be
punched into a trailer card. The computation on the 602-A
is outlined below (Figure 1, page 68).

Detail Cards:

Cards are skipped out without punching.
Read cycle: Read g; into storage 1R.

Read b;;, bijt+1, bijt2 into storage units
2R, 3R and 4R, respectively.

PI Multiply to obtain a;b; j, @:bi j+1, @ibi j+2-

Read b;; out of storage 2R, read in count-
ers 1, 2.

Read b;;41 out of storage 3R, read in
counters 3, 4.

Read b; ;.12 out of storage 4R, read in
counters 5, 6.

P2 Read.
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Trailer Cards:

PI Read out and reset counters 1, 2.

12

Read

i=1

a;b;; into storage 6 and punch.

Read out and reset counters 3, 4.

12

Read z

i=1

abs ;41 into storage 6 and punch.
Read out and reset counters 5, 6.

12
ReadE a;b; ;12 into storage 7 and punch.

i=1

This procedure for multiplying a vector by a matrix is
quite general. If the order of the matrices increases, the
number of necessary cards increases, but the control panel
wiring and the process remains the same. If the number of
digits in each element is too large for the sum of the prod-
ucts to be accumulated in the designated counters, the ma-
trix can be divided into six (or 12) groups, with two (or
one) elements of the B matrix in a card. On the other hand,
if the elements are two-digit numbers, four elements of the
final matrix can easily be obtained simultaneously.

DISCUSSION

Dr. Sherman: Could the described method of multiplying
a vector by a matrix be extended to include multiplication
of nth order matrices?

Miss Krawitz: 1t could be extended very easily. It is only
necessary to duplicate the number of cards in the B matrix
as many times as there are rows in the 4 matrix.

Dr. Sherman: 1s there any simpler method that anyone
has developed ?

Miss Krawntz: It is very difficult to answer your question
directly. What may be the simplest method for one series
of problems may be impossible for another. The simplest
method, as I have stated before, depends upon the order of
the matrix, the size of the elements, the machines available,
and the number of multiplications in the problem. The
method I have described is the most general, but is not the
most efficient in all cases. For example, Dr. Petrie has used
an entirely different approach. His problem was to multiply
a 17th-order vector matrix by a 17th-order square matrix
on the 602-A. All of the 17 elements of the vector are read
into the machine on the first card cycle, and stored for the
remainder of the calculation. Each element of the square
matrix is put on a card (289 cards) and arranged in order
of columns. After each element of a column of the square
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matrix is read by the machine it is multiplied by the corre-
sponding element of the vector. The sum of the products of
the vector by each column is accumulated and punched on
a trailer card. This method is particularly efficient if a given
matrix is to be used many times with different vector mat-
rices. The fully equipped 602-A could handle a 24th-order
matrix and vector, provided that the elements were four-
digit numbers.

Dr. Sherman: There is one slight thing that can be done
to speed this process. It is not necessary, of course, to punch
the a’s into the card that contains the &’s. You can use one
card as the master and the other as a detail card and, in
general, eliminate the necessity for reproducing.

Miss Krawitz: 1t is true that the method you refer to
eliminates the reproducing operation; it also keeps the origi-
nal matrices intact, allowing them to be used over and over
again. However, the machine time on the 602-A will be
increased. The benefits of the two methods should be con-
sidered with each problem.

Dr. King: Have you ever modified this method to use
complex numbers? The principle seems to be applicable.

Miss Krawitz: Complex numbers can be handled just as
easily as real numbers. It is true that the number of multi-
plications and additions will be increased, but all of the
methods described can be easily extended to include com-
plex numbers.

Dr. Hurd: One application of matrix by vector multipli-
cation known to many of you is the application in spec-
trometry. For a given instrument, you have a calibration
which determines the coefficients in the left-hand side of an
equation. With repeated routine analysis, the elements
which change are the elements which are on the right-hand
side of the equation. If the calibration is sufficient for three
months and you have a good many routine analyses, it is
profitable to invert the matrix and each time perform the
matrix by vector multiplication. Similarly, many of you are
interested in vibration analysis of mathematical models,
which are in the form of linear ordinary differential equa-
tions with constant coefficients. It is possible to write such
an equation in matrix form. In order to obtain a set of
fundamental solutions of the original equation, one way to
approach it is to start with a vector and find out successive
powers of the matrix itself times the vector, which again
brings in the matrix by vector multiplication. In the air-
craft industry where one problem is flutter analysis, this
iterative method is used so much that some of our calcu-
lators are busy 24 hours a day on this particular problem.

Myr. Walker: In the problem where there are a great
number of zeros in a matrix, if it were possible to arrange
these zeros so that it approaches a triangular matrix, would
that not greatly simplify the problem? You could treat the
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original triangular matrix in a method of elimination to
take care of the few coefficients that do occur below the
diagonal term and then invert the top triangle of the matrix.

Dr. Grosch: Indeed, that is a fruitful idea. It is not al-
ways easy to arrange the matrix in a purely triangular
form, but it is very easy to use a matrix with a large number
of zeros with standard equipment if you make a very careful
sorting code.

Dy. Sherman: In recalibrating from time to time there
may be one critical calibration that has to be done often.
You want to calculate the new inverse that results from
just changing one column of the old one. I have worked
with methods, and there are rather simple methods of cal-
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culating a new inverse from an old inverse as a result of
making various changes, such as replacing one column by a
new column or one row and column or one element, or
deleting a row and column, or augmenting a row and col-
umn. The practical situation is much more encouraging be-
cause instead of having to go to the trouble of inverting the
matrix, you can save a tremendous amount of work through
a whole series of associated problems. We actually do that.
In practice, you have a rather interesting situation of being
able to take a large order inverse and make a rather large
number of minor changes of rows and columns, or elements
in rows, and maintain the original work of inverting that
large matrix.



Numerical Solution of Two Simultancous
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THIS PAPER describes the numerical solution, using
the IBM Type 604 Calculating Punch, of the following set
of two simultaneous second-order linear differential equa-
tions:

04020 —Ky=0, (1)
¢+ i — Kgb=F(2).

s

High Low
Pressure Presstire AC Generator
Turbine Turbine
I, 1, I,
0, kg b, ]i’¢
Ficure 1

These equations express the relations that exist between
the angular displacements, acceleration of angular displace-
ments, reaction torque, moments of inertia, and tortional
stiffness of the shafts for a turbine-generator set, where:
6 = angular displacement of the shaft between the
high pressure and low pressure turbines.
¢ = angular displacement of the shaft between the
low pressure turbine and the AC generator.

0l =1l L+—L = natural frequency of shaft 6.
Iy "I,

0 = k¢ (71— +IL) = natural frequency of shaft ¢.
o Lv

kg = torsional stiffness of shaft .
k, = torsional stiffness of shaft ¢.

_ ke

Ky = A

_ ko

Ks = Ty
F(t) = reaction torque (Given for each 20°)

Iy
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Numerical Data

50,000 kw AC generator set, tandem compound, double
flow, 5-bearing.
3,600 rpm
Iy = 29301b. in. sec.?
Iy = 9,5001b. in. sec.?
I, = 15,650 1b. in. sec.? (2)
kg = 5151b.in.
ky =  5951b.in.
f(¢) is tabulated for each 20° of rotation from ¢ = 0.

200 1
h = 360° " 3600 60 = 0.000926 seconds
b= 20d ___20° -

= U COBTCES = 572958 /radian (3)
% — 2.86479/radian
1
-3 = 8.20702

Approximation of Finite Differences

F(t) is a known function of ¢ over the range of integra-
tion. Some constant increment in time, 4, is decided upon
so that

thpr =ta+ h. (4)
In this case & is taken to be the time required for the gen-
erator to rotate 20°, since F(¢) was given for this time
increment,
h = 000926 seconds.

Suppose that in the region of an arbitrary point, ¢,, within
the interval of integration, that the solutions 6 and ¢ and
their second derivatives can be developed into a Taylor’s

series. Then,
I
0n+1 = b + hen +

henr h31r ht1v

Zan—l—g—'a"-{—m@n-]—

n3rr paIv

I h21r
and bnt1 =¢'n+h¢n+§¢n+a¢n+2ﬁ¢n+

I h21v h3 v ht v (3)

Ir 1r
also 0n+1= 0n+h0n +§0n+§;0n+1—'0n +.

111 Wmw o p3v pavr

I 11
and  ¢nt1 =¢n+h¢n+§7¢n+§¢n+m¢n+ .
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A modified function can be defined which will eliminate
all odd derivatives and the fourth derivative. This modified
function is

h211

x_e—ﬁ (6)
h2 1

y=¢—-13¢-

I
Insert the expansions of 6, and 6, from equations (5)
to obtain #,4;. Thus,

27 3 4
s = bk Ko B B 2

0n+3' ﬂ+4' 0n+-...
h2 W31 Wty RSy
VR VA S
or xn+1 = (7)
Sh21r B3 11 hs V he VI

0+h0n+120n—|—1—2~0,,—180 480 — .

By changing the sign of %, you can now write the expansion
of the modified function at ¢,_;. That is;
h? 1 hd ur ht Wy

Zn—1 =0, h9 h+ 57 0n“3' 0n+ﬂ n+5|0”
or ~i5
x,,_1=0,,—hé,,+152h20n 112h39,,+1é0h79

Similar series pertain for the modified function .
The central difference of the modified function # about
the point ¢, is
by—2 Xn_2
tn_1 ¥n—1
AIJ'Vn—l/2
AII Xn

Alxpiige

Allyy = 2p01 — 22+ 201, (bt 2y

bnt1 Fng1
buyo Xnyz

Ally, = Alxp 1/ — A11’5‘71—1/2

= Zng1 — % — (¥n — Fn_y)

)

= ¥p41 — 2%, + Zn—1

Substituting from (6), (7) and (8) into (9) gives

5 r 1 I 1

I
Ir — =~ L2 -3 — _
Al = Op o+ By +5h2 by + 5k b — 10510 by — ...

