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TITLE: AGC-I09 EIGENVALUES A}ID EIGENVECTORS BY JACOBI'S METHOD 
(Floating Point) 

LOCATIONS USED: 0000-0007, 0150-0527, 0770-1,57 are ~sed for commands and 
constants. Data and results are stored in 3000-7757; the 
exact number of locations used depends upon the size of the 
matrix. The following subroutines are punched on the tape: 

INTRODUCTION: 

Mm'HOD: 

AN-002 (0010-0147), AN-014 (0530-0767), and AN-007 (2310-2667). 

Thus, the program and input-output subroutines occupy locations 
0000-1557 and 2310-2667. Notice that the Input-Output Control 
is not destroyed (locations 1650-1763). 

Given a symmetric matrix A (one for which At = A), its eigen
values (characteristic roots) and eigenvectors m~ be found 
by Jacobi's Method. Since the matrix is symmetric and all 
transformations preserve this symmetry, only the elements on 
and below (or above) the diB.gona1 are necessary. This con
serves memory space and increases speed. It has no effect 
upon the accura,cy of the results. 

The output consists of n (the order of the matrix) eigen
values with their associated eigenvectors, followed by the 
number of iterations. The nixie tubes also display the 
iteration being performed in octal @ 38. 

The elements of A, aij (1 ~ i ~j ~n), are searched to find 
the element of greatest magnitude. Call this element ~. 
Element axy is annihilated by the following matrix multipli
cationl 

Rt • A • R, where the elements of R area 

rxx = cos g 

rxy - sin g -
ryx = -sin g 

ryy = cos g 

rii = 1 

riy = rxj = rij = 0 i -# j; i, j rI:- x, y 

g = ! tan-1 [ -ax;x: ] 1. (axx - ayy) 2 
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This is equivalent to the following transformations: 

bxi = biJe = axi cos Q - ayi sin Q 

byi = biy = axi sin Q + Syi cos Q i, j :1= x, y 

= 
bxx = an cos2 Q + 8.yy sin2 Q 2 axy sin Q cos Q 

byy = 8.xx sin2 Q + ayy cos2 Q + 2 &xy sin Q cos Q 

bxy = byX = (&xx - ayy) sin Q cos Q + Boxy (cos2 Q - sin2 Q) 

By setting bxy : 0, it may be seen how Q was determined. Let 

d) = sgn y) A 
.j )..2. + ~L 

and cos Q = Jl - sin2 
Q. 

Next, replace the elements aij by the elements bij • This gives 
a new matrix A, for which the process may be repeated. In 
annihilating a "newl1 element of A, it is likely that the elements 
that are currently zero will be made non-zero. Thus, this is an 
iterative procedure, which is carried out until the non-diagonal 
element having greatest magnitude is within a specified range. 
The diagonal elements of A are the eigenvalu~s. 

Next, consider the matrix Si : 8i-1· Ri, where 81 = Rl. This 
matrix multiplication is equivalent to the following transfor
mations: 

tij = s' . 
~J i, j -::j::. x, y 

tix = Six cos Q - Siy sin Q 

t iy = six sin Q + B· cos Q l.y 

We then replace the elements Sij by the elements tij. When the 
desired accuracy has been reached, S will contain the eigen
vectors desired. The ith column of 8 corresponds to element a1i 
of A. 
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RESTRICTIONS: The matrix must be real, symmetric, and of order n such that 
3 ~ n ~ 21. Logically, the program could handle any order 
greater than 2 that the memor,y capacity would permit. 
Practically, the program would be very slow for large n (see 
section titled ttTll1Ett). The original matrix is destroyed. 

USAGE: Enter the program tape and hit start button 1. The typerTriter 
will type N. Type as an integer the order of the matrix; enter 
with a C/R. It will then type E (epsilon). Type, in AN-D07 
fonnat, the greatest pennissible absolute value that any non
diagonal element of A may have, and enter it with a C/R. When 
the machine next stops, enter the elements of A in AN-007 format 
as follows: 

all C/R 

a2l tab a22 C/R 

a3l tab a32 tab a33 c/R 

• • • 
• • • 
• • • 

aru. tab 8.Jl2 tab Bn3 tab ~4 CIR 

~5 tab • • 

~ C/R 

When ~(n + 1) elements have been entered, computation will 
begin. The first iteration requires more time than do subse
quent iterations, as it includes initialization. 

The console will display, as an octal number at binary 38, 
the number of the iteration being performed. If one sees 
that he has requested too much accuracy (that is, the process 
will use too much time), he may set the pre-set stop for 
location 00041. Then use the input-output control to enter a 
new value of E in locations 0266-0267 (floating point). Set 
location counter to 00041 and press regular start. This 
procedure may be used as often as desired. 

