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employs four squaring circults which utilize solid-state diodes and precision resis-
tors to produce the square of a given input. Figure 2.6-1 is a simplified schematic
typical of one of the four squaring circuits of the quarter-square multiplier. Each
diode is reverse-biased (cut off) by the negative reference source at a potential de-
pendent on the series resistance (R17 R23,etc.) in the reference source leg. To cause
a given diode to conduct, the sum of the X and Y inputs (applied via weighted resis-
tors) must attain a potential opposite in polarity and larger than the bias of the
reference leg. By means of appropriate input resistors (R38and R37,R36and R35,etc.)
and bias resistors (R17,R23,etc.) the diodes may be made to conduct at different pre-
determined values of (X + Y). (The potemtial at which a given diode conducts is
known as the diode breakpoimt.) As the input (X + Y) reaches the breakpoint of each
diode, the input resistors are essemtially paralled. The gain of the operetionsl
amplifier changes as each diode conducts; therefore, by proper selection of compon~
ents, the network of Figure 2.6—1a can simulate a curve of (X + Y)2 with straight-
line segments,Figure 2.6~1b. The number of segments used determines the -mccuracy of

the approximation.

In order to accomplish four quadrant multiplication, four squaring circuits are re—
quired.

Figure 2.6-2 is a simplified schematic of the quarter-square multiplier showing the
patching terminations and the patching block area of the Pre-Patch Panel. For mul-
tiplicatlon or division, a four-connector bottle plug is placed in the cross-—
hatched [:] area; for squaring or extracting square root the four—connector bottle
plug is moved up to the MD area. Note in each case the symbols left exposed indicate
the functions that may be performed. On the simplified schematic the +Y inputs are
designated +Ip and +Ig since they are common only when patched accordingly; these
designations correspond to the +Y input in the upper field of the patching block
and the +Y input in the lower cross-hatched area respectively. Resistor Re is a
3550 ohm precision resistor available for use as an input resistor to the amplifier
used iz/x the multiplier circuit. This input may be used, for example, to produce

Z = XY/10.

&. Multiplication

Figure 2.,6-3 illustrates the patching procedu.re for mul’oiplication of two variables,

do no . ge during problen Q “Note that the orrtput. vol't.age from the
associated ampllfier is -XI/ 10 (due to the inversion of the amplifier). The +X
and -X or +Y and -Y inputs can be imterchanged to produce +XY/10,

b, Division

A variable (U) may be divided by a second variable (X) by using the quarter—square
multiplier as the feedback element of a high-gain amplifier. Figure 2.6=4 illus-
trates the patching together with the simplified schematic for division with the
quarter—-square multiplier.

An important point to note with this circuit is that inputs to +X must be positive
in polarity (megative input to -X) ie,, the problem variable X, must be positive
for division. If X is negative the +X and -X inputs should be interchanged,.
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Both +10 U/X and -10 U/X are available as outputs.

1. The absolute value of the divisor X must always be greater than or
equal to the absolute value of the dividend U; i.e., U/X < 1.0.

2. The divisor X must be positive,

3. The divisor X must never equal zero.

The quarter-square multiplier may also be used to generate various other functions
such as X2 andWX. The patching and associated computer diagrams for various mul-
tiplier operations are given in Appendix 3.

7. DIODE FUNCTION GENERATCRS

Four diode function gener Eors (DFG's) are available for the TR=48. Three are of
the fixed function type (X“, Log X, and 1/2 Log X), and the fourth, a variable
function type (VDFG), may be set to represent a single-valued function. All of
the DFG's operate on a principle similar to the quarter-square multiplier; i.e.,
diode gates are reverse biased such that the input voltage must attain certain
levels to cause succeeding diodes to conduct. As each diode conducts the Zg/Zin
ratio of the operational amplifier is changed.

8. X? Diode Function Generatar

The TR-48 X2 DFG accgp'bs both positive and negative input voltages and generates
either a +X° or a -X< output. Figure 2.7-1 is a simplified schematic of the X<
generator circuit showing the high-gain amplifiers as normally patched imto the
circuit. To generate a +X% function a four-connector bottle plug must be placed
as_shown in Figure 2.7-2a; this jumpers the four terminetions sssociated with the
-X2/10 area of Figure 2.7-1; i.e., the two upper terminations are connected to-
gether as are the two lower terminations. For -X< the bottle plug is moved up
as shown in Figure 2.7-2b. Note in each case the output function is designated
by the exposed printing on the patching block. This feature enables the operater
to determine the DFG output by glancing at the Pre-Patch Panel.

An additional feature, shown on Figure 2.7-2, is the Rq input termination which

provides an input with a gain~of-one via the amplifier connected between Bo and

O2. The output; shown by Equat:.on 2.7=-1 is available when an input Y is applied
to Rq. .

+ £ Ly - (EQ. 2.7=1)
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This entire quantity must be appropriately scaled to prevent amplifier overload.

Additional functions (such as WX or X2/10 for limited inputs) are also obtainable
with the X2 DFG. The patching and computer disgrams are given in Appendix 4.

b. Log X Diode Function Generator

The TR-48 Log X DFG comtains four individual log function generators all of which
are terminated at the Pre~Patch Panel. Two of the generators accept only positive
voltage inputs and two accept only negative voltage inputs. The output of the gen—
erators is the scaled logarithm to the base 10 (i.e., 5 Logqg [10IXI]).

Figure 2.7-3 illustrates the patching for both positive and negative voltage input
log X generators. Additional patching and DFG uses (such as obtaining the antilo
of a log input, multiplication, division, or raising an input to an unusual power%
are given in Appendix V.

¢. 1/2 Log X Diode Function Generator

The 1/2 Log X DFG is similar in theary of operation, patching, end function genera-
tion to the Log X DFG. The difference lies in the output function: the 1/2 Log X
IFG generates the log of the VX (i.e., 2.5 logqg [10IX1]).

d. Variable Diode Function Generator

Frequently in a problem, the dependence of one variable quantity (Y) on another
quantity (X) is known only in the form of experimentally obtained data. The vari-
able Diode Function Generator (VDFG) provides a means, with a single component of
approximating and generating functions of this type.

The TR-48 VDFG utilizes the same technique as the Log X, 1/2 Log X, and X2 DFG's; H
i.e., the VDFG is used to vary the Zp to Zjp relationship of the operational ampli-
fier as a function of the input voltage to approx:.mate a curve with straight line-—
segments. With the VLDFG the operator can conmtrol only the line-segment slopes
since the breakpoimts (i.e., the beginning of each straight line segment) are fixed
at 0, 1, 2, 3, 45 5, 6, 7, 8, and 9 volts.

The TR—-Z.B VDFG consists of two VDFG's: a negative generator that responds to in-

zero to +10 volts. The positive and negetive VDFG's can be used separately or
combined to form a xVDFG for both positive and negative voltage inputs.

(1) Ra atics. Figure 2.7-4 shous the VDFG
patching area and the simplified schematic of the overall unit; the plus and minus
VDFG portions show only a single diode~gated resistor circuit for clarity. Figure
2.7=5 shows the patching for using the plus and minus VDFG's separately; this fig-
ure also contains a simplified schematic of the plus VDFG. The minus VDFG is simi-
lar except that the diodes are orientated in the opposite sense and are biased by
plus reference.
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Figure 2.7-6 shows the VDFG patching to combine the plus and minus VDFG's for bi-
polar inputs. Note that a four-connector bottle plug covers the 10 SEG area of the
patching block; one of the +IN terminations is jumpered to a ~IN termination to
combine the input leads.

(2) Set Up Procedure. The VDFG units are located behind the Comtrol Panel
as shown in Figure 2.7-7. They are individually mounted on sliding shelves thus
facilitating access to the slope potentiometer controls.

Each VDFG unit has eleven adjustments; one is a parallax control and the other ten
are slope potentiometers to adjust the output curve slope between unitary incre-
mental inputs of X. When used in the xVDFG combined mode the parallax pots of the
~VDFG and +VDFG are interdependent.

The parallax potentiometer permits the operator to set the value of Y (at X = 0)
within the range of +10 to =10 volts. The +1 slope adjustment permits the operator
to set the initial line segment slope between O and 1 volt so that with 1 volt into
the DFG, the Y output can be set to a voltage between x2 volts above or below the
X = 0 point (i.e., a slope of 2 volts/volt). The remaining slope potentiometers

(2 to 10) permit the operator the change the slope of each preceding segment by

a voltage slope of ope volt per volt.

Figure 2.7-8 is a sample output curve of a plus VDFG. This curve is used as the
basis for the typical VDFG set-up procedure.

The following procedure is for the set-up of a +VDFG patched as shown on Figure
2.7-5. The set-up adjustments of the +VDFG mugt be started at X = O and contin-
ued in sequence to X = +10. The procedure for the -VDFG is accomplished in a
similar manner, again starting at X = O and in sequence to X = =10,

When setting up a VDFG for combined plus and minus inputs the operator again starts
at X = O, Once the X = O point is set (parallax potentiometer) the operator must
proceed in sequence to gither +10 or =10 on one VDFG, then starting again at zero,
proceed in sequence to the limit of the remaining VDFG.

(3) Iypical VDFG Set-Up Procedure

(a) Release the quarter-turn locking device and slide the desired
+VDFG forward exposing the set—up comtrols.

(b) Select the Y = f(X) amplifier output (designated 01 on Figure
2.7-5) for readout on the DVM (or multi-range voltmeter if the
DVM is not available).

(¢) Ground the +IN termination of the VDFG. Using a small-blade

screw driver set the PARALLAX control for a DVM readout of =2
volts. , ’
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(@) Apply +1 volt to the +IN termination and adjust the +1 control
for a DVM readout of -1,

(e) Apply +2 volts to +IN. Adjust the +2 comtrol for =1,

(£) Comtinue the procedure applying X= +3, +4, etc., and adjusting
the corresponding control for the proper DVM readout as listed
in the table.

(g) For optimum sccuracy repeat the set-up procedure, starting with
Step (g), and making any necessary touch up adjustments.

8. REPEIITIVE OPERATION (REP-OP)

The addition of the high-gpeed repetitive operation feature to the TR-48 provides

a means of rapidly switching the computer integrators between the initial condition
(or reset) and operate modes at controlable rates up to 50 cycles per second. The
computer can be switched from manual to repetitive operation without requiring
changes to the computer program.

Figure 2.8=1 is a simplified schematic of an integrator showing the Rep-Op capaci-
tors and the Time Scale relay. Energizing the Time Scale relay K1, the feedback
capacitor is changed from 10 mictofarads to 0.02 microfarads, thus changing the
integrator time scaling by a factor of 500. By terminating the time scale bus and
relay K1 at the Pre-Patch Panel, the operator cam nse iterative techmniques in pro—
blem solution by operating desired integrators at "real time" rates evem though the
computer is in the Rep=Op mode.

