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L-ltfi 

Ari t ru .. e ti c in a One ' s-Conrplement Co rr.put er. 

A. htrodi..:.c ti on . 

The ~Jin parts o f the • rit~~eti c section o{ a one' •-

c or.i-:-lef.len t cor.y ter r ~ e t h e - ?.e -; i s t e r (abbrevia t e d XR) , 

tr.e ~-~• c:; >te r, ::;1 , a nd tr.e i. cc .. n ul a t c r , AC. runbers r:iay 

be ta/.:en fr oM t l: c e lls nf the ::ie:-:o r :: s ccticn ~:1 <l riut int o 

t he se rcgis t<Jrs P.!1d t r. c f o-..i r iUI.dar:i · .. m t a l arit h;nc ti c o7'c r a ti ons 

i nnic"lt ::: the n r vCL! SS thr0 1.icr. · w:-.ich t '. :-:. :-:n.chi n r:- ~o c s ani:. nrovc 

tha t this n r oc oss g iv e s t he co rre c t r e sul t. 

? h e c o;:-.r.;1t c r c c r a t es •,-1 i th 24 di ;: i t cignlcs t bina r y num-

b e r s , c.1.c h of which r 1; p r r.: 1cn ts a pos i t i \· r; . r nc g1'.\ivc 23 digit 

b inary nunb .:- r ( pe rha p s h.?...vin - suT)c r fl u".' '.l s ze ros.) The numbe rs 

wi th ".rhich the riachi n c ope r a t e s wi ll be r "' f rr c d t o as di "'i tal 

nu.-:ibc rs, and t he n W'l bc rs f e r ~.h i e !: tl . 5 , s t.and ri. s binary mun-

b •' r s , or si ::i-pl J !1UI'.1bc r s . 

It is first nec e s~ary to inve stiga t e the wa y i n whi c 

nur.ibc r is r epr e s e nte d ln the conput~ r. 

3 . The Corrc spondenc~. 

Consi d0r t he sig,1 0 ss binary n1.L~b r rs (digital numbe rs ) of 

' 24 dig its, X = x 23 ~·· x0 , xi= 0 o r i. excluding that digital 

nUl'lb r consisting exclusively of l's. The onc 1 s-conplcmcnt of 

s~ct u digital JUI:lbor x is defined to bo x' = (224 - 1) - x. 
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Since 2'-"= 1: 11 ... 11 , it - r ~ 1 C n t ~· t X : Xz~ 

whr-r c l , ac co rdir:i; ::.s · .Y: i 

I I I 

( \ - Tl. ( X - ~-:. . . .. 

:: ' '.) . 
. l : 

Fo te that. 

x, 

Bot wC' en the above ::;e L r - di b it ·-.l :- :ir.b0r s a r.d -.,he sot of 

., ~ 

z l' : :: \ ' 1 - 2<---' 'S , • .J...J 

I f x ~ 0 ~°'d . x 1 = x22 ... >.0 t )-,._n le t Y. ~ :.;: -

·ox22 . . . XO. Jlf x ( () :en cl. I X1 - x., ..., ... x t he n le t - .., .., 0 

! I 

x~ :\ - l }:,., ..., XO -- t:,,.:., 
224 1 - : X I 

' i. (. . ' if Y. is 

n.:.::;o. ti v0 let i t co rrc s por.d t o t ~e r, nc.: ' s - c c.., -·r.ic -.cn t of r .. _ 

wh i ch th.: corrcs uo:;do nc c is dc fi!. cd. :i. n " ac ta;i. ll ;v ca rdi r:a lly 

cq•.ii v~ l c :-: t. 

Tho :et, \,.~ a nd ncr.io ry . ce lls r c:!_) r c s c 1: t b i nn r :: nu.r.bcrs 

nbo vc corresponde nc e . Th<' AC, "b.owovcr, CA.n r cpr es c:-it o. nur:ibc r 

a, 1 - 247 s a ( 247 - 1, .:i.s a 48 digit dlgit o.l r.u.r.ibc r by 

'rirtuc of ~'-'1 n.nnloi;ous one -enc c orre 3nondcncc . If A is on0 

of t ~o s c 48 digit digitnl nunbcrs ( r: c t consisting exclusively 

of l's) t hen its ono 1 s-complemcnt is by dc:inition tr.c 

digitA.l nt!Mbc r where 

- 2 -
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~. - (' (. ( . ) - , : . 
"- . - ; 

n.n~ 

(A )' : 1~. 'i.'h -; anr.lo .:_. ot;s C: l"r. -onc co rrP. 13 ·.~onclcnc c b:r v i rtu e 

'ollo· •i ::: . · one. ~. et : <'..I :"..') •. If 

AB L_P, - ~ - - l - l ~I : 2 - l + a . 

LP.: 1i t>. I: If 

C. A<\dition. 

Fi t". i , :i t .::i.1 nu:-~b~r .n. = "'4? ••• ~.0 in ~C in tile folloHint; 

1-1a;r. :' ~te r. t>.c h i r.e co:n uteR 

A - A.1 7 e.46 

J ' 

X23 X;:>~) X23 X2:?, 

:m(1. if t~erc is r>. borro•• left OV\ T nt t he lcft-~ t::>.n<'l cna .• 

t hi s bo!'rou is su"utr .. ct en fro :1 the r :"? sitltiT\:'. .. difference to 

~ivn "' rp,!J11lt C<'.llco t'1e 11 sun 11 of A P.11~. or A~ x. 

- ~ -
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s e 0 :1 d s e r:ies ca 'lno t i--z. :·o r . . e re tr.an 48 p lac e :; , since i n 

t'1C' f ir ~' t su·:i·rnctio;, a o r r c ·,, c .:in ·ni r; ir.a t e O!l.l y at A co n -
0 

f i ;;.: rnt i c r. :, 1 he f0 r~ +· and t r. c 1 i r. the first diffe renc e 

1::'.ll 1: 11 1 .".ny borrow g c ;.Ar .:-ct c..1 i n t he; s oc c nd subtr'lcti o!l . 