If the answers have already been printed but greater accuracy 
is desired, enter a new E in 0266-0261, as described above, 
and start at location 00041. However, the diagonal elements 
change less rapidly than do the non-diagonal elements; E may 
have to be 1/1000 the size of the flold" E in order to gain 
one more digit of accuracy in the eigenvalues. 
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OODING 
INFORMATION: a· . l.J 3000-4363 0(3000) = all 

bij 4364-4713 c(4364) =bxl 0(4540) = ~y 
r· . l.J 4714-7577 0(4714) = r 11 
s· . l.J 7600-7757 0(7600) = slx 0(7666) = sly 

iteration counter @ 39 1270 

x @ 38 0206 

y @ 38 0207 

N @ 38 0227 

N+ (N @ 38 + 1 @ 39) 0210 

2N + 2 @ 38 0314 

2N @ 38 12'65 

E 0266-0267 

a xy 1266-1267 

A 1240-1241 

A. 2 1242-1243 

~ 1246-l247 

t<:) 1250-l251 

sin Q 1252-1253 

sin2 Q 1254-1255 

cos2 Q 1256-1257 

cos 9 1260-l261 

2 sin Q cos 9 1262-1263 
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The output automatically follows computation. The eigenvalues 
are not necessarily in descending order. Each eigenvector 
follows its associated eigenvalue. 

The following times, for computation only, have been observed. 
Output may require several minutes if N is large. 

Element Having Largest Time 
N E Absolute Value Min. Sec. Iterations 

3 10-6 4 1 0 1 

3 10-15 2 1 5 9 

4 10-7 3 2 15 15 

4 10-7 4 2 27 11 

5 10-7 3 4 50 28 

6 10-3 20 x 106 8 55 44 

7 10-3 10.1 x i06 15 35 66 

8 10-3 22.5 x 106 22 15 82 

A well-conditioned matrix will require less iterations than will 
an ill-conditioned matrix. 

"The Determination of the Characteristic Roots of a Matrix by 
the Jacobi Method," by John Greenstadt; Mathematical Methods for 
Digital Computers, edited by Anthony Ralston and Herbert S. Wi1f; 
John Wiley & Sjns, Inc., 1959. 



N 3 

E 1 00-' 

2 

~ 

EIGENVALUE 

+0'387199'134 + 1 

EIGENVECTOR 

+051841 480°9° + 0 

EIGENVALUE 

-.16955886857 + 1 

EIGENVECTOR 

-.59228155534 + 0 

1 
2 

EXAMPLE 1 

4 



EIGENVALUE 

+.23°8389°724 + 1 

EIGENVECTOR 

-.61680519895 + 0 

7 ITERATIONS 

EXAMPLE 1 (Cont' d) 



N 4 

E 0.0000001 

1 
1 
l 
1 

EIGENVALUE 

+.28311858285 +0 

EIGENVECTOR 

+.42852507314 + 0 

EIGENVALUE 

+.tOOOOOOOOOO + 1 

E :,IGENVECTOR 

2 
2 
2 

EXAMPLE 2 

3 
3 4 



EIGENVALUE 

+04260220477b + ° 

EIGENVECTOR 

-.65653842203 + ° 

EIGENVALUE 

+0829°8593694 + 1 

EIGENVECTOR 

+022801342887 + ° 

17 ITERATIONS 

EXAMPL~ 2 (Cont'd) 

+022801350885 + ° 



N 6 

E 0.1-3 

476120.496 
-460009.900 
o 
o 
o 
+19966905.655 
o 
-14399832 .963 

EIGENVALUE 

~049592431927 + G 

EIGENVECTOR 

+095572298717 + 0 

-011538233878 +'0 

EXAMPLE 3 

+93~7626.854 
-40469200 727 
o 
o 

o 
+27642276.381 

-041144'99542 - 1 

-0'1204776299 - 1 

+115714280517 
-8897391 .737 
o 

o 

+12602451.779 
-7024112872-3 
o 



EIGENVALUE 

+072453449864 + 7 

EIGENVECTOR 

-0448163709~7 - 1 

-053651245014 + ° 

EIGENVALUE 

+0488084°9794 - 4 

EIGENV~CTOR 

+.28963436800 + 0 

+.33428734251 + 0 

EIGENVALUE 

+0221~02G1 0884 + 8 

EIGENVECTOR 

-.47801220158 - 2 
-011028938402 + 0 

EXAMPLE 3 (Cont' d) 

+065949031943 + 0 

~.37876725255 + 0 

+029977802421 + 0 

+.17414202171 + 0 



EIGENVALUE 

+01197881504 7 +8 

E1GENVECTOR 

-025964134577 - 1 

+043086055469 + ° 

EIGENVALUE 

+0395°4114445 + 8 

EIGENVECTOR 

-.10840001244 - 3 

-0'2393005507 + 0 

44 ITERATIONS 

EXAMPLE 3 (Cont I d) 

+064924148219 + 0 

+039610146732 + 0 

+091968347409 - 2 

+0757428024'1 + 0 

-059710227180 - 1 

-.322°3950257 + 0 
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AGe-fO!) 

