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!T1•1on in a ~e '•-Copolwent <§JWitr 

1. IJl'TBOllJCTIOB 

In a paper enU tled ft.Ari UJMUc in a One' 1t-Comple11ent Computer• 

P. :Bill1nc-ley gin• eome sufficient conditiona in order that a 0ne•a-

0011plement COJDJ1'1ter produce the correct• quotient and con-ect non

negative reaainder. We ah&ll prove that if his conditione are aU.&btl7 

llMu'pened they are neceaeary and sufficient. ~IO ve shall proTe a 

conjecture of Campaigno and Gincerich on a neceaaar7 and auff1c1en\ 

oondition tor correct divttlon.. 

• Se~ condition D, paragraph 4 below. 

2. 1mi l.LGOlU 'lllM 

Uaing the notation of Billingsley tho algorithm tor division 

follova: 

Initial. contentp 

q,R is cleared 

XR contains divisor X 

AC contains dividend A 

A,lgorith.m 

l. Case I: It a47 = 0, r;o to step 2. 

Case II: If a47 = 1, absolute subtract XR into J.IJ. 

2. Shift AC 24 places. (All shitta are from r18ht to left.~ 

3. Do 24 times: 

a. ~if t A-: one place . 
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b. If a
24 

= ~· wbtract XR into 1£ and 1naert 

l in Qo• 

If a24 1 XZ,. add xa into AC. 

c. Shift ~ ono place. 

Intormodintc contents 

Q;R con ta.ins q = q23 q22 • •• ~ 

XR contains divisor x 

AC contains preliminary remainder r. 

4. Do Q!1Q. of the following: 

a. If D.z4. 1, if Caso I: Absolute add XR into 

Ar,, replace <io by q23. 

b. If 0.24 = 1 , if Cnso II: Absolute o.dd XR into AC . 

c . If a24 = 0, if Case I: No action. 

d. If a24 = 0, if Case II: Replace Qo by ~ 

Final. cont c~ta 

~ cont a i ns quoti ent ~ 

XR contnins divisor X 

AC con t a ins r clllllindcr R 

Observe tha t in 24 r opitions of step 3b of the a lgorithm we sue-

cossivoly ond in thi s orde r de t cmine Qo• '123 , <122• ••• , ql. ~lo 

con ther efore immodint cl J' sta.to 

L3:MMA 1 

If A and X arc of so.me s ign Qo : 1 and if A and X arc 

of opposit e sign ~ : O. 
.J/11 
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.An examination of stop 4 rovcals that ~3 is not modified. 

'lhoro!oro wo can 1Illl1od1atcly state 

q and Q, aro of eamo sign. 

3. CO~~CEPTU.AL : iODB'ICA~ION OF T"&: ALGORITHM 

In division by hand it is not customnr7 to shift tho dividend 

and successive r cl'!lll.indors ae is done in stops 3 of tho I!lllchino al.go-

rithm. Instead success ively decrea sing powera of two times the divisor 

aro added to or subtracted from successive roma.indere. Howovor, this 
' . 

distinction is only conceptual and we . shall throughout this paper treat 

tho ma.chino algorithr.l as though it truces placo in the latter manner. 

As an example consider an eight digit AC and four di~t QR 

and XR. fben with X = 0101, A : 00100001 the machine algori tbm 

produces 

AC 00100001 0000 XR Q.101 
AL4 00010010 

ALl. 00199100 0001 
- x 00000101 

00011111 0010 

ALl 0011).110 0010 
+ x - 11111010 

01000011 0100 

A.Ll lOOQOllO 0101 
- x 00000101 

10000001 1010 

ALl OOOQ.OOll 1011 
- x 00000101 

11111101 0111 

J/11 
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~ . = 0111 ~ = 0110 

r = 11111101 R = 00000011 

Tho undorlined digits are the onos comps.rod. with ~ to 

dotormino Qo, <13• q,z and ql. 

Dividing by tho second method we hnvo 

1011 
Q.101 r 2.0100001 

-0101 
ll.111000 
,. 0101 
OCQ.01101 
- 0101 

OOOQ.0011 
- 0101 

11111101 

q = 0111 

r = 11111101 

~ = 0110 

R = 00000011 

'lhc underlined digi ta arc ngnin tho so vhich are cocpo.rod. and 

/_ /id 

tho r espective successive r cnaindors in tho two divisions nro elides 

of oach o th or. 