It ~us t be sho w~ t ha t, w it ~ i !l. ~h~ r~ngc o f thu co!l")u t er , 

if x ~ .'. a:-tc P. ~ A thpn a r x +-t .:... tl.1 x. 1.:c r eo vor, 

it will b e shown th,.-..t i f t he r esul t ruris ove r the C<:!.pfl.cit ;v of 

the ~Ach i nc i t i s st ill corr ect ~od.ulo 248 1 . 

If XA , A then no end- a r o und oo r row c~ n be gcnc r ntcd 

and. A ( L' X = . .\ - XA . :X::nd n r ound bo rrow wil 1 occ ur if ?.nd o:-tly 

if X~ -. .A . Usinc; c nd- n r ound bo rrow is equiv<'.. l e n t t o Adding 

t o 

trA.cting 

Lot 

A, subtrF1.ct ing x~ 
A fro~ t hei r sun, Ar.d t hen s ub-

1 fr om this di ff c r unc e . Thus if 

x' ) - i = . \. "" + x .. .·• Concisely, 

i f x; ... <' A. t hen .:... ~) x I 

x.1~ · 

t hen ~ ~ X - A - A 
-~ 

' -."1. • . x -

x, 1 - 223 '. x ~. 223 - 1, 
' I X I= x22 ••. XO ' be a 

nunbcr r e prese nted on XR by X, and 
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A., l - 247 ·. 8 , 247 - 1 . P. -= a ._k6 .. . .<\o be t\ nur.1bcr 

r op r c ccntcd on AC y ' ~. l otice: fi rst t~J'l t 

0 , 8. I - x -· 
G . 7 l ) - ( 223 - l) and 

J / [\I - ' x . 24? - 1. T e r e :>. r e four c;>.ses , one for 

c :-.ch f t~c nLc d b \! di s ri t i ons of si gn s on x nnd n . 

w!ii ch fl.I" i SC i n ( ::t di ion of T. t o P. by nC'UlS of t hei r 

r cprcs • t . t vcs on t h on e r. ~11.Ch cnsc uus t be considered 

zc ~. u-<lt c>l in I') 0 0 n r ove ""-t in gene r A.l a - x '- - ~ A ' X. ' 

Cr .SC I: x > 0 and I\ ,,,_. o. In t h is CP.SO 

22 • •. X 0 :: X 1 

' x 
~ 

I 

- l ••. 1 x22 
x~ - ( 248 l) - XA = (248 - l) - ! X ! . 

Since 
•r :t"a. - .a • If 

47 : a: • 1x: "- 2 -1 thQ A.lX~1a1 T : x 1 -a~x. 

B 'f 247 - 1. t~n . sinco 

~ 11 . -
. 47 ) + ( 223 - l)' : X! = (2

47 
- l) T n · 

v . . c r c T cm sinc n 0 ( 247 - n ~ 2~7 - 1, 
' 

v havo ..\ ~ X = ( 2~8 - 1 ) - ( 24 7 
- n) ~ - ( 2

4 7 
- n) = ::i. 

But ( ·a · ' m • 248 - l 80 a + x -

1a1 T IX I ill I!l (rood 248 - l) Md 

• ·.1) x ~ ~ f\ + ~ -(mod 248 - 1) • ~ 
·-· ~ .. 

.. 
_,, 

!I\ - I 



L I ( 

Cnsc II: x < 0 and a > o. In this case / 

a E---. A. = Oa46 ao - •a1 

lxzz I 

x r "' X = ... Xo 

XA I I 

( 218 1 ) - 1 1 X22 ... Xo = - - ' X t a nd -
I 

XA - 0 0 --22 ... XO - txf. - -

If x' ~ A then A ·.r x A •• I 

.. i.. = - ·'1,. = 1a' - . x•. 

But if XA / then ' a nd 0 ( $ 21 1 h. • X 1 ·ai 1111 - I XI -..:: j: 
' 

ix : = a • =~ . On tho o t he r h:md, if 

v ' ' . 
"'n. / A then A Id.-: X = ,\. + X..-i = 1a 1 + (248 - 1) - I X I = 

(218 l) ( I I P., I ) • 
I 

) - - X I - .Also, if x b. then :A 

I X I > 1 (l f Md 0 < i x 1 - I a I / 217 - l and ' ' · 
.idt) x H - (Ix I - I P. I) - a + x. -
C<1. so III : x :::- 0 Md ?.. < o. In this ca se 

XA = 0 

, 
XA -- 1 

, 
I ( 2·~8 1 ) a t--j A = l c.46 ... ?..o = - - I ::t I , 

I 
I 

If x, / .... t hen ,.\. ;i: A - x. -:- = A .n. ' .n. -
( 2·~8 - 1 ) - ia, ( ( ~f~A - 1) - I X t - - !llt .... I X i • -

'? .. ~ s o 0: - 1~1 + • X I ~ 2~7 - 1 t hen ' x 1 ,, 
/ 

and .1 ~ X ~ - 1 a I + i x ~ = e. + x . 

- 6 -
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" 
I 

If XA > A then :A (.1 x =A + x :A = (248 - ) - ( :a I - ' XI). 

Since ~> A, IX• <. ' (l ' e.nd 0 ( ta • - l X I 'S 247 - l so 

A tt.: X ~4 - (,a r - 1x1 ) = Ft • x. 

Ca.se IV: x '. 0 and a. ~ 0 . In thi s ca se 

= la~6 a ' - ( 2/~8 - 1) - I ~I 
0 -

XO 

x and 
0 

0 x22 • . .. x
0 

= I X , • 

Since XA ( A, A' x =A - x~ = (248 - 1) - ( 1a• ~ . XI). 