,AL ~ (a"y)Z 

"";; i-(a~ -0,1. 

~ c -;"/J ,.t~1 
. ~ 

A.UCI 8 '= ~=:::::::::~;:-I 
J z (I ~ .r;-:;;)i.) 

(..,8-L (} ': I/-~"'s 

K ~ I --. k ....... ------.... 
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AGC-/o~ 

k+l~1< 

&)(J ~ a~1' 
P,li ~ (Jlr ~----t 

+1 ~ 

k +1 -+1< 

= 
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s,~ ~.Ia.,'x. 

SLY ""'~I''1 
, 6 ,: ~N 



AGC-ltJ9 

~e - Ak)' ~e 
~t9 + ttY1 ~l.(f) 

h,,~ = ~iJ - taler ~& 

0 

a, Jt J( ~e - aYI( ~I) 

~~)l ~ e -+ IJ. ky ~9 

0 

'='Ic.)' ax/(, ~9 .... tl.Jr..y ~A = 
OJV( ~'e + fJ.. y , e-,I.G 

aXle ~(!; of- 4,,1< ~6 

b"K --.. aK'IC 

bltl<. ~ ~JC.I( 

b .. y ~ (J,~y 

~)' --. Q.),K 

Six :: hlx ~ e - A.;'y ~ (J 

S,'y = 4,,')( ~(J + 4;,y .(!,H.. B 

s (,)( ----1' 4 e' J( 

s('y ~ .h..,,'y 
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I ~ J< <x 

- .2. a)(y ~et:H.B I< =)( 

X<K.<y 

k 'D Y 

y.c.K~A.I 

I ~ k <)( 

k ::. K 

+2a."y ~~~8 
xJ.K..<y 
k = )" 
y<K'!:.N' 



AGC-ItJ9 OUTP~T 

I ---. I 

L Glu ) =L (tI,,) 
t-2.(N-f+ 
+I)(i-,) 
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L. ("'1):: LC .. ,,)'" 
+ 2 (,-,) 

L- (.4 .'., 1.) =- L ( h, 1) 
... JtN' 

I" "'N-
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AGC-/o9 o u.. T P UJ T ( p. 2) 

r+I--+I 



LOOOOO C+15 13440+7700000 +0003100+6012700 +57 02 120+4100010 +6012650+5700041 

Loo040 C+1502040-t-6401500 +5777610+4201640 +6401600+6601 700 +5777600+4000000 

L00100 C+1500270+6400300 +6600400+5777600 +6601 300+5777740 +4100010+4277761 

LOO140 C+oo77630+5277760 +0277640+5777761 +0077 640+4000000 +5601431+5702160 

L00200 C+0077660+5077730 +0077640+2177660 +5300120+6077640 +0077650+0377670 

L00240 C+0377770+5 177760 +5077760+5701061 +6600100+5777730 +0000000-0000230 

Lo0300 C+0177670+4201061 +0177670+4200171 +57777 41 +0000500 +0200000-0000000 

L00340 C+oOOOCOO-OOCCooO +0000000-0000000 +0000000-0000000 +0000000-0000001 

Lo0400 c+357760o+3077640 +0701400+0477600 +3577640+3077660 +5077741+0701400 

Loo440 C+3577660+0077630 +7177610+4100010 +0177620+4277771 +0077640+5700000 

Lo0500 c+57 77741 +4000000 +3001 i 40+5777700 +570106 1+4000000 +5001420+5701061 

Lo0540 C+5700600+40ooooo +5701061+4000000 +3001260+5777700 +3001240+5777700 

Lo0600 C+0077660+5701450 +570 1061+4000000 +3001160+5777700 +5701061+4000000 

Lo0640 C+5701061 +4000000 +570 1061+4000000 +5701061+4000000 +5701061+4000000 

Lo0700 C+3001200+5777700 +5077741+5701061 +5701061+4000000 +3001120+5777700 

Lo0740 C+5701061 +4000000 +3001220+5777700 +3000340+5777700 +3001320+5777700 
""d 
SlJ 
oq 
CD 
I\) 

I-' 



L 01000 C+3001100+5777700 +570106 1+4000000 +570106 1+4000000 +5777741+4000000 

L01040 C+0077660+5701300 +570106 1+4000000 +4000000+57021 5 1 +5777741+4000000 

LOllOO c+4400000-0000oo0 +0000000-0000020 +4000000-0000000 +0000000-0000010 

LO 11 40 c+6oooooo-ooooooo +0000000-0000010 +4000000-0000000 +0000000 -00000 1] 

