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Preface 

The purpose of this publication is to des~ribe the 
mathc~matical and service subprograms in the FORTRAN 

1v library supplied with Basic FORTRAN IV ( os) and 
..ORTRAN 1v ( os). As an aid to the programmer in his 
use of this publication, the contents of each chapter is 
described briefly below: 
1. ..Introduction., describes the three types of subpro

grams in the FORTRAN library ( FORTLIB) and de
fines their use in either a FORTRAN or an assembler 
language program. 

2 ... Mathematical Subprograms" describ\:!3 the subpro
grams which perform computations frequently 
ne<.·d"d by the programmer. A mathematical sub
program is invoked 'explicitly whene~er one of its 
entry names appe"rs in a- sonrce s~ilt~ment, or im
plicitly through use of.certain :aotationin the source.· 
statement. 

3. "'Sc.~rvicc Subprograms" contains information about 
those subprograms which perform utility functions 
or test machine indicators. 

4. "Algorithms" contains information about the method 
used in the library to compute a mathematical func
tion and describes the effect of an argument error 
:upon the accuracy of the answer returned. 

5. "Performance Statistic-:'.~ gives q~~mr.C!' -r."."l tir.fillg. 
statistics for the ~~p~i~~" ... ~ Cllfa~,] .11&:.i1cmatica! sub~ 
programs. · · · · 
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6. The appendixes provide a list of di~gnosttc messages, 
a list of module names, a sample storage printout, 
storage estimates, and information for the assembler 
language programmer. 
It is assumed that the reader is familiar with one of 

th(• following publications: 
IBM Sy.ytem/360 FORTRAN N Language, Form 

C28-6515 
IBM System/ 360 Basic FOR1'RAN IV Language, 

Form C-28-6629 
IBM System/ 360 Operating System: Assembler Lan

guage, Form C28-6514 
In addition, references are made within this publica

tion to information contain~d in the follo,~~1K publica
tions: 

IBM System/ 360 Principles ·of Operation, Form 
A22-6821 . . ... 

IBM/ 360 Operating System: Supervisor and Data 
Management Macro-InstructiOns, Form C~..oo.47 

IBM System/ 360 Operat;ng System: Basic FORTRAN 
IV ( E) Programmers Guide, Form C28-6603 

IBM System/ 360 Operating System: FORTRAN IV 
( G and H) Programmer~ s Guide, Form C28-6817 

Standard mathematical notation is used in this 
publica·~ion. The . reader is expected to. be familiar 
w~t.h thic; noi:atio;.1 and with· comm·>"n mathematical 
· r:en.~inology. 

nm ii a reprint of GC28~818-0 incorporating changes released in Technical Newsletter GN28-0589, 
dated Jnno 1, 1970. 

Thia edition corresponds to Release 19 of the IBM Syatem/360 Operating System. 

Changes are periodically made to the apecifications herein; any such changes will be reported in 
subsequent reYUlom or Technical Newsletters. 
Requests for copies of IBM publications should be made to your IBM representative or to the IBM 
Branch Office laYing your locality. 

A form for readen' comments is Pro'Yided at the back of this publication. If the form bu been 
removed, comments may i>e addrr · ~ t9 IBM Corpontion, Programmhtg Publications, 
1271 Avenue of tho Amerku, New York, New York lOOiO. 
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Tlw H>lfl IL\'.\ J\ lihrary l·outains thrl'l' types of sub
programs: ( 1 ) mathem1ttiml fun<:tions sul'h as six .. mcl 
sr,nrr. ( 2.) sc.·r\"i<.'t' subprograms su<.·h as DU:\lP and EXIT, 

and ( :3) inh•rfac.·p routhws suC'h as 1oco:-.1 and IHERR. 

Tlw lihrnry subprograms may hl3 u~c.·d in eitlwr a 
H>HTllAX or an asst•mhlc.•r language.• program. ( .\pp<'n
dix :\ t'ontains <'alliug information for the ass<'mhlc.•r 
lall~\Hl~c.· pro~amnwr.) In FOHTHAX. mils to tlw library 
snhprograms arl' c.•itlwr at the.• programmer's r<'quest 
or in n•sponst• to the program n•quircnwnts. Subpro
grams. n·quir<·d hy tlw program lwin~ <'Ompilt.•d are 
prm·ided hy a linkage' Pclitor or loadc.~r. whieh takes 
th<· ~uhprograms from tht• library. 

Mathe.matical Function Subprograms 
~lany c·on11nonly . ust•d matlwmatic.1) functions or 

c·alculations an' pro\"idecl by tlw FOHTHAX ff language. 
Progrnmmc.•r n•qm•sts for thest• C'<lkt1lations an· satisfied 
hy a l'Ompill'r in one.• of two ways: hy ins<•rtinp; 1mwhine
languagc.• ('()(It• din•dly within the.• ohjt·<.·t modult•; or 
hy insl'rting an t•xkmal reft~n·n('l' to a library suhpro
grnm that l'Ontains thC' nc.•c..·t•ssary emit•. ancl having tlw 
linkagt• editor itidude that subprogram in thc.> load 
modulc.•. Tht• first method is c·aJled i11-li11e. th<• st•rond 
out-of-line. 

This puhlil'ation discusses· only out~of-lim~ ro~1titws
tlwse r<J,dwmafa:al funC'tions contained in the librarr. 
Tiw :\m.-'ric;n ~ational Standards Institute ( AXSI) de
fint.•s sc.•\'c.'ral arithm<.•tk fundions-sul'h as ahsolutc 
valm· ( .-rn~ \ pr>sitin• diffrrem·t· ( 1,1" ) .• md transft•r of 
sib'U (sIGX )-as i11trinsic f tmclion,. Fnr the most p.l1t. 

Introduction 

mdt· for thl•sc.· fundions is inst•rtc.·d in-li1w by the 
FOJlTHA~ <:ompilt.•r at the point in the.• sourct.' module 
wlwrt• the func:tion 's symbolic namr is used. Conse
qm·ntly. they are not discussed in this book. However, 
thC' following AXS1-ddiiwcl intrinsic functions have been 
implPmrnkd as a part of the FORTH.\X ff library and 
art• prm·idc.·d out-of.lint' for all systc.·ms: \fAXO/~nxo. 
.\\f \XO/.nn:xo. \l.-\Xt/\11~1 •. Uf.\Xt/.nnx1. and D\tA .. "{t/ 

ll\11:\ 1. Thest• an·. t lll'rdore, doC"unwntt'd in this publi
t.'atio11. In Basic ronTH.\X 1'" only. four otlwr intrinsic 
funC'tions ( \lOD .. nroo. AIXT. and IFIX/1~1/Im'.'.1) are 
pro\·idc.•d out-of-lint• as a p•nt of the lihrary and are also 
<.'O\.t'r<.'Cl hl'rl'. 

Service Subroutine Subprograms 
Ea<'h of tlw st.•n·i<.·c..~ ~uhprognuns corn·sponds to a sub
routine.• form as dd1ned by a srBRot"TJXE .liti.ltt>nwnt in 
a FOHTHA~ sour('e module.'. Tlww suhprograms iwrform 
lll•H:hiaw indicator tl'sts and. utility functions &ltld may 
or may not n·turn a ,·aim• to thl' <:allin!! module.'. Tht•st' 
snhroutinC's arc.· t.list.'\lSSPcl iu this puhlil'ation. 

Interface Routines 
Tht• lihmry cont.1ins n•rtain input/output and error 
prn<.·essing routim•s th.1t a<.·t as interfaces with the.• 
c·ompilt•d program and tlw 01wmting system. Fr<'
qm·ntly. thl' matlwmatiml and Sl'n·kt• subprograms 
n•quirt.• assist.ml'<' from these routilws for input/output. 
intt.•rmption. and l'rror pro<.'essing. Stor.1gc.· rstimnks 
for tht•sc.• routint's arc.· induded in .\ppendix B. 
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Mathematical Subprograms 

The mathematical subprograms supplied in the · 
FORTRAX library perform computations frequently 
needed by the programmer. The mathematical subpro
grams are called in two ways: explicitly. when thC' 
programmer includes the appropriate entry name in a 
source language statement.( see Table 1): and implicitly. 
when certain notation (e.g.. raising a numher to a 

pow<'r) appl'ilTS within a smm.·c.• lan~uaJ.,!c• slaf c•nwut 
(see Tahll' 6). 

The followin~ kxt dC's{·ri\ws tlw indh·idual matlH'
matical suhprogrmns and c.•xpfains tlwir use.• in a 
FORTRAX program. Detailed information ahout tlw 
achlal method of computation used in eac-h. suhpro
gram. the· pt•rfom1ance of the suhprogram. inkrrup
tion and l'rror procedurf•s. and storage estimates can 
be found elsewhere in this publication. 

Tahle 1. Explicitly Cal1f:'d \lntht>matit':tl SuhproJ!rnms 

Gt>ner:tl FunC'tion Specifil' Function Entry Xmne( ~' 

Logarithmic 1md exponential ~uhprow.uns E\1io1wntiaJ EXP 
( dest·ribt>d in Table 2) DEXP 

CEXP• 
CD EXP· 

LoJ?arithmic. rommon and natural ALOG. :\LOGIO 
DLOG. DLOGlO 
CLOG• 
CD LOG• 

Square root SQRT 
DSQRT 
CSQRT~ 
CDSQRT• 

Tri~ononu•tril' subpro~rnms Arcsint> and arccmint> .·\RSI:'\•, ARCOS• 
( d<"Scribt>d in Tahle 3) DARSI:'\·. DARCos• 

Ardan gent ..\TA:\. ATAN2• 
DATAN. DATAN2• 

Sint' and t'Osine SI~. COS 
DSI~. DCOS 
csrN•. ccos• 
cns1x•. cocos• 

T i\ngent and <'Olimgent TA~•. COTAN• 
DTA~·. DCOTAN• 

Hype-rbolic funC'tion subprogrmm Hyperholil' sine and cosine Sl:'\H•. COSH•· 
( dt>sl'ri~d in Tablt> 4) DSl:'\H•. DCOSH• 

Hypt>rbolic tangent TAXH 
DTA~H 

~li.11cellillleons subprograms Absolute ,·alue CABS• 
( dl"sc:ril)("d in Tablt> 5) CD ABS• 

Error function ERF•, ERFC• 
DERF•. DERFC• 

Gamma and log-gamma GAUMA •, ALGA:\IA • 
DGA~l~IA •. DLGAMA • 

~laximum and minimum \'alue A~IAXO. A~llNO. :\IAXO, :\llNO 
A:\IAXI. A:\llNl, :\IAXl, MINI 
m1."x1. m1.1N1 

:\lodular arithmetic :\IOD 
A~IOD, mtOD 

Truncation AINT 
INT. IDINT 

•Not available in Basic FORTRAN IV (OS) 
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Explicitly Called Subprograms 
Eac:h l .. Xplidtly <:alled subprogram pl·rfonns one m· 
mm·l· matlwmatkal functions. Each matlwmati<:al func
tion is idl•ntifil'd by a unique <.•ntry rn.mw. 

A subprogram is ('alled wlwnl•\w the.· appropriah' 
l•ntry mmw is indudl·d in a FOHTHAN arithnwtk expres
sion. Tiu.• programnwr must also supply one or mon· 
urgunwnts. Thest• arguments follow the.• entry name 
and are s<.•pnmted by commas; the list of arguments is 
t•ndosed in parentheses. 

For t.>Xamp1t\ thl' sourl't' statenlt'nt: 
RESULT = SIN (RADIAN) 

cm1sc.•s the sitw and l'OSine subprogram to be called. 
The• sine of tlw value in RADIAN is computed and thl' 
function va)u(• is ston•d in RESULT. 

In the following t•xample, tht• square root subpro-

Tnhll• 2. Logurithmil' and Expont>ntial Suh1nogrnms (Purt I of 2) 

Gt'Ut'rl.ll En tr)' Sub-

gram is c:allt>d to compute.· tlu.• square root of tlw value 
in A'\r~T. Tlw fun<.'tion valul' is tlwn added to tht• value 
in STOCK and thi.: n•sult is ston•d in AXS. 

:\~S = STOC!\: + SQRT ( A~l:"\T l 

Tbt' <.•xplidty 1,:atlt.•d subprograms an· desC'riht.>d in 
Tahlt>s 2 through 5. The.• following information is pro
vided: 

Gc:11eral Frmc:ticm: This column statt•s the nature of 
th<.' computation pt.•rformed by the subprogram. 

Entry Nome: This (•olumn giws the entry name that 
tlw programmc.•r must use to call the subprogram. A 
suhprogram may ha\·e more than one entry name; the 
particular entry nanw used depends upon the compu
tation to bt• p~rfonned. For examplt>, tlw sine and 
cosine subprogram has two entry names: sis and cos. 
If the sine is to be computed, entry name six is used; 
if the cosilw is to bt• C'ompukd, entry name cos is used. 

Argument( s) 
Function Value Error 

Type1 and Code 
·~ 

Fund ion Name set Definition No. Type 1 R.mge Range• 

Common ALOG Yes y=log.x or 1 REAL •4 x>O REAL •4 253 
nnd natural y=lnx y ~ -180.218 
logarithm )' ~ 174.673 

ALOGlO Yes y=log,.~x 1 REAL •4 x>O REAL •4 253 
y~ -78.268 
)' ~ 75.859 -

DLOG Yes y=log.x or 1 REAL •8 x>O REAL •8 263 
y=lnx y ~ -180.218 

y ~ 174.673 

DLOClO Yes y=log, .. x· 1 ~AL -;g-··-·r X > 0 REAL •g 263 
y ~ -78.268 
y ~ 75.859 

CLOG No y=PV log. (z) 1 C:Ol\IPl.EX •8 z=1<0+0i COMPLE.~ •5 2i3 
St't' Nott• 2 y, ~ -180.218 

y, ~ 175.0Zl 
I 

-r ~ Y: ~ r 

CD LOG No y=PV log. (z} 1 COMPl.EX •16 7.-:J.0 + Oi COMPLEX •16 283 
Set' Note 2 Y• ~ -180.218 

y, ~ 175.021 
-r~y::~r 

Exponential EXP Yes y=eX 1 REAL •4 x ~ 174.673 REAL •4 252 
O~Y~'>' 

DEXP Yes y=e• 1 REAL •a x ~ 174.673 REAL•8 262 
O~Y~'Y 

CEXP No y=ea 1 CO~IPLEx •s X1 ~ 174.673 COllPLEX •a 271, 

• See Note 3 lx:rl < (2 119 • r) -"t ~ Y•t Y:r ~ "t 272 

CD EXP No y•er 1 COllPLEX • 16 Xl ~ 174.673 CO)IPLEX • 16 281. 
See Note 3 Ix.I < < 2ao • 11' > --ySy1,y1 S'Y 282 

NOTES: (See end of table.) 
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Tahl1· :?. l.o).!arilhmk amt E,p11111•11ti;ll S11hp111~1·.1111:. (1'1111 :! 41f 2) 

C.t•nt•rnl Entry Sub-
Arf.'!UIHt'llt( s) 

Fnnc·tion Name Sl't Ddinition '.'\o. Tnw1 Ran~t· 

Square root SQRT Yes v=VxM 
y=x'·: 

I 'REAL •4 .. ~o 

DSQRT Yes v= Vx or y=x1·:! I REAi. •g x~O 

CSQRT Xo y= \/z or l C.OMPLEX *R any CO)IPLEX 
v=z1::? arJ,!llllll'llt 
Set' Nott• .'3 

CDSQRT ~o y= Vz or 1 CO)IPLEX •ta any COMPLEX 
v=z1:= argument 
See Note;a 3 

°'.':OTES: 

Fnndinn \';1lue 
Tnwt ;md 

Ranf,'!t'" 

REAL •4 
0 ~ y ~ ")'1/1 

REAL •a 
0 ~ y ~ .,,1, •. 

CO)IPLEX •g 
0 ~ )'1 ~ 1.0987 ("Y1! 2

) 

'ri~ ~ I.0987 ( ..,.112 ) 

CO:\IPLEX *16 
0 ~ }'1 ~ 1.0987 ( ..,.u, 
'y:!'. ~ 1.0987 ( ..,,1.'2 } 

Error 
Coc11• 

251 

261 

I REAL.4 and REAL.8 arguments ('Orres1xmd to REAl. and DOUBLE PRECISIO~ argument.;, rt'Spt•cth·ely. in Basic.: FORTRAS I\'. Com
plex arguments cannot be used in a Basic FORTRAS I\' pro~ram. 

: p\• = principal \·a)ut'. nle QUS\\'er gi\ t~n ( !f1 + (/:!
1

) is that Ont, \\•host"' hnaginary part ( !/.: l lies ht"'h\•een - 11" aJld + 11". ~(Ofl' 
spC'C'i6cally: - Jr < IJ: ~ 'Ir, unless x, < 0 ancl x~ = - 0, in whid1 C'<lSt'. !/: = - 'Ir. 

• : is a romplex number of the form x, + .t:i i. 
• "'t = IS- ( 1 - 16•1

) for regular precision routines, and 16113 
( 1 - 16"" i. for cloi1hll·-pred"ion routines. 
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Subset: This column indic-att·s those subprograms 
that belong to the Basic FORIBAN 1v library. Unless 
otherwise indicated, all such suhprograms also belong 
to the FORTRAN IV libraries. 

Definition: This column gives a mathematical equa
tion that represents the . computation. An alternate 
equation is given in those cases where there is another 
way of representing the computation in mathematical 
notation. (For example, the square root can be repre
sented either as y = \Ix or y = x1

'
2

• ) 

Argument Number: This column gives the number 
of arguments that the programmer must supply. 

Argument Type: This column describes the type and 
length of the argument( s). INTEGER, REAL, and COMPLEX 

represent the type; the notations *4, •B, and *16 repre
sent the size of the argument in number of storage 
locations. 

Argument Range: This column gives the valid range 
for arguments. If an argument is not within this range, 
an error message is issued and execution of the load 

Table 3. Trigonometric Subprograms. ( Part 1 of .2) 

General Entry Sub- Definition ~-

Function Name set No. 

module is terminated unless the extended error han
dling facility was specified at system generation (see 
FORTRAN IV (G and H) Programmer's Guide listed 
in the Preface for a full description of this facility). 
Appendix C of this publication contains a d('scription 
of the error messages. 

Ft1nction Value Type and Range: This column de
scribes the type and range of the function value re
turned by the subprogram. Type notation used is the 
same as that used for the argument type. Range symbol 
y = 1663 ( 1-16-6 ) for regular precision routines, and 
1683 ( 1-16- 14 ) for double-precision routines. 

Err01· Code: This column gives the number of the 
message issued when an error occurs. Appendix C 
contains a description of the error messages. 

Throughout this publication, the following approxi-
mate values are represented by 218 •'"and 211° • w: 

21 s • 1r = .82.1549664062499960 + 06 
250 • 1r = .353711887378022390 + 16 
Detailed information for the assembler language 

programmer is given in Appendix A. 

Argument ( s) Function Value 

·------- Type1 and Error 
Typet Range Range• Code 

Arcsine and ARSIN No y=arcsin ( x) I l\EAL •4 lxl ~ 1 REAL •4 (in radians) 257 
arccosine ,... "' 

-2~>'~2 
-

ARCOS No y=arccos (x) 1 REAL•4 !xi~ 1 REAL •4 (in radians) 257 
O~y~w 

DARSIN No y=arcsin (x) 1 REAL •a lxl ~ 1 REAL •a (in radians) 267 
-..!...<y<..!.. 

2.= =2 

DAR COS No y=arccos (x) 1 REAL •a lxl ~ i l\EAL •a (in radians) 267 
O~y~• 

Arctang~nt ATAN Yes y=arctan ( x) 1 REAL •4 any REAL argument REAL •4 (in radians) -
ft' 'Ir' --<ys-2 = -2 

ATAN2 No 
y=arctan ( :: ) 

2 REAL •4 any REAL arguments REAL •4 (in radians) 255 
(except 0, 0) -·.-<y~r 

DAT AN Yes y=arctan ( x) 1 REAL •a any REAL argument REAL •a ( in radians) --
.. 11' 

-2~Y~"i' 

DATAN2 No ( :: ) 2 REAL•8 any REAL arguments MAL •s (in radians) 265 
y=arctan (except 0, 0) -r<y~r 

Sine and SIN Yes y=sin (x) l REAL•4 !xi< (218 
• ir) REAL•4 254 

cosine ( in radians) -1~y~1 

cos Yes y=cos (x:) 1 REAL •4 !xi< (218 
• r) REAL •4 254 

(in radians) -1 ~y~ I 

DSIN Yes y=sin (x) 1 l\EAL•S lxl < (2'°•r) REAL •s 264 
(in radians) -1Sy~1 

DCOS Yes y=cos (x) 1 REAL •s lxl < (2so • r) BEAL •s 2.64 
(in radians) -1SyS1 

NOTEs: (See end of table.) 
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Table 3. Trigonometric Suh programs ( l)arl 2 of 2) 

·--- -
A1 gnnwn.t ( s) 

Function Value 

General Entry Suh- Definition Type1 and Enor 
~---~--··-- -.. -- Code Function Name set No. Typet Range Range' 

Sine and CSIN No y=sin (z) I COMPI..EX •s lx11<(218 •11') COMPLEX•8 274, 

cosine See Note 2 (in radians) lx2 ~ 174.673 -'Y ~ y1, Y2 ~ "f 275 

( continued ) 
---1--- --- ~-

CC()S No y=cos (z} 1 COMPLEX •s '"·I< c2•8. r) COMPLEX•S 274, 
See Note 2 (in radians) lxs ~ 174.673 - 'V ~ y1, Ya ~ 'Y 275 

. 
CDSIN No y=sin (z) 1 COMPLEX •16 lx11 < (2110 

• ,..) COMPLEX •16 284, 
See Note 2 ( in raclians ) lX:i ~ 174.673 -'V ~ y1, Yi ~ "f 285 

------ -
CDCOS No y=cos (z) 1 COMPLEX •t6 \"'\ < (2:10 ... ) COMPLEX•l6 284, 

See Note 2 ( in radians ) X2 ~ 174.673 -'Y ~ y1, Y1 ~ 'Y 285 
·-

Tangent TAN No y=tan (x) 1 REAL •4 lxl < (2'8 • '11'} REAL •4 258, 
and ( in radians ) See Note 3 -'V ~ y ~ "f 259 
cotangent 

-
CO'f AN No y=cotau ( -") l REAi~ •4 1101<(2U•11') REAL •4 258, 

(in radians ) See Note 3 -')' ~ y ~ 'Y 259 
-·- -

DTAN No y=tan (x) 1 REAi. •8 !xi< (2110 • r) REAL •a 268, 
(in radians) See Note 3 -'Y ~ y ~ 'Y 269 

-------1·- ··-I ---------

DCOTAN No y=rotan (x) l REAL •8 !xi < ( 2110 • a·) REAL •s 268, 
( in radians ) See Note 3 -"'t ~ y~..,. 2.69 

--- - , .. 
NOTES: 
1 REAL •4 and nEAL •s arguments correspond to nE~L and .DOUBLE Pl\EC1s10N arguments, respectively, in Basic FORTRAN 1v. Com-

plex arguments cannot be used in a Basic FORTitAN IV program. 
·'). 