Essentially, the Rep~Op mode, with the time scaling and rapid switching between the
integrator reset and the operate modes, a problem is solved, reset, and then solved
again; this process continues repetitively at the pre-set rate. The Rep=Op circuits
also provide a saw-tooth sweep voltage at the selected Rep<Op rate, suitable for
driving an external oscilloscope. Thus, the problem solution may be displayed on
an oscilloscope that is synchronized with the Rep<Op cycling rate. The sweep volt-
age is terminated in the yellow scope area of Readout Pamel 12.763 of the Pre~Patch
Panel. (See Figure 2.3-2a.) By connecting a bottle plug between the sweep termin-
ation () and the scope X termination of the 12.763 area, the sweep voltage is
applied to the scope connector plug on the rear of the TR-48 (Figure 2.3-3).

To place the computer in the Rep=0Op mode the operator sets the desired ‘rate on the
REP=0P COMPUTER TIME comtrol located on the comtrol panel. This is a dual comtrol;
the outside portion is a four position switch for selecting operate times of 20, 50,

100, or 200 milliseconds per cycle. The imnside combrol (VERNIER) permits the ex-
pension of these four sebtings up to 2.5 times. The conmtrol is calibrated so the
20, 50, 100, and 200 settings are accurately obtained when the VERNIER is turned
fully counter-clockuise.

After setting the desired repetition rate, the computer is switched into the Rep-
Op mode by depressing the RO button on the control pamel. Only those inbtegrators
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with a jumper between the TS bus and relay K1 respond to the Rep-Op drive signals.
9. COMPUTATIONAL ACCESSORIES |

In addition to the gtandard computing elements, certein devices are found useful
in programming a problem on the computer. These items are used as required by the
programmer to expand the computer capabilities.

a. Signal Comparator 40.404

The signal comparator is an automatic switching device that consists of a comparator
amplifier and a double-~pole, double~throw relay. The amplifier compares two input
voltages and energizes or de-energizes the reley, depending on whether the sum of
the input volteges is greater than zero (positive) or less than zero (negative).
There are two separate comparator units terminated at a Dual Comparator 40.404 Pre-
Patch Panel area.

Figure 2.9-1 shows the comparator patching area and a simplified schematic of one
of the comparators. (The second comparator is idemtical.) The relay termination
indicated by the negative sign is the position of the relsy when the sum of the IN,
and IN, inputs is negative, this is the de-emergized position of the relay. When
the sum of the IN; and IN, inputs is positive, the relay energizes and the wiper
swings to the positive contact.

(1) Comparator Switching Data
Relay Switching Time
TYPICAL seeeveeocecscsssscscssnssaveeasss 7 milliseconds
Maximum a1l0Wable eeeeeeesnseessccsessss 10 milliseconds
Sensitivity
Typical seeececccenscvescncassasssnceses < Mmillivolts
MiniMUM eeeesesccosssssccssesscvesssesss 3 millivolts
(2) Set Up Procedure. The problem variable that is to comtrol the compar-
ator switching should always be applied to the IN, termination and the reference or
bias voltage should be applied to the IN, termination. The following is the set-up

procedure for the comparator.

- (8) Apply an input to the IN, termination equal in magnitude and po-
larity to the desired switching level (Figure 2.9-1).

(R) Connect the wiper of a potentiometer to the IN, termination; apply

reference, opposite in polarity to the IN; input, to the potemti-
ometer hi end. = T T
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(¢) Adjust the input to IN, so the comparator relay‘is actuated as re-
quired when IN4 reaches the switching level.

NOTE

By applying a voltage (designated check
voltage on Figure 2.9=1) to one wiper and
connecting the DVM to the contact that makes
when the relay is actuated, visual indication
of the relay switching mey be obtained for set
up.

(d) The comparator is now set for use in the problem and should be
patched to the appropriate signal sources.

b. Function Switches

The Function Switch Group 12.766 provides five, 3-position single-pole switches
mounted on the potentiometer panel (Figure 2.4-5) and terminated at the Pre—Patch
Panel area shown in Figure 2.9-2. With these switches the operator msy manually

switch computer problem circuit functions. The center position mey be considered
the off position.
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SECTION III

BASIC PROGRAMMING

The previous sections of this manual outlined the operation of the basic com-
puting elements of the TR-48. An organized approach to programming a problem
for the anaslog computer will now be discussed. The sample problems-that follow
will serve to illustrate the particular points in the programming procedure.

1. SYSTEM EQUATIONS

Starting from the physical system a mathematical description can be derived using
well known physical laws, experimental results, and any reasonable simplifications
that might appear desirable. The description will include a set of equetions,
coefficient values, initial conditions, and possibly some experimental data re-
lating variables in the study. Next, it is necessary to consider the computing
equipment available for the study, and what equation modifications, if any, are
desirable (for instance, linearizing wherever possible to reduce the complexity

of the study, using finite difference approximations to reduce partial differential
equations to sets of ordinary differential equations, etc.). At the same time the
operator should make any changes of variables or problem modifications that facili-
tate programming. Remember that the equations most conveniently solved on the com—
puter are ordinary differential equations.

2. THE BOUISIRAP METHOD
Consider the equation

a + bx = ¢ (EQ. 3.2-1)
where a, b, and ¢ are positive constants.

In order to solve this constant coefficient, linear, differential equation on the
analog computer, three devices are needed: imtegrators, summers and potentiometers.

Earlier it was shouwn that summation and integration with respect to time could be
accomplished by means of operational amplifiers, and that coefficients could be
set on attenuators. To avoid differentiation on the computer (this operation has
innerent noise problems), the differential equation usually can be manipulated so
that only integration is required. This is accomplished by rewriting the equation
so that the highest order derivative of the dependent variable under consideration
appears alone on the left-hand side of the equation. The rewritten equation is

s=S-by (EQ. 3.2-2)
a. a ’ .

Note that Equation 3.2-2 indicates that if c/a and -bx/a are represemted by voltages



and summed in an amplifier (Figure 3.2-1a), the resyltant output is proportional to
~% (the minus sign is a result of the inversion performed by the amplifier).

If the voltage proportional to -x is used as the input to an dmtegrator (Figure
3.2-1b) the output of the integrator will vary as x.

The resulting output, x, may then be scaled by the coefficient b/a, multiplied by
-1, and used as an input to the first summing amplifier (Figure 3.2-1c).

4 voltage to represent c/a is generated by multiplying reference voltage by c/10a
and used as the second input to the summer (Figure 3.2-~1d). Thus, Figure 3.2~1d is
a computer circuit which, in effect, is an electronic model of the equation =4 + bxX = c.

The steps followed in the bootstrap procedure to obtain the model are:

(1) Rewrite the equation to place the highest order derivative of the dependemnt
variable by itself on the left side of the equation.

(2) Assume that a voltage proportional to this variable can be formed; con-
sider it as the starting point in the diagram.

(3) Integrate this voltage as many times as necessary to generate the variables
on the right side of the #quetion.

(4) Make use of the generated variables by scaling them and summing them to form
the highest derivative that was originally assumed to exist.

(5) Provide any required forcing function and initial condition.
Simultaneous equations may be mechanized in a similar manner as illustrated by the
mechanization of the following set of equations (Figure 3.2-2):

#

y o+ aqy + agz + 332 c
(EQO 3-2"3)

ve

7 + b1é + bpz =~ bgy

L}

0

No initial condition inputs are shown to any of the integrators, so the assumption
must be that all I.C.'s are zero. If a non-zero I.C. is needed, it can be applied
to the proper integrator as shown in Figure 3.2-3. Note that a sign inversion is

present,

(ne point which has not yet been mentioned is economy of equipment. In Figure 3.2-2
the output -y from summer-1 serves no purpose other than to provide an input for ‘the
following integrator. This summation might be performed by the integrating ampli-
fier, thereby saving two amplifiers (Figure 3.2-4). This combining of summation and
inmtegration may be done whenever the highest derivative does not appear anywhere
else in the system of equations as an input and when it is not required as an out-
put for recording.
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FIGURE '3.2-1 EVOLUTION OF COMPUTER DIAGRAM VIA BOOTSTRAP METHOD
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FIGURE 3.2-4 MODIFICATION OF CIRCUIT SHOWN IN FIGURE 3.2-2 USING FEWER AMPLIFIERS



3. SCALING

The independent variable of the equations is represented on the computer by time;
the dependent variables and their derivatives with respect to time are represented
on the computer by voltages. These signal voltages should never exceed the maxi-
mum allowable value of £10 volts, nor should any voltage change rapidly enough to
exceed the frequency limitations of the computing or recording equipment. On the
other hand, the voltages should not be so small that they are of the same order as
possible errors in a problem golution; also, the problem solution time should not
be so long as toresult in inefficient use of the computer. Between these extremes
there is a reasonable value for the voltage variables and the speed of solution.
The process of scaling determines these values; amplitude scaling to conmtrol the
maximum value of the voltage variables, time scaling to control the speed of solu=-
tion.

The maximum values which quahtities can assume in a particular physical system can
usually be estimated from: ‘

(1) A knowledge of the physical system under study.

(?) An investigation of the system equations. Steady state relations and
characteristic frequencies may be employed to evaluate the ranges of the dependent
variables.

&. Amplitude Scaling

For maximum accuracy, the signal voltages representing the dependent variables and
their derivatives should be as large as possible without causing the equipment to
overload. The equipment is designed to operate within the range of 10 volts.
This implies that the maximum expected absolute value of the problem variable must
correspond to 10 volts on the computer. An amplitude scale factor relating volts
on the computer to the physical units of the problem variable can then be intro-
duced. This scale factor has the dimensions of volts per physical unit and is de-
termined by dividing the computer reference voltage (10 volbts) by the maximum ex=
pected absolute value of the problem variable. For ease of calculation, the maximum
expected absolute value is usually increased to the nearest coavenient integer
before calculating the scale factor. The table, Figure 3.3=1, shous typical scale
factor calculations using the relationship:
10
amplitude scale factor = gsiTimsted maximam of variable

When a range is knoun for a variable (for example the variable T in Figure 3.3-1)
a new varisble can be defined to give better resqlution. By defining AT = T-650,
optimum scaling for the physical quantity is obtained.

Having determined the amplitude scale factors, the problem variables in the math-

ematical equations are replaced by the equivalent voltages, adjustments being made
to the coefficients throughout the equations in order to maintain equality. For
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Max ., Expected Value Scale Factor Computer

er (Volts per Physical Unit) | Variable
Problem Variable Max. Expected Range (Volts)
(Physical Units)
Linear Distance, x 0,001 inches 11867_ = 104 volts/inch [1043]
Linear Distance, s 1,000 feet Ll 1 S
——————" ——
’ ’ 1,000 % volts/foot 50
Angular Acceleration, 6 | 2-rad/sec? 10, = 5 yolts/rad/sec? [598]
10 0 _ 1 . P
Pressure, P 70 psi 70 > o= 700 =15 volts/psi [101
10
Temperature 650~700°F | = 0,2 volts/%F [0.2AT]
Let AT = :E-65o 50 50

Figure 3.3=1. Calculation of Amplitude Scale Factors,
and Computer Variables. (Compuier Variable=Scale Factor times Problem Variable)

example, s and & would be replaced in the appropriate equations by [s/100] and [5 8]
respectively. The related coefficients would have to be multiplied by 100 and 1/5 to
retain the validity of the equation. The equations are thus changed into voltage
equations from which a computer circuit diagram can be drawn. Summarizing the rules
for amplitude scaling:

(1) Determine the expected maximum absolute values and/or working ranges
of all variables, including any derivatives which appear in the equations.