Ir
— 26, + K26, (10)

1 III

I 5 Ir
+ 6, — hO,,—}—Ehz()n h 0,
or A"xn=h21«9l ——l—h"zl—
n 240 n e s e e o

+180
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By neglecting the terms of the 6th order and higher, and
thus forming a truncation error, we have
I u b4

Aly, =h%26, — 0, =—A*h7x",

likewise
II AII "

Auy —h2¢n = = 2 (11)
By substitution into equations (6) from (11) we can state
the values of the functions 6 and ¢ in terms of the modified
functions x and y and their second differences:

h2 [(Alg,
()

O = x5 4 Anxn_xn+1 + 10z, + Fn_1

Xp = O —

12 12 ’
Ay, y, 10y, "
and ¢” = yn + lzy =y +1 + 1%’ + Y 1 . (12)

Substituting in the original differential equations the ex-
pressions derived for the functions 6 and ¢ and their second
derivatives in terms of the modified functions » and vy, we

obtain
II
12 ) K¢(3’"+ 2 )=o,

Ahzxn + w} (xn
wz(yn“{"—l—z_ﬂ)_Kﬂ (xn'l‘A x")_f(t”)’
or (13)

big 1, of Afly 2
Az, 52"‘*‘1—2‘ K¢ 12 K,py — wg Xy ,

A

1 2
Al (ﬁ“%) Ky Ak =% = Kot — ofyn + (1) -
Solve for A¥x, and Ay, to obtain the equations:
Ally, = Axy, -+ By, + Cf(t) ,

Aly, = Exn + Fyn 4 Gf(ta) , (14)
2
KoK,y — 120} (%ﬁ'g) 12K,
where A = 7 E= h¥
1 o
7 — 2 - el 5}
5 _ 12K, o ek 1o (h2+12)
= = 7
12135+ )
o _ Ko ]f(t) _ ]h2 12

1, 03\(1, 05\ KsKy
f=”@#ﬁXﬁﬁﬂ—lz-
The coefficients 4, B, C, E, F, and G are properties of
the physical characteristics of the system only and remain
constant for the entire integration—except for coefficients
C and G, which contain the forcing function and must be
computed for each integration step.
Consider again the central difference formula:
Ay, = Zpy1 — 220 + Zua
and Ay, = yny1 — 2¥n+ Yn—1,
or g1 = Ay, A 22, — 2y

(15)
and  Yug1 = ATy 4 2y, — Yno1. s
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Substituting into (15) from (14) for the second differences
we have:
Zng1 = Axn + By, + Cf(tn) + 2%y — 21,

or g1 = (24+4) 20+ Byn + Cf(tn) — %n—
and  Ynyp1 = Exn + Fyn+ Gf(tn) + 290 — Yn—1, (16)
or Y41 = (24+F) yn+ Exn + Gf(ta) — Yn—1.

Starting with initial values for x,, #, ¥,, and y, the inte-
gration can be carried forward to obtain the modified func-
tions, #(¢) and y(¢). By employing equations (12), these
solutions for the modified function are immediately trans-
formed to the functions 6(¢) and ¢(¢);

Xni1+ 102, + Xn—1

ie., 6, = 12 R
n 1 n n—
T (12)
The constants for the problem are

(2 4 4) = 4+0.59410,

B = 40.36467,
(2 4 F) = 4+1.34706,

E = 40.31564 .

The coefficients Cf(¢,) and Gf(#,) are tabulated for inte-
gration points ¢,.

Solution on the IBM Type 604 Calculating Punch

Cards are prepared in pairs; i.e., one card each for the
6 and ¢ shaft for each point ¢, (Figure 2).

Card Form
col. 813 | col. 14-18

col. 1-2 01370 (21 4) | Cf(t) |col. 19-23|col. 24-28

Bor E\,t (24.F)| or Gf(t)
9 Card 1/.36467| .59410 | .00015 6 ¢
¢ Card 2|.31564| 1.34706 | .00481

etc.
Ficurg 2

Assignment of Data in 604 Calculator
col. 3-7 = B or E assigned to MQ (Multiplier Quotient
register)
col. 813 = (24A4) or (2+F) is assigned to FS 1 and 3
(Factor Storage units)
col. 14-18 = Cf(¢t) or Gf(t) is assigned to GS 1 and 3
(General Storage units)

Sequence card 6,:

1. RO GS 4, multiply + : By,

2. ROGS2,RIMQ Zn

3. RO FS 1and 3, multiply + (24 A)xn + Byn

4. ROGS1land 3, RIEC+ 6th Cf(t,);

(2 + A) % + Byn + Cf(ta)

5. RO FS 2, RI EC—6th (2+ A)x, + By,

+ Cf(tn) — Xpn—1 = Fn41
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6. % adjust 5th

7. ROand RS EC 6th, RI MQ Znt1
8. Emit 1 + 2nd

9. Emit 2 4 1st 12
10. ROand RSEC,RIGSland3 12
11. ROMQ, RI EC + 1st
12. ROGS 2, RI EC + 2nd
13. RO FS2, RI EC + lst
14. ROGS2,RIFS2
15. ROMQ, RIGS2

16. RO GS 1 and 3, divide

Xn41
Xn41 + loxn
Xnt1 + 1025 4 #n—1
shift &, to xp_1
shift Fnt1 to xp
9, = Xn41 — loxn — ¥n—1
" 12

DISCUSSION

Myr. Brown: 1 would like to ask about the possibility of
getting these difference equations in a more direct manner.
What is done here is to start with a differential equationand
then go through an elaborate process of making approxi-
mations in terms of differences. Then, finally, one finishes
with a set of difference equations. Now, in this case, the
original differential equations themselves can be obtained
by varying an integral. Instead of going through all the
manipulation with the differential equation, one could con-
ceivably start with an approximation in terms of differ-
ences for the kinetic and potential energy terms in Hamil-
ton’s integral. Then, carry out a variational process and
obtain difference equations without ever handling the dif-
ferential equations and without having to put all these ap-
proximations into the differential equations themselves. In
many physical problems which can be expressed as the
problem of varying an integral, the usual procedure is to do
something like that; for example, to introduce a polynomial
or other approximation with undetermined parameters in
the integral and then to vary the parameters to minimize
the integral. That would be the logical thing to do here. Has
that been looked into in this type of problem, and if so what
are the relative merits of each method?

My. Johnson: We did not look into that. I presume you
could do it as you have outlined.

My. Collins: It is unnecessary to solve this problem by
approximate methods as far as I can tell. If you have con-
stant coefficients, it looks as though you could obtain two
quadratic algebraic equations and reduce them to a fourth
order polynomial and calculate the necessary roots. You
would have to write out an explicit formula for the answer,
and then evaluate all the points you wanted to from trig-
onometric exponential functions. I wondered why it is de-
sirable to do the problem by this approximate method.
There probably is a good reason.

My, Sheldon: 1 think it is really easier to solve this prob-
lem by the integration of the differential equation instead of
evaluating the integral you would obtain if you solved it
explicitly.



Numerical Evaluation of Integrals of the Form f 'f (%)g(x)dx

JOHN W. SHELDON

International Business Machines Corporation

*

SUPPOSE we wish to evaluate numerically n—1 G+1/2)h nh
A 2 / f(#)g(x)dx + / f(@)g(x)dz. (1)
f(x)g(x)dx, i=1Ji~1/2)n (n—1/2)h
4

and suppose g(+) varies much more rapidly than f(x) so  Let # = h(j+¢) in the jth interval.
that much finer intervals are required to represent g(x)

by an interpolating polynomial than would be required for ¢ 12
f(x). It is then worth while to consider calculating special Then f(x)g(x)dx = h f(hé)g(hg)dé
Lagrangian integration coefficients, d;, which take account 0 0

of the variation of g(x) so that

n—1 1/2
B » . . \
/ ()9 (x)dr =z i +; ﬁ/f:(ws)]g[hws)]ds
[e 4

with the ordinates f; chosen at intervals in » which need q
only be fine enough to represent f(x) by an interpolating flA(n+¢€)1glh(n4-¢)1dE ;.
polynomial. Cases where this approach may be especially —1/2 2)
useful are: m
1. f(x) depends on one or more parameters, and inte- Let* f[A(j4€)] =z bri€* where m is a positive even
grations are desired over ranges of the parameters. Then  Rumber, =0 (3)
the number of operations required to solve the problem may m/2 ,
be very substantially reduced by this technique. and where byj = s 4
2. An integrand, F(x), has a singularity g(x) where l=—m/2

g(x) can be integrated analytically, and fg(x)dx is finite.

Then F(x) = ’;((j)) g(x) = f(x)g(x) . TherJf(x)g(ﬂdx = h{zbkoffky[héldf (3)

k=0

3. g(x) is periodic and varies so rapidly that we can

n—-l m
represent F(x) by an interpolating polynomial with inter-
vals in x of one period of g(x). In this case we obtain ¢ [h(1+f)]d‘f+z é"g[h(n—}-ﬁ)]dé .
—1/2 k=0 -

especially simple integration formulae. J—lk 0 1/2
Derivation of Formulae ' Let Con = gkg( hé)dé
for the Special Integration Coefficients A '
For simplicity, let the range of integration . . .
I.) . Y ’, g, gration be 0 to a. Let aHere is a representation in Lagrangian form of an interpolating
(0,a) be divided into n equal intervals (0,k), (h,2h), ..., polynomial. I have found that in most cases the Lagrangian form is
(n—1hnkl. Th most convenient. An exception is case 3 above, where it is best to
n ,mh]. Then f f ; ! > . . 1L 18
. introduce interpolating polynomials with coefficients given in terms
a n/2 of differences. The particular interpolating polynomial introduced
: here involves ordinates outside the range of fintegra.tion. Of course,
= if f(#) does not exist outside the range of integration, different
f(#)g(x)dx f(#)g(#)dz + interpolating polynomials must be used near the ends of the range
[} 0 of integration.
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172
Cix = ﬁ’@[k(j—l—é)]df j=12,...,n-1
—1/2 (6)
)
o = f Eglh(nt-6)1de
—1/2
/3 n m m/2
/f(x)g(x)dx =h z Z Z auwCinfip (7
0 §=0 k=0 l=—m/2
Let! = p—j. Then,
a m/2 p+m/2=n m
ff(x)g(x)dx =h z z 2 Gp—jkCifp
o p=—m/2 j=p—m/220 k=|p—]| (8)
p+m/2=n m
so that dy=h Ap—j,xCik » 9)
j=p—m/220 k=|p—j|
and

(10)

] p=n+m/2
f f(#)g(x)dx = 2 if,
0 p=—m/2

After the quantities d, have been evaluated, the integral
can be evaluated efficiently by machine for any choice of the
function f(x), provided only that f(+) can be represented
by interpolating polynomials in the interval chosen. The
evaluation of the coefficients d,, is often the central problem.

First of all one must obtain the coefficients ¢j. Sometimes -

the ¢; can be obtained by analytical integration, in which
case they are represented by formulae which may be evalu-
ated by hand or by machine. Otherwise, the cj must be
obtained by numerical integration. Once the cj; are found,
the d,’s may be evaluated from equation (9). This summa-
tion is somewhat tedious to carry out if the card volume is
small. Equation (9) is a formula for the d,’s which gives
results with accuracy analagous to Bessel’s integration
formula in the ordinary theory of numerical integration,
and it is the most accurate type of formula we can obtain
using equal intervals and interpolating polynomials. A
simpler procedure which we have used, but which is not so
accurate, involves strip formulae and Vandermonde mat-
rices as follows:

Divide the range of integration into subintervals (0,k),
(h2h), ..., [(n—1)h,nh] as before, but now let

a n/m—1 m(p+1)k
/ F()g(x)dr = z / f(x)g(x)ds. (11)
0 p=0 mph
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Putx = h{m(p+1/2) + £] so that

a n/m—1 m/2
f f®g(r)dr =1y, / FhIm(p+1/2) + £1)
0 p=0 —m/2

cg{h[m(p+1/2) + £]}dé,  (12)
m/2
and letff{h[m(ﬁ+1/2) + €]}
—m/2 imm2
* g{hlm(p+1/2) + £]Mé = ) dmpiifmpri-  (13)
j=—m/2

In order to evaluate the coefficients du,4j, let

f{h[m(p+1/2) + €]} equal successively 1, & &, ..., &,
m/2
and letfé"g{h[m(ﬁ+1/2) + £]}dé = cmp. (14)
—m/2
Then we obtain the system of (m-+1) simultaneous equa-
tions

j=m/2
Cmp = Edmpr; n=012,...,m (15)
j=—m/2
which can be solved for the dy, 4 j, obtaining
(16)

dmp+,j = z(f}l)—l C;’:;p .
n=0

After we have calculated d,4; from (16) we must add
together dypym/2 and dmpy1)—m/2 as they are both coeffi-
cients of the same ordinate. Here we have developed “strip”
and “repeated strip” formulae which are analogous in ac-
curacy to such formulae as Simpson’s rule and Weddle’s
rule in the ordinary methods of numerical integration.