• z is a complex number of the form %1 + %ti. 
• The argument for the cotangent functions may not approach a multiple of .-; the argument for the tangent functions may not 

approach an odd multiple of r/2. 
• 'Y =- lee' (I - 16"4) for regular precision routines, and 16" ( l - 16"26

) for double-precision routines. . ....... 

-
Table 4. Hyperbolic Function Subprograms 

. Argument ( s ) Function Value 
General Entry Sub- Definition Type1 and Error 
Function Name. set No. Typei Range . Range' Code 

Hyperbolic SINH No e• - e-• l REAL •4 !xi < 175.366 REAL •4 256 
sine and y= 

2 -'Y~Y~'Y 
cosine 

COSH No y= 
e• + c-• 1 REAL •4 Ix!< 175.366 l\KAL•4 256 

2 l~Y::!"f -- . 
DSINH No e• - e-• l REAL •5 lxl < 175.366 l\EAL•S 266 

y= 
2 -"Y ~y ~ ')' 

iOCOSH No y= e• + e-• I REAi. •s !xi < 175.366 REAL•& 266 
2 l~y:e-r 

-
Hyperbolic e• - e-• 1 HEAL •4 any REAL argument REAL •4 --
tanpnt TANH Yes y= -e~- -1~y~1 . 

DTANH Yes e• - e-• 1 HEAi. •5 any REAL argument l\EAL •8 --y=r es+ e-a -1~y~1 
-

Nana: 
I llBA.L •• and mw:. *8 arguments c:orrespond to HAL and DOVBLE PREclSION arguments, respectively, in Basic FORTRAN IV. Com-

plex atguments cannot be used in a Basic FORTRAN IV program. 
I ., - 16" ( l - 16"4) for regular precision routines, and ur (I - ia-••} for double·precision routines. 
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Table 5. Miscellaneous Mathematical Suoprograms (Pan 1of2) 

Argument ( s ) Function Value 
Error General Entry Sub- Type1and 

Func:tion Name set Definition No. Type1 Range Range• Code 

Absolute CABS No :r=lzl= (x,z + x,:2)111 1 COMPLEX •5 any COMPLEX REAL•4 

'value argument O~y"l~'Y -See Note 2 Y• = 0 

y=\zl= (x, 2 + x-:2 )
1
/ll COMPl.EX *lai REAL•B 

-
CD ABS No 1 any COMPLEX 

argument O~y"l~'Y -See Note 2 Y• = 0 

Error ERF No 2 i~ t 1 REAL *4 any REAL REAL•4 

function y= v-; o 
e-u du argument -l~y~l -

ERFC No 2 ioo 2 
] REAL •4 any REAL REAL•4 

y=·-= e-u du argument O~y~2 y.,, • --
y=l -erf (x) 

DERF No 21· 2 
l llEAL •5 any REAL REAL •s 

y=-= e·u dn argument -1~y~1 --v.,, 0 

DE RFC No 2 ioo ~ 1 REAL •s any REAL 8EAL•8 
y=-= e·u du argument O~y~2 

".,, lr --
y=l -erf (x) 

!'--
Gamma and GA~l~IA No 

y= J.°" u•- 1 c·u du 
1 REAL •4 x > 2-2112 and REAL•4 

log-gamma x <57.5744 0.88560 ~ y ~ 'Y 290 

A LG AMA No y=log. r (x) or 1 REAL •4 x > 0 and REAL•4 

y=log • . I°" u•-! e·11 du 
x < 4.2913 • 10n -0.12149 ~ y ~ .., 291 

DGAMMA No 
y= J.00 

u•- 1 e·11 du 
l REAL •g x > 2-:mand BEAL •s 

x<57.5744 0.88560 ~ y ~ 'Y 300 

DLGAMA No y=log. r (x) or 1 REAL •a x > Oand REAL•8 

y=log. J. 00 

u•-1 e-11 du 
x < 4.2913 • 1on -0.12149 ~ y ~ 'Y 301 

Maximum MAXO Yes y=max (x1, .•• , x.) ~2 INTEGER *4 any INTEGER INTEGER •4 
and arguments -
minimum 
value~ 

~ti.NO Yes y=min (x1, ••. , x .. ) ~2 INTEGER *4 any INTEGER INTF.CER •4 
arguments -

A~fAXO Yes y=max (x1, ••• , x.) ~2 INTEGER •4 any INTEGER RBAI.•4 
arguments -

A~llNO Yes y =min ( x. , ... , x .. ) ~2 INTEGER •4 any INTEGER BEAL•4 
arguments --

MAXI Ye! y =max ( x, , •.. , Xo) ~2 REAL •4 any REAL INTEGBI\ •4 
arguments -

..... 
NoTEs: ( See end of table. ) 

..l... 
"'T 
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Table 5. Misce:laneous Mathematical Subprograms (Part 2 of 2) 

~neral 
Function 

Entry 
Name 

Maximum MIN l 
and 
minimum 
values 
(continued) AMAX! 

Modular 
arithmetic 

Truncation 

NO'l'ES: 

AMINI 

DMAXl 

DMINl 

MOD 

AMOD 

DMOD 

AINT 

INT 

ID INT 

Sub
set Definition 

Yes y=min (x,, ..• , x.) 

Yes y=max (x,, ... , Xn) 

Yes y=min (x1, ••• , x.,) 

Yes y=max (xi, ... , Xn) 

Yes y=min (x:, ... , Xn) 

See y=x1 (modulo Xt) 
Note See Note ·1 

3 

See y=x, (modulo x:) 
Note See Note 4 

3 

See y = x1 ( modlilo x:1) 
Note ~ee Note 4 

3 

See 
Note 

3 

See 
Note 

3 

See 
Note 

3 

y = (sign x) • n 
where n is the larges.t 
integer ~ lxl 

y = (_sign x) • n 
where n is the largest 
integer ~ lxl 

y = (sign x) • n 
where n is the largest 
integer ~ !xi 

Argument ( s ) 

No. Type1 

2 TNTECER 

1 

1 

1 

Range 

any REAL 

arguments 

any REAL 

arguments 

SlnyREAL 

arguments 

any REAL 
arguments 

any REAL 

arguments 

Xr -;k 0 
St!e Note 5 

X:z =/= 0 
See Note 5 

Xi=/= 0 
See Note 5 

any REAL 

argument 

any REAL 

argument 

any REAL 

argument 

Function Value 
Type1 and 
· Range' 

INTEGER •4 

REAL *8 

INTEGER •4 

REAL *8 

INTECER *4 

Error 
Code 

I REAL.4 and REAL·S argumenh correspond to REAL and DOUBLE PRECISION arguments, respectively, in Basic l'ORTRAN IV. Com
plex. arguments cannot be used in a Basic FORTRAN IV program. 

• Floating-point overflow can occur. 
• The coding that performs this function is out-of-line in Basic FORTRAN IV ( os) and in-line in FORTRAN 1v. Out-of-line coding 

is taken from the FORTRAN library by the linkage editor or loader and processed with the calling D)Odule. In-line coding is 
inserted by the FORTRAN compiler at the point in the source module. where the function ls referenced. This means that the 
in-line functiom are invoked in FORTRAN IV by using the appropriate entry name, but that they are not part of the libruy. 
In-line functions are described in the FORTRAN JV language publications listed in the Preface. 

' 1be expression xi ( lllPdulo XI) is defined as xi - [ ~: J • Xt, where the brackets indicate that an integer is used. The largest 

Integer whose magnitude does not exceed the magnitude of ..!!... is used. The sign of the i~teger is the same as the sign of ~ • 
XI ~ 

1 If XI = 0, then the modulus function is mathematically unde6ned. In addition, a divide exception is recognized and an inter
ruption occurs .. (A detailed description of the interruption procedure is given in Appendix C.) 

• "'I = 16" ( 1 - 16"') for regular precision routines, and 16" ( 1 - 16·11 ) for double precision routines. 
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Implicitly Called Subprograms 
The· implicitly called subprograms are executed as a 
result of certain notation appearing in a FORTRAN 

source statement. When a number is to he raised to a 
power or when multiplication or division of complex 
numbers is to be performed, the FORTRAN <.'Ompiler gen
erates the instructions necessary to call the appropriate 
subprogram. For example, if the following source 
~tatement appears in a source module, 

ANS= BASE••EXPON 

where BASE and EXPON are REAL •4 variables, the 
FORTRAN compiler generates a reference to FRXPR#, the 

Table 6. Implicitly Called Mathematical Subprograms 

General Entry' Sub-
Implicit 
Funrtion 

Function Name set Reference' 

Multiply and COM PY# No )' = z1• Z1 
divide complex 
numbers !-·------· 

CD DVD# y = ztlz1 

-----
CMPY# No y = z1• Z1 

entry name for a subprogram that raises a real number 
to a real power. · 

The implicitly called subprograms in the FORTRAN 

library are described in Table 6. The column headed 
"Implicit Function Reference" gives a representation 
of a source statement that might appear in a FORTRAN 

source module and cause the subprogram to be called. 
The rest of the c.'Olumn headings in Table 6 have the 
same meaning as those used with the explicitly called 
subprograms. Algorithms for implicitly called subpro
grams are given in the chapter" Algorithms."' Additional 
information for assembler language programmers is 
given in Appendix A. 

ArStument(s) Function Error 
Value No .. Types Types Code 

2 COMPLEX •16 COMPLEX •t6 
--

2 COMI'l.EX •]ff COMPI.EX •16 
-

-.-.i I-·--1----·-··-----
2 COMPLEX •s COMPLEX •8 

-
t----1--------·-···...I ~·-----------

.,.._ 
CDVD# y :=: 7.1/z~ 2 COMPLEX •5 COMPLEX •5 

-
--· -

Raise an integer FIXPI# Yes y = i •• j 2 i = INTECF.R •4 INTECD *4 
to an integer j ~ INTEGER •4 241 
power - -----·-
Raise a real FRXPI# Yes Y =a• •j 2 a= REAL•4 REAL •4 
number to an j = INTEGER •4 242 
integer power ·--- --~ ~-.. -

FDXPI# Yes Y = a••j 2 a= REAL•8 REAI.*8 
j = INTEGER *4 243 

- ---~ ---------
Raise a real FRXPR# Yes y = a••b 2 a= REAL•4 REAL *4 
number to a b:: REAL•4 244 
real power 

-~I--· 

FDXPD# Yes y = a••b 2 a= REAL •9 REAI.•8 

b =REALS· 245 

·- -
Raise a complex FCDXI# No y = z••j 2 Z = COMPLEX •t6 COMPLEX.16 
number to an j = INTEGER •4 247 
integer power . 

FCXPI# No y = z••j 2 Z = COMPLEX •s COMPLEX •3 
j = INTECER •4 M8 

NOTES: 

1. This name. must be used in an assembler language program to call the subprogram· the character # is a part of the name and 
must be included. ' 

2. This is only a representlllion 0£ a FORTRAN statement; it i.c; not the only way the subprogram may be called. 
3. REAL •4 and REAL •s arguments correspond to REAL and DOUBLE PRECISION arguments, respectively, in Basic FORTRAN IV. Complex 

arguments cannot be used in a Basic FORTRAN IV program. 
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For subprograms that involve exponentiation, the 
action taken within a· subprogram depends upon the 
types of the base and exponent used. Tables 7 through 
10 show the result of an exponentiation performed with 
the different combinations and values of base and ex
ponent. In these tables, I and 1 are integers; A and B 
are real numbers; C is a complex number. 

Table 7. Exponentiation with Integer Base and Exponent 

Base (I) 
Exponent ( J) 

J>O J II: 0 I J<O 

I>l Compute the Function Function 
function value value• 1 vahte = 0 

l=l Compute the Function Function 
function value value= 1 value= 1 

l=O Function Error message Error message 
value= 0 241 241 

I= -1 Compute the Function If J is an odd 
function value value= 1 number, function 

value= -1. 
If J is an even 
number, function 
value= 1. 

I<-1 Compute the Function Function 
function val~ value• 1 value= 0 

Table 8. Exponentiation with Real Base and Integer Exponent 

Base (A) 
Exponent (J ) 

J>O J•O J<O 

A>O Compute the Function Compute the 
function value value-= 1 function value 

A•O Function Error message Error message 
value= 0 242or 242 or 

243 243 

A<O Compute the Function Compute the 
function value value= 1 function value 

Tahle 9. Exponentiation with Real Base and Exponent 

Base (A) 
Exponent (B) 

B>O B=O B<O 

A>O Compute the Function Compute the 
function value value= 1 function value 

A=O Function Error message Error message 
value = 0 244or 244 or 

245 245 

A<O Error message Function Error message 
253 or value= 1 253 or 
263 . 263 

Table 10. Exponentiation with Complex Base and Integer 
Exponent 

Base ( C) Exponent ( J) 
C=P+Qi J>O J=O J<O 

P > Oand Compute the Function Compute the 
Q>O function value value=l + Oi function value 

P > Oand Compute the Function Compute the 
Q=O function value value=! + Oi function value 

P > Oand Compute the Function Compute the 
Q<O function value value=l + Oi function value 

P = Oand Compute the Function Compute the 
Q>O function value value=l + Oi function value 

P = Oand Function value Error message Error message 
Q=O O+ Oi 246 or 246or 

247 247 ··-

P = Oand Compute the Function Compute the 
Q<O function value value=!+ Oi function value 

P <Oand Compute the Function Compute the 
Q>O function value value=l + Oi function value 

P <Oand Compute the Function Compute the 
Q=O function value value=l + Oi function value 

P <Oand Compute the Function Compute the 
Q<O ·function value value•! + Oi function lalue 
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Service Subprograms 

The service subprograms supplied in the t'ORTRAN 

library are divided into two groups: ont> group tests 
machine indicators and the other group performs 
utility functions. Service subprograms arc called by 
using the appropriate entry name in a FORTRAN lan
guage CALL statement. 

Machine Indicator Test Subprograms 
The machine indicator subprograms test the status of 
pseudo indicators and may return a value to the calling 
program. When the indicator is zero, it is off; when the 
indicator is other than zero, it is on. In the following 
descriptions of the subprograms, i represents an integer 
expression and; represents an integer variable. 

Pseudo Sense Light Subprogram 
Entry Names: SLITE/SLITET 

This subprogram is used to alter, test, and/or rec.-ord 
the status of pst•udo sense lights. Either of two entry 
names ( suTE or SLITET) is used to call the subprogram. 
The particular entry name used in the CALL statement 
depends upon the operation to be performed. 

If the four sense lights are to be turned off or one 
sense light is to be turned on, entry name sLITE is used. 
The source language statement is: 

CALL SLITE ( i) 

where i hCls a value of 0, l, 2, 3, or 4. 
If thP value of i is 0, the four sense lights arc tumcd 

off; if the value of i is 1, 2, 3, or 4, the corresponding 
sense light is turned on. If tht- value of i is not 0, I, 2, 
3, or 4, error message 216 is issued and execution of 
this module or phase is terminated. (This error han
dling is explained in Appendix C. ) Execution can con
tinue, however, if the extended error handling facility 
was selec:tcd at system generation (FORTRAN IV ( os) 
only). This facility is explained in detail in the 
FORTRAN 1\1 (G and II) Programmer's Guide listed 
in the Preface. 

If a sense light is to be tested and its status recorded, 
entry name SLITET is used. Regardless of its status 
before the test, after a sense light is tested, it is always 
set off. The source language statement is: 

CALL SLITET ( i, ; ) 

14 

where: 
i has a value of 1, 2, 3, or 4, and indicates which 
sense light to test. 
f has a value returned by the subprogram. I indic
cates the sense light was on; 2 indicates the sense 
light was off. 
If the value of i is not 1, 2, 3, or 4, error message 

216 is issued and execution of this modqle or phase is 
terminated unless the extended ~rror handling facility 
is in effect. 

Overflow Indicator Subprogram 
Entry Name: OVERFL 
This subprogram tests for an exponent overflow or 
underflow exception and returns a value that indicates 
the existing condition. After testing, the overflow 
indicator is turned off. This subprogram is called by 
using the entry name OVERFL in a CALL statement. The 
source language statement is: 

CALL OVERFL ( f) 

The value of ; is returned by the subprogram to indi
cate th<' following: 

1 =floating-point overflow condition has occurred 
last. 

2 = no overflow or underflow condition has occurred. 
3 = a floating-point underflow condition has occurred 

last. 

Note: A value for f of 1or3 indicates that that condition 
was the last one to occur. An overflow followed by an 
underflow in the same statement would be recorded 
as condition 3 - "underflow occurred last." 

A detailed description of each exception is given in 
the programmer, s guides listed in the Preface. 

Divide Check Subprogram 
Entry Name: DVCHK 

This subprogram tests for a divide-check exception 
and returns a value that indicates the existing condi
tion. After testing, the divide-check indicator is turned 
off. ·This subprogram is called by using entry name 
DVCHK in a CALL statement. The source language state
ment is: 

CALL DVCHK {j) 

where: 
i is set to 1 if the divide-check indicator was on; or 
to 2 if the indicator was off. 



Utility Subprograms 
The utility subprograms perform two operations for 
the FORTRAN programmer: they either terminate execu
tion (EXIT) or dump a specified area of storage 
( DUMP/PDUMP). 

End Execution Subprogram 
Entry Name: EXIT 
The end execution subprogram terminates execu
tion of the load module or phase and returns control to 
the operating system. (Except that no operator message 
is produced, EXIT performs a function similar to that 
performed by the STOP statement.) This subprogram 
is called by using the entry name EXIT in a CALL state
ment. The source language statement is: 

CALL EXIT 

Storage Dump Subprog".Clm 
Entry Names: DUMP /PDUMP 

This subprogram dumps a specified area of storage. 
Either of two entry names (DUMP or PDUMP) can be used 
to call the subprogram. The entry name is followed by 
the limits of the area to be dumped and the format 
specification. The entry name used in the CALL state
ment depends upon the nature of the dump to be 
taken. 

If execution of the load module or phase is to be 
terminated after the dump is taken, entry name DUMP 

is used. The source language statement is: 
where: 

CALL OUM}.> (a., bi, /1, ... , a., b., f.) 

a and b are variables that indicate the limits of stor
age to be ·dumped (either a or b may represent the 
upper or lower limits of storage). 
f indicates the dump format and may be one of the 
integers given in Table 11. The formats available 
depend upon the compiler in use. A sample printout 
for each format is given in Appendix E. 

Table 11. DUMP/PDUMP Format Specifications 

Basic FORTRAN IV FORTRAN IV 

O sl>ecifies hexadecimal 0 speci6es hexadecimal 
4 specifies INTECER 1 specifies LOCJCAL • 1 
5 specifies REAL 2 specmes LOGICAL •4 . 
6 speci&es DOUBLE Pl\ECISION 3 specifies INTEGER •2 

4 specifies INTEGER •4 
5 specifies REAL • 4 
6 speci&es REAL •s 
7 specifies COMPLEX •a 
8 specifies COMPLEX • 10 
9 specifies literal 

If execution is to be resumed after the dump is taken, 
entry name PDUMP is used. The source language state
mc•nt is: 

CALL PD UMP (a., ba. f,, ... , u., bn, fn) 

wht•re a, b. and f have the same meaning as for DUMP. 

Programming Considerations 

A load module or phase may occupy a different area of 
storage each time it is ex~cuted. To ensure that the 
appropriate areas of storage are dumped, the following 
conventions should be observed. 

If an array and a variable are to be dumped at the 
same time, a separate set of arguments should be used 
for the array and for the variable. 'nie specification 
of limits for the array should be from the first element 
in the array to the last element. For example, assume 
that A is a variable in COMMON, B is a REAL number, 
and TABLE is an array of 20 elements. The following 
call to the storage dump subprogram could be used 
to dump TABLE and B in the hexadecimal format and 
terminate execution after the dump is taken: 

CALL PDtT~f p ( Oi. ''·· f,, .. ' a,., bn, I a) 

If an area of storage in COMMON is to be dumped 
at the same time as an area of storage not in COMMON, 

the arguments for the area in COMMON should be given 
separately. For example, the following call to the 
storage' dump subprogram could be used to dump the 
variables A and B in REAL *s format without tenninat
ing execution: 

CALL PD UMP (A,A,6,B,B,6) 

If variables not in COM~lON are to be dumped, each 
variable must be listed separately in the argument 
list. For example, if R, P, and Q are defined implicitly 
in the program, the statement 

CALL PDUMP (R,R,5,P,P,5,Q,Q,5) 

should be used to dump the three variables. If the 
statement 

CALL PD UMP { R,Q,5) 

is used, al1 main storage between R and Q is dumped, 
which may or may not include ~, and may include 
other variables. 