If •a1 .. I X1 "' 247 l then ' 
).. .-., x E- -~ - ( •a , ... 1x d -- a • x. 

Eut if ral + JXI ;. 247 - 1 hen, si nce 

18 1 ... IX 1 ( (247 - 1) + (223 - •)I 1 n t • f .X I - ( 247 -- l) • D 

where 0 < n <. 223 - 1 . Then ( 2-18 - l ) - ( 1 a , ... r x 1) = 
' 

24 7 d s 1 0 < 24 7 - n ~-. 2
1
' 
7 - l , - n, an nae ..: 

A ~ X ~ 247 
- n = n . But - ( - ( n1 T I X 1 )) = 

60 ( 1a1 - 1x 1 ) :: 1:1 ( o d 2·kB - lJ 

e.nd A C) X ~ r.i :; a .. x (r.iod 2 48 -

The above ~rgunents prove that if x.~ and a ~ x re 

within the r ant;cs of ::ra, .AC and .AC r espectiv<· y , h n 

a + x ~.A ta X and if ?. • x is beycnd t h o r tuige of AC 

- 7 -
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the A EFX is still the correct image of a • x · modulo 248 - 1. 

D. Subtraction. 

Subtra ction :.s perfor med by the computer by subtra.c ti ng 

Xp,_ fro m A using end-a round borrow when nec es sa r y , i.e., 

A L x = A no-._ x'. If • d ,- h x' ~ ·r· a f---) .~ an x E-----7 .\. t en - x ~ M d 

n + x (~od 248 - 1) P.nd 

I 

- A 8 X ~ a + ( -x) = a - x or ."I. ~X (~ n : 

a - x (mod z48 - l) as the c~se nay be . Thus the de s i r ed 

correspondence is pr0sc rvcd by machine subtraction. 

E. 3a sic Arithr.ictic Cpe r nt i on s. · 

~olow is a t abl e sur.~ariz ing the b~ sic a rithnctic opc r~ti o ns . 

NUHBE~ SUi3'i'~~CTED E'TO .l\.c n~ T:--::E En.S IC 0?~!1.ATIO~:s 

GPE...ttATIOl ..... c DIGI TS 

a'17 ?.46 
.., 

:-' 23 
.., 

'11 
., 

- 21 "22 ~ . () 

ADD M TO AC / I 

Xz3 
I . ' X23 X23 X23 X22 xl XO 

! SW3TR.'1.CT XR mo,.: .t-.C X23 X23 x ,,3 x...,- :x22 xl XO 
~.:> 

' JABSOLUTE ."l. :J:) :·~ TC ,.c 
I ' IF :C23 -- 0 l 1 1 1 X22 x, x 

IF X23 = 1 l l 1 1 x22 7.1 XO 

.AB SC LUTE SlJ3T:RnCT .B FRO!·! AC I 

I? X23 - 0 ij • ) a 0 " Xl XO - " 22 
I I 
I 

I ? 1 '.") 0 
I x' X I i "\ x23 - x2 2 - , 

0 I 

- 8 - r/)1 



The only operat1on6 in t his table which have not been proved 

to yield correct results Are the oper at ions of absolut e Rdd and 

abso~utc subtrnct. From n consideration of the digi ts put irrt o 

AC in these operations i t is easily verified thnt they co rrespond 

t o the true operations of addition and subtr~ction of ~bsolut c 

vf\J.uos. 

F. Eultipl1.c'L t1on. 

In addition to X:\ nnd .-C tho a rithnetic section contq,ins a 

~-Register, Q,R, which holds a 23 digit signed binn. ry n.s n 

dig itAl punbo r of 21 digi ts just ~s ~ do cs . ~ 11 the di gits of 

·~~or of AC m,,~y be shif ted l eft ::tny nu.~bor of pl~ces fron 1 to ·1?. 

The shift is circula r, i. e. , fl. digit shifting out the left end of 

thu ~egistc r is not lost but shifts t o t he ri gh t end. 

I n the pr oof of the ~ul ti nlic ;~ tion n.lco rith~ we wi ll need the 

f ollowing two lc~mas. 

Le::i."'.l.."'- II: Lot .ii. = P. '1 ? ••. P.
0 

be "" d i ~ it;i. l nunbc r in AC . Let 

~ be the r esult of shifti ng ~ circu.l '\rly to tho left s 

pl .-=i.c c s whore s ( 48. 
- s ( i18 ) Then A ;:: ~i 2 r..od 2 - 1 • whore 

is thv pr oduct of v.·i th the digi t-..1 nur:bc r (no t its 

Pr oof: 48 plP.C CS 

- --- · ----- - · ----- · ··--- --··-- ~ 

A2s - "'-.: 7 ... n,~8 - s P •. 17-s ... <".0 ~-~-: ·_·_2._g,.. n.nd 
S pl:\C C S 

- 9 - ' 



But 

. 48 
a47 ••• a48-s 0 0 1 ••• 0 0 = 2 ( a47 ... a48_9 ) and therefore 

48 places 

and A "' ( 4:8 ) A2. mod 2 - 1 . 

Lemma III: Let A and ] bo two 48 place digital numbers and 

let ABB denote their difference using end-around borrow if 

- -
necessary. Lot A, ], A 8 B denote tho results of shifting 

each s places where s < 48. Then A 8] = A 8 B. 

Proof: All congruences here are modulo 248 - 1. It is implicit 

- -
from tho result on page 4 thnt A 8 B =A - ], A 8 B ~A - ]. 

From Lemma II, A= 2
9A, B = 28B, a;d he~~o : - B ~ zS(A B). 

Thus A 8 B = 28 (A B B) = (AB Ii). - . - But o < A a ] < 248 - 1 '· ...... 

0 ~ A 8 B ~ 248 - 1 and therefore A 8 B = AB B. 