(2) Increase these maximum values to the nearest power of ten times, 1, 2,
or 5 so that the scale factors can be manipulated conveniently.

(3) Determine the scale factors by dividing 10 by the values obtained in (2).

(4) Associate each variable with its scale factor and write the scaled volt-
age equations from the original problem equations. ‘

(5) Prepare a computer diagram from the scaled voltage equatlons, and label
it at appropriate points with the computer variables.
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b. Time Scaling

The independent variable of the computer is time and the problem solution time
may be increased or decreesed with respect to time in the physical system. Time
scaling is carried out by defining a time scale factor B, where:

=Bt (EG. 3.3-1)
vwhere
t = Time required for a solution in the physical problem.
1+ = Time required for the same solution on the computer.
B = Dimensionless time scale factor.

If B is less than one, the computer solution is achieved in less time than would
be required in the physical system. If B is greater than one, the computer sol-
ution takes longer than the physical problem solution. When § is equal to one,
the computer solution is sald to be a real time solution.

The time required for a phenomenon to occur can be changed by increasing or de-
creasing the rate at which the phenomenon takes place. This can be accomplished
on the computer by changing the time constants in gll circuits by the same amount.
Usually this requirement is met by changing the time constants of gll the integra-
tors in the problem. (If any other network associated with the problem has a

time constant, it too must be changed to effect a change in time scale.) Changing
the time constent of an integrator amounts to simply changing the "gain" of the
integrator; increasing the input gain to decrease the time of solution, and de»
creasing the gain to increase the time of solu.tion°

If the independent variable of the computer is taken as T, the integrator per-
forms the operation

eo (1) = == f egn (1) dv (. 3.3-2)

Since T =,Bt and dt = Bdts

1 X
eo (Bt) = - %-C»y ein (Bt) pat = - == § ein (pb) dt (EG. 3.3-3)
P
The integrator thus integrates with respect teo time, t, but has a time constant
of RC/p. The computer variable at the output of the inmtegrator is a function

of Bt (or ).

As an example of time scaling, consider a second order system described by
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R+ 2ok +ahx=0 (EQ. 3.3-4)
and x=0,x=x,,a1t=0

The general analytic solution to this equation is

-

~Loogt

x(t) = s "0 sin (@ N1-CZ t + 0) (EQ. 3.3-5)

A computer circuit to represent Equation 3.3-4 is shown in Figure 3.3=-2. For the
case where w, = 1000 and { = 0.1, potentiometers 00, 01, O2 and the associated
amplifiers must provide gains of 200, 1000 and 1000 respectively. These high
gains are not compatible with maximum computer accuracy. If the circuit is pro-
perly amplitude scaled the large gains indicate that time scaling is required
since the rate inputs to the integrators must be reduced.

The independent variable of Equation 3.3~4 can be changed by defining

T =Bt
’ & 1
dt B dt
A 1 4=
dT2 B2 dt2
Equation 3.3-4 becomes
d2x Cwn dx wle
_—_2.-+ - E‘;—+_2_X=O _ (EQ. 3.3"6)
ac P B
whose soluticn is
x(ﬂ-ﬁAe?wﬂT sin (;ll.J‘l-Z:z T+ ) (EQ. 3.3-7)

It is clear that the solution for x(t) is simply a time scaled version of the
original solution for x(t) with the natural frequency (w,) and decay time (Zwp)
reduced by a factor B. The amplitudes and initial conditions are not affected.

An appropriate time scale factor for this example is 100 which results in a com-
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FIGURE 3.3-2 COMPUTER DIAGRAM FOR EQUATION 3.3-4

FIGURE 3.3-3. TIME SCALED DI_AGRAM’ FOR EQUATION .3.3-4.



APPENDIX 3

QUARTER-SQUARE MULTIPLIER CIRCUITS
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puter frequency of (w,/B) of 10 rad/sec and a damping time constant (Zwy/B) of one

second. This change in time scale is obtained as shown in Figure 3.3-3 by dividing
all inputs to the integrators by . Note, in addition, that potentiometer settings
less than or equal to one are obtained by using gains of ten on the integrators.

Let us check through the circuit of Figure 3.3-3.

The input to amplifier 01 is
_ x(7)
4" T

The output of amplifier 01 is

eoq =-10 ; [ﬁ%ﬁ] dtg = 5 xdt = x(g)

The input to amplifier 00 is

2Cwon 4
eio=1—%£§§5)--ngw)

The output of amplifier 00 is therefore

€00 = § [gg x(t) + %E x(t)] dr =§ Q—:iir)) dat = -

Thus with B = 100, the rates to the integrators are decreased by 100, the computer
solution is slowed down by 100, and the time scale is effectively 100 times its
previous value.

%(T)
®n

Since the amplitudes present in the computer solution are not changed by time
scaling, it is reasonable to use the same notation for the variables in the time
scaled circuit as is used in circuits without it. It is important, however, to
remember that all computing components, including output equipment such as strip
chart recorders and oscilloscopes, are operating in machine time (or ) and the
time axis of all recordings must eventually be labeled in terms of t in order to
interpret the output data. If for example, a particular point in the time scaled
computer solution is labeled as ten seconds (in 7T), then the same point is labeled
as 10/ seconds in t.

The procedure for time scaling may be summarigzed as follows:
(1) Consider in the early stages of the problem whether or not a time
scale change is indicated. If possible, determine the natural

frequencies and exponential time constants of the physical system.

(2) Perform amplitude scaling and write the scaled voltage equations as
described earlier without regard to time scaling.
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(3) If the input gains to the integrators are very high, or very low,
include in gll) the integrator inputs an attenuator factor of 1/B.

(4) Choose an approprdate value of B from steps 1 or 3, and calculate
the necessary potentiometer settings. If possible, select § so that
standard amplifier gains and reasonable potentiometer settings (>.01)
are used. ’

(5) Determine the recorder speed settings or scale factors for output
devices so that time axes read appropriately.

4. COMPUTER CIRCUIT DIAGRAM

A computer circuit diagram can be produced directly from the scaled voltage equa-
tions. It will follow the general data flow of a mathematical block diagram bubt
will include detailed information about the computer components such as, compon—
ent assignment number, amplifier and integrator gainsg, potentiometer settings

(in terms of the system parameters) and function switch terminations, etc., The
outputs of major components should be labeled with the computer variable appearing
at that point in the diagram. Standard symbols should be used in preparing the
diagram such as the recommended set given in Appendix 1. The diagram should be"
drawn so that it can be easily reproduced.

Each computing component on the diagram is assigned a number corresponding to the
location of the component in the computer. The assigned numbers appear on the
amplifier assignment sheets and the potentiometer and function switch assignment
sheets. The amplifier assignment sheet should include problem identification,

. amplifier number, function of the amplifier (summer, inverter, high gain, or
integrator), the variable represented by the output of the amplifier, calculated
values for the static check voltages and provision for recording the measured check
voltages and any comments or notes. The potentiometer assignment sheet should in-
clude problem identification, potentiometer number, parameter description, poten-
tiometer settings for both static cheak and the problem runs. Function switch
assignment sheets are prepared in essentially the same form as potentiometer as-
signment sheets.

5.  PROBLEM CHECK PROCEDURES

When the progrémming and scaling operations are completed and the computer cir—
cuit diagram is drawn, the methods to be used in checking the computer program
and subsequent patching should be considered.

Amplifier and potentiometer assignment sheets are prepared and a detailed sequence
of steps to be followed after insertion of the patch panel should be drawn up.

The first phase of a problem check procedure is the static check. The static
check consists of two parts. Part one, the program check is a pencil and paper
check to determine if the scaled computer program (circuit diagram) truly re-
presents the original equations. This part should be completed before patching
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the problem. Part two, the patching check, is the actual measurement of com-
puter input and output voltage levels to ascertain that the interconnecticns

(made by patching) of computer components are correct, and to check the static
ogeration of inverters, summers, high gain amplifiers, potentiometers, multipliers,
X“ DFG's, etc. The static check does not test the operation of the integrators.

To perform the first part of the static check, assume convenient values for the
variables, their n-1 derivatives, and all parameters. The variables and their
derivatives are represented by scaled initial condition voltages at each integrator
and need not have physical significance. The values selected for these initial
conditions should be chosen to produce reasonable outputs (one to ten volts) from
all computing components. The selected scaled voltages are then written down on
the computer diagram next to the outputs of the appropriate integrators. These
voltages are then used as a starting point for computing the voltage levels of all
input and output terminations of the computing components on the circuit diagram.
These computations are made by performing the various operations of multiplication
by a constant, sign inversion, summations, etc., at the computing components on

the diagram until the input to an integrator is reached. At the input to an inte-
grator the calculation stops since the integrator is not operational in the I.C.
mode. This procedure is repeated for all variables until the complete set of voli-
age levels has been calculated. '

The agssumed check values are then substituted into the original unscaled mathemati-
cal equations and the value of the highest derivative is computed. This computed
value for the highest (nth) derivative, properly scaled, (includes both the voltage
scale factor- and the time scale factor B) should check the voltage level calcu-
lated for that point on the diagram. In order to check the inputs to the other
integrators, a calculation is made on the basis that the input to the integrator
should be minus the derivative of the output (divided by B, the time scale factor).
Example: If the output of an integrator was [<1000 x] the input should be +1000%x/B.

If the assumed value of ¥ = 0.05 f£t/sec® and B = 10 this results in an input volt-
age of +1000(.05)/10 or +5 volts. The +5 volts should check the calculated input
voltage level on the diagram. In some cases the assumed values for the variables,
n-1 derivatives and parameters produce low voltage levels or zero outputs. In
these cases it is necessary to change some of the assumed values and repeat the
calculations. In the case of coupled equations a static check should be made of
the entire system with one set of assumed values., When this portion of the static
-check is complete, the computer program should be patched.

Patching is best accomplished by two people, one person calling off from the com-
puter diagram, the connections to be made, and the second person making the con-
nections on the patch panel. A colored line is then drawn through the corres-
ponding line on a copy of the computer diagram indicating that a connection has
been made. After patching is complete the two persons should exchange places,
and the patched program read off from the patch panel by one person and checked
against the diagram by the other. A systematic procedure that is recommended is
to check out all of the patched inputs to computing components against a copy of
the computer diagram.

/
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The second part of the static check is to set the potentiometers and initial con-
ditions on the computer to the static check values. Since all computing compon=
ents except integrators are operational in the I.C. mode, their outputs can be
read out and checked against the calculated values. In order to check inputs to
integrators it is necessary to use an uncommitted amplifier. The inputs to the
integrators are temporarily patched into this amplifier to allow read—out of

the effective input voltage to the integrator. Since the jipput to an integrator
can exceed ten volts it is often necessary to use a check amplifier with a gain
of =1/10. The use of a check amplifier is described in the example problems.