4. COBRECT DIVISION 

We shall now sta t e our definition of correct ~achino division 

as foll ows: 

DEF IN1 l'! OU 

The divj~ion o.lgorithn is "correct" if 

( i) A - Q_:( .. 3. -
( 1i) I q, I < 2

23 _ 
1 -

(iii) o~ R-< I XI 
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LEl·1MA 3 

Division is not correct if ~ : <l23· 

It ~ = ~· then by I..ot:Jma.a 1 and 2 ~ is n t lve 1! A and 

X aro of opposite sign. But this contradicts (1) (111 ) o! 

the definition unl c~a ~ = 0 or i : O. But B1ll1ft«&loy shoved. 

Qc) t Q.23 if .4. : o. It only r Otlai na to conaidor = 0 , i o., 

A= R nnd thoroforo b7 (iU) A ) 0, ~ < I X I • I! X :> 0 

division procoods as follows: 

1 
X ··A 

-z23 x 

1hua ~ = 1 and r1 < 0 "1th 1r 1 \ < (z23 - 1) X <(z23 - 1)2<z46. -
Dlerefore the tvo loft hand digits of r 1 aro ono 1a and q23. = 0 

Billingsley proved tho f ollo'tiing: 

A sufficient condition tbD.t a ono 'e-cortploo nt coaputor perform 

correct division is; . 

- 5 -
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CASZ ol, (a47 = o] 

A - a23 Ix\< o 

)n47 = l] 

-A - I x I + 223 I x I > o 

We shall assume tho rosu.lts ,of 'Iheoreo 1 and prove 

A necossnry and sufficient condition thnt a one'a-complooent 

computer porforn correct division is; 

CASE Y 

r a47 = oJ 
A-z23 lx\<:o 

[a47 = 1, (A - IX l ) 47 = ~ 
A- lxl + :1.3 \x\?. o 

~4? = 1, (.A - I X \ ) 47 = 01 
1 = 0 

PRQOF OF SUFJ'ICIENCY 

CASE /, 
1ollowa from 'lhooroo 1. 

CASE e. 
Follows troc 'Ihcorcn l unlose 

A 1 
. . 1 ~223 - A\ ; I x\ = o. 

~t thon division procoode as follows it X.> 0: 

- 6 -
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0 l 0 ... 0 
XIA- IX\ 

+ ~3 I XI 

A - I x \ ... a23 I x I = 0 

- 2<22 IXI 

- 222 Ix I 

+ 221 I xi 

L-/fO 

-222 ! x I t 221 I x I + • • • 4 I x l = - I x I 

'Ibo discussion of nn.gnitudoa of succcssivo roonindors which 

justifies all additions after tho oocond stop is trivial and will bo 

omitted. Then q = l 0 ... 0 and r!:- \XI Step 4b icplies 

Q. = q = 223 - 1 nnd. .a = 0 which i s correct .. 

'!he result for X ( ·o follows by cooplonenta. 

CASE Y 
Since the condition is never satisfiod there is nothing 

t o pr ove . 

PROOF OF NECZSSIIY 

We ahnll diaregc.rd the case X = 0 since in that case the 

conditions of 'Ihoorom 2 are nevor satisfied and division is never 

correct. 

CAS3 o ). 
1 ' 

Asouno tha t division is corroct. 'lllon 

I Al <: ( z23 - 1) I x \ + R < ( 223 - 1) I x I t Ix\ = 

= z23 I x\ 

-7- ?/;! 
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CASE · ~ 

To prove th~t correct division i!!Iplios 

A - I xi + ;?-=3 I XI ~ 0, \~e shall assume A - IX\ + -J?-3 \X\< O 

and prove that division ia incorrect. 1hon division proceeds as 

follows for X > 0: 

0 
x IA - IXI 

+ .223 IX! 

A - I XI -t ~3 I X \ = r 1 

Hore <lo = l and r 1 ( 0 by hypothesis. .If \r1 \ < z46 • 

q23 = 0 and by Loma 3 tho cli vision is incorrect. , If · \?). \ :::> z46, 

\ r \ .> 2
46 

- 2
22 

\ x \ - • . • - \ x \ = z46 - c~3 - i > \ x \ ~ 

::_ z46 - cG23 - i)2 = .224 - i =· 2(z23 - 1) -t i) 2 \x\. 
and R > IX I vhich is incorrect for divieion .by dofinition. 

If' X < 0 tho result follova by cooploments. 