Applications

1. Evaluate / f(x)cos kx dx when k is so large that
0

we may take steps of one period in the cosine and still
represent f(x) accurately by an interpolating polynomial.
In this case, we use the more accurate formula (9) for the
d/’s and Stirling’s interpolation formula in terms of differ-
ences in place of equation (3).

Because the average value of the cosine is zero, all the
“zero-order” terms in the interpolating polynomial con-
tribute nothing to the integral. Because the cosine is an
even function, all the odd order terms cancel. We are left
with a sum over the even order terms which are even order
differences of f(x) times constant coefficients. These are
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integrated to odd-order differences at the beginning and at
the end of the range of integration. Taking account of all
differences up to and including the 6th, we obtain

f& ) cos kx d = ,1;{ 0.0016007662 I:f (:k51) - f(%ef)]
0 —0.0186667286 [f <_TS7T) - f(‘%"):l
+0.2071512979 [f (:k-’1> - f(g)]} .

For example, evaluate

/ e—%cos 50nx dx .
0

We obtain from (17)

(17)

/ e—%cos 50mx dx = 0.0000405268311.
0

By analytical evaluation we obtain

/ e~%os 50rx dx = 0.0000405268310.
A ,

To obtain this result using, for instance, Simpson’s rule
would require us to add many thousand values of the
integrand.

2. Evaluate fe—”/z Ko(#/2)cos kx dx where Ko(2)
0

is a Bessel function of pure imaginary argument, defined in
Watson’s Bessel Functions.! Near the origin Ko(x/2) =
— vy — log.(#/4) where y is the Euler-Maclaurin constant.
Dividing by log10, we have
KO x/2
1o(g81/0)= —logyelO — logio(#/4) .
e~2Ko(x/2)cos kx
HeE I = = Tiogi10 — Togao(x/4) } for 0= r <048
9(x) = —y/log.10 — logio(#/4)
Then f(x) is “slowly-varying” as compared to g(x). To
evaluate the integral, take steps of .04 in » and use m=4
(five-ordinate strips) in equations (14), (15) and (16).
Then,

2
d‘p=/§"{—7/10ge10 — logso[.16(p+1/2) + 04£]}dé .
-2

For p==0 we have

¢9 = 2530485
¢l = 0694871 —
3 = 3682811
3 = 0926495 —

ch = 9283464 .

INDUSTRIAL COMPUTATION

The matrix (&) is

-1 +1 1 1 1
-2 -1 0 1 2
+4 1 0 1 4
-8 -1 0 1 8
16 1 0 1 16/
and we find that (&)1 is
0 1/12 —1/24 —-1/12 1/24
0 —-2/3 2/3 1/6 —-1/6
1 0 —5/4 0 1/4
0 2/3 2/3 —-1/6 —1/6
0 —-1/12 —1/24 1/12 1/24/,
so that from formula (16) we obtain
d_s = 0252662
d_; = .1216794
do = .0247837
d; = .0599131
dy = .0214058 .
Repeating this process for p = 1,2,3 we obtain
d_» = 0252662
d_1 = .1216794
do = .0247837
di = .0599131
—dy = .0355995
d; = .0600419
dy = .0203343
ds = .0516705
—ds = .0209827
d; = .0453289
ds = .0158488
dy = .0403588
—dio = 0083192 .

(dmpms2 and dup4+1) —ms2 have been added together.)

For the range .48 to «, which we take to be .48 to 10.0,
we use Gregory’s interpolation formula in Lagrangian form,
accurate to 6th differences, and continue integrating in
steps in x of .04. We use the integrand e—2/2K¢(x/2)cos kx
without splitting it into product functions.

The integral can be evaluated analytically.!

o —-1(1_74
e—/2K o(x/2)cos kx dx = 2-real part w :
V1I—(1-2:2)2
)

We obtained the following results:®

bThe evaluation of this integral was undertaken in connection with
a problem at the IBM Technical Computing Bureau in New York,
where we were really interested in the values of a somewhat simi-
lar integral which could not be evaluated analytically. The above
integral was evaluated as a check on the theory and numerical work
in obtaining the d’s, which were then used for the actual integral
which interested us.
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k By Numerical Integration Correct Value
0.0 1.999975 2.00000
0.1 1.989402 1.98963
0.2 1.958604 1.95858
0.4 1.847696 1.84764
0.7 1.616215 1.61902
1.0 1.380436 1.38051
20 0.843857 0.84383
4.0 0.437586 0.43749
7.0 0.246750 0.24624

For larger values of k, we have developed special inte-
gration coefficients for the function

g(x) = [y/loge 10 — logie (#/4)] cos kx .
For this choice of g(x) the ¢’s themselves had to be evalu-
ated by numerical integration.

In the application of this method to various problems, I
acknowledge with pleasure the assistance of Mr. Liston
Tatem and Mr. Daniel Ladd of the Applied Science Depart-
ment, International Business Machines Corporation.
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DISCUSSION

Mr. Bejarano: Can this process be used for triple inte-
grals?
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Mr. Sheldon: Yes.

Dr. Buchholz: Is it still profitable to use this method if
you must resort to numerical integration to obtain the ¢

* coefficients, instead of using analytical methods?

Mr. Sheldon: Yes, that is what we are doing in the case
where g(x) = cos kx log x dx. The function can be inte-
grated analytically, but it involves the cosine integral which
is a tabulated function. Rather than evaluate the ¢’s analyti-
cally, in this case it is simplier to take very fine intervals
and evaluate the c¢j’s numerically.

Mr. Clamons: 1 have just one comment to make on this
subject. Many times you run into a problem, in which there
is a product function like this, in connection with the ex-
perimental data where one function is experimental and the
other is analytical. It pays to establish the analytical func-
tion by means of that integral keeping the g function on the
inside and then establishing a matrix deck.

Dr. Hurd: 1 think this whole discussion illustrates again
the fact which we know very well, namely, that computing
machines do not replace mathematicians. Here is an in-
stance in which for a given integral, such as Mr. Sheldon
has discussed, there are obvious methods of treating them
directly by the definition of the integral. If you do this, you
have a very slow computing process and the computing
machine turns for days. If you apply some mathematical
knowledge in advance, you cut the amount of computation
time down. I am always glad to think that computing ma-
chines make the work of mathematicians more valuable.



The Use of Orthogonal Polynomials in Curve

Fitting and Regression Analysis*

JACK SHERMAN
The Texas Company

IN THE PROBLEM of two-variable curve fitting, a
simple polynomial in powers of the independent variable is
undoubtedly the most frequently used function in cases
where the form is unknown from empirical or theoretical
knowledge of the problem. Denoting the independent vari-
able by X and the dependent variable by Y, the polynomial
may be written as

Y = ap+ a:X + apX2 4 ... . (1)

The parameters @, @1, @z, . . . . are to be evaluated by the
method of least squares; i.e., so that the sum of the squares
of deviations between the calculated and observed values
of ¥ is a minimum.

For the case that X values are without error and the ¥V
values have equal weightings (precision), the so-called
normal equations for the evaluation of the parameters are

Na() + (EX )lll + (2X2)a2 + e = 2)” (2)
(3X Jag + (3X»)a + (3X®aa + .... = 3XY (3)
(3X%ap + (3X¥)as + (3X%)ae + ... = 3X2V (4)

In the above equations, the index and limits of summa-
tion are omitted, for in each case the summation is carried
out over all the values of X and Y—ie., from 1 to N.
A more general treatment of the least squares problem, in
which both the dependent and the independent variables
may be subject to error and in which the parameters may
enter the equations nonlinearly, has been published.? The
matrix of the coefficients of the parameters in a set of nor-
mal equations is always symmetrical about the main di-
agonal. These equations may be solved by any of the stand-
ard methods of solving linear simultaneous, algebraic
equations.

The well-known method of curve fitting outlined in the
foregoing paragraphs has two undesirable characteristics:

*This paper was presented informally.

ot
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1. The computational labor of solving the normal equa-
tions becomes considerable when the number of
parameters is large (e.g., greater than 5).

If the polynomial of the kth degree is fitted by the
method of least squares and it is then decided to add
the additional term a1 X**1, not only must @z, be
evaluated but all the parameters as well, because their
values will change by the inclusion of this additional
term. Thus, in the usual method of curve fitting, the
degree of the polynomial must be decided at the
outset.

ORTHOGONAL PoryNomial, METHOD?3
Instead of expressing ¥ as a polynomial directly in
powers of X, it may be written more generally as
Y =Ado+ Ay Aoba+ ... ., (5)
in which & denotes a linear function of X, & a quadratic
function of X, etc.
If the &s are so chosen that
N

z £(X) &(X2) = 0

k=1

(6)

for all values of ¢ and j, except when i=7, the polynomials
are termed orthogonal. The usefulness of this property of
orthogonality in curve fitting lies in the fact that all the
coefficients of the parameters in the normal equations, ex-
cept those on the main diagonal, are zero; thus, a complete
separation of the parameters is achieved.

The normal equations then become:

NA, =3Y ()
(38)4, = 34Y (8)
9

(28) Az/= 36Y
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For the case that the values of X are equally spaced, the
orthogonal polynomials can be easily derived.* It is this case
which will be discussed below.

In practice, it is more convenient to deal with the equa-
tion in the form

Y = Ay 4 A+ Abts 4. ..., (10)

in which the £ polynomials are related to the £ polynomials
by means of equation

&= Adi . (11)

The A; values are so chosen that the ¢ values are integers
reduced to the lowest terms. The relationships between &
and X up to the fifth degree are:

é =M (X-X), (12)

S
& = x| (x-%2 =171, (13)

& =] (X=X - -0 (357) J.as

=] (X=Xt — (X=X)2 (%1—3)

3(N2—-1)(N2—9)] (15)

+ 560

& = s I:(X—X')5 - (X_)?)a(é_(%l)

_ 4 _ 2
4 (x_x) 15Nt — 230N +407].(16)
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These equations enable one to transform the equation in
the £'s to an equation directly in terms of X, if so desired.
However, the sum of the squares of the deviations from the
regression equation may be obtained directly in terms of ¢'s.