If an array and a variable are passed to a subroutine 
as arguments, the arguments in the call to the ~torage 
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dump subprogram in the subroutine should specify the 
paramt•ters us<.•d in t11<.,. ddinition of th<.• subroutine. 
For examplt" if the subroutitU' SUBI is dcfinC.•d as: 

Sl'BROUTl:;\E SUBI ( X.Yl 
Dl'.\IE~SIO:\' X C 10) 

and the call to SUBI within the source> module is: 

DI:\IEXSIO~ A ( IO) 

CALL SUBI (A, B) 

16 

then the following statement should be used in SUBI to 
clump the· variables in hexadecimal format without ter
minating execution: 

CALL PDUMP (X( 1 ), X{lO), 0, Y, Y, 0) 

If the statt•ment 

CALL PDUMP {X{l), Y,0) 

is used, alJ storage between A( 1) and Y is dumped 
because of the method of transmitting arguments. 

When hexadecimal ( 0) or literal ( 9) is specified, 
the programmer should realize that the upper limit 
is assumed to be of length 4. · 



Algorithms 

This chapter contains information about the mdhoJ by which each mathematical 
function is computed. The information for explicitly calle<l subprograms is ~manged 
alphabetically according to the specific function of each subprogram (i.e., absolute 
value, exponentiation, logarithmic, etc.). The individual entry names associatC"d 
with each subprogram are arranged logically from simple to complex within caC'h 
function. For example, the heading "Square Root Subprograms" will have algo
rithms arranged in the following order by entry name: SQHT, DSQRT, CSQRT, CDSQRT. 

Information for the implicity called subprograms is arranged alphabetically 
according to function, and alphabetically by entry name within that function. For 
example, the heading "Complex Multiply and Divide Subprograms" will have 
algorithms arranged in the following order: coom# /CD~lPY#, covn# /c~lPY#. 

The information for each subprogram is divided into two parts. The Brst part 
describes the algorithm used; the second part describes the effect of an argument 
error upon the accuracy of the answer returned. 

The presentation of each algorithm is divided into its major computational 
steps; the formulas necessary for each step are supplied. For the sake of brevity, 
the needed constants are normally given only symbolically. (The actual values 
can be found in the assembly listing of the subprograms.) Some of the formulas 
are widely known; those that are not so widely known are derived from more 
common formulas. TI1e process l~ading from the common formula to the computa
tional formula is sketched in enough detail so that the derivation can be recon
structed by anyone who has an understanding of college mathematics and access 
to the common texts on numerical analysis.1 Many approximations were derived 
by the so-called "minimax" methods. The approximation sought by these methods 
can be characterized as follows. Given a function f(x), an interval I, the form of 
the approximation (such as the rational form with specified degrees), and the 
type of error to be minimized (such as the relative error), there is normally a 
unique approximation to f ( x) whose maximum error over I is the smallest among 
all possible approximations of the given form. Details of the theory and the 
various methods of deriving such approximation are provided in the reference.1 

The accuracy figures cited in the algorithm sections are theoretical, and they do 
not take round-off errors into account. Minor programming techniques used to 
minimize round-off errors are not necessarily described here. 

The accuracy of an answer produced by these algorithms is influenced by two 
factors: the performance of the subprogram {see the chapter, "Performance 
Statistics") and the accuracy of the argument. The effect of an argument error 
upon the accuracy of an answer depends solely upon the mathematical function 
involved and not upon the particular coding use<:) in the subprogram. 

A guide to the propagational effect of argument errors is provided because 
argument errors always influence· the accuracy of answers whether the errors are 
accumulated prior to use of the subprogram or introduced by newly converted 
data. This guide (expressed as ~ ·simple formula where possible) is intended to 
assist users in assessing the effect of an argument error. 

1 Any of modem numerical anal~fs teru may be usl'd u a reft>l'ftlce. One such tt>xt is A. Ralston's A Fir1t 
CoutN In Numerical Anal11ril (McGraw-Hill Book Company, Inc., New YOrk. 1965), Background fnfonnation 
for alcorfthml that use continued fractions may_ be fOun<l in ff. S. Wall's Anal11tic TheOf11 of Continued 
Ftat:tfom (D. Van Nostrand Co. Inc., Princeton, N. J., 19-C8). 

Algorithms 17 



The following symbols are used. in this chapter to describe the effect of an 
argument error upon the accuracy of the answer: 

SYMBOL 

g(x) 
f(x) 

c 

8 
E 

EXPLANATION 

The result given by the subprogram. 
The correct result. 
f ( x) - g ( x) The relative error of the result 

f ( x) given by the subprogram. 
The relative error qf the argument. 
I f ( x) - g ( x) I The absolute error of the result 

given by the subprogram. 
The absolute error of the argument. 

The notation used for the continued fractions complies with the specifications 
set by the National Bureau of Standards.2 

Although it is not specifically stated below for each subroutine, the algorithms 
in this chapter were programmed to conform to the following standards governing 
floating-point overflow I underflow. 
1. Intermediate underflow and overflows are not permitted to occur. This pre

vents the printing of irrelevant messages. 
2. Those arguments for which the answer can overflow are excluded from the 

perinitted range of the subroutine. This rule does not apply to CDABS and CABS. · 

3. When the magnitude of the answer is less than 16-6:s, zero is given as the 
answer. If the floating-point underflow exception mask is on at the time, the 
underflow message will be printed. 

Control of Program Exceptions In Mathematical Functions 
The FORTRAN mathematical functions have been coded with careful control of error 
situations. A result is provided whenever the answer is within the range repre
sentable in the floating-point fonn. In order to be consistent with FORTRAN control 
of exponent overflow/underflow exceptions, the following types of conditions are 
recognized and handled separately. 

When the magnitude of the function value. is too large to be represented in the 
floating-point fonn, the condition is called a terminal overflow; when the magni
tude is too small to be represented, a terminal underflow. On the other hand, if the 
function value is representable, but if execution of the chosen algorithm causes an 
overflow or underflow in the process, this condition is called an intermediate over
flow or underflow. 

Function subroutines in the FORTRAN library have been coded to observe the 
following rules for these conditions: 

1. Algorithms which can cause an intermediate overflow have been avoided. 
Therefore an intermeqiate overflow should not occur during the execution 
of a function subroutine of the library. 

2. Intermediate underflows are detected and not allowed to cause an interrupt. 
In other words, spurious underflow signals are not allowed to be given. Com
putation of the function value is successfully carried out. 

3. Termina_l overflow conditions are screened out by the subroutine. The argu
ment is considered out of range for computation and an error diagnostic 
fs given. 

--• For 1morf' fnfonnatlon. lff Milton Abramowitz and li?ne A. Strl(Un (editon), Handbook of llnthemollcal 
Funftioru, Applf~ Mathttmatics Serics-55 (National Bureau of Standards. Washingtoa. D.C •• 1985). 
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4. Terminal underflow conditions are handled by forcing a floating-point under
flow exception.· This provides for the detection of underflow in the same 
manner as for an arithmetic statement. Terminal underflows can occur in the 
following function subroutines: EXP, DEXP, ATAN2, DATAN2, ERFC, and DERFC. 

For implicit arithmetic subroutines, these rules do not apply. In this case, both 
terminal overflows and terminal underflows will cause respective floating-point 
exceptions. In addition, in case of complex arithmetic (implicit multiply and 
divide), premature overflow I underflow is possible when the result of arithmetic 
is very close to an overflow or underflow condition. 
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Explicitly Called Subprograms 

Absolute Value Subprograms 

CABS/CDABS 

J. Writr 1x + iy; = a + ib. 
2. Let t,; 1 = max ( :xJ, \yj ): and v:! = min ( ;xj, \!Ii ). 
3. If characteristics of V1 and v:! differ by i ( 15 for CDABS) or more, or if v2 = 0, 

then a = v., b = 0. 
4. Otherwise, 

a = 2 • v, • ~ ¥4 + ¥4 ( :: r ' and b = 0. 

If the answer is greater than 16113, the fioating·point overflow interruption will 
take placr (sec Appendix C). The algorithms for both complex absolute value 
subprograms are identical. Each subprogram ust'S the appropriate real square root 
subprogram (SQRT or DSQRT). 

Arcsine and Arccosine Subprograms 

ARSIN/ARCOS 

Algorithm 

1. If 0 :5 x < lh, then computt.• arcsin ( x) by a contimwd fraction of the form: 

arC'sin (x) :::::: x + x3 • F where 
d, d2 . 

F = ---- ---·--{ x2 + ci) + ( x2 + c2 ) · 
The coefficients of this formula were derived by transforming the minimax 
ration~l approximation (in relative error, over the range 0 < x2 < l/4) for 
arcsin ( x) Ix of the fol1owing form: 

arcsin(x) ., [ a1 + a2x2 J 
--- ~ a0 + x- • ------· 

x - b0 + b1x2 + x"' • 

Minimax was taken under the constraint that au= I exactly. The relative error 
of this approximation is less thau 2- 28•3• 

If 0 $ x < lh, arccos(x) is computed as: 

arccos(x) = ~ - arcsin(x). 
~ 

2. If~~ < x< 1, then compute arccos(x) essentially as~ 

arccos(x) = 2 • arcsin { ~l; x). 

20 

This case is now reduced to the first case because within these limits, 

0 < l! - X•< 1L 
= ~ 2 = 7Z· 

This computation uses the real square root subprogram (SQRT) 
If 1h < x < 1, arcsin(x) is computed as: 

arcsin(x) = f- arC'cos(x). 

Implementation of the above algorithms (steps 1 and 2) were carried out with 
care to minimize the round-off errors. 



3. If - 1 < x < 0, then arcsi_n ( x) = - arcsin lxl 

and arccos(x) = 1f' ~ arccos !x!. 

This reduces thes<.• cases to one of the two positive c:ases. 

Effect of an Argument Error 

A 
E ,..w \! 

1 
_ x2 • For small values of x, E ,_ A. Toward the limits ( ± 1) of the 

range, a small A causes a substantial error in the answer. For the arcsine, t ,...., 8 
if the value of x is small. 

DARSIN/DARCOS 

Algorithm 

I. If 0 < x < 1h, then compute arcsin(x) by a continued fraction of the form: 

arcsin(x}::::::: x + x3 • F where 
d, d2 da d. 

F = Ci + ( x:.? + c:d + ( x2 + ca) + ( x2 + c.) + ( x2 + C5 )' 

The relative error of this approximation is less than 2-57.2, 

The coefficients of this formula were derived by transfo:ming the minimax 
rational approximation (in relative error, over the range 0 < x2 < ¥4) for. 
arcsin( x) Ix of the following form: 

arcsin( x) ., [a1 + a2x2 + aax' + a"xfl + a5X11 J · 
x . ::::: Uo + x- b0 + b1x2 + b2x"' + bax6 + X8 • 

Minimax was taken under the constraint that a0 = 1 exactly. 
I~ 0 < x < 1h, arccos(x) is computed as: 

arccos(x) = ; - arcsin(x). 

2. If 1h < x < 1, then compute arccos ( x) essentially as: 

am:os(:r) = 2 • arcsin ( ~l ; :r ). 

This case is now reduced to the first case because within these limits, 

0 < ~l ; :r < 'k. 

This computatiOn uses the real square root subprogram ( DSQRT). 

If 1h < x <I, arcsin(x) is computed as: 

arcsin(x) = ; - arccos(x). 

Implementation of the above algorithms ( steps 1 and 2) were carried out with 
care to minimize the round-off errors. 

3. If - 1 < x < 0, then arcsin(x) = - arcsin !xi, and arccos(x) = w - arccos Ix!. 
This reduces these cases to one of the two positive cases. _ 

Effect of an Aroument Error 

A 
E ~ '\/I_ x2 • For small values of x, E - A. Toward the limits ( ± 1) of the 

range a small A causes a substantial error in the answer. For the arcsine, , ,..., 8 if 
the value of x is small. · 
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Arctangent Subprograms 

ATAN - Basic FORTRAN IV (OS) 

Algorithm 

I. Reduce the computation of arctan ( x) to the case 0 < x < 1, by using 

arctan ( - x) = - arctan ( x), or 

arctan ( :!: } = ; - arctan lxl. 

2. If necessary, reduce the computation further to the case !xi< tan 15° by using 

( v3· r- I} 
arctan (x) = 30° + arctan x + v' 3 . 

lv'3. x - ~ 
The value of x + \I 

3 
I < tan 15° if the value of x is within the range, 

tan 15° < x < I. The value of ( \1 3 • x - 1) is computed as 
( v'J - 1) x - 1 + x to avoid the loss of significant digits. 

3. For ]xi< tan 15°, use the approximation formula: 

arctan ( x) ., 0.55913709 
x ~ 0.60310579 - 0.05160454x~ + x:i + 1.4087812 · 

This formula has a relative c-rror less than 2-· 21 ·1 and can be obtained by 
transforming the continued fraction 

x:! 
arctan (x) x2 5 

=I - - -------
x 3+ { ~ + x-•} - w 

where tr h.as an approximate value of {-
75 

x·- 2 + 3.175
} 10-', but the true . 77 77 

4•5 
7•7•9 

value of te is -------
( 7 ~311 + x-•} + .... 

The original continued fraction can be obtained by transforming the Taylor 
series into continued fraction form. 

Effect of an Argument Error 

E -
1 
! x2 • For small values of x, ( ,..., 8; as the value of x increases, the effect 

of 8 upon t diminishes. 

ATAN/ATAN2-FORTRAN IV (OS) 

Algorltlrm 

1. For arctan ( X1, X2): 

If X1 < 0, use the identity arctan (xi, x2) = -arctan ( -x., x2). 

Hence we may assume that x1 > 0. Then: 

~ 1r If either x2 = 0 or r%;"l > 22\ the answer = T. 

~ If X2 < 0 and < 2-2', the answer=•· 
2 



For tbe general C'dse, if x, > O~ th<• answer= arctan (~I)• and 

if :r" · < 0, the answer = .. - arc tan ( ~) . 

2. The computation of arctan ( l ;; I) above, or of arctan( x) for the single argu· 

ment case, follows t~e al_gorithm given for the subprogram ATAN in Basic 
FORTRAN IV (OS) •. 

Effect of an Argument Error 

~ 
E ,_ 

1 
+ x2 • For small values of x, £ - 8; as the value of x increases, the effect 

of 8 upon E diminishes. 

DAYAN - Basic FORTRAN IV (OS) 

Algorithm 

1. Reduce the computation of a1 dan ( x) to the c-ase 0 < x ~ I by using 

arctan( -x) = - nrctan(x) and 

arctan i!I = ; - arc:tan \xi. 

2. If necessary, reduce the computation further to the case lxl < tan 15° by using 

arctan(x) = 30° + arctan ("
3 

• x -
1

) x + y3 . 
v3 • x - ii The value of x + y"3 < tan 15°, if the value of x is within the range tan 

15° < x < 1. The value of ( \)3 • x - 1) is computed as ( y3 - .1) x - 1 + x 
to avoid the loss of significant digits. 

3. For !xi ~tan 15°, use a continued fraction of the form: 
arctan( x) [ a1 a2 as J 
. x :::: 1 + x2 

ho - ( b1 + x2 ) - ( b2 + x2 ) - (ha + x2 ) • 

The relative error of this approximation is less than 2-60•7• 

The coefficients of this formula were derived by transforming a minimax 
rational approximation (in relative error, over the range 0 < x2 < 0.071797) 
for arctan ( x) Ix of the following form: 

arctan(x) c:¥ ., [co +c1x2 + c21"" + cax6J 
x - an + x- do + dix2 + d2xt + x6 · 

Minimax was taken under the constraint that a0 = 1 exactly. 

fifed of an Argument Error 

E - 1 ! x2 • For small values of x, < - 8, and as the value of x increases, the effect 

of ' upon 8 diminishes. 

DATAN/DATAN2-FORTRAN IV (OS) 

Algorlfhm 

1. For arctan(xi, x2 ): 

If X1 < 0, use the identity arctan(xi, r::) = -arctan ( -x1, x2 ). 

Hence we may assume that x1 > 0. Then: 

~I • Heither %2 = 0 or fi;l > 258, the answer ~ T. 
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l~J If x~ < 0 and fX;l < 2-~u, the answer=,... 

For the general case, if x, > 0, the answer= arctan (Ii;!). and 

if x, < 0, the answer = .. - arclan (Ii;!). 
2. The computation of arctan (Ii;!) above, or of arctan( x) for the single argu

ment case, follows the algorithm given for the subprogram DATAN in Basic 
FORTRAN IV (OS). 

Effect of an Argument Error 
~ . 

E -
1 

+ x2. For small values of x, t - 8, and as the value of. x increases, the effect 

of < upon 8 diminishes. 

Error functions Subprograms 

ERF/ERFC 

Algorithm 

1. If 0 < x < 1, then compute the error function by the following approximation: 

erf(x) ~ x(ao + a1x2 + a2x4 + ... + aGX10
). 

The coefficients were obtained by the minimax approximation (in relative 
error) of erf ( x) Ix as a function of x2 over the range· 0 < x2 < 1. The relative 
error of this approximation is less than 2-2u. The value of the complemented 
error function is computed as erfc( x) = 1 - erf ( i). 

2. If 1 < x < 2.040452, then compute the complemented error function by the 
following approximation: 

erfc (x) ~ho+ biz+ b2z2 + ... + boz9 

where z = x - T 0 and T 0 ~ 1.709472. The coefficients were obtained by the 
minimax approximation (in absolute error) of the function f(z) = erfc(z + 
T 0 ) over the range - 0. 709472 < z < 0.33098. The absolute error of this 
approximation is less than 2-su. The limits of this range and the value of the 
origin T0 were chosen to minimize the hexadecimal round-off errors. The value 
. 1 
of the complemented error function within this range is between 

256 
and 0.1573. 

The value of the error function is computed as erf ( x) = 1 - erfc( x). 
3. If 2.040452 < x < 13.306, then compute the complemented error function by 

the following approximation: 

24 

erfc(x) ~ e-• • F/x whe're z = x2 and 

Ci + C2Z + c3z2 

F = Co + d + d :t + s. i% 2Z Z 

The coefficients for F were obtained by transforming a mmunax rational 
approximation (in absolute errors, over the range 13.306-2 < w < 2.040452-2) 
of the function f ( w) = erfc( x) • x • CZ1

, w = x-2, of the following form: 

f< ) ~ Oo + 01W + a2w2 + 03w3 

w - · bo + biw + w2 • 

The absolute error of this approximation is less than 2-~as.1. This computation 
uses the real exponential subprogram (EXP). 



If 2.040452 ~ x < 3.9192('6. then the error function is computed as 
crf ( x) = 1 - erfc ( x). 
If 3.919206 < x, then the l'fror fundion is = 1. 

4. If 13.306 < x,· then the error function is ~ 1, and the complemented error funC'
tion is :::::: 0 (underflow).· 

5. If x < 0, then reduce to a case involving a positive argument by the use of the 
following formulas: 

erf{-· x) = - crf(x), anderfc (- x) = 2 - erfc(x). 

fifed of an Argument Error 

.E ,...., e -z' •A. For the error funC'tion, as the magnitude of the argument exceeds L 
the effect of an argument error upon the final accuracy diminishes rapidly. For 
small values of x, E ~ 8. For the complemented error function, if the value of x is 

e·-z' 
greater than 1, erfc(x) ,...., -fx' Therefore, f ~ 2 x2 

• o. If the value of xis negative 

or less than 1, then f ~ e-J 2 
• ~ •• 

DERF/DERFC 
Algotltltm 

1. If 0 < x < 1, then compute tlw error function hy the following approximation: 

erf(x) ~ x(a0 + a1x2 + a2x4 + ... + a11x22
). 

The coefficients were obtained by the miuimax approximation (in relative 
error) of erf ( x) / x as a function of x:? over the range 0 < x2 < 1. The relative 
error of this approximation is less than 2-56·9 • The value of the complemented 
error function is computed as erfc ( x) = 1 - erf ( x). 

2. If 1 < x < 2.040452, then compute the complemented error function by the 
following approximation: 

erfc(x) ~ho+ b1z + b2z2 + ... h1sz19 

where z = x - T 0 and T0 e: 1.709472. The coefficients were obtained by the 
minimax approximation (in absolute error) of the function f ( z) = erfc( z + To) 
over the range -0.709472 < z < 0.33098. The absolute error of this approxi
mation is less than 2- 60·3 • The limits of this range and the value of the origin 
T 0 were chosen to minimize the hexadecimal round-off errors. The value of the 

complemented error functi~n within this range is between~ and 0.1573. The 

· value of the error function is computed as erf ( x) = 1 - erfc( x). 
3 .. If 2.040452 < x < 13.306, then compute the complemented error function by 

the following ap_proximation: 

erfc(x) ~ e-• • F/.t where z = x~ and 

d1 d2 dG d1 
F = c0 + ------· ------

( Z + C1 ) + ( Z + C2) + • • . ( Z + Ce) + ( Z + C7) • 

The coefficients for F were derived by transforming a minimax rational approxi
mation (in absolute errors, over the range 13.306-2 < w < 2.040452-2 ) of the 
function f ( w) = erfc( x) • x • e .ca, w = x-2, of the following form: 

ao + a1w + a2w2 + ... + a1w' 
f(tv) ~ bo + b1w + b2w2 + ... + b6w6 +w1 • 

The absolute error of this approximation is less than 2-~7.o. This computation 
uses the real exponential subprogram ( DEXP). If 2.040452 < x < 6.092368, then 
the error function is computed as erf ( x) = 1 - erfc( x). 
If 6.092368 < x, then the error function is E!!! I. 
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4. If 13.306 < x, then the error function is ~ 1, and the complemented error 
function ~ 0 (underflow)'. 