Once the static check is completed one or more dynamic checks are made depending
on the information available. In linear gystems a simplified form of the equa=-
tion can be checked by reducing the damping to zero and checking undamped natural
frequencies. Many times the response of the system to a step input can be cal-
culated and the computer program modified to accept a step input as a check.

In non-linear systems, a linear approximation can often be implemented by adjust-
ment of the parameters and a check obtained using results from a precalculated
linear analysis. Numerical checks from digital computer results can also be used.
If experimental data for the model is available, a check can be made by direct
comparison.

6. FROGRAMMING A LINEAR PRUBLEM

To demonstrate programming, amplitude scaling, and time scaling, a computer pro-
gram will be developed to investigate the effect of shock-absorber damping coef-
ficient upon the transient motion of an automobile chassis.

a. Problem Description

A simplified representation of one wheel of an automobile suspension system to-
gether with one-fourth the vehicle chassis, is shown in Figure 3.6-1.

The differential equations of motion are derived by equating the forces acting
upon the masses to zero to establish dynamic equilibrium.

Thus for M1z

My Zj? + D(;;l- g;% + Ky (%9 = %p)= 0 (EQ. 3.6-1)
And for Mp:

M, ijg + D (g;g - ;;?9 + K1(x2 -~ xq) + Ko(x, = XB) = 0 (EQ. 3.6=2)
Hhere M1 = gl = 25 slugs Kq = 1000 1b/ft
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FIGURE 3.6-1 SIMPLIFIED REPRESENTATION OF A SINGLE AUTOMOBILE -WHEEL SUSPENSION SYSTEM
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M, = o 2 slugs K, = 5000 1b/ft

xg = x(t) = step input; 5 inches in amplitude (car riding up on curb)
D= variable damping coefficient; 20, 50, and 100 lb-sec/ft

For scaling we shall assume that the dlsplacement3x1 and x5 will not exceed twice
the input function and that the velocities x] and xz will not exceed 5 feet per
second and 50 feet per second respectively.

b. Preliminary Considerations

The mathematical block diagram is the first step in programming. It is a trans-
lation of the system equations and shows the basic approach to the whole problem.
From this dlagram one can determine approximate equipment requirements; it also
serves as a guide to the final form of the scaled equations, the method of gen-
erating the various functions required and the layout of the final circuit dia=
gram.

The block diagram shown in Figure 3.6-2 was obtained from Equations 3.6-3 and
3.6~/ using the bootstrap method. The initial equipment requirements are four
integrators, four inverters and 10 potentiometers (exclusive of IC potentiometers).

-.'X‘»l = - P—- J%'] + %‘ 30(2 - K1 .‘X,'] + él 312 + ;F (EQO 3::6“’3)
M 1 y 1 ‘~
¥ > %y X ¥R T T R ME 370,

An examination of the natural frequencies and damping time constants of the un-
coupled Equations, 3.6-5 and 3.6-6, will give a good indication as to whether
time scaling will be required.

L3

e I |

X'] + ﬂ-"— + 1\{1 = O (EQO 30@"”5)
Dx K, +K

%y + 22 (ﬁ%—%xz =0 (EQ. 3.6-6)

Where the undamped natural frequencies are:

./E, = %D = 6.325 rad/sec = 1 cps
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+
(onz =./1\41 2 = /3000 = 54.77 rad/sec = 9 cps .
- 2

Using the maximum value of D, the damping time constants are:

2M, \ My
-~ = 0,50 secs- - = (,04 secs
D - D

Therefore, for the uncoupled systems, the frequencies invclved will be of the
order 1-9 cps, and the time required for the solution to reach a steady state
will be in the order of 5 time constants or 0.2 to 2.5 seconds. Frequencies in
the order of 0.1 to 1 cycle/second are more desirable, therefore, a time scale
change with 10<@<100 is indicated.

c. Scaling

The amplitude scale factars are obtained by dividing 10 volts by the maximum
absolute value of the problem variables. The computer variables are obtained -
by multiplying the problem variables by their scale factors. In this example
the maximum values are given, and the computer variables are calculated in the
table, Figure 3.6~-3. Since the accelerations, ¥ and X, are not explicitly re-
quired in this study, these terms can be formed at the inputs to integrators and
can be scaled at the level of x4 and Xp respectively.

Problen Max imuwn ,, Computer
Variable Value Scale Factor Variable
%4 10/12 feet 120/10> 10 volts/ft | [10x4]
Ko 10/12 feet 120/10> 10 volts/ft [10x2]
xq 5 ft/sec ‘ 10/5y 2 volts/ft/sec [2%4]

X 50 ft/sec 10/50» 0.2 volts/ft/sec [0.2%5]

X4 Use same S.F. as for X4 2 vol"ts/f’b/sec2 v [2%4]

322 Use same S.F. as for Xo 0.2 vol"t;s/::‘.‘".t,/sec2 ‘ [0025;2]

X3 constant

Figure 3.6=3, Calculating Scale Factors
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Solving the original equations for the highest derivatives and 1ntroduc1ng the
scaled variables yields the scaled voltage equations.

: K1 1 25 &
i K K
oo D 1 D 1 ... - St R uat I
[0.2%5] = =0.2 T T3 [0.2%2] +o.2'ﬁ; 5 [=2xq] -0.2 i, 10 [10xo] +0.2 i, 10 [10x1]
&

Ko Kox . .
~0.2 =2 1 [10x,] +0.2 231 (0] - 2 7o (Eq. 3.6-8)

1\42 1 O \/12 1 O 20wl - - )

Note that square brackets are placed around the computer variables. The computer
variables are voltages wnich have been scaled to be as large as possible but less
than 10 volts. These equations combain constant coefficients which will appear in
the computer circuit as attenuator settings (that cannot be greater than one) and
amplifier gains. The maximum value of these gains can be determined after first
simplifying Equations 3 6-7 and 3.6-8.

K1 K4
[ 1] 1\/[1 J + [O 2.X2] - 5M [103{']] * T [1OX2] (EQ. 3-6"’9)

\\ NN

Haximum ga:ms =

. K K K Kox
I I SO K Ky o K
[0.2%,] = - E;,£O°2x2] * oI, L2%4] - 500 [10x2] + 50, [10x,] 50, [10x,] 50M,
Maximum gains \\E 50 =5 \\\L 10 =10 \\Eﬁ 50 =

(EQ. 3.6-10)

These gains must be obtained by a combination of potentiometer settings and ampli-
filer gains.

The circuit to generate [<X1J is shown in Figure 3.6-4a where standard gains of
one and ten are used where possible and the attenuator settings are less than one.
The nigh input gains required suggests that the input rate is high; it is an indi-
cation that time scaling i1s required. The rate can be decreased by a factor of 10
to slow the problem down. The circuit with = 10 is shown in Figure 3.6=4b,
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Including B, the final scaled equations are:

2 . . K _Kq ‘
[[;—1] = -1(%;8')[2::1] +10(%1-B-)[o.2x2] -1 (g%f;g)[wxﬂ +1 ’(‘5“&;‘1‘5)[10x2] (EG. 3.6-11)

0% D 0.28,] +1 (2—)[2%4] 1(5{-1-—-){10 ]+1(£1—-)[10 ]
=
k2 Kox g »
10(500»42;3)[10"2] +10(500M25>[10] (EQ. 3.6-12)

In Equations 3.6-11 and 3.6-12, the terms in square brackets represent computer
variables; the terms in curved brackets represent attenuator settingss; the un—
bracketed coefficients represent amplifier gains. From these equations the com-
puter circuit diagram can be drawn directly. '

d. Computer Circuit Diagram
Taking Equation 3.6-11 as an example:

(1) Integrate the highest derivative to obtain the lover derivatives an
the variable itself; Figure 3.6-5. '

(2) Similarly generate -0.2x, and 10x,.

(3) Use the scaled equations to provide the inputs to the first integrator,
e.g., the first term in Equation 3.6~11 says to take -2%, through an attenuator set
at D/M4B into a gain of 1 on the integrator; the second term says to take +0.2xp
through an attenuator set at D/M4B into a gain 10 on the same integrator. The other
terms in the 351 equation are supplied in a similar manner. The complete computer
diagram is shown in Figure 3.6~6. Note that integrator 06 is generating +[0.2%5],
rather than -[0.2%,]. This circuit arrangement uses two less amplifiers than the
circuit that would follow directly from the mathematical block diagram. Also note
that numbers have been assigned to all components and all amplifier outputs are
labeled with the appropriate computer variable.

€. Check Procedures and Set Up Sheets
Once the scaled computer diagram is completed, a static check is calculated and
the equipment assignment sheets are prepared. A definite sequence of steps must

be followed in preparing a static check so that the operator can check his work
up to this point. '

: (1) Calculate all potentiometer settings, using convenient values for
the parameters, say those which will be used in the first run. For this example,
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choose the parameters as given and D = 100 lbs-sec/ft. List the parameter and
static check setting of each potentiometer on a potentiometer set up sheet as
shown in Figure 3.6-7.

(R) Assume convenient values for the inputs and initial conditions.
These values need not have physical significance. For this example choose:

+1 £3 Xq

[
]

x4 +5 ft/sec %5 = 3 inches

-1 % b4

]

-10 ft/sec

]

)

2
On a copy of the computer diagram, "establish" these values as initial conditions
or inputs, see Figure 3.6-8. If additional potentiometers are necessary, list
them on the potentiometer set up sheet.

Note that integrators that normally have a zero initial condition for problem

runs are now supplied with initial condition inputs. ese inputs must be

moved when the static check is completed. The reference voltage to poctentiometer

15 and to the initial condition inputs of amplifiers 02, 03, and 07 will be supplied
by the reference terminations next to potentiometers P15-19. The minus reference
from this source will be designated ~SI; the positive reference, +ST. When the
static test is completed, all leads to this reference block will be removed.

(3) Un the basis of the initial conditions and inputs established, deter-
mine the voltage at the output of each computing component as shown in Figure 3.6-8.
The output of A03 is +10 volts, the output of AQO is -10 volts, the output of PO2
is -8 volts, and s¢o on. This checks that reasonable outpuis are being obtained
from all components for the valueq chosen. overloa ero voltage result
om omponent . choo ALE ) ] onNs Also list the output
voltages of all the ampllflers on the ampllfler set up sheet as shown in Figure

3.6-9.

From the diagram, determine the voltages representlng the highest derivatives, e.g.,
in Figure 3.6-8, the voltage representing X, is

[x)

=0.2%
; £ = -5(1) =10(1) =1.25(10) =5(10) =10(1) =1(10) = =97.5 volts
In a similar fashion:
+2f>°g1
= =28 volts (integrator 02)
—105’;1
5 - = =5 volts (integrator 03)
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+1-0:22
B

These voltages will appear at the inputs to the integrators and can be measured
by making use of a check amplifier as explained later. List these voltages next
to the appropriate integrator under the calculated check point column on the
amplifier set up sheet.