The equation is
SA?Y = 3V2 — A,3(Y)
— 43 (V&) — A3(YE) — ...

The first term, 3¥?2, is the sum of the squares of the ¥’
values about zero. The second term, 4,3(Y), is the amount
by which the sum of squares about zero is decreased when

taken about the mean. The third term, 413 (V£}), gives the
amount by which the sum of the squares is further decreased

when the deviations are taken about the best (least squares)
straight line, etc.

Illustrative Numerical Example

As a simple numerical example illustrating the applica-
tion of orthogonal polynomials to the determination of a
regression equation, consider the X and ¥ values given in
the first two columns of the table which follows :
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X Y 131 &
4 1.82 -3 5

5 6.13 -2 0

6 12.09 -1 -3

7 19.47 0 —4

8 29.80 1 -3

9 4212 2 0

10 55.91 3 5
2= 28 84

If the X and Y values are fitted to a polynomial
V=44 BX+4(CX?, (18)

by the standard method of least squares the normal equa-
tions are:

744+ 49B 4 37C = 167.34 (19)
494 + 371B 4+ 2980C = 1423.34 (20)
3714 + 2989B 4 25235C = 12481.56.  (21)
The solution of these equations yields the polynomial
Y = 6.50494 — 5.18474X + 1.01309X2. (22)

To obtain this same result by the application of or-
thogonal polynomials, the following quantities have been
calculated:

3V
= 2390571 (23)
S(£Y) = 251.96 (24)
S(&Y) = 85.1 (25)

Dividing the latter two steps by the number standing at the
bottom of the corresponding ¢ columns, the following
parameters are obtained:

. S(8Y) 25196

4 =S ) =" = B985, (26)
, _ 3(&Y)_ 851
ds = =55t S = 10130 (27)

The corresponding orthogonal polynomial expression for
Yis
Y =V + Al + At (28)
= 23.90571 + 8.899857 ¢ + 1.01309 & .

To transform the above equation in ¢ into an equation in X,

the table of relationships previously given is used. (In this
example A; and A, are equal to 1, so that ¢ = & and
& = &. Also, 7 is the mean value of X.)

Y = 23.90571 4 8.99857(X —7)
4+ 1.01309 [(X —7)2—4]

= 19.85333 + 8.99857 (X —7)
+ 1.01309 (X —7).

The above equation in powers of X —7 may be converted to

(29)
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an equation in powers of X by a method employing syn-
thetic division. The result is

Y = 1.01309X2 — 5.18476X 4 6.50499 .  (30)

A comparison of equations (22) and (30) shows that
they are identical to within a few units in the last figure.

In order to obtain the calculated values of ¥ or to carry
out a regression or correlation analysis, it is not necessary
to convert the equation in ¢ to an equation in X. The details
need not be given here.?

Orthogonal polynomials may be used very efficiently to
obtain an nth degree polynomial corresponding to a tabu-
lation of N —1 equally-spaced values of V.
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DISCUSSION

Mr. Brown: As Dr. Sherman remarked, these tabular
polynomials exist in convenient form only when the points
are equally spaced. Experimentally, and on a small scale, I
have tried calculating them and using them in a few cases
when the points were not equally spaced. In that case, of
course, the usual procedure is to form the normal equations

INDUSTRIAL COMPUTATION

of B? and go ahead and solve them. I have tried this alter-
native method which consists in calculating, for the particu-
lar set of given points, as many of the orthogonal polyno-
mials as are needed for the particular problem. I am not
sure about the relative amount of work involved in the
conventional procedure, and in this procedure, but I am
favorably impressed by what seemed at first glance a re-
markably laborious task, namely, calculating a whole set of
functions before you start your problem. I think the amount
of work is about equal by the two methods.

The method has a great advantage. If you want to fit
more than one function to the same set of points, you may
perhaps have eight pages of work for the first function, but
seven of those pages consist in calculating orthogonal poly-
nomials, and the eighth consists of evaluating the coefficients.
If I now want to fit a second function, there is one more
page, not eight more. If it were calculated by the conven-
tional method, that would be a great deal of calculation, but,
on the whole, I am impressed with that way of doing it.
I think it merits further investigation. I don’t have any final
evaluation of the two methods.

In some cases two variables may have almost the same
effect on the variable, and they vary closely with each other,
in which case there will be difficulty in solving because of

.an almost vanishing determinant. The two variables are so

closely correlated that there may be some indeterminateness
in determining these coefficients. On the other hand, certain
variables may have so little effect on the variable ¥ that
they can probably be left out. I think it would be interest-
ing to investigate the usefulness of orthogonalizing such
functions.
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THE IBM Card-Programmed Electronic Calculator
makes available to the computation laboratory of moderate
size a computer of considerable flexibility. By means of ap-
propriately designed control panels, it is possible to exploit
the facilities for control provided by the accounting ma-
chine, and thus to employ the equipment for the efficient
solution of a wide variety of problems.

We may conceive of two diametrically opposed methods
for the utilization of the card-programmed electronic cal-
culator. The control panels may be wired in such a manner
as to permit the computer to perform the elementary arith-
metic operations under control by suitable code punching in
program cards which are read by the accounting machine.
A given computational routine is then performed by reduc-
ing the problem to a series of arithmetical operations to be
performed in sequence, and the program for the problem
consists of the sequence of coded instructions punched into
cards, by means of which the computer is given step-by-step
instructions for carrying out the desired routine. When em-
ployed in this manner, the computer may be said to be a
general-purpose computer. On the other hand, it is fre-
quently possible to control simple sub-routines by means of
control panel wiring, and it may be possible to generate
some or all of the program within the machine instead of
employing card control. In the extreme case, the computer
may then be a single-purpose computer and may be said to
be controlled by internal program.

Substantial savings of operating time and greatly in-
creased efficiency of operation frequently result from the
specialization of the control circuits to a particular problem.
In this way the substantial facilities for control and storage
provided by the accounting machine and the subsidiary
storage unit can be employed in conjunction with the elec-
tronic calculator for the rapid solution of a particular prob-
lem. However, a considerable amount of time is normally
required for the design and installation of the required con-
trol panels. This type of operation is, therefore, not usually
justified unless the problem is of considerable magnitude.

*This paper was presented informally. The supplementary notes
were added subsequent to the presentation.
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Although the advantages to be gained by specialization
of control panels should be examined for any particular
problem, it will usually be the case that the average compu-
tation of moderate duration can be most expediently carried
out on a general-purpose computer. In this way, the design
and installation of control panels for the problem at hand is
entirely eliminated, and the planning for the problem con-
sists only of the formulation of the card program routine.

In view of the fact that the general-purpose computer is
to be used in a wide variety of problems, it is desirable that
it offer to the programmer the greatest possible flexibility
consistent with the logical design of the equipment. It is
desirable that it be possible to carry out the arithmetical
operations with the minimum number of program cards.
Furthermore, it is desired that facilities be provided for the
automatic selection of alternative computational routines
and for the selection of input data.

The electronic storage capacity of the IBM Type 604
Electronic Calculating Punch is assigned to provide four
storage groups for ten-digit numbers. The units connected
to channel A are designated electronic storage A. Similarly,
electronic storage B and electronic storage C consist of the
units connected to channel B and channel C, respectively.
Auxiliary temporary storage is provided by additional units
and is designated electronic storage D.

Provision is made for the eight arithmetic operations
summarized in Table I. These consist of the elementary
operations, square root, and certain combinations.

TaBLE I. ARITHMETIC ORDERS

Storage Result

Code Order A B C D Decimal Point
0 A=C c — C D c=a
1 A+ B=C c B C D c=a=0b
2 A—B=C C B C D c=a="D
3 AXB=C c B C D c=a-+b
4 A+B=C C B C A c=a—b+1
5 VA4 =C c Cc/10 ¢ A4 c=al2
6 A+B4+D=C C B C D d=c=a="b
7 A—B+D=C C B C D d=c=a=0b
8 AXB+D=C C B C D d=c=a+b
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The table gives the condition of each of the electronic stor-
age groups at the conclusion of the operation. The factors
are identified by the label of the electronic storage group in
which they are stored or by the channel over which they are
transmitted. The decimal point rule for each operation is
also given, where @ denotes the number of decades between
the leftmost decade of the number 4 and the decimal point,
and b, ¢, and d are similarly defined for the numbers B, C,
and D, respectively. The order code zero results in a trans-
fer of the factor 4 to electronic storage C.

The result C of every operation is transferred to elec-
tronic storage A, where it may be employed as a factor in
the succeeding operation. The factor B is preserved by every
operation and may be employed in succeeding operations
unless the square root operation intervenes. The number in
electronic storage D is unaffected by all operations except
division and square root, in which cases it is replaced by
the factor A.

The provision for the retention through a sequence of
operations of significant factors within the electronic stor-
age of the computer contributes substantially to the effi-
ciency and flexibility of the computer. It is frequently pos-
sible to carry out routines of considerable length before
sending results to external storage. These provisions effec-
tively increase the over-all storage capacity of the computer,
a consideration that may be significant in problems for
which storage capacity is at a premium.

The square root operation utilizes an iterative sub-routine,
programmed on the 604 control panel. A special method of
obtaining the first trial value of the root has been employed
so that the complete operation requires a maximum time of
two machine cycles.

In addition to the transfer of the result C to electronic
storage A for every operation, provision has been made for
three optional transfers between the different electronic
storage groups. These transfer orders follow the arithmetic
operations. They control access to electronic storage D and
supplement the provisions of the arithmetic operations for
the destination of the operation result. The optional transfer
orders are summarized in Table II. Except as noted, they
can accompany any of the arithmetic orders.

TaBLE II. TRANSFER ORDERS

Storage Result
Code Order A B C D Notes
6 DB C D c D not with arith. orders
4,56,7,8
7 C->B C c ¢C D not with arith. order 5
8 C-D C B c C not with arith. order 5

The optional transfer orders contribute significantly to the
flexibility and efficiency of the computer.

INDUSTRIAL COMPUTATION

The card-programmed calculator is regularly equipped
with a shift unit that is associated with channel C. This unit
makes it possible to shift a result C up to five decades to the
left. The ease with which various problems can be pro-
grammed is markedly increased if provisions are made for
shifting on channel A of the factor 4 before it enters the
computing unit. The field selector of the accounting machine
can be employed to provide a shift to the left of up to four
decades, or a shift to the right of up to five decades. The
shift orders are summarized in Table III.