5. If x < 0, then reduce to a case involving a positive argument by the use of the 
following formulas: 

erf( - x) = - erf(x), and erfc ( - x) = 2 - erfc(x). 

Effect of an Argument f rror 

E - e-z2 •A. For the error function, as the magnitude of the argument exceeds 
1, the effect of an argument error upon the final accuracy diminishes rapidly. For 
small value~ of x, < - 8. For the complemented error function, if the value of 

e--2 
x is greater than l, erfc(x) - ~· Therefore, ( - 2%2 • a. If the value of % 

is negative or less than 1, then < - e-1r2 • A. 

Exponential Subprograms 

EXP 

Algorltltm 

1. If x < - 180.218, then 0 is given as the answer via floating-point underflow. 
2. Otherwise, divide x by lo~ and write 

% 

y = log.2 = 4a - b - d 

where a and b are integers, 0 < b < 3 and 0 < d < I. 
3. Compute 2-• by the following fractional approximation: 

2d 
2-cr.~ 1 - . 617.97227 • 

0.034657359d2 + d + 9.9545948 - d2 + 87.417497 

This formula can be obtained by transforming the Gaussian continued fraction 
z z z % z % z z 

e-• = l - I+ 2- 3+ 2- 5+ ?.- 7 + '"f · 
The maximum relative error of this approximation is 2-21• 

4. Multiply 2-• by 2-•. 
5. Finally, add the hexadecimal exponent a to the characteristic of the answer. 

Effect of an Argument Error 

< - A. If the magnitude of x is large, even the round-off error of the argument 
causes a substantial relative error in the answer because A :::=: 8 • x. 

DEXP 

Algorltllm 

1. If x < - 180.2187, then 0 is given as the answer via .floating-point underflow. 
2. Divide x by lo~ and write 

:r = ( 4a - b - :e) · log.2 - , 

where a, b, and c are integers, 0 < b < 3, 0 < c < 15, and the remainder r Is 
1 

within the range 0 < r < 16 • lo~. This reduction is canied out in an extra 

precision to ensure accuracy. Then e" =I&• 2-• • 2-0111• 8 -r. 



3. Compute e-r by using a minimax polynomial approximation of degree 6 over 

the range 0 < · r < 
1
1
6 

• ll?~.2.· In obtaining coefficients of this. approximation, 

the minimax of relative errors was taken under the constraint that the constant 
term a0 shall be exactly 1. The relative error is less than 2-66·81• 

4. Multiply e-r by 2-e116 • The 16 values of 2-r116 for 0 < c < 15 are included in 
the subprogram. Then halve the result b times. 

5. Finally, add the hexdecimal exponent of a to the characteristic of the answer. 

Effect of an Argument Error 

E ,_ A. If the magnitude of x is large, even the round-off error of the argument 
causes a substantial relative error in the answer because A = 8 • x. 

CEXP/CDEXP 
Algorithm 

The value of e.i·+iv is computed as e.r • cos(y) + i • e"' • sin(y). The algorithms for 
both complex exponential subprograms are identical. Each subprogram uses the 
appropriate real expon·ential subprogram (EXP or DEXP) and the appropriate real 
sine/ cosine subprogram ("cos/ SIN or ocos/ os1N). 

Effect of an Argument Error 

The effect of an argument error depends upon the accuracy of the individual 
parts of the argument. If e.r +tu =. R • em, then H == y and E ( R) ~ A ( x). 

Gamma and log Gamma Subprograms 

GAMMA/ ALGAMA 

Algorithm 

1. If 0 < x < 2-252
, then compute log-gamma as lo~r(x) ~ - lo~(x). 

This computation uses the real logarithm subprogram ( ALOG). 
2. If 2-252 < x < 8, then compute log-gamma by taking the natural logarithm of 

the value obtained for gamma. The computation of gamma depends upon the 
range into which the argument falls. 

. r(x+l) 
3. If 2-252 < x < 1, then use r(x) = to reduce to the next case. x 

4. If 1 < x < 2, then compute gamma by the minimax rational approximation (in 
absolute error) of the following form: 

( ) 
z [ao + a1z + a2z2 + aaZ8] 

r X ~ Co + ho + h1z + b2z2 + z3 

where z; = x -1.5. The absolute error of this approximation is less than 2- 25•9 

5. If 2 < x < 8, then use r ( x) = ( x - 1) r ( x - 1.) to reduce step by step to the 
preceding case. 

6. If 8 < ::ell then compute log-gamma by the use of Stirling's formula: 

lo~r(x) ~ x(lo~(x) - I) - 1h lo~(x) + 1h lo~(2r) + G(x). 

The modifier tenn G( x) is computed as 
G(x) ~ ciox- 1 + ·d1x-2• 

These coefficients were obtained by a form of minimax approximation minimiz
irig the ratio of the absolute error to the value of x. the absolute error is less 
than x • 2-2

1.2. Remembering the fact that x < lo~r(x) in this range, the 
contribution of this error to the relative error of the value for log-gamma is less 
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than 2- 28•2• This computation uses the real logarithm subprogram ( ALOG). 
For gamma, compute r( x) = e1', where y is the value obtained for log-gamma. 
This computation uses the real exponential subprogram (EXP). 

Effect of an Argument Error 

( - t/J ( x) • A for gamma, and E - t/J ( x) • ~ for log-gamma, where t/J is the 
digamma function. 

1 
If 2 < x < 3, then - 2 < t/J ( x) < 1. Therefore, E r-J A for log-gamma. How-

ever, because x = I and x = 2 are zeros of the log-gamma function, even a small 
8 can cause a substantial ( in this range. 

If the value of x is large, then t/J ( x) ,_ log.. ( x). Therefore, for gamma, 
( ,_ 8 x • lo~ ( x). In this case, even the rounc.1-off error of the argument con
tributes greatly to the relative error of the answer. For log-gamma with large 
values of x, ( _, 8. 

DGAMMA/DLGAMA 

Afgorltltm 

I. If 0 < x < 2- 2G2, then compute log-gamma as log..r(x} 5:! - loge(x). 
This computation uses the real logarithm subprogram ( DLOC). 

2. If 2- 2112 < x < 8, then compute log-gamma by taking the natural logarithm 
of the value obtained for gamma. The computation of gamma depends upon the 
range into which.the argument falls. 

r(x + I) 
3. If 2-:.?52 < x < 1, then use r(x) = to reduce to the next case. x 
4. If 1 < x < 2, then compute gamma hy the IT'inimax rational approximation (in 

absolute error) of the following form: 

( ) 
....... z [ao + a1z + ... + aeZ8 ] 

r x =co+ bo + b1z + ... + b&Z8 + z7 

where z = x - 1.5. The absolute error of this approximation is less than 2-·151•8• 

5. If 2 < x < 8, then use r( x) = ( x -· I) r( x -. 1) to reduce to the preceding 
case. 

6. If 8 < x, then compute log-gamma by the use of Stirling's formula: 

lo~r(x) e: x(log..(x) -· 1) - 1h loge(x) + 1h lo~(27r) + G(x). 

The modifier term G(x) is computed as 
G(x) e! doX-1 + dlx- 3 + d2x- 5 + dax- 1 + d4%-9• 

These coefficients were obtained by a form of minimax approximation minimiz
ing the ratio of the absolute error to the value of x. The absolute error is less 
than x • 2·- 56 ·1• Remembering the fact that x < lo~r(x) in this range, the 
conbibution of this error to the relative error of the value for log-gapuna is less 
than 2- 56·1• This computation uses the real logarithm subprogram (»LOG). For 
gamma, compute r(x) ·= e", where y is the value obtained for log-gamma. 
This computation uses the real exponential subprogram ( DEXP). 

Effect of an Argument Error 

( ,_ t/J(x) • A for gamma, and E ,_ t(x) • L\ for log-gamma, where ; is the 
digamma function. · 

1 
If 2 < x < 3, then -2 < l/1(x) < 1. Therefore, E - A for log-gamma. How-

ever, because x = 1 and x = 2 are zeros of the log~gamma function, even a small 
8 can cause a substantial e in this range. 

28 



If the value of x is large', then if ( x) ,...., log.. { x). Therefore, for gamma, 
( -.. 8 • x • log..{x). In this case, even the round-off error of the argument con
tribuks greatly to the relative t•rror of the answer. For log-gamma with large 
valm•s of x, E ,..., 8. 

Hyperbolic Sine and Cosine Subprograms 

SINH/COSH 

Algorithm 

1. If jx i < 1.0, then compute sinh { x) as: 

sinh(x):::::: x + c1x=1 + c:.?x5 + cax1• 

The coefficient ci were obtained hy the minimax approximation (in relative 
sinh(x) · · . 

error) of as the function of x2 • The maximum relative error of this 
x 

approximation is 2-. 2u. 
2. If x > 1.0, then sinh ( x) is computed as: 

sinh(x) = (1 + 8) [e.r+Iu~ .. '· - v2/e·...+-111i:.,•']. 

1 
Here, 1 + 8 = 

20 
, so that this expression is theoretically equivalent to 

[e"' - e-.r]/2. The value of v (and consequently those of logl.v and o) was so 
chosen as to satisfy the following conditions: 

a) v is slightly less than ~, so that 8 > 0 and small. 
b) lo~v is an exact multiple of.2- 111• 

The condition b) insures that the addition x + log,.v is carried out exactly. This 
maneuver was designed to reduce the round-off errors and also to enlarge th~ 
limits of acceptable arguments. This computation uses the real exponential sub-
program (EXP). ·· 

3. If x < - 1.0, use sinh(x) = - sinh( jxj) to reduce to case 2 above. 
4. If cosh ( x) is desired, then for all valid valm.;s of arguments use the identity: 

cosh(x) = (I + 8) [e.r+ 10i:~" + v2/e.r+ 101;~r]. Here the notation and the consid
eration are identical to case 2 above. This computation uses the real exponential 
subprogram (EXP). 

Effect of an Argument Error 

For the hyperbolic sine, E - A• cosh {x) and E -· ~ • coth(x). 
For the hyperbolic cosine, E ,..., ~ • sinh ( x) and ( ,_ 8 • tanh ( x). 

Speciflcally, for the cosine, ( -.. A over the entire range; for the sine, , - 8 for 
small values of x. · 

DSINH/DCOSH · 

Algorllltm 

I. If jxj < 0.881374, then compute sinh(x) as: 

sinh (x) ~ CoX + C1X3 + c2x4 + ... + c6x13• 

The coefficients c, were obtained by the minimax approximation (in relative 

) f sinh{ x) h f · f ., M. · · k d th · error o as t e unction o x-. 1mmax was ta en un er e constraint x 
that co= fexactly. The maximum relative error of this approximation is 2-isu. 

2. If x > 0.88137 4, then sinh ( x) is computed as: 

sinh(x) = (1 + 8) [er.+1°'•'' -· v2/ez+1oe."]. 
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1 
Here, 1 + 8 = 

20
, so thaf this expression is theoretically equivalent to 

[CZ - c-"']/2. The value of v (and consequently those of lo~v and 8) was so 
chosen as to satisfy the following conditions: 

a) v is slightly less than 1h, so that 8 > 0 and small. 
b) lo~v is an exact multiple of 2- 18• 

The condition b) insures that tlJC addition x + lo~v is carried out exactly~ This 
maneuver was designtd to reduce the round-off errors and also to enlarge the 
limits of acceptable arguments. This computation uses the real exponential sub
program ( DEXP). 

3. If x < -0.881374, then use sinh(x) = -sinh( Ix!> to reduce to case 2 above. 
4. If cosh( x )is desired, then, for all valid arguments use the identity: 

cosh(x) = (1 + 8) (e1'+1°1.v + v2/er+ 10s.v]. Here the notation and the consid
eration are identical to case 2 above. This computation uses the real exponential 
subprogram (»EXP). 

Effect of an Argument f rror 

For the hyperbolic sine, E - A• cosh(x) and (,....,A• coth(x). 
For the hyperbolic cosine, E _,A• sinh(x) and,_. A• tanh(x). 

Specifically, for the cosine, ( - A over the entire range; for the sine, e """' 8 for 
the small values of x. 

Hyperbolic Tangent Subprograms· 

TANH. 

Af9orltlsm 

I. If lxl< 2-12, then tanh(x) ~ ~. 
2. If 2-12 < !xi< 0.7, use the following fractional approximation: 

tanh(x) [ 0.8145651 J 
x e!! 1 - x2 0.0037828 + x2 + 2.471749 . 

The coefficients of this approximation were obtained by taldng the minimax 
of relative error, over the range x2 < 0.49, of approximations of this form under 
the constraint that the first term shall be exactly 1.0. The maximum relative 
error of this approximation is 2-2u. 

. 2 
3. 1£0.7 <x< 9.011, then use the identity tanh(x) = 1 - (e-)2 + r 

The computation for this case uses the real exponential subprogram (EXP), 
4. If x > 9.011, than tanh(x) ~I. 
5. If x < -0.7, then use the identity tanh(x) = -tanh( -x). 

Effect of an Ar9vment Error 

2A 
E - ( 1 - tanh2 x) A, and « _, sinh ( ~) . For small values of :t, « _, 8, and as the 

value of :r increases, the effect of 8 upon ( diminishes. 

DTANH 

Afgorltflm 

1. If j:rj <. 2-2", then tanh(x) ~ x. 
2. If 2- 2

t1 < jxl < 0.54931, us~ the following fractional approximation: 
tanh( x) d 1x2 ~ d3 
-- Ori: c + ---- -------

% - u X2 + C1 + %2 + C2 + r" + Ca • 
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This approximation was obtained by rewriting a minimax approximation of the 
following form: 

tanh(x) . a0 + a1x2 + a2x4 

x =Co+ x2 • ho+ b1x2 + b:r + xa. 

Herc the min!max of relative error, over the range x2 < 0.30174, was t_akrn 
under the constraint that c0 shall be exactly 1.0. The maximum relative error of 
the above is 2- 63• 

2 
3. If 0.54931 < x < 20.101, then us.c the identity tanh( x) = 1 - e2.i: +1' 

This computation uses the double precision exponential subprogram ( DF.XP). 

4. If x > 20.101, then tanh(x) 9!!: l. 
5. If x ~ ·- 0.54931, then use the identity tanh ( x) = - tanh ( - x). 

fifed of an Ar"vment Error 
2~ 

E ,_, ( 1 - tanh2 x) A and < ,_, -.---. For small values of x, < - 8. As the 
'- · smh (2x) 

value of x increases, the-effect of S upon t: diminishes. 

Logarithmic Subprograms (Common and Natural) 

ALOG/ ALOG 10 

Algorltltm 

1. Write x = 16'> • 2-q • m where pis the exponent, q is an integer, 0 < q < '3, 
and m is within the range, 1h :S: m < 1. 

2. Define two constants, a and b (where a = base point and 2- b = a), as follows: 

1 
If 1h < m < v' 2 , thm a= 1h and b = J. 

1 
If v'2 < m < 1, then a= I and b = 0. 

m-a l+z 
3. Write z =-+-·Then, m =a• -1-- and jzl < 0.1716. m a -~ z 

4. Now,x = 2•P-t1-b• 
1
1 
+~,and loge(x) = ( 4p - q - b) lo~ 2 + Zog111 (

1
1 

+ z) . -z -z. 

5 T b · I ( 1 + z) m - a ( h" h · . o o tam o~ 1 - z , first compute w = 2z = 0.5m + 0.5a w ic ts I ep-

resented in our system with slightly more significant digits than z itseJf), and 
apply an approximation of the following form: 

log. C ~ :) ~ w [c. + c.c~w2 J. 
These coe~cients were obtained by the minimax rational approximation of 

1 (l+z) . 2z lo~ 1 _ z over the range z2 < ( 0, 0.02944) under the constraint that c0 

shall be exactly 1.0. The rnaxi~um relative error of this approximation is less 
than.2- 215•0 • · 

6. If the common logarithm is desired, then log1QX = log1oe • l<>geX. 

lffect of an Argument Error 

E - a. Specifically, if 8 is the round-off error of the argument, e.g., B _, 6 • 1-0-1, 
then E - 6 • I0-8• Therefore, if the argument is close to 1, the relative error can 
be very large because the value of the function is very small. 
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DLOG/DLOG10 

Algorithm 

1. Write x = 16' • 2-q • m where pis the exponent, q is an integer, 0 < q < 3, 
and m is within the range 172 < m < 1. 

2. Define two constants, a and b (where a= base point and 2-l> =a), as follows: 

1 
If 1h < m < V 

2
, then a = 172 and b = 1. 

1 
If V 

2 
< m < 1, then a = 1 and b = O. 

m-a l+z 
3. Write z = -+-·Then, m = a • -1 - and lzl < 0.1716. m a -z 

4. Now x = 24p-q-b • 
1 

+ z and lo~= (4p - q - b) lo~+ lo~ (
1
1 

+ z). 
' 1- .:z:' - % 

5. To obtain log.(~~:). first compute tv = 2z = o.s:: ~.Sa (which is repre

sented in our system with slightly more significant digits than z itself), and 
apply an approximation of the following fonn: 

log. G ~ :) ::e w [co+ C1W
2 (w2 + c2 + .2 ca Ccs )]· 

w +c. + 2 + w c6 

These coefficients were obtained by the minimax rational approximation of 

1 (1 + %) 2z lo~ 
1 

_ z over the range z2 ( ( 0, 0.02944) under the constraint that c0 

shall be exactly 1.0. The maximum relative error qf this approximation is less 
than 2-60•53• 

6. If the common logarithm is desired, then log1oX = log10e • logeX. 

Effect of an Argument Error 

E - 8. Therefore, if the value of the argum~nt is close to 1, the relative error can 
be very large because the value of the function is very small. . 

CLOG/CDLOG 

Algorltltm 

1. Write lo~ (x + iy) = a+ ib. 
2. Then, a= lo~ Ix+ iyl and b =the principal value of arctan (y, x). 
3. lo~ Ix+ iyl is computed as follows: 

32 

Let V1 = max (!xi, IYI ), and V2 = min ( lxj, !YI). 

1 
Let t be the exponent of Vi, i.e., Vi = m • 16t, 

16 
< m < 1. 

{
tif t < 0 } 

Finally, let t1 = t _ 1 if t > 0 , 

and ti = 16'1. 

Then, log. Ix+ iyl = 4t, • log.(2) + .lh log. [ ( :' )· + ( ~ r] 
Computation of v1/ s and v2/ s are carried out by manipulation of the charac
teristics of 01 and 02. In particular, if v2/ s « 1, it is taken to be 0. the algor
ithms for both complex logarithm,subprograms are identical. Each subprogram 
uses the appropriate real natural logarithm subprogram ( ALOC or DLOC) and the 
appropriate arctangent subprogram· ( ATAN2 or DATAN2). 



Effect of an Argument Error 

The effect of an· argument error depends upon the a.ccuracy of the individual 
parts of the argument. If x + iy = r • cu and lo~. ( x + iy) = a + ib, then h = b 
and E(a) = 8(r). · 

Sine and Cosine Subprograms 

SIN/COS 

Algorhllm 
. 4 

1. Define z = -· • lxl and separate z into its integer part ( q) and its fraction part 
71' 

( r). Then z = q + r, and !xi = ( ~ • q) + ( ~ • r} 

2. If the cosine is desired, add 2 to q. If the sine is desired and if x is negative, 
add 4 to q. This adjustment of q reduces the general case to the computation 
of sin ( x) for x > 0 because 

cos ( ± x) = sin ( ~ + x), and 
sin ( - x) = sin(.,, + x). 

3. Let qo == q mod 8. 

Then, for qo = 0, sin ( x) = sin ( : • r). 

q0 = 1, sin ( r) = cos ( : ( 1 - r)), 
qo = 2,sin (x) =cos (: • r), 

( 

qo = 3,sin (x) =sin (: (1- r)), 

qo = 4, sin (x) = - sin (: • r ). 

qo = 5, sin ( x) = - cos ( : ( 1 - r)). 

qo = 6,sin (x) = - cos (: •r), 

qo=7,sin(:r) ;=-sin(: (1-r)). 

These formulas reduce each case to the computation of either sin (: • r,} 
or cos ( : • r1 } where r1 is either r or ( 1 - r) and is within the range, 

O<r1 <I. 

4. If sin ( ~ • r1} is needed, It is computed by a polynomial of the following 

form: 

sin ( ~ • r1 ) ... r, (ae + a,r,• + a,r,• + aar,•). 

The coefBcients were obtained by the interpolation at the roots of the Chebyshev 
polynomial of degree 4. The relative error is less than 2-21.1 for the range. 
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5. If cos ( : • r1 ) is needed, it is computed by a polynomial of the following 

form: 

cos (: • r1 ) ... I + b,r,2 + b2r,• +b,r,•. 

Coefficients were obtained by a variation of the minimax approximation which 
provides a partial rounding for the short precision computation. The absolute 
error of this approximation is Jess than 2-2"·57• 

lfect of an .Argument Etror 

E - A. As the value of x increases, .1 inc-reases. Because the function value. dimin
ishes periodically, no consistent relative error control can be maintained outside 

1r ,,. 

the principal range, - 2 < ~ < + 2· 

DSIN/DCOS 

Algorltllm 
,,. 