= =10 volts (integrator 07)

(4) Substitute the assumed initial condition values of the variables into
the originsl sygtem equations, calculate the value of the highest derivatives and
then the scaled computer volcages to represent these derivatives. These voltages
should check with the voltages determined in step three. Substituting into Equa-
tions 3.6-3 and 3.6-4:

= 100 100 (_10) - 1000 1000 ( .y _ 2
X1 % (5) + = (=10) o5 (1) + rra (=1) = =140 ft/sec

i

X, = 4875 £t/sec?

- Therefore the input to integrator 02 should be

e

+2x
‘.3..__1 = %é:l‘!*—ol = =28 volts

the input to integrator 06 must be:

=0.Xpy  _0.2(4875) - ~97.5 volts
B 10 ’ '

This check verifies that the final program is a model of the original equations.

(5) The final step in the static check is to actually measure the volt-~
age outputs of the computing components. Any discrepancy between calculated and
measured outputs must be due to incorrect potentiometer settings, faulty patching,
or tc a component malfunction.

After the problem is patched from the computer diagram, the static test inputs are
introduced. The computer is placed in the Pot Set mode and the potentiometers are
set to the coefficients listed for the static test (ST) case on the potentiometer
set up sheet. The computer is placed in the RS mode and the voltage output of

each amplifier is measured and recorded on the amplifier set up sheet. These
measured values should check with the values calculated in step three.
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TR-48 POTENTIOMETER ASSIGNMENT SHEET

DATE PROBLEM

i IR ot B A v I
00 5/8 .5000 .5000 00
ol D/M, B .4000 .4066' a ol
02 Ky /5M, B | .8000 8000 02
03 Ki/50M2 8 ' : 1.000 1.000 r 03
04 3 \T “ 04
05 D/M B ‘ .4000 .4000 05
06 5/8 .5000 .5000 06
o7 D/10Mz B | 5000 - .5000 07
08 D/iOM2 B ' .5000 .5000 08
09 09
10 'K|/5OMZB 1.000 1.000 10
1 K2/500M2 8 .5000 .5000 "
12 Ky /5M, B .8000 .8000 12
13 K,X3/500M,8 1250 .2083 X3z 3" FOR ST 3
14 14
15 0.2 X20 /10 .2ooo' REMOVE STATIC TEST 1.C. 15
16 e
7 17
18 18
19 19
20 .20
21 21
22 - 22
23 23
24 24
25 25
26 26
27 |27
28 28
29 29

'FIGURE 3.6-7 TR-48 POTENTIOMETER ASSIGNMENT SHEET
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TR-48 AMPLIFIER ASSIGNMENT SHEET

PROBLEM

STATIC CHECK
AMP FUNCTION, AND/OR »
FB ’ ALCULATED MEASURE NOTES
NO. VARIABLE CALCULATE EASURED
CHECK PT.| OUTPUT |CHECK PT.| OUTPUT
00| s -10X, -10 -10
ol {10k | CHECK AMPL, (-1/10)
. * *
02 {INT -2 X, -28 - 10 +2.8 -10 CHECK AMPLIFIER
GAIN - 1/10
03 |INT 410Xy -5 +10 +5 +10
04 !
{ i
_5 i
05.! s +10 X5 —-10 ) g
. . x0T . |
06 |INT +0.2 X, -37.5 | -2 L 4+375 | -2 ;
; 4
07 |INT —10X, -10 +10 +10 410
e , JRUS i
08 v
I e S
5
09 | ;
10
S - S
i ‘
H 5
12 '
13
14 ‘
15 \ ‘
16 i |
17 ‘ :
‘ . % - o]
o
20
; : - - e
21 ;
22
S - u-l
23 :

FIGURE 3.6-9. TR-48 AMPLIFIER SETUP SHEET



The check points of the integrator can be quickly checked by making use of a
"check amplifier". For example, remove the SJ to SJ connection for imtegrator

02 and connect the summing junction of the four input resistors to the base of
amplifier 01 (which, in this case, is not being used in the problem). Since
~amplifier 01 has a 10K feedback resistor, its gain is =1/10 and its output should
measure +2.8 volts. The circuit is shown in Figure 3.6-10.

If all the voltages on the ratched computer program check against the calculated
values, then the patching, pot settings, and amplifier gains are verified.

If the check point voltage of an integrator is less than ten volts, the gain of
the check amplifier is increased to -=1. The measured check point values and the
gain of the check amplifier are listed on the amplifier set-up sheet.

7. A NON-LINEAR PROBLEM

The next example is supplied through the courtesy of the Engineering Department
of E.I. DuPont de Nemours and Company, Wilmington, Delaware. Again the primary
concern is to get the problem onto the computer.

8. Problem Description

4 surge tank must accommodate fluctuations in flow of effluent from a plant. The
outlet line from the tank is terminated by a weir, and the flow goes to a river.
The system can be represented as shown in Figure 3.7=1.

The tank is in service and operates satisfactorily with two pumps feeding into
the tank. Expansion of the process calls for the addition of another pump. A
steady state calculation shows that the tank will not overflow with all three
punps operating. The question is raised whether the tank might overflow before
the mass of water in the outlet line could accelerate to the final discharge
rate. If this occurs, additional outflow or tank capacity must be provided.
Operating considerations indicate that all pumps have the same capacity and that
the third pump will not start until well after the first two have started.

The system is described by three equations:

. . (w3 M 1 wq - @) (EQ. 3.7-1)
Material Balance in Tank: (ft</sec) e E; (NQy = Qg o 3o
Force Balance: (1b) (Hy = H,)Jo4p = (fE_;)(Q_ SE) (EQ. 3.7=2)

; T P}o L= Y tat 4
2
Empirical Formulas (f%) H, = 0.0185 Qf, + 0.000036 q (EQ. 3.7-3)

For Head Loss Due to Pipe Friction P
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N = number of pumps operating

Qu = flow from one pump, £13/sec

Qp, = outflow from line, f£t3/sec

Hp = height of liquid in tank, above weir, ft
Hp = friction head loss in pipe, ft

t = tine, sec

cross sectional area of tank, £t

g

cross sectional area of line, ft2

&
]

e
[}

length of line, £t

R = density of effluent, ]_b/f‘t.3
g = gravitational constant, ft/sec?
The systen, parametefs are:
by = 470 £t2 Qs = 90 £t¥/sec
AL='12.6:E'1;2 N =1, 2, 3
L =665 ft Hp < 9 ft, to avoid overflow

g = 32.2 ft/sec?

Design a computer program to study this system, switch in the pumps with function
switches. Does the present tank have sufficient capacity? If not, how high

must the tank be? Are there any other possible solutions aside from increasing
the height of the tank?

b. Preliminary Considerations
The three system equations can be reduced to two by substituting Equation 3.7-3

into Equation 3.7-2. Rewriting the resulting equations so that the highest
derivative appears alone on the left—-hand side:

fip = %;; (Ney - 4) (EQ. 3.7-4)
q = .?é (Hp -0.0185 §, ~0.000036 &) (EQ. 3.7-5)
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The mathematical block diagram is shown in Figure 3.7-2. One possiblé arrange-

ment for switching the pumps is shown. Note that Q) is a constant and need not
be scaled.

Equation 3.7-5 can be used to determine the gteady state level of the head (NQy =
QL) with the following results:

N=1 Hp=1.9 ft

N

1}

2 By = 4.5 ft

N=3 Hp= 7.62 £t

it

The computer results should confirm these steady state levels.
c. Scaling

The maximum value of the inflow is given as 270 ft3/sec (3 punps on). The maxi-
mum value of Qp is not known; it may be greater than the inflow due to surges in
the tank. The meximum value of @, will be estimated at about twice that of the
maximum inflow, say 500 ft /sec° Thls value may be changed later if the ampli-
fier voltage representing @ is extremely high or low.

The maximum allowable value of Hr, before tank overflow, is 9 feet. If Hy is
scaled at this level and the tank overflows due to surges, the amplifier pro—
ducing Hp will overload. It would then be impossible to determine the amount

of additional tank capacity required. In order to avoid this difficulty, assume
that extra capacity already exists, i.e., the tank is about twice as high, say
20 feet. Estimates of Hp and §p are not required since these variables are of
no interest and will appear only as inputs to integrators; they may be therefore,
scaled at the same level as Hp and QL. The amplitude scale factors and the com-
puter variables are shown in Figure 3.7-3.

The scaled equations are obtained by substituting the computer variables into
Equ&tions 307"4 and 307“50

Variable | Est., Max. Value | Scale Factor | Computer Variable
Q 500 £t9/sec 18 0.02
L / 500 [0.02 Qu]
10
Hp 20 ft - [0.5 Br]
20
QL Scale to Levell of Qr [0,02 éL]
By Scale to Level| of Hy [0.5 Hr]

Figure 3.7-3. Scale Factors
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[0.5H7] = :‘52 NQA o OZA [0 02¢] = 20AT{10 -w;;r- [0.02¢z,] (EQ. 3.7-6)

(Where the ten in braces refers to reference voltage which is used to generate
the constant term NQp/Ap.)

. . _ 0.02g4 0.02(0.0185) gAL, 0.02(0.000036) gAr. 2
(00281 = 52 [0.580] - 5o [0-0281] - Gozy (o0 L0-0%4]

. 0.04gh 0.0185gA 0.018gh;, [0.0247 J[0.02QL,
[0.026L] = I,""""I'J' [0.5H7] - -—-—-—-—-I-‘- [0.024;] - T [10 Ll 1

(EQ- 3 t7—7>

(The square term for G, is arranged so that the scale factor of 1/10 inherent in
multiplication is considered.)

The low value of the coefficients in Equations 3.7-6 and 3.7-7 indicates a long
solution time, therefore, time scaling is desirable. Each of the terms on the
right-hand side of these equations appears as an input to an integrator. Time
scaling is accomplished by dividing all integrator inputs by an appropriate factor
B, where 3 is selected to give reasonable pot settings. In this case let § = 0.1.

d. Computer Diagram

The computer diagram is shown in Figure 3.7-4. The function switches mske it
possible to switch in the pumps, one at a time, in case a particular timing se-
quence will give a more satisfactory response. Four gains of one are needed for
integrator O2. This can be accomplished by borrowing a resistor from an unused
amplifier and connecting it to the summing junction of the integrator. Since Gp
can never be negative, only one squaring card of the X2 DFG is used. Integrator
15 is used to provide a time-base for plotting Hp as a function of time on an
X-Y plotter.

€. Checking the Computer Program
Following the steps used in the previous example:

(1) Calculate all potemtiometer settings and list them on the potentiom-
eter set-up sheet.

(2) Assume convenient values for the variables.

HT = 20 £t
Qp, = 500 ft3/sec
Qp = 90 ftB/sec (one pump on)
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Establish these values on a copy of the computer diagram. On the basis of the
inputs and initial conditions established, determine the voltage at the output
of each computing component, and the voltages representing the higher derivative.
The voltages representing HT and QL at the input to integrator 02 and 03 respec-
tively are:

.

‘2'5HT = -10(.096)(1) +10(.532)(1) = +4.36 volts

+0.024;,

5 = +2.44(1) =1.13(1) =1.10(1) = +0.21 volts

(3) Substitute the assumed values of the variables into Equations 3.7-4
and 3.7-5, calculate the values of the highest derivatives.