Tasrg III. Su1irr ORDERS

Code Code

Channel A Result Channel C Result
0 A 0 C
1 104 1 10C
2 1024 2 102C
3 1024 3 103C
4 1064 4 10¢C
5 1014 5 105C
6 1024
7 1034
8 1044
9 10-%4

The storage addresses of factors 4 and B and the address
of the storage unit to which the result C is to be sent, to-
gether with operation and transfer codes and shifting in-
structions, constitute a ten-digit order code or word that
normally is read by the accounting machine from columns
4 to 13 of an order card. The location of the various parts
of the complete order is shown in Figure 1. Input to the
computer is achieved either by entry from the order card
into channels A and B under control of a 00 address for the
channel involved, or by an order termed spread load (SL)
under X control, permitting direct entry -from the order
card into six of the seven accounting machine counter
groups. The card fields associated with each counter group
during a spread load operation are indicated in Figure 1.
The punch unit is wired to punch from certain accounting
machine counter and electronic storage groups as shown in
Figure 1. In both input and output, negative numbers are
punched as true figures with an X in the units position of
the card field, and sign control within the computer is
automatic.

The provisions that have been described for the arith-
metic, shift, and transfer operations are sufficient to permit
the construction of efficient programs for computational
routines involving purely algebraic operations. However,
unless further implemented by provisions for program con-
trol, it is necessary that the machine operator perform all of
the discriminatory operations involved in the solution of the
problem at hand. In many problems—as, for example, those
of iterative nature—it is necessary to provide alternative
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computational routines, and at some point in the calculation
to select the appropriate routine on the basis of criteria de-
veloped by the calculation itself.

A considerable amount of automatic program control can
be achieved by the addition of two program control orders.
The ten-digit instruction word is normally contained in col-
umns 4 to 13 of the order card, and this field is designated
the normal instruction field. An alternative field, called the
transfer instruction field, is located (Figure 1) in columns
34 to 43 of the order card. If, at some point in a calculation,
the number occupying electronic storage C is negative, and
if “conditional transfer” (CT) is ordered at this point by
an X punch in the order card, the computer will transfer
from the normal instruction field to the transfer instruction
field, and it will obtain its instructions from the transfer
field as long as “hold transfer” (HT) is consecutively or-
dered by another X punch in the order card. If the number
occupying electronic storage C is positive at the time of the
conditional transfer order, the computer continues to obtain
its instructions from the normal instruction field. Alterna-
tive routines can be programmed in the normal and transfer
fields, and the discrimination between the two routines can
always be phrased in such a way as to involve the sign of
an appropriate quantity.

If a given computation is to be performed for a series of
different values of initially given parameters, it is necessary
at each stage of the calculation to select the input parameters
to be employed. It is frequently convenient to file with the
order cards the input data necessary for a considerable num-
ber of individual problems and to provide a means for the
selection of that portion of the data required for a particular

calculation. Provision is made for a selective loading opera-
tion, termed “‘selective spread load” (SSL), controlled by
an X punch in the order card. A load address, stored in the
right-hand half of electronic storage D is compared with a
load argument, punched in columns 14 to 18 of the order
card. If the two numbers are equal, the X punch controls
direct entry into the accounting machine counter groups
2 to 7 in the same manner as in the ordinary spread load
operation. If the two numbers are not equal, the card passes
through the machine without activity. This order may also
be employed in table lookup operations for the introduction
into otherwise algebraic routines of transcendental func-
tions, the direct calculation of which cannot be expeditiously
programmed. The program controls are summarized in
Table IV.

TaBLE IV. ProcraM CONTROLS

Punch Column Order Name
X 2 CcT conditional transfer
X 3 HT hold transfer
X Sor 35 SL, spread load
X 6or 36 SSL selective spread load
9 12 or 42 P punch
X 120r42 L list

The CPC has been employed in this laboratory in the
manner described on a number of different computational
problems. The facilities for control have been found to be
adequate for the efficient operation on computation routines
of considerable complexity. We have also developed a set of
control panels that are completely analogous, except that
operations are limited to eight-digit arithmetic, and the
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square-root order is eliminated. In this way it is possible to
preserve enough program capacity in the electronic calcu-
lator for internal programming on the control panel of the
604 unit for an iterative sub-routine for the calculating of
transcendental functions such as the logarithm, exponential,
trigonometric or hyperbolic trigonometric functions.

We append notes on the various operations and list the
sixty program steps for the general purpose ten-digit arith-
metic control panel. A diagram (Figure 2) is given for the
wiring of the accounting machine control panel, and it is
supplemented with diagrams presenting, with greater clar-
ity, calculate selector (Figure 3), field selector (Figure 4),
co-selector (Figure 5), and pilot selector (Figure 6) cir-
cuits. These notes are intended to supplement the material
presented in the standard instruction manuals for the vari-
ous machines.
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NortEs

Addition: On order 1, the operation 4 + B = C is per-
formed. On order 6, the operation 4 + B 4+ D = C is
performed.

Subtraction: On order 2, the operation 4 — B = C is
performed. On order 7, the operation 4 — B 4+ D = C
is performed.

Multiplication: On order 3, the operation 4 X B = C'is
performed. On order 8, the operation 4 X B 4+ D = C
is performed. The product is rounded off with 1/2 adjust-
ment to ten significant figures.

Division: On order 4, the operation 4 - B = C is per-
formed. The formula C = (A—A4,B2/B1) /B is employed,
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Group Suppression Exits

LEGEND
(1) sup. without test (19) read units into 3rd
(2) sup. on zero (20) read units into 4th
(3) PU group sup. 1 (21) read units into Sth
(4) PU group sup. 2 (22) read units into 6th

(5) PU group sup. 3 (23) read units out of 2nd
(6) drop-out group sup. 4 (24) read units out of 3rd

(7) program 3 (25) read units out of 4th
(8) program 10 (26) read units out of S5th
(9) program 13 (27) read units out of 6th
(10) program 15,16 (28) counter read in +
(11) program 41 (29) counter read in —
(12) program 42 (30) RI factor stor. 1 and 2
(13) program 52 (31) RI general stor. 4
(14) program 52 (32) RO factor stor. 1 and 2
(15) program 52 (33) RO factor stor. 3 and 4
(16) program 53 (34) RO general stor. 4
(17) program 53,55 (35) RO mult. quot.

(18) read units into 2nd

SUPPRESSION CIRCUITS

Other Suppression Circuits

' Suppression Program Lines Suppression

Program Lines

N
e
Tof——00
N7 |

(19) oTo ?/
(13)\\No

GS(1) 10-14 S (5) 6, 7,15,16
GS(2) 4-5 S (6) 17,19,20,22,24,28,31,32
GS(3) 8- 9 S (7) 21
GS(4) 18,23 S (8) 25,29,30
S (9) 26,27,37-39
S(10) 33-35,40,46-50
S(11) 36
S(12) 41,42
S(13) 43-45
S(14) 52,53
S(15) 54
S(16) 55

Frcurg 3. CaLcuLaTE SELECTOR CIRCUITS OF 604 ErrcrroNICc CALCULATING UNIT
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(3) pilot selector 8, IPU (9) channel 13 control (15) 3rd reading, cols. 21-30  (21) 3rd reading, cols. 71-72
4 1 st 4 exi 10 d & ) 6 q & Is. 31-43 (22) 3rd reading, cols. 14-20
(4) genera s.orage , exit (10) 3rd reading, cols. 9-13 (16) 3rd rea {ng, cols. 31~ (23) 3rd reading, cols. 63-70
(5) 2nd reading, cols. 34-38 (11) channel C control (17) 3rd reading, cols. 44-46 (24) 3rd reading, cols. 73-80
(6) 2nd reading, cols. 4-8 (12) shift control (18) 3rd reading, cols. 47-50 (25) pilot selectors 1-4, IPU

Ficurg 5. CosELEcTOR CIRCUITS OF 417 AcCCOUNTING MACHINE

86




SEMINAR PROCEEDINGS

87

DICIT SELECTORS
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(1) split col. control 0
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(3) card count
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(10) card cycles

(11) set up change 1
(12) 3rd reading, col. 2
(13) 3rd reading, col. 3
(14) 3rd reading, col. 42
(15) 2nd reading, col. 12

Ficure 6. Prror SELECTOR CIRCUITS
OoF 417 ACCOUNTING MACHINE

where 4; = A (10—6), By = B (10-3), and B, = B
(2—1). The error is less than (A;/B;) (Bs/B;)2. The left-
most non-zero digit of B may not be more than one decade
to the right of the leftmost non-zero digit of 4.

Square Root: On order 5, the operation VA = C is per-
formed. The formula

Cm = [Co=D  A4/Cn=1]/2

is employed, where C'™ is the nth approximation to the
square root. The successive approximations are continued
until for some n, say n/, C®) = C®+1_ The zeroth ap-
proximation is obtained from the empirical rule,

C(O) — 2(10k—10+a/2) +A(10k—1+a/2) s

where the number of non-zero digit pairs of the 10-digit
number A4 is k 4+ 4, and where ¢ denotes the location of the
decimal point of 4, counting from the leftmost decade of A.
The quantity 4 must be transmitted over channel A at the
time square root is ordered. It is also essential that a be an
even number.

Transfers: The C—A transfer accompanies every arith-
metic order. The C—B and C—D transfers can be ordered
with every arithmetic order except square root. The D—B
transfer can accompany simple addition, subtraction, multi-
plication, and division (orders 1, 2, 3, 4) only.

Spread Load: Counters 2 to 7 read in from card fields.
Counter 1 can be loaded simultaneously by card entry into
channel A if channel C is given a 71 address.
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Selective Spread Load: Counters 2 to 7 read in from
card fields of the card for which the argument (cols. 14-18)
is equal to a card address stored in electronic storage
Dy = D (5—1). All cards for which the argument and card
address are non-equal are passed through the machine with-
out reading to the counters.

Conditional Transfer: The calculator transfers to the
transfer instruction field instead of the normal instruction
field if C < ‘0 when conditional transfer is ordered. Hold
transfer must also be ordered.

INDUSTRIAL COMPUTATION

Hold Transfer: The calculator reads instructions from
the transfer instruction field instead of the normal instruc-
tion field if transfer has occurred as a result of conditional
transfer, as long as hold transfer is continuously ordered.
The first transfer instruction word must be blank, and the
first normal instruction word after transfer must be blank.
If either normal or transfer instructions call for entry into
channel A or B from card fields, the opposing instruction
word must be blank.