1. Divide lxl by 4 and separate the quotient ( z) into its integer part ( q) and 

4 
its fraction part ( r). Then, z = !xi • - = q + r; where q is an integer and r . ,,. 
is within the range, 0 < r < 1. · 

2. If the cosine is desired, add 2 to q. If the sine is desired and if x is negative, 
add 4 to q. This adjustment of q reduces the general case to the computation of 
sin ( x) for x > 0, because 

cos ( ± x) = sin ( lxl + ; ). and 

sin ( - x) = sin ( lxl + w). 

3. Let qo :a q mod 8. 

Then, for qo = 0, sin (r) = sin ( ~ • r). 
q0 = 1, sin ( r) = cos ( ~ ( 1 - r)). 

q. = 2,sin (r) =cos ( ~ •r), 
qo = 3, sin ( r) = sin ( : ( 1 - r ~). 
qo = 4, sin ( r) ,. - sin ( ~ • r), 
qo = 5,sln (r) = - cos ( ~ (1- r)). 
qo = 6, sin ( r) = - cos ( : • r), 
qo = 7,sin (r) = - sin (: (1- r)). 

These formulas reduce each case to the computation of either sin { ~ • r1 ) 

or cos { ~ • r1 ); where r1 is either r or ( 1 - r ), and is within the range, 

o< r1s1. 



4. Finally, either sin ( ~ • r1 } or cos ( ~ • r, }s computed, using the polynomial 

interpolations of degree 6 in r 1
2 for the sine, and of degree 7 in r12 for the cosine. 

In either case, the interpolation points were the roots of the Chebyshev poly
nomial of one higher degree. The maximum relative error of the sine polynomial 
is 2- 5s and that of the cosine polynomial is 2- 64 •3• 

fffect of an Argument Error 

E,..., ~.As the value of the argument increases,~ increases. Because the function 
value dimiilishes periodically, no consistent relative error control can be main-

"" '7r tained outside of the principal range, - 2< x < +2. 

CSIN/CCOS 

Algorhllm 

1. If the sine is desired, then 
sin(x + iy) = sin(x) • cosh(y) + i • cos(x) • sinh(y). 

If the cosine is desired, then 
cos(x + iy) =cos (x) • cosh(y) - i • sin(x) • sinh(y). 

2. The value of sinh(x) is computed within the subprogram as follows. 
Assume x > 0 for this, since sinh ( - x) = - sinh ( x). 

3. H x > 0.346574, then use sinh ( x) = lf.a ( e' - ~). 
4. If 0 < x < 0.346574, then compute sinh( x) by use of a polynomial: 

sinh(x) 
- Et! Oo + a1x2 + a2x'. x 

The coefficients were obtained by the minimax approximation (in relative 
error) of sinh( x) Ix over the range 0 < x2 < 0.12011 under the constraint that 
ao shall be exactly 1.0. The relative error of this approximation is less than 
2-28.18, 

I 
5. The value of cosh(x) is computed as cosh (x) = sinhlxl + e1,.1 • 

This computation uses the real expoential subprogram (EXP) and the real 
sine/cosine subprogram (SIN/cos). 

fffect of c111 Argument lrror 

To understand the effect of an argument error upon the accuracy of th·e answer, the 
programmer must understand the effect of an argument in the sm/cos, EXP, and 
SJNH/ COSH subprograms. 

CDSIN/CDCOS 

Algorithm 

1. If the sine is desired, then 
sin (%+iy) = sin(x) • cosh(y) + i • cos(x) • sinh(y). 

If the cosine is de5ired, th~n 
cos(x + iy) = cos(x) • cosh(y) - i • sin(x) • sinh(y ). 

2. The value of sinh ( x) is computed within the subprogram as follows. 
Assume % > 0 for this, since sinh( - x) == - s~h ( x). 

3. If x > 0.481212, then use sinh ( x) = ~ ( r/- - ~). 
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4. If 0 < x < 0.481212, then compuk sinh ( x) by use of a polynomial: 

sinh(x) . 
--- ::::::: Do + a1X2 + a:,ix4 + O:iX6 + a .. xH + ll5X10

• x 

The {'Oefficients were obtained by the minimax approximation (in relative 
l'rror) of sinh ( x) Ix OVl'r the range 0 < x2 < 0.23156 under the constraint 
that a., shall be exactly 1.0. The relative' error of this approximation is less 
than 2- 56·07• 

1 
5. The value of cosh(x) is computed as cosh (x) = sinhlxl + clzl. 

This computation uses the real exponential subprogram ( DEXP) and the real 
sine/ cosine subprogram ( DSIN/DCOS ). 

Effect of an Argument Error 

To understand the effe,·t of an argument error upon the accuracy of the answer, 
thl' programmer must understand tlw effect of an argument error in the nsIN/DCOS, 
DEXP; and DSlNH/DCOSH subprograms. 

Square Root Subprograms 

SQRT 

Algorithm 

1. If x = 0, then tlw answer is 0. 
2. Write x = 16:!P-'1 • m, where 2,, - q is the exponent and q equali; either 0 or 1; 

1 
m is the mantissa and is within the range 

16 
< m < 1. 

3. Then, \:'x = 16" • 4-''v'm. 
4. For the first approximation of yx, compute the following: 

( 
1.288973 ) 

Yu = 16P • 4-q • 1.681595 - 0.8408065 + m . 

This approximation attains the minimax relative ('rror for hyperbolic fits of vi. 
The maximum relative error is 2- 5 .1-11~. 

5. Apply the Newton-Raphson iteration 

Y11+1 = 1h (Yn + _:_) 
. Yn 

twice. The second iteration is performed as 

Y:! = 1h (Y1 - _:_) +~, 
Yi Yi 

with a partial rounding. The maximum relative error of y2 is theoretically 
2-:.:ru•. 

Effect of an Argument Error 

1 
( --2 8. 

DSQRT 

Algorithm 

1. If x = 0, then the answer is 0. 
2. Write .t = l62

P-q • 111, where 21' - q is the exponent and q equals either O or I; 
1 

mis the mantissa and is within the range la< m < 1. 
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3. Then, vx = 16' • 4-q ym. 
4. For the first approximation of yx, compute the following: . 

Yo= l& • 41-q • 0.2202 (m + 0.2587). 

The extrema of relative errors of this approximation for q = 0 are 2-3.:io:? at 

1 
m = 1, 2- 3•265 at m = 0.2587, and 2- 2•925 at m = 

16
. This approximation, rather 

x 
than the minimax approximation, was chosen so that the quantity - - y3 be-

Ya 
low becomes less than I&- 8 in magnitude. This arrangement allows us to 
substitute short form counterparts for some of the long form instructions in the 
final iteration. 

5. Apply the Newton Raphson iteration 

Y•+• = ¥.. (y. + ;.) 
four times to y0, twice in the short form and twice in the long form. The final 
step is performed as 

y, =Ya+ 1h (_!__ - Y3) 
Ya 

with an appropriate truncation maneuver to obtain a virtual rounding. The 
maximum relative error of tht• final result is theoretically 2- 63·23• 

Effect of an Argument Error 

I ,,....,-8 
2 

CSQRT /CDSQRT 

Algorithm 

1. Write v x + iy = a + ib. 
Jrr-lx-.-1 +..,-.--Ix-+· iy I 

2. Compute the value z = '\) 2 as k • v u·1 + w2 where k, tt'1 and w2 

are defined in 3, or 4, below. In any case let vi =max (!xi, !YI) and 

v~ = min ( jxj, IYI ). 
3. In the special case when either V2 = 0 or Vi :s> vi, let w1 = o2 and tv2 = v1 so 

that W1 + w2 is effectively equal to v1• 

Also let k = 1 if v1 = jxj and 

k = l/y2 if Vt = IYI· 

4. In the general case, compute F = ~ ¥4 + ¥4 ( :: ) 
2 

• 

If !xi is near the underflow threshold, then take 

W1 = jxl, W2 = 01 • 2F, and k = 1/ y2. 
If 01 • F is near the overflow threshold, then take 

W1 = jxj/4, W2 = V1 •F/2, and k = y°2. 
In all other cases, take W1 = jxj/2, _W2 = V1. F, and k = I. 

5. If z· = 0, then a = 0 and b = 0. 
If z r#= 0 and x > 0, then a = z, and 

y 
b = 2z' 

If z =F 0 and :t < 0, then a = lizj. and 

b = (sign y) • z. 
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The algorithms for both eomplex square root subprograms are identical. 
Each subprogram uses the appropriate real square root subprogram (SQRT or 
DSQRT). . 

flfect of an Argument Error 

The effect of an argument error depends upon the a<'c:uracy of the individual 
parts of the argument. If x + iy . = r • e1,. and v x + iy = R • em, 

1 
then <( R) - 2 ~ ( r), and ( ( H ) ,_ 8 ( h ) . 

Tangent and Cotangent Subprograms 

TAN/COYAN 

Algoritllm 

1. Divide ix! by ~ and separate the result into integer part. ( q) and the fraction 

. .,,. 
part ( r). Th£'n : x I = 4 ( q + r). 

2. Obtain the reduced argument ( tc ) as follows: 

if q is even, then u: = r 
if q is odd, then w = 1 - r. 

The range of the reduced argument is 0 ~ w < 1. 
3. Let qo = q mod 4. 

Thenforqo = 0, tan jxl =tan (~-•IV) and mt :xJ =cot (: • w ). 

qu = 1, tan lxl = cot (-~ • w) and cot irl = tan ( : • w). 
q0 =. 2, tan lxJ = - cot ( ~ • IV) and cot lxl = - tan ( ~ • IV). 
q., = 3, tan Iii = - tan ( : • w) and cot lxl = - cot ( : • w). 

4. The value of tan ( ~ • w) and ~-ot ( ~ • w) are computed as the ratio of two 

polynomials: 

(
"" ) w•P(u) ('71' ) Q(u) 

tan 4 • w :!!! Q(u) -, cot 4- • w ~ w. P(u) 

where u = J,2u>2 and 

P(u) = - 8.460901 + u 
Q(u) = - 10.772754 + 5.703366 • u - 0.159321 • ull. 

These coefficients were obtained by the minimax rational approximation (in 
relative error) of the indicated form. The maximum relative error of this 
approximation is 2-26• Choice of u rather than w2 as the variable for P and Q 
is to improve the round-off quality of the coefficients. 

5. If x < 0, then tan(x) = - tan jxj, and cot(x) = - cot jxl. 
6. This program is provided with two kinds of error controls. One is· for arguments 

whose magnitude is greater than 218 •.,,.,The other is for arguments which are 
very close to a singularity of the function. In either case, the precision of the 
argument is deemed insufficient for obt.aining a reliable result. More specifically, 
the second control screens out the following arguments: 
a) lxl < 16-68 forCOTAN (the result would overflow). 
b) x is such that one can find a singularity within eight units of the last digit 
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value of the floating-point representation of the sum q + r. Singularities are 
cases when the cotangl·nt ratio is to he taken and u· = 0. 

The test thn·sho1d of this control l'an he c1yuamka1ly modifil•cl ·by asst•1i1hlcr 
code programs. 

fifed of an Argument Error 

~ 2 
E ,_ and , - . ( ) for tan ( x ) . Therefore, near the singularities 

cos2 (x) ' · sm 2x 

x = ( k + ! ) "•where k is an integer, no error control can be maintained. This 

is also true for cotan( x) for x near krr, where k is an integer. 

DTAN/DCOTAN 

Algorithm 

?r 
I. Divide Ix! by4 and separate the result into integer part ( q) and the fraction 

'II' 
part (r). Then !xi =-:r(q + r). 

2. Obtain the reduced argument ( w) as follows: 

if q is even, then w = r 
if q is odd, then w = 1 - r. 

The range of the reduced argument is 0 < u· $ I. 
3. Let qo == q mod 4. 

Then for q6 = 0, tan !xi = tan ( :- • w )and cot \xi =cot ( ~ • w). 
qo = l, tan lxl =cot (: • w )and cot ixl =tan ( ~ • w ). 

qo = 2, tan !xi = - cot ( ~ • w )and cot lrl = - tan ( ~ • w). 
. q0 = 3, tan !xi = - tan ( ~ • w) and cot :xi = - cot ( ~ • w). 

4. The. value of tan ( ~ • w) and cot· ( ~ • w) are computed as the ratio of" 

two polynomials: 

(

ir ) w•P(w2) ('II' ) Q(w2) 
tan T • w ~ Q(w2) , and cot 4 • w ~ w. P(w2)' 

where both P and Q are polynomials of degree 3 in w2• The coefficients of P 
and Q were obtained by the minimax rational approximation (in relative error) 

of ! tan ( ~ w ) of the indicated form. The maximum relative error of this 

approximation is 2-H.e. 

5. If x < 0, then tan(x) = - tan I.ti, and cot(x) = - cot !xi. 
6. This program is provided with two kinds of error controls. One is for argu

ments whose magnitude is greater than 2ao • ,,., The other is for arguments which 
are very close to a singularity of the function. In either case, the precision of 
the argument is deemed insufficient for obtaining a reliable result. More 
specifically, the second control screens out the following arguments: 
a) !xi < 16-88 for CX>TAN (the result would O\ Row). 
b) x is such that one can 6nd a singularity ,. : iin eight units of the last digit 

value of the floating-point representation o the sum q + r. Singularities are 
cases when the cotangent ratio is to be talce and w = 0. 
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The test thrcsliold of this control can be dynamically modified by assembler 
l'Od<.• programs. · 

Effect of an Argument Error 
~ 2 . 

E ,_, .• ( ) , and , ...., . ( 2: ) for tan ( x). Therefore, near the singularities of cos- x · sm :t · 

x = ( k + ! } .-, where k is an integer, no error control can be maintained. 

This is also tru~ for cotan(x) for values of x near krr, where k is an integer. 

Implicitly Called Subprograms 
The entry point names of the following implicitly called subprograms are gener
ated by the compiler. 

Complex Multiply and Divide Subprograms 

CDVD#/CMPY# (Divide/Multiply for COMPLEX*& Arguments) 

CDDVD#/CDMPY# (Divide/Multiply for COMPLEX*16 Arguments) 

Algorlthm 

Multiply: (A+ Bi) (C +Di) = (AC - BD) + (AD+ BC)i 
Divide: (A+ Bi)/(C +Di) 

1. If ICI < jDj, set 

A = B, B = - A, C = D, D = - C, since 
A+ Bi B =Ai --- = before step 2. 
C +Di D - Ci 

A B D 
2. Set A'= c: B' = C,D' = C; 

then compute 
A+ Bi A'+ B'i A'+ B'D B' - A'D' 
C + Di = . 1 + D'i = 1 + D'D' + 1 + D'D' i. 

Error Conditions 

Partial underflows can occur in preparing the answer. 

Complex Exponentiation Subprograms 

FCDXI# (COMPLEX* 16 Arguments) 

FCXPI# (COMPLEX*& Arguments) 

Afgorltlam 

The value of Yi + Y2i = ( Z1 + z2i )J is computed as follows. 
K. 

Let Iii = ~ rk • 21: where r,. :...: U or 1 for k = 0, l, ... , K. 
k=O 

Then z IJI = '"z2•, and the factors z2• can be obtained by successive squaring. 
ra "o 
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More speci6cally: 
1. Initially: k = 0, n<0 ' = Iii, y1 (O) + Y2<0>i = 1 + Oi, 

Z1 (O) + Z.J(O)i = Z1 + Z2i. 



2. Raise the index k hy 1, and let n 11·-- 11 = 2q + r, where q is the integer 
quotient and r = 0 or 1. 

3. Let n<1· 1 = q. 
4. If r = 0, theny, 11·1 + !/:!1,..,i = Ya(J.:-lJ + Y:!u.----1);, 

Ifr = l,thcny1<k1 + Y2u·>i =(y1tk--n + Y:!U•-I>i) (z1•k-J) + z2tk-ni). 
5. lfnV.., =f=:O,.thenz 1t 1•> + z2 <1di = (z1<k- 1> + z21"- 11 )2,andsteps2 

through 5 are repeated until n<k> = 0. 
6. When n<k> = 0, and i::: 0, then Yi + Y2i = Yi <k> +y2'k>i. 

If_;< Ortheny1 + !J:?i =(I+ Oi) I (y1 un + y:.!tk)i). 

Exponentiation of a Real Bose lo a Real Power Subprograms 

FDXPD# (REAL*& Arguments) 

FRXPR# (REAL *4 Arguments) 

Algorithm 

1. If a = 0 and b :::: 0, error rduru. 
If a = 0 and b > 0, the answer is 0. 

2. If a ~ 0 and b = 0, the answer is 1. 
3. All other cases, compute a'' tis <~b • 1"" ''.In this C'omputation the exponential sub

routine and the natural logarithm subroutine are used. If a is negative or if 
b • log a is too larg<\ an error return is given hy one of these suhroutint•s. 

Error estimate 

The relative error of the answer c.'an he expressed as ( (t + <:.d b • log (a) + <a 
where £1, t 2, and £:1 are relative Nrors of the logarithmic routine, machine multi
plication, and the exponential routine, respectiwly. 

For roxpn#, e:1 < 3.5xl0- 16, E:z < 2.2.tI0- 16, and <a < 2.0xlo-rn. Hence the 
relative error < 5.7.d0-16x I b • log ~ I + 2.0xI0-· 16• Note that b • log a is the 
natural logarithm of the answer. 

For FRXPR#, £1 < 8.3xI0-7, E2 < 9.Sxl0-7, and <a< 4.7x10·-1• Hence the relative 
·error< 1.BxI0-6 x I b • log a I + 4.7xI0-7• 

Effect of an Argument Error 

[a( I + ~i)] b( 1 + 8-.?) ~ ab(l + 8:ib • log a + b8.). Note that if the answer does 
not overflow, lb • log al < 175. On the other hano b can be very large without 
causing an overflow of ah if log a is very small. Thus, if a ~ I and if b is very 
large, then the effect of the perturbation 81 of a shows very heavily in the relative 
error of the answer. 

Exponentiation of a Real Base to on Integer Power Subprograms 

FDXPI# (REAL *8 Arguments) 

FRXPI# (REAL*4 Arguments) 

Al9orhl11n 
K 

The value of y = al is computed as follows: Let Iii = ~ r,.2"' wher~ '" = 0 or I 
.t-o 

fork= 0, 1, •.• , K. Then afll = 1Ta211 and the factors a~' can be obtained by sue
'"'""' 0 cessive squaring. 

More specifically: 
I. Initially: k = 0, n'0 > = j;j, y(o) = I, and z(0 > =a. 
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2. Raise the index k by I, and decompose n(t-u = 2q + r, where q is the 
integer quotient and r = 0 or 1. 

3. Let n<t> = q. 
4. If r = 0, then y<t> = y(&:-1), 

If t' = !,'then y<tl = y<t-tlz<t-1), 
5. If n<"> + 0, then z<1> = zU:-1>.z<H->, and steps 2 through 5 are repeated 

until n<t> = 0. 
1 

6. When n<t> = 0, and;> 0, then y = y<">. If f < 0, then y = y<t>. 

Note: The nP.gative exponent is computed by taking the reciprocal of the posi
tive power. Thus it iS not possible to compute 16.0**-64 because there is a lack 
of symmetry for real floating-point numbers - i.e., 16.0**-64 can be represented, 
but 16.0**64 cannot. The result is obtained by successive multiplications and is 
exact only if the answer contains less than 14 significant hexadecimal digits. 

Exponentiation of an Integer Base to an Integer Power Subprogram 

FIXPI# (INTEGER*4 Arguments) 

Algorithm 
Ki 

The value of L = IJ is computed as follows: Let ; = ~ '" • 21c where '" = 0 
t-o 

or 1 for k = 0, l, ... , K. Then 11 = 'IT 12•, and the factors 12• can be obtained by 

successive squaring. 
~ore specifically: 

'• "0 

1. Initially: k = 0, n<0 , = ;, y<0, = l, and m<0 > =I. 
2. Raise the index k by l, and decompose n<t- 1> = 2q + r, where q is the 

integer quotient and r = 0 or 1. 
3. Let n<1~> = q. 
4. If r = 0, then y<&·> = y<&·-u. 

If r = 1, then y<t> = y<1:-u • m<"-n. 
5. If n<t> + 0, then m<t> = m<t-1> • m<&:-u, and steps 2 through 5 are repeated 

until n<&:> = 0. 
6. When n<"> = 0, L =LU:>. 

Note: The result is obtained by successive multiplications. The result is exact 
only if it is less than ( 2**31) - 1. Results are meaningless when this limit is 
exceeded and may even be of changed sign. 



This chapter contains accuracy and timing statistics for 
the explicitly called mathematical subprograms. These 
statistics are presented in Tables 12 and 13 and arc 
arranged in alphabetical order, according to the entry 
names. The following information is given in the two 
tables: 

Entry Name: This column gives the entry name th!lt 
must be used to call the subprogram. 

Argument Range: This column gives the argument 
range used to obtain the accuracy figures. For each 
function, accuracy figures are given for one or more 
representative segments within the valid argument 
range. In each case, the figures given are the most 
meaningful to the function and range under consid
eration. 

The maximum relative error and standard deviation 
of the relative error are generally useful and revealing 
statistics; however, they are useless for the range of a 

function where its value becomes 0, because the slight
est error in the argument can cause an unpredictable 
fluctuation in the magnitude of the answer. When a 
small argument error would have this effect, the maxi
mum absolute error and standard deviation of the 
absolute error are given for the range. For example, 
absolute error is given for sin(x) for values of x near 'Jr, 

Sample: This column indicates the type of sample 
used for the accuracy figures. The type of sample de
pends upon the function and range u~der consider
ation. The statistics may be based either upon an 
exponentially distributed ( E) argument sample or a 
uniformly distributed ( U) argument sample. 