When the computer adds and when it subtracts it computes 

• an end-around borrow difference, which operation wo have de-

noted by 8 iri Lemna III: Thus Lemma III holds for both 

machine addition and machine subtraction. 

Lemma IV: Let the AC digitA.l number A -(----7n where 

1a1 ( 223 - 1. Thon if s ~ 24, A ~ a28
' 

...... 

Tho truth of this lemma is most easily seen fr om a con-

sidera tion of cases a 23 = 0 and a23 = 1. 

We now proceed to the multiplication algorithm proper. 

- 10 -
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1-lul tipl i cation ~lr;o ri t~ 

In i+;in.l contents 

Q,.'t contnins Dultipli cr 
XR conta i ns r.ml ti plicl".nd 
AC contA. i ns nunbc r to which 

t he p! ~ duct is t o be n~ded . 

.d.lgo ri thn 

1. S~ift AC 2~ pla ce s l ef t. 

2 . If q23 = 1, subtrnct X!\ i n t o AC . 

If q23 = 0 , proceed directly to step 3 . 

3. Do 21 times : 

.[\. Shift .~C one pl ncc l eft. 

b. If q23 = 1 ndd ):rt in GO .rl.C , 

o t herwise pr oceed t o 3C. 

c. Shift Q,a one pl.'1.CO lof t. 

'1 . If 0..23 = l, ~dd XR i nt o AC . 

Re su1 t 

. ' 

.. 

AC cont '1. i ns pro" ·tcc pl u s it s ini t ,v . .:. cont ents . 
Q.3 cont a.ins r:rnl iipli e r. 

L -1 'YJ 

• I ' 

q ~ Q - q23 ... Clo · ~t t he end of th0 opcr nti on AC h'l.s been 

shif t ed l eft ·18 plnco s nnd is bnck wh~ro it s t~rt ~ d . I n view 

of L cn.r:lf>. I II we :J~Y consider t he ; ; hold strt t i onP.r y [tnd X.."t 

shif t ed 1'\lO!lb it c,-..ch step . Si nc e Q,_'t is shifted Cr\Ch st ep .... c 

- 11 -



may consider tho M;\Chine to cx,~ine the ~roper digit of ~ ·:1th 

q,R held station~..ry. ExaninRtion of the ~lgorithr.i in the light 

of these r emarks shows thn.t the :nnchinc co~putes the sun 

1) $ e' (!; ~ © 
.......... 

,n .0 .0 •.o .D .0 
(\J 0 I-' ,\) r'.) 
'vJ I\) 'vJ 'vJ 

x >< >< >< >< >< Ill 
I\) l\.l 1\) I\) l\.l 1\.) ' +=" 
'vJ 'vJ 'vJ 'vJ VJ VJ -.J 

>< >< >< Q) 

i\.l I\) :\) ' +=" 
VJ VJ I\) ~ . >< >< >< 11' 
I\) ' \) I\)' +=" 
\.>I r J I-' Q1 

>< 
I\) 
(\) 

>< >< >< >< °' I\) I\) (\) I-'' I\) 

\.>I 'vJ 'vJ V1 

>< >< >< >< >< ~ 
I\) I\) I\) I-' O' r'J 
'vJ \.>I 'vJ +=" 

>< >< >< . >< >< >< Q) 

[\) I\) I\) I-' 0 r'J ... (\J 

'vJ 'vJ ru 'vJ 'vJ 

>< >< >< >< >< Ill 
1'\J (\) 0 r'J (\J' I'\) 
I\) I\) 'vJ I'\) . I\) 

>< . , 
r'J 
'vJ 

>< 
t-' 

>< >< >< >< Ql 

I-' f-' 0 I\) ... I-' 
'vJ 

>< >< >< 
0 () I\) >< >< >< °' 'vJ (\J (\J (\J ... 0 

'vJ VJ 'vJ 

! t ! ! ! ! ! 
I 

>< >< >< >c >< >< ~ . . . • 
N r'J I\.) I\) I'\) I'\) 

0 0 (\J I\) (\J 
I\.) 'vJ ~ 

.0 .c .0 .0 .0 .0 
(\J 0 ~ ru I\) I\) 

VJ I\) 'vJ 'vJ 

l!J/ 7 
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The cor.plenent is used in t~c second line bocAusc rn.~chino 

subtr ..... ction is the sane ri. s l".l".chinc 11.dditi on of the compler:icnt . 

The fnctors q1 to the left sir:iply indicnto · whct hcr or not the 

t er n is to be incl udcd in tho to t:\l sw:1 ( ri.cc or ding 11.s q1 = l or 0). 

Tho correspondences t o the right f ollow fro n 

LcT:lr.lP. IV . By sect i on C the t o t ~l o~chine sun corr csp9nds t o the 

sun of the :~1.gCS or t o sor.ic nur:ib~r which is congruen t nodule 

2·1-8 - 1 t o t he sun of the i r.i>.gcs . Let P be the r.1:1.c hinc sun 

of the di bit'll nUJ1bers. Then 

P~p 

If q23 = 0 then Q, (~ q = 0 '122 

0 

a - x 22'1 q23 2=: x 2 i qi ... x q23 - ;). ... ,. 
i.::23 

n. ... x q nnd p (~ p ('. + q x (nod 218 

If, on t he o t he r h~d. · ~3 = 1, t~cn 

I 

G, <.--;. q = - 0 q':>2 
. L;, ~ 

..., , 
x - 2~ · -' . ,. .. 

'1. 23 

, 
X•2i·( l ~ - " L_ 

1=23 
-

q · < 0 and 
0 

0 

J . ) ' -('. - x = · l L . 

i=23 

this c -: r;c 1.S well ;~ s th c.: first 

~ - ( r·.o d ~-~B 
J ~ p = ('. ~ q x 1 ) . 

= .'\ -

2 i I 
qi 

( r:iod 2'18 - l ) , 

0 

x ' ~ q i 
...,1 , c, = 

1=23 

1). 