TYPE 604 PROGRAM STEPS FOR TEN-DIGIT ARITHMETIC

Factor Storage General Storage ' kAm'kvity
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alosiiN) ) |RO | RIGHS || i
1T |RO | RIG4M || LA
kL ST S N N IO I O O O 3
ST ] ’_‘9___{_}%“.#)_2_ ________ SR NN I O I O a3

4T RO | RI(+) » X

(CONTINUED ON NEXT PAGE)



TvypE 604 ProGRAM STEPS FOR TEN-Dicrr ARITHMETIC—Continued

Factor Storage General Storage Activity
3(8-6) | 3(8-6) | Mult 1(8-6)
No.| Sup| Sel) 2 2 Quot Ctr 2 3 4 +i=IX|+=1v
14 | GS1 RO3,RC RI X
2N
Jsls N ] RI(+)6 _JRO | | IX|_ | | ..
2T
S O 1 O O S 1 (G100 X3 N I O 3 N O
5T RI(4)6 RO X
2N
1615 NN L RI(+)3__| . RO | WX L ..
2T |
. . 2. | I I I RIGZ)3 | ] RO | X .. o
5T RI(+)3 RO X
1716 RO RI(-)5 X
18| G54 RO RI(-)3 X
1916 RO3 RI X
20| 6 RO6 RI X
(PROGRAM REPEAT)
2117 (ZERO TEST) R16 X
22| 6 RO,RC X
23| GS4 RO RI(+)2 X
241 6 (EMITTER 5)| R4 X
25| 8 MULT(+)| RO X X
2619 RO RI X
2719 RI RO6,RC X
281 6 (EMITTER 5)| RI X
29| 8 MULT(+) RO X
30 8 RO RI(+)4 X X
31({ 6 RO2 RI X
32| 6 RO5,RC RI X
33| 10 (PUGS 1) RI RO X | X
34| 10 RO MULT(+) X | X
35| 10 (PUGS 3) DIV RO X | X
36| 11 RI RO4,RC X | X | X
3719 MULT(+)| RO X

(CONTINUED ON NEXT PAGE)
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Typg 604 ProcRAM STEPS FOR TEN-Dicit ArrrHMETIC—Continued

Factor Storage General Storage Activity
3(8-6) | 3(8-6) | Mult 1(8-6)
No.| Sup| Selif 2 2 Quot Cir 2 3 4 +| ~- I X| =]V
38|19 RO RI(+) X
39|19 (14 ADJUST) RI3 X
401 10 RO RI(-)2 X | X
41L12 6NJl RO RI(+)5 X | X
6T|| RO RI(+)6 C+D
42|12 | 6N RI(+)3 RO X | X
6T RI(4)4 RO |[C+D
43113 RI RO4 X | x| X
44113 RO RI(—)4 X[ X | X
4513 RI RO6,RC x| X | %
46 | 10 DIV RO X | X
47110 RI RO,RC (PUGS 2) X | X
48|10 RO RI(+)6 X | X
4910 RI4 RO X | X
50 | 10 DIV RO X | X
51]0 RO,RC X{X|X!%X|X
6N
7T
52 14 f 8N RO 4 ____}] RI(+)3 | ___| e JIC2B
6N
7N
oo L ST RL | RO L] SRS DR | (s S NN N
6T
7T
8N|| RO RI(+)3 D—B
6N
7T
53|14  8NY i [RO__IRIGH) __ | ] ___HIC=B ___| R
6N||
7N
8T RO | ] . RLUC=D |
6T
7T
8N RI(+) RO [[D—B
54 | 15 RO3,RC | RI C-B,D—B
6N
55|18 | 7T | RO RI2 C—-B
T iiaialindiainih dhaliaibalainalinidiliall pbeditiatind nlbadiadbadly ———tmmmm——==—N -———t-
7T RI2 |RO ||D—B
56 |0 RI(+) RO
57 (0 RO2,RC RI
5810 RO RI(+)3
59 |0 RI . RO6
(PU NEG BAL
60 |0 SELECTOR) | RO RI(+4)
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Remarks on Distillation Calculations™

JOHN W. DONNELL

Michigan State College

THE WORK we have been doing with IBM calculating
machines has been in distillation and absorption tower
design.

First, 1 should like to say a few words regarding Mr.
Opler’s paper! on distillation and the previous paper by
Dr. Rose? and his associates, to avoid repetition in describ-
ing our work which covers similar ground to that of these
two excellent papers. It should be pointed out that where
Mr. Opler assumed Raoult’s law to hold, he is using the
equation y = PX /= to describe the relationship between the
concentration of a given component in a boiling liquid and
the concentration of that component in the vapor in equi-
librium with the boiling liquid. In this equation, = is the
total pressure on the system, P is the vapor pressure of the
component in question in the pure state at the temperature
in question, and « and vy are the mol fractions, respectively,
of the component in the liquid and vapor states.

In our work, especially in petroleum engineering, we
have discovered that such an equation is not accurate
enough for our design work, and the petroleum industry
has quite universally adapted the equation y = KX where,
as you can see, P/z has been replaced by K, an experi-
mentally determined factor, which is a function of tempera-
ture, pressure, and the component itself. These constants
have been determined at great expense to the industry, and
I think the industry should be called upon to pool its K
factors. I suggest that IBM make a master deck of cards
containing these values. In our work we are using K factors
in both distillation and absorption calculations. In Dr.
Rose’s paper a symbol designated as « is, in reality, a ratio
of K values; e.g., a;_» K,/Ks. While this varies much
less with temperature than the individual K values, we in
the petroleum industry cannot use this approximation in
most design work, and must use the individual K factors
and make no attempt to eliminate variations with tempera-
ture in either distillation or absorption columns.

*This paper was presented informally.
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In addition I should like to point out the similarity, in
the approach to the distillation problem, of the method we
are using to that of Dr. Rose. You recall his calculations
concern themselves only with binary mixtures. He calcu-
lates the analysis of the distillate and bottoms products for
a given feed, reflux ratio, and number of plates, by first esti-
mating the total amount of distillate per unit feed and then
calculating a new distillate quantity closer to the correct
answer. With this new distillate quantity as a second esti-
mate, he calculates a still closer answer and continues the
iteration until the desired accuracy is obtained. We do a
similar calculation except that we do not assume a constant
a and we work with multicomponent mixtures. After ob-
taining our value of the amount of distillate by iteration, we
must go back and correct for variations in K values caused
by our inaccurate estimation of the correct temperature at
the start of the first iteration. This, then, imposes a second
iteration upon the first. Although this may sound compli-
cated, it is really not so difficult, because we have prepared
a detailed calculation chart showing just how each calcula-
tion comes from another (Figure 1). This chart is simple
enough that one not skilled in the art—say a high-school
student—could carry the calculations out on a desk calcu-
lator. Also, we have prepared a chart for absorption which
we have adapted to the IBM Type 602 Calculating Punch,
and we are in the process of doing the same for the distilla-
tion chart. In using the type 602 machine we have to use
some seven control panels (wired separately) to carry out
the various calculations. We are also considering, with the
help of the IBM Applied Science Department, a somewhat
simple and direct attack on the distillation calculation, using
matrix algebra to solve a large number of equations used to
describe the conditions in a distillation tower.

REFERENCES

Ascuer OpLER, “Machine Calculation of the Plate-by-Plate
Composition of a Multicomponent Distillation Column,” pp. 18-23.
ArRTHUR Rosk, THEODORE J. WiLLiAMS and WiLLiam S. Dyg I1I,
“Continuous Distillation Design Calculations with the Card-Pro-
. grammed Electronic Calculator,” pp. 24-31.
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Some Applications of the Monte Carlo Method

Matrix Inversion on the

IBM Accounting Machine*

ASCHER OPLER
The Dow Chemical Company

IN THE JULY, 1950, issue of Mathematical Tables
and Other Aids to Computation, Forsythe and Liebler de-
scribed a Monte Carlo method of matrix inversion. This
has been adapted for use with an IBM Tyype 405 Account-
ing Machine. In the interest of brevity, I state a version of
the original method without proof.

If B is a square matrix such that 4 = | I — B |, then
B-l*=(|I-4|)1'= ZA’“. When the last expression

k=0
is a convergent series, B~ may be evaluated by playing an
infinite number of games as described below. In practice it
may be approximated by playing a large number.
n

za‘ii + pi = L

j=1

Choose stop probabilities, p;, such that

(This is one restriction of the class of matrices that may be
inverted.) Prepare a deck of punched cards as follows:
one half of the card is to contain random numbers; a playing
field of # columns is prepared in the other half of the card.
In each of the #n columns, punch digits so that the proba-
bility of a card containing ay; or p; is equal to the correspond-
ing element of 4 or the corresponding stop probability.
“Shuffle” by repeated sorting in the randomizing field.

The game is played by passing this prepared deck
through the accounting machine # times. To play for in-
verse element (Bj;) !, the machine is instructed to start
with the first card and read the ith column on that card. If
the number read is m, the machine reads the mth column of
the next card. Fach card directs the reading of the following
card. When a stop card is read, the game is ended. If the
stop card was read in column j, the score is 1; otherwise the
score is zero. Actually, # games are played at once with one
of the »n elements winning and others losing. The inverse
elements are found by dividing the final scores by total
games played and then finally dividing by the stop proba-
bility. In certain cases, the inverse matrix may be printed
by the accounting machine, line-by-line.

ot

This method appears to be the simplest and most econom-
ical way of inverting matrices. The operations are pro-
portional to #2 instead of #3. The disadvantage is that the
results obtained in reasonable times are approximations.
(A fair approximation to a seventh-order inverse may be
found in less than an hour; a good approximation might
take four to six hours.) The class of matrices that. may be
inverted is limited, but, with ingenuity, many of these limi-
tations may be overcome.

A paper describing the method fully has been submitted
for publication in Mathematical Tables and Other Aids to
Computation.

Remarks on Finding Roots of,
and Inverting, a Matrix*

GILBERT W. KING
Arthur D. Little, Incorporated

THE ESSENTIAL FEATURE of the Monte-Carlo Method of in-
verting a matrix, or of finding its roots, is the well-known
iterative procedure of raising the matrix to a high power.
The reason the method does this can be easily seen as
follows: Choose a row and column at random and write
down the matrix element, a;. Then choose another element
from the Ath row lying in column g, say, ay,. Again choose
an element from the pth row, say a,,. This is done N times.
The choices are multiplied together,

an Gy Gy - -
We recognize this as a term in the ijth element of the Nth
power of the matrix. If we took all possible choices of paths
from row to column, starting at the ith row and ending a
jth column, and added the products, we would have pre-
cisely the value of ijth element of the Nth power. The
random procedure described above merely picks some terms
from some elements at random. By having the probability
of picking any element, say, a,,, proportional to its magni-
tude, the Monte-Carlo Method picks out the terms in pro-
portion to their magnitude, and hence gets the principal
term of the principal elements of the Nth power of the
matrix.!

«Oj -

REFERENCE

1. See also Gmeert W. King, “Stochastic Methods in Quantum
Mechanics,” Seminar on Scientific Computation, November, 1949
(IBM).

*This paper was presented informally.
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SEMINAR PROCEEDINGS

Remarks on the Monte Carlo Method

CUTHBERT C. HURD

International Business Machines Corporation

TaE MoNTE CARLO METHOD has aroused great interest
and has found many applications. A general description of
the method as applied to a class of problems in mathemati-
cal physics is given by Metropolis and Ulam.* The Proceed-
ings of a Symposium on Monte Carlo Methods, which was
held in Los Angeles from June 29 to July 1, 1949, is to be
published by the National Bureau of Standards. Finally,
papers on the subject have been presented at the IBM Sem-
inar on Scientific Computation, November, 1949,2 and the
IBM Computation Seminar, December, 1949.3

In applying the method it is convenient to have available
a set of random digits. These digits can be computed by
several schemes which have been proposed. For example,
60,000 such digits can be computed in an hour on the IBM
Type 604 Electronic Calculating Punch. Once the set of
random digits is available, sets with a prescribed probability
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distribution can be obtained by performing a table lookup
operation using the sorter and collator, or in some cases by
direct calculation.