Accuracy Figurea: This column gives accuracy fig
ures for one or more representative segments within 
the valid argument range. The accuracy figures sup~ 
plied are based upon the assumption that the argu
ments are perfect {i.e., without error and, therefore, 
having no error propagation effect upon the answers). 
The only errors in the answers are those introduced by 
the subprograms. The chapter, "Algorithms,• contains 
a description of some of the symbols used in this 
chapter; the following additional ~bols are used in 
the presentation of accuracy figures: 

Performance Statistics 

M() =M lf(x)-g(x)I 
( . ax f(x) 

The maximum 
relative error 
produced 
duri.ng testing. 

----..------- The standard 
= ~_!_~·I f(xi) - g(x,) 

2 
deviation (root-

N "-' 1 f( ) mean-square )of 
Xi the relative error. 

M(E) = Max I f(x) - g(x) I 
The maximum 
absolute error 
produced · 
during testing. 

In case of complex functions, the absolute value 
signs employed in the above definitions are to mean the 
complex absolute values. In the formulas for the 
standard deviation, N represents the total number of 
arguments in the sample; i is a subscript that varies 
from 1 to N. 

Average Speed: The average time given for each 
function was determined by executing a job using an 
interval timer to measure time differences. Because of 
the various methods of performance enhancement used 
in some models of the System/ 360 (e.g., interleaving 
storage, buffered storage, execution overlap, antici
patory branching analysis), instruction order ·and mix 
can affect performance on certain models. Conse
quently, the times given must be consiqered as highly 
generalized and differences may be observed during 
normal use of the functions. 

Test ranges, where they do not cover the entire 
legal range of a subroutine, were selected so that users 
may infer from the accuracy figures presented the 
trend of errors as an argument moves away from the 
principal range. The accuracy of the answer deteri
orates substantially as the argument approaches the 
limit of the permitted range in several of the sub
routines. This is particularly true for trigonometric 
functions. An error generated by any of these subrou
tines, however, is at worst comparable in order of 
magnitude to the effect of the inherent rounding error 
of the argument. 
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Table 12. Accuracy Figures 

Entry Ar·gumt~nt Sample 
Acc.-uracy Figures 

~-----------

Name Range E/U Relative Abs~lute 
M (,) d~) M (E) O' (E) 

ALGA~1A 0 < x < 0.5 u 1.16 x 10-0 3.54 X 10"1 

0.5 ;:! x < 3.0 u 9.43 X IO-' 3.42 x 10-1 

3.0 ;i;? x < 8.0 u 1.25 x 10-11 3.04 x 10-1 

·------1 t--------
8.0 ~ x < 16.0 u 1.18 x 10- 11 3.80 X 10-7 

-· 
16.0 ~ x < 500.0 u 9.85 x 10-• 1.90 x 10-1 

ALOG 0 . .'5 ~ x ~ 1.5 u 6.85 x io-a 2.33 x io-a 
-

x < 0.5, x > 1.5 E 8.32 x 10-7 1.19 X 10-7 

--
ALOG IO 0.5~ x ~ 1.5 u 7.13 X 10-8 2.26 x io-s 

----
x < 0.5, x > 1.5 E 1.05 x 10· 0 2.17 x 10-1 

-
ARCOS -l~X~+l u 8.85 x 10-7 3.19 X 10-7 · 

ARSIN -l~X~+l u 9.34 x 10-1 2.06 x 10-1 

A.TAN The full range I Note7 1.01 x 10- 11 4.68 x io-1 

-
ATAN 2 The full rangti Note7 1.01 x io-0 4.68 x io-r 

CABS The full range Note 1 9.15 x 10-1 2.00 X 10" 7 

ccos IX1I ~ 10, \X:I ~ 1 u 2.50 x 10-0 7.66 x io- 1 

See Note 2 

CD ABS The full range Note 1 2.03 x 10-10 4.83 x 10-•7 

cocos IX1l ~ 10, IX:!~ 1 u 3.98 x 10-ir· 2.50 x 10-10 

Sec Note 3 

CD EXP IXd ~ 1, 1x,,1 ~ r/2 u 3.76 x l0· 1•l . 1.10 x 10-u 

IX1I ~ 20, IXrl ~ 20 u 2.74 X 10-u 9.64 x 10->IJ 

CD LOG The full range Note l 2.72 x 10-•e 5.38 x 10-17 

except ( 1 + Oi) -
CDS IN . jX1j ~ 10, IX=I ~ 1 u 2.35 x io-u 2.25 x io-1" 

See Note 4 

CDSQRT The full range Note 1 1.76 x 10- 1·0 4.06 X 10-17 

CEXP IX1I ~ 170, IXirl ~ r/2 u 9.93 x 10-1 2.67 X 10"7 

.IX1I ~ 170,· u 1.07 x 10-0 2.73 X }Q·T 

.,,12 < 1x.1 ~ 20 

CLOG The full range Note l 7.15 x 10-7 1.36 x 10-7 

except ( 1 + Oi ) 

cos o~x~.,, u 1.19 X lO-T 4.60 X 10-a 

-IO~X < 0, u 1.28 x 10-7 4.55 X 10-a 
r<X~lO 

IO< \XI~ 100 u 1.14 x 10-' 4.80 x 10-11 

COSH -5~X;;;;i + 5 u i.21 x 10-11 2.63 x 10-7 

COT AN IXI ~ 11'/4 u 1.07 x 10-d 3.58 x 10-1 

.,,/4 < IXI ~ r/2 u 1.40 X 10-a ( Note 5) 2..56 X 10-T 

.,,.12 < IXI ~ 10 u 1.30 X 10-t1 (Note 5) 3.11 X lQ-T 

IO< !XI ;;;;i 100 u 1.49 X 10-~ (Note 5) 3.15 x 10-7 

NOTES: (See end of table;) 
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Table 12. Accuracy Figufcs (Continued) 

An·tmu·y Fig11n>s 
-Entry Argnmc.·nt Smnplc.· -~ 

Helative Absolute Name Runge E/U 
M (t) O'(E) ~f (lq O'( F.) -

CSIN IXd ~ 10, IX;:I ~ 1 u Ul2 x 10-11 7.38 x 10-j 
See Note 6 -

CSQRT The full range Note 1 7.00 x 10-7 1.71 x 10-1 

DAR COS IX]~ 1 u 2.07 x 10-10 7.05 x 10-11 

DARSIN IXI ~ 1 u 2.04 x 10- 111 5.15 x 10-11 

-
DATAN The full range Note7 2.18 x 10-111 7.04 x 10-l'i 

DATAN2 The full range Note7 2.18 x 10-111 7.04 x 10-11 

-
DCOS o~x~,,. u 1.79 x 10-16 6.53 x 10-17 

--
-IO~X<O. u 1.75 x 10-16 5.93 x 10-11 

... <X~IO 

10<x~100 u 2.64 X 10-15 1.01 X 10-15 

-
DCOSH IXl~5 u 3.63 x 10-tll 9.05 x 10-17 

DCOTAN IXI ;2 r/4 u 2.46 x 10-16 (Note 5) 8.79 x 10-17 

.,,/4 < IXI ~ ... 12 u 2.78 X 10-13 (Note 5) 8.61 x 10-15 

-
T/2 < IXI ~ IO u 5.40 x 10-13 (Note5) 1.13 X 10-H 

IO< IXI ~ 100 u 8.61 x 10-13 (Note 5) 4.61 X io-u -
DERF IXJ ~ 1.0 u 1.89 X io-ui 2.60 x 10-17 .... ____ 

1.0 < IXI ~ 2.04 u 2.87 x 10-11 R84 X 10-is -·· 
2.04 < IXI < 6.092 u 1.39 x 10-11 8.02 x io-ui 

DE RFC -6<X<O u 2.08 x 10-lG 6.52 x 10-17 ... 

-
O~X~l u 1.40 x 10-10 2.59 x 10-11 ·-- ~ 

l<X~2.04 u 4.11 x 10-10 8.86 x 10-11 ··-

2.04 < x < 4 u 3.26 x 10-16 8.65 x 10-17 

4~X < 13.3 u 3.51 x 10-111 1.96 X 10-15 

DEXP IXl~l u 2.04 x 10-111 5.43 x 10-11 

1 < IXI ~20 u 2.03 x 10-111 4.87 x 10-11 

20<IXI~170 u 1.97 x 10-16 4.98 x 10-11 

DGAMMA O<X<l u 2.14 x 10-16 7.84 x 10-17 

l~X~2 u 2.52 x 10-11 6.07 x 10-19 

2<X<4 u 2.21 x 10-16 8.49 x 10-17 

-
4~X<8 u 5.05 X 10-18 1.90 x 10-10 

8~X < 16 u 6.02 X 10-u 1.78 X 10-u 

---16~X < 51 u 1.16 X 10-u 4.11X10-u 

DLGAMA O<X~0.5. u 2.77 x 10-16 9.75 x 10-11 

0.5<X<3 u 2.24 x 10-18 7.77 x 10-11 

3;iX<8 u 2.89 x 10-16 8.80 x 10-11 
_... 

B~X < 16 u 2.86 x 10-16 8.92 x 10-17 

16 :ax< 500 u 1.99 x 10-16 3.93 x 10-11 

DLOG o.s~x~ 1.s u 4.60 x 10-11 2.09 x 10-17 

X < 0.5,X > 1.5 E 3.32 x io-18 5.52 x 10-11 

NOTES: (See end of table.) 
.. 
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Table 12. Al·cura<:r Figures ( Continuecl) 

Sample 
Accuracy Figures 

Entry Argument 
Re1ative Absolute ~ame Range E/U 

M (f) O' ( f) M (E) O'(E). 

DLOGlO 0.5 ~ x ~ 1.5 u 2.73 X 10-n 1.07 X 10-1 ' 

x < 0.5, x > 1.5 E 3.02 x 10-16 6.65 x 10-11 

DSl'S IXl ~w/2 u 3.60 x 10-llJ 4.82 X 10-17 7.74 x 10-11 1.98 x 10-11 

r/2< IXI ~ 10 u 1.64 x 10-18 6.49 x 10-17 

1.0 < IXI ~ 100 u 2.68 x 10-111 1.03 x 10-111 

DSINH IXI ~ 0.88137 u 2.06 x 10-1G 3.74 x 10-11 

O.S8137 < IXI ~ 5 u 3.80 x 10-10 9.21 x 10-11 

DSQRT The full range E 1.06 x 10-lG 2.16 x io-17 

DTAN IX!~ r/4 u 3.41 x 10-19 6.27 x 10-11 

.,,14 < 1x1 ~ r/2 u 1.43 X 10- 12 (Note 5) 2.95 x io-u 

w/2 <IX!~ IO u 2.78 X 10-i:i (Note 5) 7.23 x 10-111 

10 < IXI ~ 100 u 3.79 x 10-i:? (Note 5) 9.50 X 10-u 

DTA~H IXI ~ 0.54931 u 1.91 x 10-16 3.86 x 10-17 

0.54931 < IXI ~ 5 u 1.54 X 10-16 1.87 x 10-11 

ERF (Xj ~ 1.0 u 8.16 x 10-1 1.10 x 10-1 

1.0 < IXI ~ 2.04 u 1.13 x 10-1 3.70 x 10-9 

2.()4 < IXI ~ 3.9192 u 5.95 X 10-s 3.41 x 10-9 

ERFC -3.8 < x < 0 U· 9.10 x 10-1 2.96 x 10-1 

o~ x~ i.o u 7.42 x 10-7 1.27 x 10-7 

1.0 < x ~ 2.04 u 1.54 x 10-9 3.78 x 10-1 

2.04 <X ~ 4.0 u 2.28 x 10-fl 3.70 x 10-7 

-
4.0<X~ 13.3 u 1.55 x 10-& 8.57 X 10-e 

EXP !XI~ 1 u 4.65 x 10-.1 1.28 x 10-1 

1<!XI~170 u 4.42 x 10-7 1.15 x 10-1 

GAMMA 0 < x < 1.0 u 9.86 x 10-1 3.66 x 10-7 

1.0 ~ x ~ 2.0 u 1.13 x 10-1 3.22 X 10-s 

2.0 < X~4.0 u 9.47 x 10-1 3.79 x 10-1 

4.0 < x < 8.0 u 2.26 X 10-e 8.32 x 10-7 

8.0~X~ 16.0 u 2.20 x 10-& 7.61x10-11 

16.0 < x ~ 57.0 u 4.62 X 10-5 1.51 X 10-5 

SIN IXI ~ r/2 u 1.32 X 10-a 1.82 x 10-7 1.18 x 10-7 4.55 x 10-1 

'tr/2 < IXI ~ 10 u 1.15 x 10-' .f.64 x 10-8 

-· 
IO< IXI ~ 100 u 1.28x10-' 4.52 x 10-1 

SINH -s~x~ +s u 1.26 x io-0 2.17 x 10-1 

SQRT The full range E· 4.45 x io-1 8.43 x 10-8 

NOTES: (See end of table) 
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Table 12. Accuracy Figures (Continued) 

Sample 
Accuracy Figures 

Entry Argument ·Relative Absolute 
Name Range E/U 

M (,) o-(f} M (E) O' ( E) 

TAN 1x1 ~ r/4 u 1.71X10-e 2.64 x.10-1 

r/4 < IXI ~ r/2 u 1.05 X 10-11 (Note 5) 3.59 x 10-7 

r/2<IXI~10 u 6.49 x 10-11 (Note 5) 3.38 x 10-7 

IO< IXI ~ 100 u 1.57 X 10-11 (Note 5) 3.07 x 10-7 

TANH IXl~0.7 u 8.48 x 10-7 1.48 x 10-7 

0.7< IXI ~5 u 2.44 x 10-7 4.23 X 10-e 

NOTES: 
1 The distribution of sample arguments upon which these statistics are based is exponential radially and is uniform around the 

origin. 
1 The maximum relative error cited for the ccos function is based upon a set of 2000 r11ndom arguments within the range. In 

the Immediate proximity of the points ( n + +} r + Oi (where n = 0, ± 1, ± 2, ..• , ) the relative emir can. be quite 

high, although the absolute error is small. 
• The maximum relative error cited for the cncos function is based upon a set of 1500 random arguments within tlte range. 

In the lmmediately proximity of the points ( n + +) r + Oi (where n = 0, ± 1, ± 2, ..• , ) the relative error can be quite 

high, although tile absolute error is small. . 
' '11le maximum relative error cited for the CDSIN function is based upon a set of 1500 random arguments within the range. 

In the immediate proximity of the points nr + Oi (where n = ::!::: 1, ::!::: 2, ... ,) the relative error can be quite high, alth~~ugh 
the absolute error is small. 

1 The 6gures cited as the maximum relative errors. are those encountered in a sample of 2500 random arguments within· the 
respective ranges. See the appropriate section in the chapter "Algorithms" for a description of the behavior of errors when 
the argument is near a singularity or a zero of the function. 

• The maximum relative error cited for the csIN function is based upon a set of 2000 random arguments within the ran~: In . 
the immediate proximity of the points RT + Oi (where n = :t 1, ::!::: 2, ... , ) the relative error can be quite high, although 
the absolute error is small. ... 

11' " ' The sample arguments were tangents of numbers uniformly distributed between - T and + T. .,,. .. 
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.Table 13. Average Machine Timings (Part 1 of 4) 

Entrv Argument .Sample 
Timing Averages in Microseconds for Various Models 

75 85 Name Ran~e E/U · 
30 40 50 65 (Note 3) (Note 4) 91 195 

ALGA:\IA 0.5~X < 3.0 u 8873 2531 731 178 105 .44 33 30 16 

0 < x < 0.5 u 8920 2564 751 1&5 105 42 34 28 17 

3.0~X < 8.0 u 10640 3038 897 218 125 52 37 32 19 

8.0 ~ x < 16.0 . u 7193 2178' 584 152 92 33 29 24 14 

16.0 ~ x < 500.0 u 7526 2231 611 152 92 34 30 25 15 

ALOG o.5~x~1.5 u 4021 1191 324 85 45 17 13 10 7 

x < 0.5, x > 1.5 E 4108 1238 331 85 45 15 12 10 7 

ALOGlO 0.5 ~ x ~ 1.5 u 4384 1324 351 85 45 17 14 11 7 

x < 0.5, x > 1.5 E 4384 1324 351 85 45 18 13 11 7 

ARCOS -1.~X~ +1 u 5020. 1624 424 105 65 20 21 16 10 
-

ARSIN -l~X~+l u 2620 1571 411 105 65 23 19 15 9 

ATA~ The full range Note 2 4038 1024 304 72 38 17 12 9 5 

Note 5 Note 2 3945 981 285 67 34 16 11 9 

ATA~2 The full ran~C' NotE.'2 6114 1717 452 106 58 22 17 10 7 

CABS The full ran~e Note 1 6007 1838 458 116 74 26 23 19 13 

ccos IX1l ~ 10. IX:I ~ 1 u 16923 4705 1425 332 191 74 54 61 35 

CD ABS The foll range Note 1 17009 4628 774 157 91 34 28 20 14 

cocos IX1l ~ 10, IX2I ~ 1 u 59.957 13961 2896 546 313 117 75 63 37 

CD EXP 1x. 1 ~ 1, IX2l ~ fr/2 u 51091 11350 2507 479 268· 105 62' 55 33 

IX,I ~ 20, IX2] ~ 20 u 51315 11406 2518 479 268 105 61 54 33 

CD LOG The full range Note 1 46248 10239 2074 413 235 85 69 46 32 
(t•xc-ept ( 0 + Oi) ) 

~. 

CDSI~ 1x.1~10.1~! ~ 1 u 60406 13995 2907 546 302 118 71 62 37 _,____ 
CDSQRT The full range Note 1 30436 9217 1396 302 168 60 .56 35 27 

---+-· -
CEXP ]x,: ~ 170, IX:i ~ w/2 u 14720 4046 1250 282 174 65 47 55 32 

IX1! ~ 110, "',12 <;xii< 20 u 15017 4138 1275 291 174 .66 47 54 32 
1------· 

CLOG The full rnngc Note 1 12700 3596 1033 257 157 60 49 43 26 
( t'xcept ( 0 + Oi)) 

--+-· cos o~x~,,. u 4448 1091 337 78 38 15 9 11 6 

-IO~X < 0, u 4529 1111 344 78 38 15 9 11 6 
r<X~IO 

10 < IXI ~ 100 u 4529 1118 344 72 ·38 15 9 11 6 -
·COSH -5~X~ +5 u 6399 2011 597 145 92 30 23 28 18 
COTA;\ ]X! ~ r/4 u 5068 1311 391 92 58 19 14 16 8 

w/4 < IXI ~ -,r/2 u 5214 1378 397 92 58 18 13 14 8 

r/2 < IXI ~ 10 u 6540 1378 404 92 58 18 13 14 7 
- --t-· 

10 < iXI ~ 100 u 65-10. 1378 397 92 58 18 13 14 7 
CSI~ !Xii~ 10, !X:I ~ 1 u 16894 4680 1417 332 199 75 55 61 35 
CSQRT The full range Note 1 10446 3555 808 207 124 47 43 33 24 

DAR COS IXI~ 1 u 19127 5011 931 185 98 34 31 19 12 

SoTEs: (See end of table.) 
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Table 13. Average Machine Timin~s ( Pt1Tt 2 o/ 4) 

Sample 
Til~aing Awrages in l\ficroscmnds for Various :\foclds 

Entry Argument ~·--·--, --- -· 
75 85 Name Range E/U 

30 .f O 50 65 (N'ok 3) (Note.• 4) 91 195 

DARSIN 1x1~1 u 19255 5064 937 185 98 35 32 18 12 
-

DATAN The full range Note2 19937 3779 769 14;'; 78 29 24 12 7 
··-t-- -·-··- 1---

Note5 Note2 19881 3745 750 139 74 28 23 12 
.. -·--1 1--· 

DATAN2 The full range Note2 · 20646 4104 858. 171 95 35 30 13 9 
- • ...J 1----

DCOS o~x~ .. u 1654.l 3406 7fi2 138 72 29 17 12 7 
------ --

-IO~X < 0, u 10541 3419 762 138 78 29 17 12 7 
"'< X;i 10 

--1 -·· . .., 
10<x~100 u 16541 3406 769 145 72 29 17 13 7 

·--·-' ---DCOSH IXl~5 u 21010 4931 1031 212 118 43 29 27 17 
------+ ·-1··---t---

DCOTAN IXI ~ 1114 u 17612 3498 777 145 85 29 19 16 8 
-

7r/4 < IXI ~ r/2 u 17945 3644 817 r() o ... 78 28 19 15 8 

7rl2< IXI ~ 10 
---·-1-----1 

u 18284 3651 817 152 85 29 19 15 8 
---· -f--

10 < pq ~ 100 u 18284 3638 817 15:2 85 29 19 15 8 
- ~ 

DERF 1x1~1.o u 21539 4493 1029 178 98 42 22 13 8 --
1.0 < IXI ~ 2.04 u 29202 6213 1382 238 132 57 29 15 IO 

2.04 < IXI < 6.092 u 40028 9313 1842 36.5 198 76 59 34 23 
.. 

DERFC -6 < x < 0 u 35447 7H93 1642 312 178 66 48 27' 19 

----1-- -
O~X~l u 21898 4546 10·1U 185 105 42 22 13 8 

-
1 < X~.2.04 u 29047 6159 1362 232 125 56 28 16 10 -- t----- - .. 
2.04 <X < 4 u 39800 9206 1822 36:) 192 75 59 34''.' 23 

·4~X < 13.3 u 39987 9326 1849 3:2 205 77 60 35 24. 