By

1}

T (90 = 500) = -0.8723 ft/sec

Gy = §22:2112:0) 120 - 0.0185(500) - 0.000036(500)2] = 1.067 £67/sec?

therefore

-0.5p _ _0.5(-0.8723)
B 0.1

= +4,362 volts

*0.050  +0,02(1.067)
B 0.1

= +0.213 volts

which checks the computer diagram.

(4) Check that the outputs of the amplifiers are labeled correctly by
substituting the assumed initial values into the expression for the amplifier
output. Prepare amplifier set—-up sheets.

(5) Place the computer in the RS mode and verify that the calculated and
measured outputs agree. This checks the patching, pot settings, ete.

(6) Remove all static test reference leads, check that the integrators
are reconnected properly and prepare for run one.

The steady state values of Hp for N = 1, 2, 3 were determined earlier; the com-
puter should confirm these levels. Several other check cases can also be deter-



mined. For example, assume the system is in equilibrium with one pump operating;
then pump two is switched on. What would be the instantaneous rate of change of
the head (ft/sec) in the tank?

Consider the following possible solutions; increase the height of the tank, increase
the tank diameter, increase the pipeline diameter, drive the third pump with a two-
speed motor, ete. (The addition of a third pump identical to the first two may be
due to plant standardization and the pump capacity may be arbitrary.) Find the
largest capacity that can be added and still prevent overflow.
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DATE

A472I ,
TR-48 AMPLIFIER ASSIGNMENT SHEET

PROBLEM

AMP

F
NO. B

FUNCTION, AND/OR _
VARIABLE

STATIC CHECK

CALCULATED

MEASURED

CHECK PT.

OUTPUT

CHECK PT.

OUTPUT

NOTES

00

oi

¥ WITH CHECK AMPLIFIER

02 lINT +0.5Hy +10.00 |
: ! i GAIN = —|
M T
? * | |
03 |INT | -0.02Q, —-0.21 —10.00 | ' "
o4l | |
o5 | | ! f
; ; SRR, - - N“me‘q ‘%w_ e M%NA e e eevrnervnreene i o]
S | |
SRR _—
07 \
08 ;
v ! ;
%, ,?u. ' . e
09 | i 5
10 j
! ».
1 , g
12 |HG | -q2/2.5x10* -10.00 | ‘
f + ?
H L N i
13 i % g !
14 | s | +0.02 Q, +10.00 ||
i SN
* ] ? "
15 [INT TIME BASE +0.10 +10.00 s ;
16 | f 9
17
18

20

21

22

23

FIGURE 3.7-5. AMPLIFIER ~ASSIGNMENT SHEET; SURGE TANK
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TR-48 POTENTIOMETER ASSIGNMENT SHEET

DATE PROBLEM
POT PARAMETER SESTTI\'T';‘S SETTING | SETTING | SETTING NOTES POT
NO. DESCRIPTION CHECK | RUN NOI | RUN NO. | RUN NO. B=o.n NO.
00 Qa/20A¢ 8B .096 > 00
(o] Qa/20A+ 8 .096 —» ot
02 Qa/20A1 B .096 > 02
f
03 0.4 AL/LB 1 .244 — —3 03
04 i i 04
05 : | 05
: : -
06 i | 06
i |
o7 i 07 .
+ t
08 } | ‘ 08
09 : 1 09
10 1o
i [ I
: |
12 (4
13 13
14 14
15 0.0185¢ AL /LB ) i > (5
16 25/A: B .5632 e 16
17 0.018gA /LB Ao +» 17
18 1/1000 B .0lo . 18
19 19
20 20
21 v 21
22 22
23 23
24 24
25 25
26 26
27 27
28 28
29 29

FIGURE 3.7-6.

POTENTIOMETER ASSIGNMENT SHEET; SURGE TANK




SECTION IV

ADVANCED TECHNIQUES

1. FUNCTIUN GENERAT ION

It is often necessary to generate functions of the independent variable (time) or
of a dependent variable (voltage). The following techniques are frequently use-
ful.

a. Analytic Functions
If a function is given by an analytic expression, such as ekx, sin kx, etc., a

differential equation can often be found whose solution is the desired function.
Mechanizing the differential equation will then generate the function.

(1) Geperation of Ae~kb
Let y = ae~kt
then ¥ = —khe ™t = —ky - (EQ. 4.1-1)
The computer circuit is shown in Figure 4.1-1. The function y = YL P gener=—
ated by including an inverter in the loop. Since this is an expanding exponential
function, the amplifiers will eventually overload. The function must be scaled

carefully so that the overload does not occur before the maximum running time,
which is selected in advance.

(2) Generation of A singt or A cosut

Let y = A singt and z = A cosgb
then y = wz and 2 = —uy (EG. 4.1-2)

The computer circuit shown in Figure 4.1-2 arises from the coupled equations
above or as a solution of the second-order equation'’y = -w<y.

(3) Generatbion of v = eXX uhere x is a problem variable. The desired
equation is similar to Section (1) above except that x is a voltage. Since x
is a function of time:

7 = keX%x = k3y (EQ. 4.1-3)
The computer circuit is shown in Figure 4.1-3. Note that the input is % not x.

This rate input is typical of such systems. In most cases, X is available from
the circuit that is generating x.
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(4) Generation of A sin kx where x is a dependent problem variable

Let y =4 sin kx and 2z = A cos kx
¥ = (k & cos kx) % 2 = (=K A sin kx) %
¥ = kax z = ~ky% (EQ. 4.1=4)

‘The computer circuit is shown in Figure 4.1-4.
b. Techniques Involvéd in Using the DFG

If an analytic expression cannot be found for the function to be generated, then

use of a DFG is indicated. Since the DFG provides a straight-line segment approx-
mation to a curve, a certain error is inevitable, and careful programming is nec—-
essary to minimize this error. Often it is pot a good idea to generate the desired
function directly on a DFG. Instead the function should be approximated by a simple
analytic expression and the DFG used to generate the error or correction term. The
following examples illustrate the technique.

Assume the function f(x) in Figure 4.1-5 is to be generated. Since 0 { x £ 10
and 0  f(x) < 75, scale factors of 1 and 1/10 could be used resulting in [x] and
[1/10 £(x)] as computer variables.

A DFG could be set up to generate [1/10 f(x)] directly. However, better accuracy
may be obtained by observing that f£(x) has an average value of approximately 70.
Considering deviations from this mean value,

Let £q(x) = £(x) =70 (EQ. 4.1-5)

Then ~5 & £4(x) < +5, and fq may be scaled as [2f1(x)]. Generate [2f1(x)] on the
DFG, and then obtain f(x) by solving Equation 4. 1%5 for f£(x).

£(x) = £4(x) +70 C (EQ. 4.1-6)
Equation 4.1-6 must be scaled, just like any other equation. For computer variables

[1/10 £(x)] and [2 £9(x)] the scaled equation is:

1 1
[To f(%ﬂ =30 [Filx)] +7 \ (EQ. 4.1=7)
Figure 4.1-6 gives the circuit diagram. Note that any drift or noise occurring in
generating f£1(x) on the DFG is attenuated, along with fq(x) itself by a factor of
20.

¢. Curve Follower and BIVAR

A curve follower is available to enable the X-=Y Plotter to be used as a function
generator. The curve to be generated is set up by using a fine wire (#18) taped
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FIGURE 4., 1 -1. GENERATING THE FUNLTION ,Ae_kt
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FIGURE 4.1-2. GENERATING THE FUNCTION A sinwt
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FIGURE 4.1-3. GENERATING THE FUNGTIUN Y = ekx
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FIGURE 4.t1-4, CONTINUOUS RESCLUTION CIRCUIT,
EQUATION 4.,i-4.
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FIGURE 4.1-5.
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FIGURE 4.1/-6. COMPUTER DIAGRAM; EQUATION 4.1~
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over the desired curve drawn on the plotting surface or by drawing the curve ini-
tially with conducting ink. The wire or conducting ink curve is energized with a
high-frequency signal; the pen is replaced by a sensing unit which tracks the curve.
As the arm is moved back and forth in response to the variable x, the sensing unit
remains above the curve so that its displacement is f(x). The pen potentiometer

is energized with reference voltage, thus the sensing unit output is proportionsal
to f(x). If a variable y is used to energize the pen potemtiometer instead of ref-
erence, the output is proportional to y*f(x), enabling the curve follower to per-
form multiplication and function generation in one step.

A BIVAR (Bi-Variant Function Generator) is also available to generate functions
of two variables.

2. TRANSFER FUNCIION SIMULATION

Many engineering problems dealing with linear time-invariant systems are conven-—
iently described in terms of transfer functions. If the transfer functions of a
system are available, one may readily simulate the system on the TR-48. Two gen-
eral methods are available; first, the transfer function may be treated as a dif-
ferential equation and programmed directly using standard amplifiers and potentiom-
eters; second, passive element networks, containing resistors and capacitors, may
be used as input and feedback impedances for amplifiers to produce desired trans-—
fer functions. The first method, in general, uses more amplifiers than the second
but is more convenient to use, especially with unfactored transfer functions. The
intermediate derivatives are readily available and the introduction of initial con-
ditions does not cause complications as it does in the second case. On the other
hand, the use of RC networks affords a saving in the number of amplifiers used.
Both methods are illustrated here. (The reader should refer to the literature
cited in the Bibliography for a more comprehensive discussion of transfer function
simulation.)

a. Transfer Function Simulation Using Standard Amplifiers and Potentiometers

If a transfer function istreated as a differential equation, it can be programmed
directly. As an example, consider the transfer function in Equation 4.2-1.

_ EO(P) 1
G(p) = (o) - T

(EGo 4.2-1)
Solving for the highest derivative:

E1 E0 ‘
E I o o E Y ° - 2_2
Py = — = = (EQ. 4 )

Assuming that the highest derivative exists at the input to an integrator, the
computer circuit shown in Figure 4.2-1 is obtained. )

48



Occasionally a system is represented by an unfactored transfer function, such as:

a(p) = P _ A1;2+Bp+0
Eq(p)  p +BpREp+F

(EQ. 4.2=3)

The following approach is recommended for programming a transfer function of this
type resulting in the minimum number of components. First, expand the equation
into differential equation form, givings:

poE+Dp~E +EpEHFE, = Ap<E+BpE+CE, (EQe 4o2-4)

Next, divide the equation by p=1, where n equals the highest power of p. (Here
the divisor is p<.)