The Monte Carlo Method is useful in many instances in
giving an estimate of an answer. The results of mathemati-
cal statistics then allow one to attach a measure of reliability
to the answer.
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Plotting Punched Card Data Using the
IBM Type 405 Accounting Machine*

PAUL T. NIMS
Chrysler Corporation

A METHOD for plotting the points on a curve has been
described in the writings® of Dr. Gilbert W. King. This
method gives a plot having abscissa values from 1 to 80 and
an unlimited range of ordinate. However, for the purpose
of checking some automotive design calculations, it is con-
venient to have a larger range of ordinates and a relatively
small range of abscissas, together with adaptability to mul-
tiple-valued functions.

A method similar to that of Dr. King’s but differing in
some particulars was worked out by Mrs. Virginia Johnson
and Mr. F. F. Timpner of the Chrysler Corporation Engi-
neering Division. First, a master deck was prepared, cover-
ing the range of ordinate values desired (positive and nega-
tive) with the ordinates punched in columns 79-80 as well
as in the same field as the ordinates on the problem cards.
The master deck was distinguished with an X punch in
some suitable column.

The master deck and the problem deck were sorted to-
gether (in that order) on ordinate values to give a com-
bined deck ready for the accounting machine.

As mentioned above, the range of abscissas is relatively
small; in fact, determined by the available selector and type
bar capacity, the range is O to 69. The two columns are read
by the 405, and the tens and units digits enter separate digit
selectors. The tens digits (one through six) control the six
different 10-position field selectors on the type 405 machine
to pick up one of them, depending on the tens digit read.

The ten units digits are wired, position for position, to
the 10 common hubs on the field selector 6 and from its
transferred hubs to counter input hubs 60-69. The normal
hubs of field selector 6 are wired to the common hubs of the
field selector 5, the transferred hubs of the field selector 5
are wired to counter inputs 50-59, and the remaining selec-
tors are laced similarly. The normal hubs of the field se-
lector 1 are wired to the first ten counter positions to take
care of abscissas O through 9. The only exception is abscissa

*This paper was presented informally.
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43, which is not wired to any counter, as the 405 has a type
bar support at this point. The counter exits are wired, posi-
tion for position, to the total type bars.

Counters are all wired to add from plug to C, but carry
wiring is unnecessary. The accounting machine is wired to
print a minor total on the X in the master cards. Alterna-
tively, if the ordinate values are punched in the same col-
umns on both detail and X cards, a minor total pickup can
be used. This minor total, also, advances the paper one line.
With this arrangement, the abscissas of all cards having the
same ordinate are stored in the counters, and the whole
line is printed at once. All of the zero suppressors are raised.

There are a few special wires. Columns 79-80 of the
master cards are listed to give an ordinate scale. As no
zeros will print, the abscissa values ending in zero are wired
to an X selector, and a card count pulse is entered in the
counter in order to print a 1 for the zero values. A set of 70
list wires is also used to print headings on the curve and to
print the abscissa scale.

This plotting method is very convenient for checking the
results of engineering computations, and the illustration
(Figure 1) shows a function which had a few deliberate
errors introduced in the last place to check the sensitivity of
error detection.
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DISCUSSION

My. Bejarano: What is the possibility of using the reverse
process and picking up the number from the graphs?

Dr. Hurd: Various systems have been tried and pro-
posed. I will tell you what I know about it.

My. Bejarano: 1 have in mind distillation, using the
graph of the case where the charts agree without any arti-
ficial function.
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Dr. Hurd: One device, which is available at the present
time, which goes from a plot to IBM cards is that which is
done by manual operation to locate the ordinate and the
abscissa. In fact, there are at least two devices of that kind.
There has been experimentation on using photoelectric
cells.

Dr. King: Some of the charts on the slides I have were
made on the IBM accounting machine. We did not con-
sider it a trivial proposition. We had hundreds of these
plots to do. In our scheme we don’t have any sorting and
collating to do. We take the cards as they come out of the
computer; the ordinate this way can be in any field of the
card. Just change a few of the wires, and, as the cards feed
through the machine, points are plotted just as fast as list-
ing speed. There are no total cycles.

Dr. Hurd: Many variations of these schemes have been
worked out. One scheme used at the Boeing Aircraft plant
was to make a mark which is an 8. They also put in calibra-
tion marks and the expected average mark. Then they
photograph it and reduce it, by which time these &s look
like dots and the graph looks like a continuous graph. You
have essentially two-digit accuracy of plots here. As-the
cards are run through, the first differences are calculated

INDUSTRIAL COMPUTATION

and printed, so that if you want to interpolate, you have at
least first order interpolating coefficients already plotted on
the sheet.

Mr. Mongreiff : All of these schemes depend on selecting
correct type bars. This is especially useful where the length
of the graph is much greater than the height, but if you
could turn the system around, that is, if your needs are that
the height of the graph is greater than the length, it seems
to me you could depend on successive reduction on the total
in a counter, put the data in a counter to begin with, and
then reduce it by one or two or three successively. You
could even make that amount manually changeable just by
shifting a wire or two and then emitting an X or another
impulse when the counter turned negative. It would be
possible to start off with a complement, say a 100 comple-
ment or a 500 complement of the original. In that way you
would print a graph which was right side up.

Dr. Hurd: The 407 is a new accounting machine which
we have not demonstrated here. Perhaps that would be
capable of doing this.

Mr. Opler: In mentioning the 407, it reminds me that the
407 would be twice as powerful a tool for graphing as the
402, because it has 120 type bars across and lists 150 lines
per minute. You can interpret in a hurry.
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THE METHOD of determinant evaluation proposed
here is essentially a scheme for the collection of terms with
like coefficients and like powers of x, where these terms are
polynomials with non-numerical coefficients. The method is
. based upon the termwise expansion of a determinant; thus,
it is concerned with the evaluation of »! polynomials for an
nth order determinant. If any zero elements appear in the
determinant, a significant reduction in the number of cards
handled may be made. The method works best when there
are few distinct coefficients in the original determinant.

The inversion of a matrix with polynomial elements is
based upon the expression for the general element of the
inverse which involves the ratio of two determinants. Thus,
for an mnth order matrix, the inversion problem is reduced
to the evaluation of #2 determinants of order (n—1) and
one nth order determinant. Most of the cards necessary for
the evaluation of the n2? determinants are generated in the
evaluation of the nth order determinant.

The equipment needed for the evaluation procedure is:
a card punch, sorter, reproducer, 602-A calculating punch,
and 405 accounting machine—direct subtracting.
The use of the calculating punch is not absolutely necessary;
its role in the procedure could be performed by a sorting
and gang punching operation. However, for a problem of
any size, the sorting operation would become extremely
complicated and impractical unless an IBM Type 101 Elec-
tronic Statistical Machine were available.

EvaLuatioN oF DETERMINANTS

The Coding Problem

The heart of the evaluation scheme is a method of coding.
The coding is best understood when applied to a simple
example. Consider the third order determinant shown below.

Pii(x) Pia(x) Pis(x)
D = le(x) Pzg(x) ng(x)
Pgi(x) Psa(x) Pas(x)

31
0]

*

allx® + al'x? 4 ollx + of! of?x + af?
axr + af!
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The termwise expansion of this determinant is:
D = Pu(x)Paa(x)Pss(x) + Pau(x)Psa(x)Pia(x)
+ Pa1(x)P12(x)Pas(x) —Psy(x)Pas(x)Pi3(x)
— Py (%) Pya(2)Pss(x) — P11 (x)Pas(x)Pas(x)
If the factors of each term are ordered on the column sub-
script as above, these six terms may be represented by the

permutations of the numbers 1, 2, 3, and an X punch to
indicate a negative sign. Thus,

123 = Py, (#)Pas(#) Pss(x)

231 = Py (#)Ps2(x)P1a(#)

312 = Pay () P1a(x) Pas(x)
321X = — Py (x)Pas(x)P1a()
213X = — Py (x)P12(x)Pss(#)
132X = — Py, (#)Psa(5)Pas(x) .

Let each one of the six symbols 123, 321X,
permutation number.

...becalled a

Now consider one of the products, say
P21 (x)Plz(x)ng(x) S
(af's + o) (alx + of?) (afix + off)
a%,l 0’3112 a1;3x3

(0} af? o+ ot of? af" + o o}? aP)s®
(it aff aff + o}t o o+ aft af? o)
+ a3 ol off .

Note that there are 2(2)(2) = 8 different terms in the

expanded polynomial. In general, there will be at most,

J
exactly this number if all a¥ 5% 0 and are distinct, where &y
is the degree of P;;(x), and # is the order of the determi-

n
(ki + 1) terms in this expansion, and there will be
=1

ald

0

a3?x? + aPx + af?
apr + af?

a2y + a3?
ax 4 af?
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nant. Each of these three-factor coefficients may be repre-
sented by a three-digit number—namely, the subscripts
of the a¥’s involved. Thus,

111 = o' a}? af®

110 = a2* ai? af® 010 = a3* o}® of®

101 = a2 a}® a® 001 = a3' af® of?

011 = ad' a}? af® 000 = a* a}® af?
Let each of these three-digit numbers be called a selection
number. The first digit 7 of the selection number ijk refers
to the coefficient of #* from a polynomial in the first column;
the second digit j refers to the coefficient of #/ from a poly-
nomial in the second column; and the third digit % refers to
the coefficient of #* from a polynomial in the third column.
Also, the sum of the digits i4j-+% is the power of x with
which this three-factor product is associated.

The combination of a permutation number and a selection
number allows us to code each term in the expansion of D;
also to indicate its sign and the power of x in the expansion
with which the three factor coefficient is associated, Thus,

132X 302 = —a}' a3 aP

and is a coefficient of 4% in the final expansion.

= g2l gi% 38
100 = of* a}® af

If all of the a¥’s are distinct, the coding problem is fin-
ished, but in some important cases not all of the ai’s will be
distinct; thus there is one more coding step to be consid-
ered. For example, take the following special case of the
above third order determinant D.

D, =

b3x3 + b2x2 + blﬂ.’ + b() b3x + b2 bo

bgff + bo bg.@" + I)l b1x2 + bzx + b3
b2 blx + bo box —I— b3

There are many ways in which the coefficient 4 bebsbz may
arise, e.g.,
132 X 200 = —bobobs
132 X 301 = —bgbgb,
213 X 101 = —bgbsbg
213 X 000 = —bobsbs
etc.

There are only four distinct coefficients in our problem;
therefore a four-digit number will be sufficient to identify
any possible combination of these b;’s. These will be called
term numbers. Let the first digit of this number be the
power of by in the term, the second digit be the power of by,
etc. Thus,
1011 = bobobs
= bsbobs
= bgbaby
= bobabs .
The main points of the coding scheme can be summarized
as follows:
1. A three-digit permutation number indicates which
three polynomials are multiplied together and indi-
cates the sign of the resultant polynomial.
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2. A three-digit selection number indicates which co-
efficient of each polynomial shall be multiplied to-
gether to obtain a resultant coefficient. The power of
x, with which this resultant coefficient is associated,
is the sum of the digits.