DEXP 1x1~1 u 14305 3613 715 J.15 78 30 18 13 9 

I< 1x1~20 u 14305 3639 722 14.5 78 31 18 13 9 

20<IXI~170 u 14305 3646 722 138 72 30 18 13 9 

DGAMMA O<X<l u 25481 5559 1162 212 118 49 29 17 10 
·-t--·--·· 

l~X~2 u 24180 5386 1149 205 112 49 29 18 10 

2<X<4 u 26290 5719 1249 218 125 5.5 30 19 11 .. 
4~X<8 u 30931 6706 1469 265 145 63 36 22 12 

8~X < 16 u 45811 10833 2189 432 238 96 65 48 32 

16~X < 57 u 45936 10899 2195 425 238 96 65 48 32 

DLGAMA O<X~0.5 u 39586 9533 1922 358 198 83 54 32 20 

O.S<X<3 u 41884 9326 1929 358 205 83 55 33 20 

3~X<8 u 43378 10479 2202 412 232 94 58 37 23 

8~X< 16 u 31941 7139 1442 278 152 62 44 31 .21 

16~X < 500 u 31622 7226 1469 285 158 62 44 32 21 

DLOG. o.s~x~ 1.s u 15934 3806 729 145 78 28 22 11 8 

X < 0.5,X > 1.5 E 16391 3886 749 145 72 30 22 11 8 

DLOGIO 0.5~X~ 1.5 u 179:17 4079. 782 145 iB 30 23 12 8 

X < 0.5,X > 1.5 E 17698 4166 802 145 85 31 24 12 8 
I 

NOTES: (See end of table.) 
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Table 13. Average Machine Timings {Part 3 of 4) 

Entry Argument Samp)e 
Timing Averages in Microseconds for Various Models 

75 85 Name Range E/U 
30 40 50 65 {Note 3) (Note 4) 91 195 

DSIN IXI ~ r/2 u 16598 3406 769 138 78 30 16 13 7 

tr/2 < 1Xl ~ 10 u 16598 3426 769 138 78 30 15 13 7 

IO< !XI~ 100 u 16598 3419 769 145 72 30 15 13 7 

DSINH IX! ~ 0.88137 u 11957 2604 564 105 52 23 8 8 4 

0.88137' < IXI ~ 5 u 21585 5058 1057 212 118 44 29 26 17 

DSQRT The full range E 9416 2679 409 92 45 13 16 8 7 

DTAN IXI ~ r/4 u 17527 3424 751 132 72 29 16 13 7 

r/4 < IXI ~ r/2 u 18587 3671 824 158 85 28 19 13 8 

w/2 < \XI ~ 10 ~ u 18525 3644 817 152 85 28 18 13 8 

10 < IXI ~ 100· u 18525 3624 817 152 85 28 18 13 8 

DTANH . IXI ~ o.54931 u 14169 2673 515 92 52 19 15 6 4 

0.54931 < IXI ~ 5 u 18432 4593 955 198 105 43 30 23 15 

Ei\F IXI ~l.O u 4151 ll24 364 92 45 20 14 11 7 

1.0 < IXI ~ 2.04 u 5180 1438 457 112 58 26 16 22 8 

2.04 < IXI ~ 3.9192 u 9124 2644 771 185 105 44 34 31 21 

ERFC -3.8 < x < 0 u 6924 1984 597 145 78 33 24 22 14 

o~ x~ l.o u 4215 1158 371 92 45 21 14 12 7 

1.0 < X~2.04 u 5059 1411 444 105 58 25 16 14 8 

2.04 < X~4.0 u 9020 2624 757 178 105 43 34 32 21 

4.o < x~ 13.3 u 9300 2684 791 178 112 43 35 34 21 

EXP IXI~ 1 u 4129 1351 384 85 52 16 14 16 11 

1<JXI~110 u 4150 1338 384 85 52 16 1.4 16 11 

GAMMA 0<x<1.0 u 4633 1278 384 92 52 22 17 12 7 

1.0~ x ~2.0 u 4493 1251 391 92 52 23 16 18 7 

2.0 < X~4.0 u 5147 1424 444 105 58 27 19 16 8 

4.0<X<8.0 u 6694 1824 571 138 78 34 24 18 10 

8.o ~x~ 16.o u 11729 3571 997 245 145 53 45 41 28 

16.0 < x ~ 57.0 u 11729 3591 997 238 152 54 45 42 28 

SIN · 1x1 ~ r/2 u 4383 1078 337 78 38 16 9 lZ 6 

r/2 < IX! ~ IO u 4560 1124 351 85 45 16 10 12 6 

IO< !XI~ 100 u 4560 1124 351 78 45 16 9 12 7 

SINH -s~x~ +5 u 5803 1764 537 125 72 24 22 24 15 

SQRT The full range E 3162 1051 224 58 38 10 10 9 6 
' 

TAN IXI ~ r/4 u 2959 1258 364 85 52 17 12 14 1 

trf 4 < 1x1 ~ .12 u 5378 1391 404 98 58 18 14 13 7 

r/2 < IXI ~ 10 u 520S 1364 391 92 52 18 13 12 7 

IO< IXI ~ 100 u 5205 1358 3'¥1 98 58 18 13 12 7 

NOTEs: (See end of table.) 
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Table 13. Average Machine Timings (Part 4 of 4) 

Entry Argument Sample 
Timing Averagt-s in Mkroscc:onds for Various ~todds 

Name Range E/U 75 85 
30 40 50 65 (Note 3) (Note 4) 91 195 

TANH IXl~0.7 u 2658 598 177 45 25 10 6 5 3 

0.7< IXI ~5 u 6092 1911 564 132 78 27 22 23 17 

NOTEs: 
1 The distribution of sample arguments upon which these statistics are based is exponential radially and is uniform around the 

origin. 

1 The sample arguments were tangents of numbers uniformly distributed between - ; and + ; . 
• The statistics for the Model 75 are based upon four-way interleaving. 
' The second column of speeds for the Model 85 applies to that machine with high-speed multiply feature. 
• Timing figures on this line apply to the version for Basic FORTRAN 1v ( os ) . 
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Appendix A: Assembler language lnfor1nation 

Tht.• matlwmatiml and servkt• subprograms in the 
..-on:rnAN IY library l'an lw usl.'d by the assembler 
languagt.• programmer. Suc·e<•ssful USP d(•pC'nds on three 
things: ( 1 J making tht.· library available to the linkage 
t•ditor; ( 2) sl'ttiug up pro1wr calling sequences, based 
on either a call macro instmction or a branch; and ( 3) 
supplying correct parameters-Le., arguments. 

Library Availability 
The Syskm/360 Operating Syst<•m FOHTHA~ IV library 
is a pnrtiti01wd data set naml'cl SYSl.F'ORTUB. The as
st>mbler languagt• programnwr must arrang<:~ for the 
dt.•sirC'd subprograms (modules) to he takc>n from this 
lihrary and brougl1t into main storage, usually as a part 
of his load module. This ('an })(' dont.• hy employing 
tlw techniques clt•seribt.•d in tlw publication IBM 
System/.'J(j() Operatin{!. System: Unkage Editor ancl 
Loader, Form C28-6538. 

For example~, thl' FORTHAN ff library could be made 
part of tht• automatic ca11 library hy llsing these joh 
(·ontrol statements: 

: /johnanw 
! I Sll'Pll<\lllt' 

JOH 
EXEC 

<l<"sin-cl 01wrancls 
AS!\IFCLG, J>AH..\l.l.KEJ> 
='XIU:F.1.IST. 
\IAJ>' 

. J AS:\t. SYSI~ DD • 
( assemhh·r lang11n~t· prngrmn ~nnrcc ,k•d\) 

ii LKED.SYSl.IB DD DSNA~IE=SYSI.FORTLIB, 
DISP:.:SJIR ,. 

Subprograms n•qtwsted in the source program would 
then UC' available to tht• linkag<' editor for inclusion in 
till' load module. 

Calling Sequences 
Two gt.•1wml mt.>thods of ( ·;.\IJing an~ possible: ( 1) cod
ing an approprialt.• macro instruction (see the publica· 
tion IBM System/.360 Operating System: Supervisor 
and Data Jlcmagement Macro Instructions, Form C28-

. 6647 ,l, sul'h as CALL; or ( 2) mding assemblC'r language 
hranch instructions. 
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In all c·ast.•s. a saw area must he• providC'd that: 

• is aligned 01~ a fullword boundary 
• is at least as large• as tlw siz<' specified in Tables 

14, 15, and 16, hut preferably the standard 18 
\vords to ensure 'future c'Ompatibility 

• has its address in general register 13 at the time 
of the call macro instmction or branch 

. No-n·:: FOHTl_tAN suhprograms use certain floating-point 
n·gistc-rs ( s<~<' Table 14 ), but do not save and restore 
original regiskr contents. If the programmer wishes 
floating-point information retained, he must save it 
himself before calling the subprogram. 

If the calll'd subprogram is one that uses FORTRAN 

input/output, <'rror, or interruption routines (see Table 
17), the calling program must include the following 
two instructions he for!' the branch is made: 

L 15, = V (IBCOM#) 
HAI. 14, 64 (15) 

These instructions cause a branch into the IBCOM sub
program. which initializes return coding and prepares 
routinl's to hancll(• interruptions. If this initialization is 
omittPd, an int<'Tmption or error may cause abnormal 
termination. (After initialization. IBL'OM returns to the 
intructiou following the BAL.) 

NO'rE: \Vhcn thesP instructions are included, th~ occur
rence of a dedm.11 divide exception within the assem
bler language• program will cause the character B to 
appear in tllC' program interruption message. 

\Vhen a lmmch instruction rather than a call macro 
instmction is us<'Cl to invoke ~ subprogram, several 
additional conventions must be observed: 

• An argumc.'llt (parameter) list must he assem
bled on a fullword boundary. It consists of one 
4-byte address (,'Qllstant for each argument, with 
the last address constant containing a 1 in its 
high order bit. 

• The address of this argument list must be in 
general register 1. 

• The address of the entry name of the called 
subprogram must be in general register 15. 

• The address of the point of return to the calling 
program must be in general register 14. 

Tht.• total requirements for an assembler language 
calling sequence are illustrated in 14.,igure 1. 

Supplying Correct Parameters 
Arguments must be of the proper type, length, and 
quantity. and, in certain cases, within a specified range 
for the subprogram called. 

For mathematical subprograms, this information can 
be found in Tables 2 through 6. JNTEGER*4 denotes a 
signed binary number four bytes long. REAL*• and 
REAL *H are normalized floating.point numbers, 4 and 8 
bytes long, respectively. CX>MPLEX*s and ex>MPLEX*161' 

arc complex numbers, 8 and 16 bytes long, respectively, 
whose left half contains the real part, and right haH 



L 15. = V(IBCOM#) 
BAL 14. 64(15) 
• • • • 
LA 13.area 

LA l,nrglio;t 

L 15,entry 

BALR 14,15 

NOP X'id'' 

• • • • 
entry DC V (entry n<Ulll') 

or 
entry DC A {entry name) 

• • • • 
area DS n:F 

• • • • 
For one argument 

CNOP 

arglist DC 

DC 

X'80' 

AL3 (arg) 

For more than one argument 

CNOP 

arglist DC 

DC 

DC 
DC 

• 

• 

A (arg,) 

A {arg:r) 

X'80' 

AL3 (arg.) 

These two stah·mcnts arc m•cessary if the called subprogram uses FOR'IBAN 
input/output, error. or interrupt routines (sec Appendix B). 

C:t'JH'ml n•giskr 13 c:ontains tlw address of tlw s;l\'<.' ;1rea. . 

C('tll'rnl rt•gister I c·ontains tlw ,uJrln•ss of tht• argumt•nt list. 

Gcrn.•ml rt•giskr 15 contains the mhlrcss of th<.' subprogram. 

Ccneial n•gister 14 contains the adcln."'sS of the point of rdurn to thC' calling 
program. 

This statl'llll'ut is optional. Thi· icl rl·prt•sents an i<ll'ntifk·•\tion number. 
This nmnber is supplit·d hy tlw programnwr and may he any hexadecimal 
integN ll'ss than 21

'
1 

- I . 

NoTE: In this cast', tl1c entry munt• must ht.· defined hy an EXTR~ instruc-
tion to obtain proper linkagl' . 

This stafrment definl's till' sa\'l' ar<.'a nel'<l<•d by the subprogram. The xx 
rl'prt•sc•nts tlw minimum size• of tht· sa\'~ ar<·a required; however, the. 11ro
~rran1111t'r is ad\'is<'cl to usl' a saw area of 18 fuHwords for all subprognsms. 
(The minimum suve area n.•qui1t.·ments art.· given in Tables 1-l and 15 
for the mathrmatkal subprograms and in Table 16 for the- ~l·rvicc sub
programs.) 

Aligns till' argunwut list ut a fullword boundary. 

Places a l in tlw high order hit of the only argument. 

Contains the .uldress of the.• .ugunwnt. 

Aligns tlw argument list at a fullwor~l boundary. 

Contains thl' address of the first •trgumcnt. 

Contains the address of the second ar~tm1ent. 

Places a 1 in tlw high order hit of tlw last argument. 

Contains the adcln·ss of the last argument. 

Figure I. General Assembler L1nguage Calling Sequenl'e 

contMns the imaginary part. Each part is a normalized 
Boating-point number. Four-byte argument types must 
be aligned on fullword boundaries, and 8-byte and 16-
byte types must be aligned on double-word boundaries. 

Argument information for nonmathematical sub
programs can be found in "Service Subprograms." 

Error messages resulting from incorrect arguments 
are explained in "Appendix C: Interruption and Error 
Procedures.'~ 

Results 
Each mathematical subprogram returns a single answer 
·of a type listed in Tables 2 through 6 (see "Function 
Value Type"). The INTEGER answers arc returned in 
general register 0, REAL answers are returned in Boat
ing-point register 0, and COMPLEX answers are returned 
in Hoating-point register 0 and 2. Result registers are 
listed by subprogram entry name in Table 14. 

The location and form of the st•rvice subroutine 
results can he dt·termined from the discussion in 
"Service Subprograms." 

Example 
To find the squan· root of the value in AMNT, the library 
square root subprogram (entry name SQRT) could be 
invoked, using the following statements: 

L 15, = \' {IBC0:\1#) 
BAI. 14,64(15) 

LA 13.SA\'E 
CALL SQRT,(A~l~ff),\'L 

SAVE DS 18F 

AMNT DC E'l44' 
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Tahlt· 14. Assembler lnform&\tinn for tht· Explidtly C;tllt•tl 
:\fathematirnl Suhpro1-,'fams 

S.wrArc.•a Registl'rs Used' 
Entry '.\:;mlt'( s) (Fullwords) Rt•sult Intomwdiate 

:\l~T 9 0 2.·l.6 
:\LG.nl..\, GA:\l:\IA 9 0 2. ·t. 6 
:\LOG, ALOGIO 7 0 2 .... 0 
A:\IAXO .. .\:\11'.':0 6 0 
:\IAXO. :\11'.':0 n o• 
:\:\IAXI. :Htl'.':1 (i 0 
:\fAXJ. :\11'.'\I 9 o• 
A:\mn. mmn 9 0 2,·1.6 
ARCOS. :\RSI'.': 10 () 2 ..• 
ATA~ 5 0 2. ·t. 6 
:\TAX. ATA'.\::2 i 0 :?.-l.6 
CABS 7 0. 2 ... 6 
CCOS. CSI~ 9 0.2 ·l 
CIHBS ... 0. 2 ... () I 

COCOS, CDSIX ~) 0:) ·I 
CD EXP 8 0.2 ·l. 6 
CD LOG 8 0.2 ·1,6 
CDSQRT H 0 I) ·1.6 
C:EXP R 0,2 ·•. 0 
C:LOG s 0.2 ·1,6 
COS. SI'.'\ i 0 2 .. t 
COSII. SIXll 8 0 2.·I 
COT:\'.\:, T:\'.': ";' () 2.4 
CSQRT !) 0.2 ... 0 
DARCOS. DARSI~ 13 0 2,·I 
DATA:"\ .~ 0 2 .... () 
DATA'.':. DATAX:2 7 0 2.-t. 6 
DCOS. DSIX 7 () 2. ·• 
DCOSll. DSIXH 8 0 2.4 
DCOTAX,DTAX 7 0 2 .... () 
DERF.DERFC- 11 0 2. -1.6 
DEXP 7 0 2 
DGA:\l:\JA, DLG:UIA 11 0 2, ... 6 
DLOG, DLOGIO n 0 2. ·I. 6 
D:\IAXI, D:\11~1 n 0 
DSQRT 7 0 2,-1 
DT:\~11 ;, 0 2 ..•• () 
EXP 11 0 
ERF,ERFC 11 0 2, -1;6 
IDI~T, l'.':T, IFIX H o• 
\IOD ~) o• 
SQRT i 0 2 
TAXll 5 0 2,4, 6 

1 Floatin~-point; asterisk indicates gl'neral. 

T.thlt• 1.5. :\\st·mhlt'r Information for tlw lmplidtly C;illt·d 
:\latlwmatit.•al Suh1.,rogrmns 

Sa\'e Arca Registers Usecl1 

Entry :X,unt'{ s) ( Fullwords) Result lntc.m1wdiate 

CD:\IPY#. CDDVD# 5 0,2 ... 6 
CD\·D::, Of PY# 5 0,2 .j, 6 
FIXPI# 18 o• 
FRXPI# 18 0 
FDXPI# 18 0 
FRX\>R# 18 0 
FDXPD.:t 18 0 
FCDXI:t 18 0,2 
FCX\>l# 18 0, 2 
1Floating-point; asterisk indicates general. 
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( Tlw \'L operand in CAU, indil'ah•s tlw c.•ml of tlw 
paramt'kr list. ) 
Employin~ only ass<:>mhll'r languagl' instructions. th<' 

Sl'qm•ncc.· would ht•: 

L 15,=\'(IBCOM#) 
BAL 14.64( 15) 

I.A 13,SAVE 
I.A 1,ARG 
L 15,ENTRY 
BALH 14,15 

E~TRY nc \'(SQRT) 

DS 18F 

DC X'80' 
DC AL3(A~l~T) 

DC l<:'HI' 

Noh• that. in hoth msc.•s, a branch to lBCO:\I is pro
vitll·d. a save.• an•a is st•t up, and A'.\lN1' meets argument 
spl'dfimtions by lll'ing a four-byk normalized floating
point numlll'r, ~ 0, alig1wd on a fullword boundary. 

In hoth t•ast•s. tlw answt•r ( 12, in this instancl') is 
n·tunwd in ffoatin~-point n•gister 0 as a 4-bytc ffoating
pnint numlwr. 

Space Consideraf ions 
:\lany of tlw matlwmatical subprograms require other., 
matlwmatil:al subprograms for their calculations. In 
addition, most of th<• suhprograms use the input/ 
output. c.·rror. and inkrruption library subroutines. 
(This inll·rch.•1wndc.•ncc.• is outlined in "Appt•ndix B: 
Storage.· Estimaks:·) Thus, although the programmer 
may rc.•qm•st just one.• l-"ORTRAN subprogram, the require
nwnts of that subprogram may make the resultant load 
modull· quite larg<'. Tht• SQRT routine, for example, takes 
only :344 hytt•s of storage itself, but requires other sub
rnuti1ws that incn·as~ tlw load module size by approxi
matl•ly 20.000 bytes. 

Tahlt• 16. Asst•mbler Infonnntion for t11e Service Subprogmms 

Entry Name( s) San~ Area ( Fullwords ) 

l>ll~IP, PDUMP 18 
DVCllK 10 
EXIT 5 
OVER FL !0 
SLITE, SLITET 10 



Appendix B contains <lel'imal storagt· ('stimaks (in 
bytes) for the library subprograms. ThC' estimate given 
does not include any additional mathematical suhpro· 
grams or 1-·oRTRAN routine's that the subprograms us<' 
during execution. The entry names of any additional 

Table 17. ~fothemntical Subprogram Storngt• Estim•tks 

Entry ~ame( s) Dt•dmal Estimaks 

AINT 80 
ALGA~IA, GA~IMA 848 
ALOG, ALOGIO -t6t 
A~fAXO, A~ll~O, ~IAXO, ~llNO :!:?·l 
A~IAXI, AMINI, :CIAXl, ~IINl 22-1 
A~IOD, D~IOD 120 
ARCOS, ARSIN -196 
ATAN 200 
ATAN,ATAN2 488 
CABS 192 
CCOS, CSIN 760 
CD ABS 200 
COCOS, CDSIN S32 
CDDVD#, CDMPY# 240 
CD EXP 624 
CD LOG ·188 
CDSQRT 328 
CDVO#, CMPY# 216 
CEXP 592 
CLOG -164 
COS, SIN 504 
COSH, SINH 50·1 
COTAN, TAN 648 
CSQRT 312 
DARCOS, DARSIN 648 
DATAN 312 
DATAN,DATAN2 648 
DCOS, DSIN 696 
DCOSH, DSINH :592 
DCOTAN,DTAN j60 
DERF,DERFC 808 
DEXP iO-i 
DGAMMA, DLCAMA 1056 
DLOG, DLOGlO 538 
DMAXl, DMINl 120 
DSQRT 352 
DTANH 30-1 
EXP 424 
ERF,ERFC 520 
FCDXPI# 360 
FCXPJ# 536 
FDXPD# 464 
FDXPI# 368 
FRXPR# 432 
FIXPI# 368 
FRXPI# 360 
IDINT, INT 136 
MOD 56 
SQRT 34-1 
TANH 256 

Appendix B: Storage Estimate·s 

matl1t·lkal library subprograms usPd an· given in 
Tahlt• 17. Tahl(•s 17 and 18 also indicate which mathe
matical and sen·ic(• suhprogrnms requin-- FORTRAX 

rontim•s for input/ output. interruption~ and error pro
cC'dun•s. 