EE FE BE1 CEq
+DE,. + ___9, + o = AR F o P — (EQ. 4.2"5)
. pEQ (6] p pﬁ 1 P p2

Salving the equation for the highest derivative and grouping terms according to
powers of p:

. 1, 1

Keeping in mind that the notation 1/p represents an integration; the equation can
then be programmed to yield the computer circuit shown in Figure 4.2-2.

b. Transfer Function Simulation Using RC Networks

The transfer function of the operational amplifier is:

Eo i .
— I 50 cm— (EQo 4¢2"7)
Ey Zin

where Zp and Zi, are the short-circuit transfer impedances of the feedback and
input networks. (The short-circuit itransfer impedance of a network is defined as
the input voltage-output current ratio when the output terminals of the network
are short-circuited.) Therefore, the relationship expressed in Equation 4.2-7
can be used to generate transfer functions of the form

o(p) = 12

where M(p) and N(p) are the short-circuit transfer impedances of Zg and Zj, respec-
tively. A table of short-circuit admittances of some standerd networks is in-
cluded in Appendix 7 and is used in the illustrative example which follows.
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Examples
Simulate the transfer function

' 1+0.1
G =
(P) = i+6.05p)

The short=circuit admittance of network four is given as

= 1 = 1(1+PT) e < 1
Zgs  A(1+pel)
Rq

Ry + Ry

Y"SS

where A = R4 + Ry, T = R0, 8 =

Using this network as an input network to an amplifier that has Re as a feedback
network produces the required transfer function. (See Figure 4.2-3.)

E,  Z¢ Rf (q+41)

=

Ey Iy, & (T+pel)

Re 100k

Rq+R,  100K+100K

-

=1
2

T = R0 = (100x10%) (1x107) = 0.1

R
o = 1(R20)=9_é.1.=0.05

R1 +Rz

3. REPRESENTATION OF DISCONTINUITIES

Frequently, non-linear effects do not require muwltipliers and function generators
for adequate representation on the computer. These effects can be described graph-
ically by discontinuous straight line input-output relationships. Some of the most
comnon discontinuities occurring in physical systems are simple limiting, coulomb
friction, hysteresis, and gear backlash. All can be represented reasonably well on
the computer by standard circuits containing diodes and/or comparators. Dry fric-
tion and hysteresis are discussed as typical applications; several other useful
circuits are shown in the Appendix 8.

Figure 4.3-1 shows both a diode circuit and a comparator circuit for simulating
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coulomb friction. In equation form, coulomb friction can be represented as:

dx
£ =+c — <0
dt <

dx
f= - — 0
c m >

(EQ. 4.3=1)

The diode circuit (Figure 4.3-1b) to produce this characteristic is a high=-

gain limited amplifier. Since the gain of the amplifier is very high with no lim-
iting, the output will very rapidly swing in one direction or the other, depending
upon the input, until cne of the diodes conducts. The diode conduction effectively
introduces a low resistance in the feedback path of the amplifier, reducing its gain
very sharply to a very small value. However, the flat parts of the static friction
characteristic will have a slight rise since the gein of the limited emplifier is
not exactly zero during the diode conduction because of the finite resistance of

the potentiometer in the feedback circuit. If this rise in the output characteris-
tic is considered objectionable, a low value of K (possibly 1) should be used.

The simulation of static friction using comparators may be accomplished as shown
in Figure 4.3-1c. If Vq is positive, V4, = -=c. If Vq is negative, V, = +c. The
only error present in the system is in the vicinity of Vq = O; here Vo will be O
over only a small range, however, this does not usually interfere with satisfactory
operation in the overall circuit.

Figure 4.3-2 shows a diode circuit which can be used to represent hysteresis, or
back-lash.

This circuit will generate a hysteresis characteristic, but with certain high fre-
quency limitations. If the input V4 increases from zero, the output V, will re-
main at zero until the difference between V4, and V, is a. When this occurs the
upper diode will conduct and the integrator will integrate at a rate of

Vi =V, ~a
[Rp + KR, JC

volts per second,

where R is the forward resistance of the diode,
Ry is the total resistance of the attenuator,
K is the setting of the attenuator,
C is the value of integrating capacitor used.

The cirenit in this phase behaves exactly like a simple first—order time lag with
a time constant [Rp + KRp] C. However, since [Rp + KRg] will normally be very low
(< 10K Q) and C may also be made small, the time constant is very small and can
usually be considered insignificant. When V., starts decreasing, the upper diode
will cut off and V, will remain constant umtil an error of —ais developed between
V4 and V,. The lower diode will then conduct causing V, to decrease. The initial
value of V, can be set as an initial condition on the integrator. The integrator
feedback capacitor should be selected so that the resulting time constant is small.
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4. PARTTAL DIFFERENTIAL EQUATIONS

Partial differential equations can be successfully solved on the analog computer.
However, a mathematical manipulation of the equation is necessary since the analog
computer will integrate with respect to only one variable, i.e., time. By using
finite-difference approximations for the derivatives with respect to all but one
variable, a set of ordinary differenmtial equations may be written.

This technique can be illustrated by using it to solve the equation

32327 ) i:/? 32 (EQe 4od=1)
X

Equation 4.4=1 describes the motion of an elastic string, where A is the mass per
unit length of the string, T is the string temsion, and y(x,t) is the transverse
displacement of the string at time t and at a distance x from one end. For such
an equation, the values of y anddy/0 t must be specified for all x at t+ = 0, and
the value of y at both ends of the string must be specified for all t. These are
the initial conditions and boundary values of the problem respectively.

Assuming that the initial conditions and boundary values are given, the problem
can be approached by considering the independent variable x at discrete points

Koy Xqs e+ 5 X, and writing y;(t) for y(xi,t). An ordinary differential equa-
tion can be written for each y;(t) by replacing the space derivatives (derivatives
with respect to x) by finite-difference approximations. The resulting system of
ordinary differential equations can be solved on an analog computer.

To obtain finite-difference expressions for space derivatives, consider the ratio

y{x+AxX ,6) = yix,t
A% ,

This is the slope of the secant line in Figure 4.4=1, and represents the average
rate of increase of y over the interval from x to x + Ax, for a fixed t. If Ax
is small, this is an approximation todydx at (x + Ax/2,t), since x + Ax/2 is the
midpoint of this interval. A similar approximation holds for the interval from
X - Ax to x, whose midpoint is x - Ax/2. Hence the following approximations

are obtained:

o3 = y(x * Ax,t)=y(x,t) ,,

" = E ° ° "'2
, 2
Ay ~ y(x,t) = y(x =Ax,t) |
e = (EQ- 404‘3)
O% | (a= £5,10) b

The accuracy of these approximations depends on the size of Ax. For maximum
accuracy, /Ax should be as small as possible.
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Similarly, 82y/ox2 can be approximated by applying a finite-difference to dy/dx.
Since x is midway between x - Ax/2 and x + Ax/2:

oy o Ox
Q.EZ (x,t) ~ X (x + éxz:t) - 3-225 (x - "5:*‘)

S x2 | - = (BQ. 4e44)

Replacing the first derivatives by their approximate values given in Equation 4.4-2
and Equation 4.4=3, results in:

X ~ - -
o,z (18 = S Zf;ét) wln o fut) (EQ. 4.4-5)

This is the desired equation. It expresses the second partial derivative that
appears in Equation 4.4~1 in terms of the values of y(x,t) at discrete points
spaced Ax apart. _

Next consider the n + 1 points x5, X9, +.., X, equally spaced so that Ax =A4/n,
where L is the length of the string. Equstion 4.4=5 then yiolds:

2 |
O Fi(t) o Ti+] = AV * yi-1

and combining this with Equetion 4.4-1, results in:
v T '
Vs = e (y - 2y + Y‘_‘I) (EQ. 404"7)
i P(Aii)z i+1 i 1

Since y, and y, are given as boundary values no equations are needed for them.
Suppose the string is stretched taut between two fixed points. Then y, =y, =0
for all t. These boundary values, together with the system of Equation 4.4~7, de~
termines the y; for all t.

Teke n = 5. Then Ax =.4/5. The equations become:

de 25 T .

¥ = === (yo = 2y4) (EQ. 4.4~8)
1 e 2 = 2yq .

.o 25 T

vyt (¥3 = 2y2 + ¥1) (EQ. 4.4-9)
2 PP |

v _ 257 _ _
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=221 (229, +y.) (EQ. 4.4=11)
= Y4 7 V3 Qe 4e
L
Thus by considering the string displacement at discrete points, a system of 4
ordinary differential equations is obtained which can be easily solved on the
computer. The appropriate (unscaled) computer diagram is given in Figure 4.4—2.

The above method for solving partial differential equations on the analog com—
puter is the one most frequently used. More information about this technique
and others may be found in the following Bibliography.

1. Rogers, A.E. and T.W. Connolly: "Analog Computetion in Engineering Design",
McGraw-Hill Book Company, Inc., New York 1960

2. Karplus, W.J.: "Analog Simulation", McGraw-Hill Book Company, Inc., New
York 1958

3. Tackson, A.S.: "Analog Computation", McGraw-Hill Book Company, Inc.,
New York 1960

5. THE METHOD OF SIEEPESI DESCENIS

The analog computer is basically a device for solving differential equations,
vhich makes it especially valusble for the study of dynamic systems. However,
certain essentially static problems, such as the solution of simultaneous alge-
braic equations (linear or non-linear), transcendental equations, linear and non=
linear programming, and curve fitting can also be handled on the analog computer
by a number of techniques. One such technique, the method of steepest descents,
is finding increasing application. Although the method will be illustrated by
solving a trivial algebraic system, its scope of application is much more gen-
eral,

Consider the set of algebraic equations

8qq ¥ * 8y, %, = b1 (EQ. 4.5=1)

X, +a_ %X =b (EQ. 4.5-2)

where aq and a,, are both positive. Attempting a solution by means of the boot-
strap me‘bhod useg for differential equations results in:

b a
= 1 12
K, T oommmm o e (EQ- 405"’3)
17 &7 a2
;{2 = .Ezh o i%l x1 (EQ, 4,5-4_)
agp a2
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A computer circuit for this system is shown in Figure 4.5-1. If a4, and ayq have
the same sign, there will be an even number of amplifiers in the loop. A condi-
tion of positive, rather than negative, feedback will then exist, and the circuit
will be unstable unless the total loop gain is less than one, that is, unless

K = 212 821 (EQ. 4.5-5)
a1 a2

This requirement is necessary for stability in any loop with an even number of
summers and no integrators. If it is violated, an overload will quickly arise,
and no solution will be obtained.. Loops containing an odd number of suwmming
amplifiers appear to be free of this difficulty. However, this is not necessarily
true. When no integrator is present in a loop, the phase shift unavoidably pre-
sent in the amplifiers will produce high-frequency oscillations if the loop gain
is too high, again preventing the circuit from reaching a stable condition. Thus,
no matter how many amplifiers are present, one must be very careful to keep the
loop gain small if a solution is to be obtained.

For these reasons a naive approach to the solution of algebraic equations is not
guaranteed of success. A better approach is to program a set of differential
equations whose steady-state solution satisfies the original algebraic equations.
In the example given, one can write the differential equations:

. dxq
dx
8y Xq * Ayy Xy = by + 353 =0 (EQ. 4.5=7)

The circuit for these equations may be obtained from Figure 4.5-1 by substituting
integrators for the high-gain amplifiers.