This case 1e poculio.r to mo.chino subtraction which 

takos A< 0 and producos A - I X \ "'.> O. But this can b.appon 

only if A iB a ca.chino rm.mbor vi th a47 = l and a
46 

and 

"aovoral • consocutivo digits = 0, in other vorda, tf \At is 

vory largo. Moro procisoly i! A< 0 and A - I XI > 0, 

thon -A+ I XI > 247 Md -A~ 247 - ~-+ 1. But if 

A = Q,X + R . vi th /~I , IX I and :R all loss than ~. 

than 
-As cz23 - i>2 + cz23 - 1) = z4a - aZ5 

which is a contrndiction. 
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Caapa.ignc conjecturod cond.i tion ( .S ) end later Gingerich con

jecturod condi tiona ( .~) and ( .-) and indicatod a po.rtic.l proof of 

TIDXllm I 3 

Nocosan.ry and su!ficior.t conditions thnt a ono 1s-cooplcoent coo-

putcr porforr~ correct division nro th..~ t 

(6") ;i?3 \Ri,\ ~ 2•16 whore Ri is tho contents of lt£ 

nftor the first of tho 2--1 stops of 

3b in the algori thn. 

NOTE! If vo think of the dividend as stationary and tho succeaaivo 
• 
additions and subtractions of powers of two tines X to A 

as in pare.graph 4 , thon condition ( ~- ) ia that after Qc) 

and beforo q23 havo boon dotornined, tho rona.indor r 1 

satisfies 

PROOE OF SUFFICp:HCY 

Wo shn.11 givo a proof by contro.diction. That is we shall aesuno 

-'- th ( Jr ) or correct division is not por f ornod o.nd shn.11 first -...ow at 

( '° ) is contradicted if X 1 O. 

f 8 47 = 0-j 

Assuoc X > O. 'lho proof for X< 0 follows by oor.iplooonts. 
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Sinco division 1e incorrect. by 'lhooroo 1 A ~ a23 X. 

'!hon division procoods ns follows: 

1 
x : .A 

-~3 IX \ 
A - ~3 I x I = r 1 -> o 

Thon tho loft digit of r 1 = 0 and tho next digit is 

zoro if Md only if r 1 <, ~6 , ond. than q23 = 1 = Qo 

contradicting (tf ). 

The proof 1e sin ilar t o t hat f or Cl\IO / •.• with A, 

A~ z23 X and r 1 = A - ,223 X roplacod r ospoctivol7 

by- A - \X \ • A - Ix I + ~ I x I < 0 and 

r 1 = A - I X I t ~3 IX I. 

CAZ] y \a47 = l, (A - IX\)47 =. 0 J 
,_ 

I:f A ~ 0 
. 47 

nnd A - I XI > 0, 2 ~ A - I X \. 

Hence 
• 
r1 = A - IX I - ~3 IX I > ~7 

- ~ IX \ ?._ 
. 

~ z47 - 223 (~3 - 1) = z46 .+ 1 ) z46. and ( .;- ·) 

does not hold. 

If X = O, 0 S ~:: a.47 - 1 (nod 2), o < ~: a46 - 1 (cod 2) 

ond r 1 = A. '!hen if a.47 = a,16 , ~ = q23 and ( <.~ ) dooa not hold, 

and. if o.47 1 o.46 , \A\> # . and { G) do es not hold. 

- 10 -
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P!tOOF OF NECESSITY 

We shall prove that if division is performed. correctl7 conditions 

( J ) and ( .) ) hold. :But cond.i ti on ( .'. ) holds b7 Lemma 3. 

CASE _, ... 
Aesume correct division and not condition (C ). 1.e., 

l r1\ > z46 • 

~ 

CASE . .. 

CASE y 

CQBQI.TQY l 

Then I r I ~ z46 - 1?2 1 X \ - • • • - \ X \ = 

> 246 - < z23 - l > Ix I > 246 - c z23 - i >2 = 

2:_2(223-1)~1~ 2\X\ -rl, 

\ R \ > \ X \ and ( ; ) holds. 

The proof is identical with Case (~~J 

No proof ie needed: since division is peve~ ~orrect. 

I! A~ O, 

, (i) if A< z23 jx\ division is correct, 

(ii) if ~3 Ix\~ A< -?3 \ X \ + 246 , ( S) !ails and (U-) bold•, 

(111) it A~ ~ I XI -t ~, ( [; ) holds and ( (J" ) fail a. 
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