I '0. Error 
:\clditional \I ;tlllt'matkal & Intt>rn1pt 

Snhpro~rams Pst•cl Hou tines 

~o 

.\LOG, EXP Yt•s 
\'C'S 
Xo 
:\'o 
:\'o 

S<.>RT Yl'S 

~o 
Yt•s 

SQHT Yes 
EXP. SI~.'COS Yes 
DSQRT \"('S 

DEXP. DST~ DCOS Y<'s 
~o 

DEXP. DSI'.'.: 'DCOS YC'S . 

DLOG, IHTA~2 Yes 
DSQRT Yes 

~o 
F.XP, SIX/COS Yes 
. .\LOG. A.TAX2 Yes 

Yes 
EXP Yes 

Yes 
SQRT Yes 
DSQRT Yes 

:\o 
Yt•s 
Yt•s 

DEXP Yt•s 
Yl'S 

DEXP Yl'S 
Yes 

I>l.OC,DEXP Yt>s 
Yt·s 
No 
Yes 

DEXP Yt.·s 
Yes 

EXP Yes 
C'J)~f PY# -'CDD\'D# Yl's 
CD\"D:.t!/C~IPY!! Yes 
DEXP, DLOG Yes 

Yes 
EXP,ALOC Yes 

Yes 
Yes 
No 
No 
Yes 

EXP Yes 
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The programmer must add the estimates for all 
subprograms and routines needed to determine the 
amount of storage required. If the programmer has not 
made allowances for the storag<.' required hy any of 
these additional routines (see Table 19), the . amount 
of available storage may be <.'XC<'eded and c-xecution 
cannot begin. 

System/360 Operating System 
The names of execution-time routines sometimes vary 
according to whether or not the Extended ·Error 
HandJing facility is in effect. In the following discus
sion, the names that are used are those when the facility 
has not been specified. Table 19 presents a cross listing 
of names for both circumstances. A full discussion of 
extended error handling is given in the FORTRAN IV 
(G and H) Programmer's Guide listed in the Preface. 

The IHCFIOSH routine performs input/ output pro
cedures for both Basic FORTRAN IV and FORTRAN IV. 

Table 19. OS Execution-Time Routines Storngc Estimates 

Routine Name Decimal Estimate Use<l by 

IHCADJST 1,156 FORTRAN IV 
IHCDBUG 2,152 FORTRAN IV 

[This routine refers to a table (mcuATBL) for informa
tion about the input/ output devices used during 
execution.] The IHCFCOME routine performs interrup
tion and error pr.ocedures for Basic FORTRAN IV library 
subprograms; the IHCFCOMH, IHCFCVTH, IHCFINTH, 

mcrncH, and IHCUOPT routines perform the procedures 
for FORTRAN 1v library subprograms. If a system con
tains both basic and full FORTRAN IV compilers, the 
IHCFco~rn-rncFCVTH' routines are used. Tables 17 and 
18 indicate which library subprograms require these 
('Xecution-time routines. 

Table 18. Service Subprogram Storage Estimates 

1/0, Error, 
& Interrupt 

Entry Name(s) Decimal Estimates Routines 

DUMP/PDUMP 544 Yes 
DVCltK 80 Yes 
EXIT 32 Yes 
OVERFL 88 Yes 
SLITE/SLITET 392 Yes 

Extended Error Handling Facility 

Routine Name Decimal Estimate 

Same Same 
Same Same 

IHCFCmtE 6,196 Basic FORTRAN IV Not applkable 
IHCFcmm 4,218 FORTRAN IV IHCECOMH 5,368 
mccmn-12 520 FORTRAN IV Same 1,120 
IHCDIOSE 2,688 Both IHCEDIOS 3,856 

(See Note 1) (See Note 1) 
IHCFIOSH 3,744 Both IHCEFIOS 4,976 

+ IHCUATBL + IHCUATBL 
( See Notes 2 and 3) (See Notes 2 and 3) 

IHCFI:\TH 926 FORTRAN IV IHCEFNTH 1,368 
IHCFC\'TH 4,i36 FORTRAN IV Same Same 
IHCCGOTO 64 Basic FORTRAN IV Not applicable 
IHCIBERH 22-i J:<~OR'fRA:S IV Same Same 
IHCIBERR 136 Basic FORTRAN IV Not applicable 

. IHC~A~IEL 2,880 FORTRAN IV Same Same 
IHCSTAE 450 FORTRAN IV Same Same 
UICTRCH 792 FORTRAN IV IHCETRCH 706 
llICUOPT 8 FORTRAN IV Same 800 +Sn 

(See Note 4) 
Not applic&lble FORTRAN IV IHCERRM 1,552 
~ot applic&lble FORTRAN IV IHCFOPT 824 

NOTES: 

1. This module also acquires dynamic storage. Its amount, in bytes, may be computed by the formula 184 + buffer size. 
Each buffer \'alue should be 800, except for a c.·•ml read punch which is 80 and a printer which is 133. FORTRAN utilizes 
double buffering. 

2. This module also ncqt:1ires dynamic storage. Its umount, in bytes, may be computed by the formula 128 + buffer siu. 
Buff er lengths are listed in Note I. 

3. The number of h)'tes in table IHCUATB~ mny be c.-omputed by the fonnula 12n + 8, wher" n is the number of data set 
reference numbers requested during system generation. 

-:&. The number of i.l<lditional entries supplied in the Option Table during system generation is represented by n. 
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In addition, several other execution-time routines 
may be needed to resolve external references in a 
FORTRAN IV object module. 
I. If a source module specifies direct-access input/ 

output operations, the compiler generates a call to 
the IHCDlOSE routine. 

2. At the point that errors. are encountered during 
compilation, the compiler generates a call to an 
error routine ( DICIBERR for Basic FORTRAN IV and 
DICIBERH for FORTRAN IV). If execution of the load 
module is attempted, the error routine is called, 
a message is issued, and the execution is terminated. 

3. If a Basic 1'"0RTRAN 1v source module contains a com
puted co TO, the eompiler generates a call to the 
IHCCGOTO routine. 

4. If a FORTRAN IV source module contains any input/ 
o·utput operations that reft.•r to a NAMELIST name, 
compiler generates a call to the IHCNAMEL routine. 

5. If a FORTRAN IV source module uses. the debug 
facility, the compil(lr generates a call to the IHCDBUG 

routine. 
6. If boundary alignment was specified during system 

generation, the IHCADJST routine will be loaded if a 
boundary-alignment error occurs. 
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Appendix C: Interruption and Error Procedures 

This appendix contains brief explanations of the pro
gram interruption and error procedures used by the 
FORTRAN library. A full description of program inter
rupts is give:l in the publication IBM System/ 360 
Principles oj Operation, Form A22-6821. The program
mer's guides listed in the Preface give detailed informa
tion about error processing and message formats. 

Interruption Procedures 
The FORTRAN library processes those interrupts that are 
described below; all others are handled directly by 
the system Supervisor: 

1.. ·when an interrupt occurs, indicators are sc.•t to 
record. exponent overflow, underflow, fixed-point, 
floating-point or decimal divide exceptions. These 
indicators can he interrogated dynamically by the 
subprograms described in the chapter, "Service 
Subprograms.'' 

2. A messa.ge is printed on tl1e object error unit. 
when each interrupt occurs. The old program 
status word ( PSW) printed in the message indi
cates the cause of each interrupt. 

3. Result registers are changed when exponent over
flow or exponent underflow (codes C and D ) 
occur. (For a description of the format of ffoating
point numbers, see the publication IBM System/ 
360 Principles of Operation, Form A22-6821.) 
Result registers are also set when a floating-point 
instruction is referenced by an assembler language 
execute (EXEC) instruction. 
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4. Condition codes set by floating-point addition or 
suhstraction instructions are altered for exponent 
underflow (code D). 

5. After the foregoing services are performed, execu
tion of the program continues from the instruction 
following the one that caused the interrupt 

Error Procedures 
During execution, the mathematical subprograms as~ 
sume that the argument ( s) is the correct type. No 
checking is done for . erroneous arguments (i.e., the 
wrong type, invalid characters, the wrong length, etc.); 
therefore, a computation performed with an erroneous 
argument has an unpredictable result. However, the 
nature of some mathematical functions requires that 
the input be within a certain range. For example, the 
square root of a negative number is not permitted. 
If the argument is not within the valid range given in 
Tables 2 through 6, an error message is written on the 
object error unit data set defined by the installation 
during system generation. The execution of this load 
module or phase is tenninatcd and control is returned 
to the operating system. However, execution can con
tinue, (in FORTRAN IV ( os) only), if extended error 
handling was selected during system generation. This 
facility provides for standard corrective action by the 
user. For a full description of extended error message 
handling, see the publication IBM System/ 360 FOR
TRAN IV (G and H) Programmer"s Guide, Form 
C28-6817. 

Table 20 lists the error messages in numeric order, 
gives the entry name( s) associated with that number 
and an explanation of the error. The programmer's 
guides listed in the Preface of this publication show 
the text and format of the message as it.appears in the 
error listing. In the following explanations, x repre
sents the argument supplied by the programmer. 



Table 20. Error Messages 

Error Code Entry Name(s) Explanation 

216 SUTE, An invalid sense-light number was detected in the argument list of a call to the SLITE or 
SLITET SLITET subprogram. 

241 FIXPI# In the FIXPI# subprogram, a base number o.f zero and an exponent less than or equal to zero 
is an error. 

242 FRXPI# In the FRXPI# subprogram, a base number of zero and an exponent less than or equal to zero 
is in error. · 

243 FDXPI# In the FDXPI# subprogram, a base number of zero and an exponent less than or equal to zero 
is an error. 

244 FRXPR# In the FRXPR# subprogram, a base number of zero and an exponent less than or equal to zero 
is an error. 

245 FDXPD# In the FDXPD# subprogram, a base number of zero and an exponent less than or equal to zero 
is an error. 

246 FCXPI# In the FCX?I# subprogram, a base number of zero and an exponent less than or equal to zero 
is an error. 

247 FCDXI# In the FCDXI# subprogram, a base number of zero and an exponent less than or equal to zero 
is an error. 

251 SQRT In the SQRT subprogram, the value of the argument is less than zero. 

252 EXP In the EXP subprogram, the value of the argument is greater than 174.673. 

253 ALOG, In the ALOG/ ALOGlO subprogram, the value of the argument is less than or equal to zero. 
ALOGlO Because this subprogram is called by an exponential subprogram, this message also indicates 

that an attempt has been made to raise a negative base to a real power. 

254 SIN, In the SIN/COS subprogram, the absolute value of an argument ls greater than or equal 
cos to 218 r. 

255 ATAN2 When the entry name ATAN2 is used, the value of both arguments cannot be zero. 

256 SINH, In the subprogram SINH/COSH, the value of the argument is greater than or equal to 
COSH 175.366. 

257 ARSIN, In the ARSIN/ ARCOS subprogram, the absolute value of the argument is greater than one. 
ARCOS 

258 TAN, In the TAN/COTAN subprogram, the absolute value of the argument ls greater than or equal 
COTAN to 218 .... 

259 TAN, In the TAN/COTAN subprogram, the value 0£ the argument is too close to one of the 
COTAN singularities ( ± r/2, ± 3r/2, ... for the tangent; ± r, ± 2r, ... for the cotangent). 

261 DSQRT In the DSQRT subprogram, the value of the argument is less than zero. 

262 DEXP In the DEXP subprogram, the value of the argument is greater than 174.673. 

263 DLOG, In the DLOG/DLOGlO subprogram, the value of the argument is less than or equal to zero. 
DLOGlO Because the subprogram is called by an exponential subprogram, this message also indicates 

that an attempt has been made to raise a negative base to a real power. 

264 DSIN, In the DSIN /DCOS subprogram, the absolute value of the argument is greater than or equal 
DCOS to 2°0 r. 

265 DATAN2 When the entry name DATAN2 is used, the value of both arguments cannot be zero. 

266 DSINH, In the DSINH/DCOSH subprogram, the absolute value of the argument ·is greater than or 
DCOSH equal to 175.366. 

'JJf'/ DARSIN, 
DARCOS 

In the DARSIN/DARCOS subprogram, the absolute value of the argument is greater than one. 
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Table 20. Error Messages (Continued) 

Error Code Entry Name( s) Explanation 

268 DTAN, In the DTAN/DCOTAN subprogram, the absolute value of the arg0ment is greater than or 
DCOTAN equal to 2110 ... 

269 DTAN, In the DT AN /DCOT AN subprogram, the value of the argument is too close to one of the 
DCOTAN singularities ( ± .,,./2, ± 3r/.2, ... for the tangent; ± r, ± 2r, ••. for the cotangent). 

271 CEXP In the CEXP subprogram, the absolute value of the real part of the argument is greater 
than 174.673. 

272 CEXP In the CEXP subprogram, the absolute value of the imaginary part of the argument is greater 
than or equal to 2111 w. 

273 CLOG In the CLOG subprogram, the value of both the real and imaginary parts of the argument 
cannot be zero. 

274 CSIN, In the CSIN/CCOS subprogram, the absolute value of the real part of the argument is greater 
coos than or equal to 218 .-. 

275 CSIN, In the CSIN/CCOS imbprogram, the absolute value of the imaginary part of the argument is 
ccos greater than 174.673. 

281 CD EXP In the CDEXP subprogram, the value of the real part of the argument is greater than 174.673. 

282 CD EXP In the CDEXP subprogram, the absolute value of the imaginary part of the argument is 
greater than or equal to 250 r. 

283 CD LOG In the CDLOG subprogram, the vahte of both the real and imaginary parts of the argument 
cannot be zero. 

284 CDSIN, In the CDSIN/CDCOS subprogram, the ·absolute value of the real part of the argument is 
CD COS greater than or equal to 2110 .... 

285 CDSIN, In the CDSIN/CDCOS subprogram, the absolute value of the imaginary part of the argument 
cocos is greater than 17 4.673. 

290 GAMMA In the GAMMA subprogram, the value of the argument is outside. the valid range of 
2-m < X < 57.5744. 

291 ALGA MA In the ALGAMA subprogram, the value of the argument is outside tile valid range of 
0 < x < 4.2937 • 10". 

300 DGAMMA In the DGAMMA subprogram, the value of the argument is outside the valid range of 
2-- < x < 57.5744. 

301 DLGAMA In the DLGAMA subprogram, the value of the argument is outside the valid range of 
0 < x < 4.2937 • 10". 
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Table 21. Mathematical Subprogrnm MtKlult' Names 
(Part 1of2) 

Modult- Name 

FORTRAN IV 
Entry Name (G& H) Basic FORTRAN IV 

AINT ---- IHCFAINT 
A LG AMA IHCSGAMA -----
ALOG IHCSLOG IHCSLOG 
ALOGlO IHCSLOG Ill CS LOG 
AMAXO IIICFMAXI llJCFMAXI 
A MAXI IHCFMAXR IHCF~IAXR 

A~fINO IHCFMAXI IHCnlAXI 
AMINI IHCF~fAXR IHCFMAXR 
AMOD ----- A:\IOD 
ARCOS IHCSASCN ------
ARSIN IHCSASCN ------
ATAN IHCSATN2 IHCSATAS 
ATAN2 IHCSATN2 ------

CABS IHCCSABS ------
ccos IHCCSSCN ------
CD ABS IHCCLABS 

____ ..;,,._ 

CD COS IHCCLSCN ------
CD DVD# IHCCLAS ------
CD EXP IHCCLEXP ------
CD LOG IHCCLLOG ------
CDMPY# IHCCLAS ------
CDSIN IHCCLSCN ------
CD SQRT IHCCLSQT -----
CDVD# IHCCSAS -----
CEXP IHCCSEXP ------
CLOG IHCCSLOG ------
CMPY# IHCCSAS ------
cos IHCSSCN IHCSSCN 
COSH IHCSSCNH ------
COTAN IHCSTNCT ----
CSIN IHCLSCN IHCLSCN 
CSQRT IHCCSSQT -----

DAR COS IHCLASCN -----
DARSIN IHCLASCN ------
DATAN IHCLATN2 IHCLATAN 
DATAN2 IHCLATN2 ------
DCOS IHCLSCN IHCLSCN 
DCOSH IHCLSCNH ----
DCOTAN IHCLTNCT -----

Form GC28·6818·0 
Page Revi1ed by TNL GN28·0589, 6/1/70 
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• Tnhle 21. Mathematical Subprogram Module Names 
(Part 2 of 2) · 

Module Name 

FORTRAN IV 
Entr)' Name {G&H) Basic FORTRAN IV 

DERF IHCLERF ------
DERFC III CLERF ------
DEXP IHCLEXP IHCLEXP 
DGA~f~IA IHCLGAMA ------
DLGA~IA IHCLGA~IA ------
DLOG IHCLLOC IHCLLOG 
DLOGIO IHCLLOG IHCLLOG 
D\IAXI IHCF~IAXD mcntAXD 
IntlNl IHCF~lAXD IHCF~IAXD 

D:\IOD ------ IHCF~IODR 

DSIN IHCLSCN IHCLSC~ 

DSINH IHCLSCNH ------
DSQRT IIICLSQRT IHCLSQRT 
DTAN IHCLTNCT ------
DTANH IHCLTANH IHCLTANH 

EXP UICSEXP IHCSEXP 
ERF IHCSERF ------
ERFC IHCSERF ------
FCDXI# IHCFCDXI ------
FCXPI# IHCFCXPI ------
FDXPD# IHCFDXPD IHCFDXPD 
FDXPI# IHCFDXPI IHCFDXPI 
FIXPI# IHCFIXPI IHCFIXPI 
FRXPI# IHCFRXPI IHCFRXPI 
FRXPR# IHCFRXPR IHCFRXPR 

GAMMA IHCSGAMA ------
ID INT ------ IHCIFIX 
INT ------ IHCIFIX 

~IAXO IHCF~IAXI IHCFMAXI 
MAXI IHCFMAXR IHCFMAXR 
MINO IHCFMAXI IHCF~IAXI 

~UNI IHCF~IAXR IHCFMAXR 
MOD ---- IHCF~IODI 

SIN IHCSSC~ IHCSSCN 
SINH IHCSSCNH ------
SQRT IHCSSQRT IHCSSQRT 

TAN IHCSTNCT ------
TANH IHCSTANH IHCSTAXH 
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Appendix E: Sample Storage Printouts 

A sample printout is given helow for each dump 
format that can be specified for the storage dump 
subprogram. TI1e printouts are given in the following 
order: hexadecimal, LOGICAL*l, LOGICAL*-1, INTEGER*2, 

ISTEGER*4, REAL*4, REAL*8, COMI,LEX*R, COMPLEX*l6, 

and literal (see Figure 2). Note that the headings on the 
printouts are not generated hy th£' system, but were 

CALL POii"' WIT" HUAOCCIAAL '01MAT Sl'l!Cll'IEO 

OOAJl!O 1in,sno 00000000 ltH,SEIO I 0000000 lt2100000 

Oo&OCI li21DOOOO 00000000 00000000 00000000 00000000 00000000 'lOOOOOOO 
0160,. CtOOOOOO 00000000 111200000 lt1Sf>'6U oooooooc ltll 00000 

CALL POUl'IP lflTH LOGIC:AL•l '0111AT SPECl,IEO 

DHEU T , 
CALL P~UP11' WITH LOGICAL•lt 'OltMAT. SPECl,IEO 

006UO F T 

CALL POVMP VITH INTl!4:[11•2 l'OllMAT SPIC.,leO 

DOHU IO 

OUUA •lOO 

OD6[1C lO ·- -
CALL POUllP VITH lllTl!Hl•ll 'Olll'AT Sl'EC trlf!> 

006!20 1 I l .. s 
D06£1tl ll u 
CALL POUMP WITH U:AL•ll '0A"AT SPEC IPI to 

IOHOD O,UOOOOOO! Ol o.nntu&t 01 . 
CALL 1111>11"' lllT" UAL•I l'OAMAT 5't:tlPIEO 

OUDCI 0.11 nHtntnnno DJ -
CALL l'OUlll' VITH COllPLEX•I l'OIMAT l'ECIPlED 

006000 (J, tDOOOOO, It, OOOGOOD) (It, 0000000,1. 0000000) 

CALL l'CUllP lllTH COHPLU•U 'OllllAT Sl'ECll'IEC 

6 

obtained by using FORMAT statements. The number 
printed at the left of each output line is the storage loca
tion (in hexadecimal) of the first .data item tabulated. 

The output of the storage dump subprogram (for 
both entry names, DUMP and PDUMP) is placed on the 
object error unit data set defined by the installation 
during system generation. 

00000100 IOOOOOIO 00000000 00000000 IOHHOO 

-- ·-

-
7 I ' lO 

--

0060EO (0, 9HHHHH99HO, o. 999''9H'l'l'l'9nO) (•O.t'J9'H9''999'9.0,-0,H99'9H9t'9H90) 

CALL •DUllP 
/ 

v ITH L ITUAL POll'IA T SPEC II' I fO 

oousc THIS AUAY COftTAIHS AVHAMElllC DATA 

Figure 2. Sample Storage Printouts 
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absolute error . . . . . . . . . . . . . . . . . . . . . . . . . ....... 18, 43-47 
absolute value subprograms . . . . . . . . . . . . . . . . . . . . . . 6, 10, 20 
accuracy figures for mathematical subprograms. . . . . . . 43-47 
AINT subprogram 
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