= ., .. .. q x . T~us i n 

. , 



L -1t.// 
:J . Divisi c n. 

In p c rfo rn i ~~ the division opcr.\. tio n t he conput c r ~oc s 

thro·i.gh the process i ndicn. t c ct i n th0 f nll o.,.: ir.;; d i .1.;r .-cn . 

:Ji v isi o.'1 ,1. 1.;o ri t hn 

Inithl Con t C' :-·•.s 

~; i s cl c \red. 
:.3 c on h ir.s di vi s c r 
~C c cnt ~ ins dividcn~ 

AL-:-o r J. t h.ri 

1. 

2 . 

3. 

C;-. s c 

C!l.SC 

Shift 

Do 2·i 

I: If 

I I : ' If 

:~c 2·~ 

ti!lcs : 

~~? = 0, co t o st ep 2 . 

r..
17 

= l, r>.bsolutc subtrri.ct- XR 

i n t o ;..c. 
p l a c e s. 

~. Shift ~C Ln o pl~c c . 

b. If P. -- x
23

, subtrP.ct A..::i. i nto , 1. C ,..:nd ins ~ rt ·2.1 
1 in q

0
• 

c . Shi ft :,,..'t or«: pl "I.cc . 

•r • Do one of the· fc ll r, winG: 

D. . If c .. 211 l = -. 
,;,,c I 

b . If :i. z ,~ - 1, -
.n.C. 

c. !f A.2 ,~ - 0 , 

d. If ?.2·1 - S , 

Fin2.l Cont e: r.ts 
Q,rl cc nt o. ins quotient. 
Xrt c ontA.ins divisor 

... 
1. C '.'.S C 

r cpl l'.cc 

if C <:!. S C 

if c ar ·; 

if c ri. s c 

I: .Ab so l u t c n d. d 

qo by q33 · 

I I: .n.bs c 1 ut c .n.dd 

I: No A.c t i on. 

II: Rcpl ?.cc qo 

AC contllins l oA. st non-ncg~tivc rcnn indc r. 

- 1'1 -

A:\ into 

XR in t o 

by qz3 · 
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In the proof of th o vril idi t.y of tt:i s ~lgc ri t hn we shP.11 

nc d the 

Lcnnn V: Lot f(x ) = 2 x - ~. Then 

0 :) 

f(x
0

) 2° + ~ f(xk•l) 2!'" = ,L xk 2-- ~ (x
0

. - :)(2r,+- l - 1 ) . 
k:n-1 k=n 

Pro 0f: ..,n + 

0 

" L-. 
k-::n-1 

0 
~ 
t:__ 

k :: ?:- !.. 

( '.) 1 '> ~k .., ~+l - - - -

~n 
- c;, 

n_, 
~ -

c 

C:"'..sc I. ' Tr.: wi ll first c o n::;i rh . r t ~ . .: c ..... li<' · f twc J s itivl :::iu: . -

III. The .,c will 'Je: c .._ n ::: ir ... r ~ O. st r._t i rJ n .r y "'. n~ tr . .::: ~ ::;.. sl i d 

along it .-m :1r.loun t .ff: i : h en .: X?.r.i:: -. t .i on " f tr .. :· ".L; J ri tr.: wi 11 :·nk :: 

evident . S i ,,; iln rl y '.{~i. \Jill 'tie c onsi de r e d shti:Jn ·.ry 2nd t !'. 

c or.iputcr will be P. SSUJ1(.;l~ t o inse rt t h .. p r e 0 r d i c it i:-i he- vr · -

per p ll".CC. In th e C"'.s ... o f twc non-n e:c.t ivc· mr.:), r s t c ' iviz i ·::. n 

1~1 :>7 
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x :: 

i 0
• Shift AC 25 places 

Subtr~ct XR into AC ruid ineort 1 in ~· 
Shift QR one place. 

2°. Do 23 tine s 
a. SM.ft AC one plnco. 

= 0 

b. If a.-. - 0 - c:: tl aubtract XR into AC ruld insert l in ~ · 

If a 24 = l add XR into AC. 

c. Shift Q,R one place. 

3°. Do~ of tho followi?lb: 

a. If a24 - 1: Add XR into AC, -
b. If a2·~ = o: No action. 

0 Step 1 • Make <lo = 1 And cor.:iputc 

.... . ..... 

replace qo by q23. 

ao ~ a 11.47 a46 f\25 1'!..24 1'1.23 a 22 

0 (, \'--4- x 223 

9 0 X23 ... .. .. . .. .. XO . .. . .. 
l 1 

J25 
l 1 1 1 X223 = - n~7 n46 .... 0 24 n23 n22 . ..... n0 = N1 ~ a --

If we defino f( t ) :: 2t - 1, we rove , aiocG Clo = 1 , 

n
1 

= a - f(q
0

) x 223 • Now let us a ssuno that not only do X 

and A represent non-negntive nuribors, but also t~t 

nl. 

0 < x ~ 223 - 1 and 0 <. a < x 223 . Then -x 223 ( n1 < 0 

and I 0 
1
: ( X 223 • :But X 223 $ ( 223 - 1 ) 223 ( 2-!G - l, 11.nd 

- 16 -



( nott that 

with x 3 -

T crcforc 

l st ep l 

l 
1,6 is nJ" t.c 

L -J '// 

l 
= n-46 nn d since 

G i) 2 . n.~ s coap r ed 

r <; . 1.. rr d t o in "'c ' .., 

, ""T"'" , 

the o~cration i n s · s is ,.. ~nd 

1s left -..::: 0 . 