A steady state solution, if one exists, may be found by setting dx4/dt and dx /&t
equal to zero, and such a solution will clearly satisfy Equations l 5-1 and 4. 5-2.
However, if a¢» and a,, have the same sign, the loop will contain an even number
of amplifiers, and positive feedback still exists. Again Equation 4.5-~5 must

be satisfied for stability, as may be seen by analytically solving Equations
456 and 4.5-7.

The method of steepest descents is also based on the idea of writing a differen-
tial equation whose steady-state solution satisfies the algebraic equation.
However, this method guarantees stability, and the correct solution is obtained
as a steady-state solution with no restrictions on the coefficients.

Consider a system of n equations in m unknowns:

fi (X1, seoe g Xm) bi i = 1’ 2, LR N n (EQ. 405-8)
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It is not necessary to assume that the f; are linear, nor that m = n. By definition,

Ei (X1 L Xm) = fi (-‘xJ‘ e Xm) - bi (EQ. 4-05.9)
n 2 ‘

S (X1 so e -xm) zz ei (EQ. 4-5-10)
i=1

Note that S(xq ... x) = 0 if and only if the values xq, ..., X, satisfy Equation
4.5-8., We want to make the xi's vary with time in such a way tﬂét lim S==» 0 as
t—» ®, Since S » 0, S must décrease, which means that dS/dt should be negative.
From Equation 4.5-10:

ds de
—— E: i -

Since the e; are functions of x4, ..., Xp?

des B Jey dxj

i_ i=J : _
dt 21 dx: dt (EQ. 4.5-12)

J:
Combining Equations 4.5-11 and 4.5-12:
n m
Ae; dxs

ds i J
— 2 3 e E . . -1
= 1{11 ey 3221 3 ® (EQ. 4.5-13)

Upon interchanging the order of summation, Equation 4.5-13 becomes:

el b el L ’5'::'3' (EQ. 4.5-14)
J=1 1=1

The functions e; (x4, +.. X;) and 5siA5x' are known, and a set of differential
equations for tﬁe derivatives dx:/dt is desired which will guarantee that dS/dt
is negative. One way to do this is to write:

dx s n ag.

—_— - 0. L.5=

pre K Z si-;;z (EQ. 4.5-15)
i=1
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as the basic set of differential equations, where K is a positive constant. Sub=-
stituting 4.5-15 in 4.5-14 yields:

2
ds -2 m /dx. .
-a-_-b- = R—- 8 -dT‘Eg') (EQa 405-16)
=1

which clearly implies that dS/dt is always negative. Since S is positive and de-
creasing, it will approach a limit, (positive or zero) which will be a minimum.

The method may be summarized as follows: S is an error term (the familiar sum

of the errors squared) and the vector (x1 e xm) moves around in m~dimensional
coordinate space looking for a minimum S. In the language of vector analysis,
Equation 4.5-15 says that the point'(x1 voe xm) moves in the negative direction
along the gradient of S, so that S decreases as rapidly as possible. Hence, the
name "steepest descents". The factor K determines the speed with which the vector
(x1 eee xm) moves.

If a solution to Equation 4.5-8 exists, then the minimum value of S is clearly
zero and the X3 will converge to a solution.

If no solution exists, a best approximation is found(best in the least-square
sense). If several solutions (or several minima) exist, they will be obtained

by starting with different initial conditions. There are no problems of instabil-
ity such as appeared with the other methods.

Applying this method to the original problem, rewrite Equations 4.5-1 and 4.5-2
in terms of the errors:

aqq Xq * aqp Xp = by = gyq (EQ. 4.5-17)

agy X9 * agy Xp = by = ep (EQ. 4.5-18)

The partial derivatives dej/dxj appearing in Equation 4.5-15 are simply the
coefficients ajj, and Equation 4.5-15 becomes:

dx

-C-i.{l = K [81 a11 + 82 321] (EQo 405"19)
i |

a'gg = -K [eq1 a12 + e2 azz] (EQ. 4.5-20)

Equations 4.5-17 through 4.5-20 can now be programmed on the computer. The re-
sulting diagram appears in Figure 4.5-2.
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As pointed out above, the range of applications of this method is much wider

than the simple example used as an illustration. Since it is essentially an
optimization procedure, it is equally applicable to systems with more equations
than unknowns. Such systems usually have no solution, in which case a "solution"
is found which minimizes the error term S. The following references and those in
Appendix 9 contain more detailed descriptions of the application of this method to
least squares curve fitting, linear and nonlinear programming, and similar optimi-
zation problems.

1. Rogers, A.E. and T.W. Connolly: "Analog Computation in Engineering De~
sign", McGraw-Hill Book Company, Inc., New York 1960

2. Fifer, S: "Analog Computation", McGraw-Hill Book Company, Inc. New York
1961
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APPENDIX |
COMPUTER SYMBOLS

DIODE FUNCTION GENERATOR,

HIGH GAIN AMPLIFIER FIXED AND VARIABLE

—> INVERTING AMPLIFIER

SUMMING AMPLIFIER

FUNCTION SWITCH

W0

SOLID-STATE DIODE

"

|

FIXED RESISTOR

ﬂ>‘ INTEGRATING AMPLIFIER

HAND-SET POTENTIOMETER,
GROUNDED

U
1

CAPACITOR

Hi
HAND-SET POTENTIOMETER,

UNGROUNDED . Y INPUT OF_, XY PLOTTER

Lo

-

X INPUT OF XY PLOTTER

QUARTER-SQUARE MULTIPLIER,
MULTIPLICATION AND DIVISION MODE

L

QUARTER- SQUARE MULTIPLIER, -

SQUARE AND SQUARE-ROOT MODE L RELAY COMPARATOR

L

Zz

-

AI-Il



APPENDIX 2

SIMPLE CIRCUITS USING AMPLIFIERS AND POTENTIOMETERS

CIRCUIT DESCRIPTION CIRCUIT COMPUTER  SYMBOL
- k
l. GROUNDED POTENTIOMETER -t— e— O)—— ke
= k=POTENTIOMETER
SETTING
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& Hi
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¥
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5. MULTIPLICATION BY -k ‘e
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k
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circuit 3 )
100K
2
6. MULTIPLICATION BY 2 m ’ ,~ OR
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e
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3. X[x|] AND v|¥|
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APPENDIX 5
LOG X AND Lz LOG X DFG CIRCUITS

a. LOG X DFG CIRCU!TS
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3. LOG BASE e
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5. MULTIPLICATION (TWO VARIABLES)
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7. MULTIPLICATION AND DIVISION (MORE THAN TWO VARIABLES)
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b. + LOG X DFG CIRCUITS
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APPENDIX 6
VDFG CIRCUITS
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VDFG CIRCUITS
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A more complete listing may
McGraw=H1ill Book :. .,

(a) The following Table contains examples of amplifier circuits
for simulating transfer functions.
be found in Jackson, A.S.3: "Analog Computation®,
Company, Inc., New York, 1960.

TRANSFER TIME
NO. BODE PLOT FUNCTION CONSTANTS GAINS
B
Ei _Eo
A
1’ 1 1
e - . T=- A= B =
! ° I 1+7 A T.
=
1 1
O-=-=-——-~=--= T== A® -
2 K £ A : T
N 1+7 B
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B
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A
B
A
1
_ A -
3 0_.___| . Tp T-’-’l T
-7 T+ Tp A Ba
0 mmmmmmemm | r=1 A=l
K JS I A T
4 T 1+ Tp _ .
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NO.

BODE PLOT

TRANSFER
FUNCTION

CONSTANTS

TIME

GAINS

A
3 .
1¥T3p 1 ' B=C+ %%
‘ T, = 1 !
(1+T4p) (14T 2p) I | pad(d = Ny
Ta = _l_ | C TB T2
3 Be( | E = T3
| * =i

(b) The following table conmtains the short-~circuit admittance and component
values for some useful networks for simulating transfer functionms.
extensive listing may be found in Jackson, A.S.: "Analog Computation”, and
Fifer, S.: "Analog Computation". (See Bibliography.)

& more

Yss
NO. SHORT-CKT. ADMITTANCE NETWORK
1 R
L S —\N\NN— A =R
R
SR AT
2.
A _
T = RC
_ C
R
| 0 A= R
3. e l
A(1+pE) T° 1= 50
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Yss
NO. | SHORT-CKT.ADMITTANCE NETWORK
Rz A]a‘ R1 + Rz

ladz8&, R T = RyC

4, 4 "1+ pel . R4
=
A = R4

11+ R,

A(1+pe'l‘) T=(R1+R2)C
5.
6.
7.
8.
9.
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REPRESENTATION OF DISCONTINUTIES

I v,
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5. Ve
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"9. VO
P k
_B'f\
K
N Vo Vi
DIODE
DROP
ZERO LIMIT HALF-WAVE
RECTIFIER
10. +10 VO
N k
2
I
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NOTICE

In order to enable us to process your requests for spare parts and replacement items quickly and efficiently,
we request your conformance with the following procedure:

1. Please specify the type number and serial number of the basic unit
as well as the identification of the part when inquiring about replace-
ment items as potentiometer assemblies or cups, relays, transformers,
precision resistors, etc.

2. When inquiring about items as servo multipliers, resolvers, networks,
cables, potentiometer expansions, etc., please specify the serial num-
bers of the major equipment with which the units are to be used, such
as: Console Type 231R, Amplifier Group Type 4,028, serial #000, etc.
If at all possible, please include the purchase order or the EAI project
number under which the equipment was originally procured.

Your cooperation in supplying the required information will fac111tate the processing of your requests and aid in
assuring that the correct items are supplied.

&

It is the policy of Electronic Associates, Inc. to supply equipment paiterned as closely as possible to the indi-
vidual requivements of the individual customer. This is accomplished, without incurving the prohibitive costs
of custom design, by substituting new components, modifying standavd components, etc., whevever necessary to
expedite conformance with vequivements. As a vesult, this instruction manual, which has basically been wvit-
ton to cover standavd equipment, may not entively concur in its content with the equipment’ supplied. It is felt,
however, that a technically qualified person will find the manual a fully adequate guide in undevstanding, oper-
ating, and maintaining the equipment actually supplied.

Electronic Associates, Inc. reserves
the right to make changes in design,
or to make additions to or improve-
ments in its product without imposing
any obligation upon itself to install
them on products previously manufac-
tured.

Printed in U.S. A. M226
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Long Branch, New Jersey

Telephone: Area Code 201
2291100

TWX-LG BR 201-222-2795 _
Cable-PACE Long Branch, N.]J.

EUROPEAN COMPUTATION CENTER

Electronic Associates, Ltd.

Burgess Hill
Sussex, England

Telephone: Burgess Hill (Sussex) 5101—5

Cable — LONPACE
Telex: 87183

Centre International, 22nd Floor
Place Rogier, Brussels 1, Belgium
Cable: PACEBELG Brussels
Telephone: Brussels 18-40-04
Telex: 2.21-106

" PRINCETON COMPUTATION CENTER

EAl RESEARCH AND COMPUTATION DIVISION
Integrated Controls Department

4151 Middlefield Road
Palo Alto, California

M226a-3

P.O. Box 582
Princeton, New Jersey

Telephone: Area Code 609
WAlnut 4-2900