3. A four-digit number indicates the power of the origi-
nal distinct coefficients as they appear in the resultant
coefficient.

Card Generation

Although this coding scheme is relatively simple, it
would be almost impossible to maintain 100% accuracy on
even a medium-size problem if the coding were done by
hand. Fortunately, all of the coding may be done by ma-
chines with very little key punching. To accomplish this,
four different decks of cards are used. These are:

1. Permutation deck

2. Selection deck

3. Master gang punching deck

4. Term deck
The term deck is the final product, and the other three decks
are used in its generation. A typical card layout for the
problem considered above is as follows:

Card Layout
col. Term Deck
1
Permutation | 2} permutation number
Deck 3}
4 X if permutation number is positive
5 X if permutation number is negative
Selection 6
Deck 7 } selection number
8
9] the actual coefficients indicated by the
10} permutation and term numbers
11 b0=0 b1=1 b2=2 b3=3
12} term number representing the power of
13| the various by’s as they appear in the
14( final answer.
15
16

the power of x with which the term
number is associated (the sum of col-
umns 6, 7, and 8).

17 a check of the machine operation, the
sum of columns 12, 13, 14, and 15. For
this problem it should be a 3 for every
term card.

The master gang punching deck will have a distinguish-
ing X punch, say in column 80, and is divided into three
parts:

1. punching in columns 1, 6, and 9
2. punching in columns 2, 7, and 10
3. punching in columns 3, 8, and 11.
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This deck is used to facilitate the punching of columns 9,
10, and 11 of the term deck after the first eight columns
have been generated from the permutation and selection
decks. Consider part 2 of this deck; the required cards are:

Column

2710

103 =5;
112 =0,
202 = b,
211 =10
301=b1
310 =bd,.

The generation of the permutation and selection deck is
quite simple, but is a very important part of the coding oper-
ation. The permutation deck for an nth order determinant
is generated from the permutation deck for a determinant of
the (n—1)st order. If the generation scheme is carried out
correctly, it is only necessary to handle #! cards for this
operation. While it is possible to generate the permutation
deck for any order determinant from a single key punched
card, it is more practical to select some moderate-size order,
say 4th, key punch the required 24 permutation cards, and
start the generation procedure from this point. Since the
example considered above is of 3rd order, we shall start
with a 2nd order determinant for illustration. For ease of
machine operation we shall use two columns to designate
the sign of the permutation. These columns shall be the
(n+1)st and the (n+2)nd columns, if we are generating
cards for an nth order determinant. Thus, for our example,
the sign will be in the 4th and 5th columns. If the generation
procedure is started with permutation cards for an mth
order determinant and cards for an nth order determinant
are desired, the following steps must be repeated (n—m)
times:

1. Letting — denote a blank column, the permutations

for a 2nd order determinant are
12—X— and 21--X,
the X in column 4 denoting a positive permutation
and the X in column 5 denoting a negative permuta-
tion. ,
2. Gang punch a 3 in column 3, giving
123X — and 213—-X
3. Reproduce the cards from step 2, interchanging col-
umns 2 and 3 and columns 4 and 5. Thus,
123X — gives 132-X,
213—-X gives 231X —. :
4. Reproduce the cards from step 3, interchanging col-
umns 1 and 2 and columns 4 and 5. Thus,
132—X gives 312X —,
231X — gives 321 -X.
5. For larger n, this procedure of interchanging columns
is repeated until the # gang punched in step 2 in the
nth columns has been moved over to the first column.
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Thus, there are (#—1) interchanges.
The six cards we have generated are:
123X — 132—-X 312X —
213-X 231X — 321-X,
and are all the permutation cards necessary for a 3rd order
determinant.
The steps in the generation of the selection cards are:
1. Determine the highest degree appearing in each col-
umn of the determinant. The maximum number of

n
cards needed will be -ﬂ- (kij+1) as stated above,
j=1
where k;; is the highest degree appearing in column j.

2. Using blank cards, key punch the numbers 0, 1, . . .,
ki into column #+43, one number to each card. For
our example this would be 0, 1, 2, and 3 in column 6.

3. Gang punch a 0 in column n-+4 of the cards made in
step 2, giving 00, 10, 20, and 30.

4. Reproduce column n-}3 of step 3 and gang punch 1
into column n+4, giving 01, 11, 21, and 31. Repeat
this operation until ky; has been gang punched into
column n-+4.

5. Gang punch a 0 in column #+5 of the cards gen-
erated in steps 3 and 4.

6. Reproduce columns (n+3) and (n+4) and gang
punch a 1 in column (n-5).

7. Repeat step 6 until ks; has been gang punched into
column (n+5).

8. The operations of gang punching and reproducing are
repeated until %,; has been gang punched into column
(2n+-2).

The 24 cards generated for the determinant D by the above
procedure are:

000 * 010 100 110 200 210 300 310
00t 011 101 111 201 211 301 311
002 012 102 112 202 212 302 312

The next step in the evaluation procedure is the genera-
tion of the term cards. The general procedure to be followed
here is to place the selection cards in the reproducing hopper
and a blank deck of cards preceded by a single permutation
card in the gang punch hopper. Then, gang punch the per-
mutation number and reproduce the selection number into
the blank deck, column-for-column. This procedure would

yield n! Tr (kij+1) term cards, many of which would have
. ~

no meaning unless all elements of the same column had the
same degree. Referring to the example above, 3!(24) = 144
term cards would be generated by the unmodified repro-
ducing and gang punching procedure. By a study of the
degree of the polynomial represented by each permutation
card, it is easily seen that only 60 term cards are needed
for the above example.
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Permutation Number of
Number k41 kojt-1 ksj+1 Term Cards
123X — 4 2 2 16
132-X 4 2 3 24
213—-X 2 2 2 8
231X — 2 2 1 4
312X — 1 2 3 6
321-X 1 2 1 2

Total number of term cards 6—6

The extraneous term cards can be eliminated and much
time and many cards saved if a sorting procedure is used
before the term cards are punched for each permutation
card. As an aid to the sorting operation, rewrite the de-
terminant in the following symbolic form:

0,1,2,3 0,1 O
0, 1 6,1 0,1,2
0 0,1 0,1

where each element has been replaced by the subscripts of
the a# s appearing in that element. From this symbolic form
it is easily seen which selection numbers are needed for any
permutation number. The sorting procedure to be followed

for each permutation number is:

1 2
Sort cards from 1

Permutation Sort on col. 6 on column 8
Number Reject Reject
123X — none 2
132-X none none
213—-X 2,3 2
231X — 2,3 1,2
312X — 1,2,3 none
321-X 1,2,3 1,2.

The selection cards left after this sorting procedure are the
ones to be used in punching the term cards.

Machine Operations

After the generation of the term cards, the following ma-

chine operations must be performed:

1. Using the master gang punch deck, gang punch in the
appropriate columns (9 to 11) the coded values of
the b;’s.

2. Using the 602-A calculating punch, count the number
of times the various b;’s appear in columns 9 to 11
and punch this information in columns 12 to 15.

3. On the 602-A, crossfoot columns 6, 7, and 8 to deter-
mine the power of x# with which each term card is
associated; punch this sum in column 16. At the same
time, crossfoot columns 12, 13, 14, and 15 and punch
in column 17 to obtain a check on operation 2.

4. By sorting, arrange the cards in order by term num-
ber, columns 12 to 15, within each power of x, col-
umn 16.
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5. Using a 405 or any other direct subtraction account-
ing machine, tabulate the term cards, controlling on
the power of x and the term number, columns 12 to
16, adding a 1 for each positive term card and sub-
tracting 1 for each negative term card. Either column
4 or 5 may be used for this purpose. Naturally, the
term number and power of x should be group indi-
cated.

Inversion of Matrices

Using the expression

det(ai,-)

for an element of the inverse of the matrix (a;;), where Ay
is the co-factor of ay, it is easy to adapt the above determi-
nant methods to evaluate this expression. The evaluation of
det(a;;) needs no explanation; only the cofactor 4;; must be
considered here. We can write

aij =

det ( aij) =

iorj

diinj .

To evaluate Ay, it is only necessary to select from the term
cards used in the evaluation of det(a;;) those cards which
contain the element a;;. If these cards are tabulated in the
same manner as for det(a;;), the result will be a;;4;;, and to
obtain A;; we must factor out a;; from this tabulation. Be-
cause we are considering polynomial elements,

aij = Py(x) ,

the factoring procedure would be cumbersome. To avoid
this, instead of selecting all of the term cards for Py(x),
select only those for a particular a¥ of P;;(#x). Then ai can
be factored out of the tabulation record by subtracting 1
from each entry in the column of the record correspond-
ing to ¢¥ which can be done automatically by the accounting
machine itself.

This technique will not give us all the cofactors we need
if some of the a;;’s in the original matrix are zero, because
in the evaluation of det(a;;) we have not punched the term
cards corresponding to the a;; = 0. In the case where there
are some a;; = 0, the following procedure may be used in
the generation of term cards:

1. Select all a;; 5% 0 permutation cards as before.

2. Of the permutation cards with at least one a; = 0,
select those in which exactly one a;; = O appears.

3. Generate the term cards as before, except that in the
master gang punching step use a 12 punch to identify
those term cards corresponding to an a;; = O.

4. Use these new cards to obtain A4;; corresponding to
a;; = 0. Tt is no longer necessary to factor out the a;;
because the 12 punch will be the extra punch, and it
does not correspond to any coefficient.
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FEXAMPLE

The following determinant arose in the evaluation of
the integral:
T

bi xl-i —21

e P
= z_ﬂ/‘dx 8 8
— axd—i {z(_lyaﬂs—i}

where

Ay =
v=0
If the above evaluation method were applied to the determi-
nant in this form, approximately 130,000 term cards and

QA"
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24,576 selection cards would be required. However, by
judicious manipulation of rows and columns, D can be
written in the form:

@ a2 + a1x  ay + azx ag+ azxr O 0
0 a as + a1 x ag+azx  Ag O
p=|0 0 Qo as + ayx Ay Ag
@ a3 — a2 a5 — azgx® ar — asx? O 0
0 ay ag — 014‘2 g — a3x2 ar 0
0 0 a ag — a1x2 as Qaq

This form of D was evaluated by the above procedure.
Notice that the zero elements are the same in both forms
but that the degree of the elements appearing in the first
four columns has been reduced. In this form, approximately
3,000 term cards and 576 selection cards were required.
The negative signs in columns 2, 3, and 4 were handled
quite easily in the master gang punching step by double
punching an X in the corresponding position of the term
number. An extra crossfooting operation was used to de-
termine the correct sign of the term card. The final answer
involved about 340 terms associated with 19 different pow-
ers of x. The entire problem required about 13 hours of
machine time.