St t.: p • o Subs tcp l : C o~put 

l 
, 1 nl 

n47 r.46 n4;; .... n.,, n 23 n22 . ..... - nl 
, ft; 

J 

22 

:±J 0 0 X23 XO 0 0 ........ :x 2 . . . . . . . . . . . . . ... 
2 2 n2 2 

..., 2 n2 x222 
" N3 - n47 no.16 r.2 ,~ n 23 n22 ...... - H n1 ... -

- 45 0 - -

Si nce = o. f ( ·, x ..., 22 
n2 = 0 1 - 23 " 

Als o 

n2 . 

323 
') ..., ...... x 

...,..,2 and n2 ) - x 222 e r 
2"' l\ - x 'l'hus n., ( x - x -'- - G 

.... 

..., ') 
. ,. 4 '"· 245 

n 2 ! ' 
~' 3 "'~<"' 1 

/ 1. The r e-
I x _ .... t. x 2 - S C.. I r.2 \ ' -

' 

fo r e 
2 .... 2 .'.'.J;d sinc e th l t1.; r 0 ti c r. c f sutJ t " r ?, is 

n '17 = 0 46 = n4:.::i 

P.c - " rd i~ P. S r i i s , _. u r ~, t"c::o r -

i nL -. ~ "'> 0 · o r r:., ( r· 
' 

Subs 
. p ..._ . C . pui u 

..., 2 _2 ") 
..., , , ") . , 2 

n':' ' . <., ~ - n: r. ·- n2 
~t 

r .. J.1 - .,- .. no ~ 

..., " . . ~· 
(,,. • .. 

~ o r !~ a 0 
c :) 

221 

~ 
v X:_-i~ . . . . . . . . .XO .. ......_, x 

'.\ "? 
•; :5 3 n3 

- r.221 _ 

= n47 .. :--.1 n , . . r. , n..., .., :122 n21 
- - -~ n . ... 

•,6 
, c .) 

i1• 1 
..,., ...,., 

...... . ...... 
Since ·1?"i i l · r F\ c cord in<:: :\ ~ t he. oyi c r :·ttio n i s :- - 1 or er..: • '- , 

Iv 

T':3 

1.., -
1?/ 1 
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+ 21 
Aleo ~ = Ila ... x 2 aocording a• 

~ < 0 or n2 ~ O. Thua 

~ 1 = Ix :/-1 - 'lla' I , and aince ·x 2
21 

- l~I ~ x a21 
and 

t n2 ! - x ~ ( lt 222 - x a21 = x a21 , ve have 1 n3 f ~ lt 2
21

• 

ht x 221 ( 244 - 1 and 10 I ~ I ( 244 - 1. Thero!ore 

n~7 = n~ • n~ = n~, and aince tho oporation of 1ub1tep 3 is 

e or t;ij accordin8 &I ~ : 0 or l 1 t ie 8 or~' ACCOrd.ing 

l'or a genoral k, 1 <.. k < 23, aesumo that 

Since tho next operation ia ~ or (.±) according aa 

1 t is 9 or Gj l\Ccordint: a• I\~ 0 or I\ "- O. 

Subatop kt Coopute 

•D~7 • • •• ~7-k n~k ~-k nk-k 
Io 0 

n~?-k = 0 or l, 

n 

0 

Sinco Q.24-k = l or 0 l\CCOrding al t he operA.Uon h e ore • 

~+l = ~ - !(qM-k) x ~k. Aleo ~+l =Die-: x ~-k acoo~-

1ng a1 ~ < 0 or ~ ~ O. Thua I ~.1 1 = I x a23"-k - I ~I I , 

- 18 -

l ~/ 1 
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n.nd si nce :x 223-k - I nk I ~ x 2
33

-k e.nd 

23-k x 2 , we h,·wc 

23-k / .. /~7 - (k+l) 
I nk~lj ~ x 2 ' ~ - 1 . By this i nequal ity, 

k+l 
= n,~6 

C (~ d' r '-. r>..C C Or : . e A. S 

Sinc e the next opc r~ti on is 

n~6~k - 0 or 1 , it i s 

Tho ~~gorithn proc eeds in t his way until finA.lly it wi ll 

be the c ~ s c t h3t - -- .. . -

C1nd. the opcr2.ti on of substep 23 is G or t(f) accc rdill.b 1\S 

n
23 

~ 0 or n23 ( 0 . 

Subs t cp 23: Cor.puto 

n 23 n23 n23 23 n23 
4 7 

........ 2·1 23 n22 . .. ... 0 t--7 n23 

e 0 r ~ 0 ........ 0 x23 . ..... .... XO t4 7. 20 

Si nc e q,
1 

- 1 or 0 ncco r di nc a s the opc r .-.. tion is e vr 1rj? , 
0 

n2~ ~ n23 - f( q1 ) x 2 Al;;o a.ccordinG !\S 

Thus 

WC have I n 2.1 f ~ x < z23 - 1. By this l l\st inequality 

" 

- 19 -
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Recapitulating our results through step 2°. we hP.vo 

n24 I ~ x and 

Ml ~ nl = a - f(cio) x 223 

N2 ~ n2 = nl - f(q23) x 222 

N3 ~ n3 - n2 - f(q22) :x 221 -

0 
n a f( q

0
) x 223 ,- f( q ) x 2k or ~ 23 ~ - - L .. k•l • 

k=22 

Leann V nnd tho fA.Ct thr~t 

We know th.'.l t then 

For a.ssunc Then. since the nunber 

added to or aubtrl\Ctcd fron in substop 23 is x. tho 

operation must be t:3 . for i~ it were ~ • n
23 

would equal 

zero and zero calls for subtraction. Now since the oper ntion 

~ l 
is t:;. • ve must have n23 = 2 x = x 2 • In substep 22 the 

- 20 -

u/ 1 
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ope ration r.'lUst Abain be ;~' , for if it wer e 'j~ , wo vould h.'1.ve, 

in view of the !~ct that x21 1s added t o or subtr~ctod from 

n22 in substop 22, n22 = 0 whi ch would c~ll for subtr~ction. 

A.g~in . since the opcr~tion is ~:j 

Procccdint; in tni s wfl.y, we find thnt the opc r 11.t ion of substcp 1 

is .- ·~, . But we ;"l.lre :>..dy know th.At this operr>..tion is J.:,· n.nd hence __ , 

h.-ivc contr::1.diction. Therefore 0 <:. J•o w if 24 0 we n n2A <'' x. n2'1 --
' - ' 

then no action is t aken in step 3 n.nd .il.C con t:"'. ins N2.~ ~ n24 , 

and Q,R c o nt~ins ~ = q23 ••• <io ~ q = q23 ••. <lo since q23 = O. 

0 
But 0 21 11. - x ~ qk ~ - A. - qx or a = qx + 0 2·1 where = L - -

k=23 

0 ,, 
0 2.1 x. ' ' ' 

On the other h<--nd if 2· '- 2·1 - 1 then -x , 0 24 < 0 . nz .~ - 0 47 - ~ 

We do know thP.t ?.. = qx ~ ~where q is tho ir.J? .. {~e of the cont ent 

of Q;..~ af t er st ep 2° . In step 3° , i n t h i ~ c~se, q0 = 1 is r e-

rla cod by q23 = 0 .<Uld QR r epr e sent s q = q - 1 a t the co~p l c-

ti on of t he entire opcr fl. t i o:1. "·,1so ~=-~ is 11.dded t o .AC 1'\ncl a t the 

end of the oper~t i o n hC repres ents + x. But 

( q - 1) x ~ (n21 • x) wher e 0 ~ n2~ • x , x. 

Thus we have provt.:d th.,_t i~ G <. x 'S. 223 - l fl.Ild 

0 ( e. < :x 223 then the t'.. i vi s i on n.1,-;orithn t; ives the correc t 

- 21 -
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rosult, thf\t the contents of q,R, AC and XR correspond respcc-

tivcly to tho quo";i cnt, the l ef\st non-ncgn.tivc r cr:i._.,,Lldcr and 

tho divisor. 

Suppose . 23 23 23 
a ~ x 2 ) x 2 - 1 = x( 2 - 1 ) + ( x - 1 ) • 

Thon t he quotient must be &reatcr thA.n 223 - 1, thA.t is to 

say, QP. is net capnblc of holding the quotient. I f a) x 223 
/ 

the computer will not give tho correct answer , nor will it give 

an ~nswcr correct modul o 224 - 1 . 

It re mains t o ext end this result to othor c~ses. In whA.t 

foll ows the 11.lgorithm ... 111 be 'used P.s it strulds on pr.t; o 14 . The 

devic e r:iadc possible by LcIDr.'k~s II nnd III will not be cr.:iploycd. 

C."'.so II: ~ssuno tha. t 

I 
0 > x ') 1 - 223 ,, 

0 < a < Ix I 223 
w \ l x = lx22 -Ox~2 

I ... XO .____, :x - XO -
A = On.·16 ... ·ao -- Fl. - Oa,16 ... ao 

0 < l xl ~ 223 - 1 

then I 
0 < a< I :X I 223 

x' ox;2 
I I I - XO ~lxl - Ox22 XO· v - -

.A = On
1 6 a.a r _, " = On.46 ... f\o 

We know fro m case I thut the computer will properly divide 

a by Ix 1. C~ll this divisi on V c~11 the divisi on of a 

by x division !l • tic sh.."1.11 cor.ipare division ii vith division V . 

- 22 -
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In each division a47 = 0 so no action is taken in step l 

of the algoritho. In substep 1 of step 3 in division V , 

I 
a47 : x23 = 0 so XR is subtracted into AC and 1 inserted in· 

Qo· In the corresponding step of division W , however, 

a47 = 0 1 1 = x23 and XR is added into AC ruid Ito left as zero. 

But in W the content of XR is the co~ler.iont of the content of 

XR in V , and since addition of XR and subtr~ction of its 

complenent are the same thine, the content of AC at the end of 

substep 1 is the sane in W as in V • Sinilnrly in each sub-

sequent substep the contents of AC in V and W are the sar.ic 

and opposite dicits a.re insorted in Q.R. 

In step 4 action (a.) is taken in both V and ·W or action 

(c) is taken in both divisions. If it is (c), no action is 

taken and the rer.iA.inder in AC ls the sane in V as in W and • 

the contents of Q.R in v and w are complcnents. If the 

is (a), X 
I 

e.n.ch action is added to AC in division and in v 

<to is changed fr on 1 to 0 and in w Clo is changed from . Oto 1. 

Thus in either ease (a) or ( c) tho content of AC is the sa.r:ic in 

V and W , let its ir.iage be r. The contents of Q,R in V 

and 'rl are complements. If q is the ir.iago of the content 

of Q.R in v and I is the imaee of the content of Q,R in w q 

0 / q ~ 223 _ 1 1 - 223 <. 
, 

(0 and thon ...... and q q = -q. ..... 
' ' --

Froo case I' 8. - q I XI +. r - (-q)(-Jxl) + r - q x ~ r. -

- 23 -
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The Algorithr.i ia thus valid in thia case A.a vell a1 cnao I. 

Case III: Let 
r 0 (x / 223 - l 
' ~ 

I 0)8.)% <1- 223> 

V t' ., = Ox22 • • • Xo ~ x = Ox22 • • . Xo 
t. l /'\.:.I I 

A · = A.46 • • • 8 0 ~ a, = -va,46 ° 0 • 8 0 

The division of a by x vill be referred to as division V • 

In step l, since a.47 = 1,. XR is subtracted fron AC. The re-

sulti :-1£ digitnl nu~ber is z = 

a - x ( O. Let division W be the division of t z I by x. 

Now 

0 ( ! ZI ( x223 (Since •ZI :ta-XI ( fat + 1XI < x(223-l)+x -
' 

In step 1 of division W nothing is done. We will cor:ip.q.ro 

steps 3 of divisi ons V and W In substep 1 of W XR is 

subtr~c tc d into AC and 1 inserted in Clo. In substep 1 of V 

since z47 = l 1 0 = x23 , XR is A.ddcd into · AC and 0 inserted 

in <lo · Since the contents of AC just before substep 1 in V 

and W a r c conplc~cntary, and the oper a tions a rc opposite, the 

r csul ting digi t 11.l nunbcr s a re co r.ip lcr:icnt 11ry. Thus in substcp 2 

- ~4 -



the operations are 8€a.in opposite and opposite integers inserted 

in Q;R. The process obviously continue s in this r.ll\Dller, and at 

the end of step 3 the contents of .d.C in the divisions V and 

W are cor.iploncntary A.nd so arc the contents of q..~. 

Let d, -d, q, -q be the il:l8(;e s ~t the end of step 3 of 

·the contents o-: AC in division V , AC in V , Q,R in W 

a.nd Q.R in V respectively. In the c0urse of the _proof of c~se I 

we showed thfl.t !zl = qx + d even before step 1 is tl'\ken. 

Therefore z = -1z 1 = -qx - d. Suppose now thR.t in step 4 of 

division V course .(b) is taken. Then AC becomes the il!\860 of 

-d +X and Q,R rennins the irnRge of -q. ·But since z = a - x, 

a = z + x = (-qx - d) ~ x = (-q)(x) ~ (-d + x). Of course 

0 / x - d / x. ..d.ssur.ic on the other hR.nd that course (d) is taken. ~ ..... 

Then AC rel'.l~ ins the int\ge of -d (which in this al t e rlll\ ti ve r.ru.e t 

· be positive) and Q.R bcconcs -q + 1 since ~ is changed from 

0 to 1 and -q < O. Herc a = z ~ x : (-qx - d) ~ x -

x(-q • 1) + (-d). Thus in either cours e , at t~e end of the 

operation XR cont~ins the divisor, Q,R the quotient and AC the 

least non-neeative rer.IP.indcr. 

Caec IV: Let 

x~1-z23 

a '> i x l ( 1 - 223 ) 

I I 

~2 • •. Xo H x = -Ox22· . ·lto 
I I 

la46 .•• a 0 Ha = -Oa46 •.. a 0 

- 25 -
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• 

then 

" 

(o< 
O> 

I x 

A -
\.. 

= 

L -l"'I · 

I xi ( 223 -

a >I xi ( -223 

I I 

Ox~2 
I 0122 ... x0 ~ i x r = XO 

I I 

- 46 ·• · ao 

~ wi ll compar~ di v sio V , an ins tanc e of c~ so IV, with 

d1v1 s l on W , an instance ') f ase III. In step l t he 68l"le 

action is taken in each division and the con t ents o! AC in each 

are the sane a t the end of is step. In su s top l of s t p 3 in 

divisi on w t I 

a47 = 1 1 O = ~3 o XR is addod int o AC and 

0 inserted in Clo. In tho corresponding step of division V 

a47 = l = 123 so XR · is subtr~c ted into AC and l inserted in 

<lo· Since ma.chino addition and ma.chine subtraction of tho 

co~ploncnt are the sane thing , tho contonts of AC at the end 

of substcp 1 arc tho sa:ne i n ench divisi on. The process con-

tinuc s in this way, and at the end of step 3 the contents of AC 

in V and W are the same and the contents of Q,R arc comple-

mentary. 

Let r be the i mAge of the con t ents of AC in each divisi?n, 

let q and -q be the inage11 of the contents of Q,R in V and 

W respectively. If in st 4 cours (b) is taken in W it is 

taken in V • Should thi t he CR &e, QR remains the ea.me and 

in each divisi on AC bccoocs t he irna ~e of r + 1xl vhich ls 

positive and l ess than IX•. But from case III 

- 26 -
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T 

1 

a : I x I ( -q) .. { r ... I x I ) = ( - I x I) ( q ) + ( r ... I x I) = xq 'f" ( r ... Ix I } • 

If course (d) is takon in W it is t~cn i n V also. Here AC 

r coains tho imago of r which ~ust in this cnsc be positive 

and less than I xi. In W , Q.R becomes the ir.1Agc of -q .... 1 

and, in V , Q.R bccornes tho image of q - 1. By case III 

a : I x I. ( -q • l) .- r = ( - I x I ) ( q - 1) .... r : x( q - 1) + r. Hence 

in each case XR is the ir.iagc of the divisor, Q,R the image of the . 

quoti ent, and AC the image of the lcnst non-ncg~tive remainder 

a t tho end of the operation. 

V. Cases involving zer o : If 0 is divided by a positive number, 

the quotient turns out t o be 0 and the r e_l'.l1\indor O. If 0 io 

divided by a~ ncc;n tivc nUt:Jber the r ema i nder is 0 l'l.Ild the quotient 

is all l 's, a r esult which is not coopletely nonsensical. !fa 

positive number / 223 - 1 is divided by 0 the quotient is ~ 

all 1 1 s and tho r cl"'lair.dc r i!l the di vi d , If a negative 

nur.ibcr > l - 223 is divided by t q,uot ient is 0 and the 
/ 

remainder ii! tho div idon! ( e tiV C' if 0 ia divided by 0 

the r emainder is 0 and the q oti nt Rll l's . The se r osulta 

arc easily verifi ed. 

We have proved thAt if 1 - 223 < . x <. 223 
- l, but x 'f. 0 , 

' ' 
23 23 

and if lxl(l-2 )(a(1x12 • but a; 0 1f' X( o. 
•' 

then the algorithm gives the correct result. 

If ~ b_ccomce filled with l 1 s through a divilion involving 

zero, and ~ 11 then Rddod or subtracted into AC, the content 

of AC is not altered. 

- 2'7 
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