L01200 C+500oo00-00oo000 +0000000-0000011 +6000000-0000000 +0000000 -OOGO 0 1 1 

L01240 C+7000oo0-00oo000 +0000000-000001 1 +4000000-0000000 +0000000-0000020 

L01300 C+500131 0+5701 061 +3001320+5777740 +4000000-0000000 +oooocoO-OOCOOOl 

L01340 C+0077650+0 177730 +6077650+0077640 +11777 20+2377660 +6600200+5777721 

L01400 C+50 0000 0-0000000 +0000000-0000020 +0277630+6077630 +5777741+6077600 

L01440 c+3677600+5700171 +5001 461+6600200 +5777700+3001320 +3577660+570 1451 

L01500 C+0102010+42017 21 +0002000+6002060 +6002040+0102000 +6002070+0102000 

L01540 C+6002050+3030020 +0030021+3512660 +0002110+4201 60] +420J 631 +5700051 

L01600 C+3012660+0630041 +5277650+0002040 +6002060+0002050 +6002070+3030041 

L01640 C+0030041 +3512660 +0002050+0102000 +6002050+0302100 +5177740+0002040 

L01700 C+01020oo+6002040 +0102000+6002050 +0302100+52 127]0 +0002030+5777741 

L01740 C+0002020+0 177600 +4277601+4277631 +4100240+4277640 +5777600+4000000 

'"C 
$U 

OQ 
CD 

N 
N 



L02000 C+0000000-0000010 +OOOOoco-oooeoo 1 +0000000-0000020 +00000 w-OOOGO 40 

L02040 c+o 000000 -0000050 +DCCOOOO-0000050 +0000000-0000020 +0000000-0000040 

L02100 c+Ooooooo-OOOO041 +003°041-003°041 +7200370+7200100 +7200140+7200040 

L02140 C+7200330+ooo2260 +5700100+5702141 +6402200+5777600 +6402300+5777600 

L02200 C+6002270+0102010 +6002100+7200370 +7200100+7200100 +0002000+6002040 

L02240 C+6002050+0102010 +6002440+5702600 +0000000-0000230 +0000000-0000040 

L02300 c+0002040+0302OOO +6002450+1102270 +4300000+4000010 +6002460+0202040 

L02340 C+1102450+4300000 +4000020+0102050 +0302000+0102460 +4100010+6602400 

L02400 C+0177770+4202421 +5702411+5723100 +5702411+3530220 +6402500+5777600 

L02440 c+0000000-0000010 +0000000-0000030 +0000000-0000100 +0000000-0030000 

L02500 c+o002040+0102000 +6002040+0302440 +5102170+0002000 +6002040+0102440 

L02540 C+6002440+0002050 +0102000+6002050 +0302100+5102170 +6402700+5777600 

L02600 C+7200010+7200040 +7 200330+5723100 +5702611+3502660 +4000000+7 200370 

L02640 C+7200 100+7200 100 +6402300+5777600 +5075340 -5075340 -0000000-0000030 

L02700 C+30031 00+3577700 +3577720+35777 40 +3577760+3547 160 +0002000+6002040 

L027 40 c+4000000+67 47200 +0077640+0103] 20 +4277641+0303130 +517764.+6603000 

'"tI 
Sb 

O'Q 
(l) 

N 
\..tJ 



L03000 C+0002270+4100010 +0102020+6003140 +3403]50+3547140 +0077720+0103140 

L03040 C+4277721 +0002040 +0102000+6002040 +0302100+5 177720 +0002270+57 00021 

L03100 c+ooooooo-OOOOOOO -0000000-0000230 +0000000-0000100 +4000000+6775771 

L03140 c+00oooOO-0000120 -4000000-0000000 +0000 000 -000000 1 +6403300+6603400 

L03200 C+5777600+0077710 +4204761+0102020 +4205221+0077750 +4203261+0102020 

L032-40 C+4205261 +6404600 +6604700+5777600 +6405000+3545400 +6605200+5777600 

L03300 c+oo02060+0302000 +6012150+1102270 +4300000+4000010 +6002460+0202060 

L03340 C+1112 150+4300000 +4000020+0102460 +0302000+6012350 +01 02070+4100010 

L03400 C+0177770+4203601 +4203611+001 2350 +0102060+4100010 +0177770+4203621 

L03440 C+0002070+0302000 +6012160+1102270 +6403500+5777600 +0000000-0030000 

L0 3500 c+430oooo+4000010 +6002460+0202070 +1112160+4300000 +4000020+0102460 

L03540 C+0302000+6010270 +0102070+4100010 +0177770+4203631 +6403600+5777600 

L03600 c+6603700+3030040 +3512400+0730040 +3512420+3030000 +4000000+0630160 

L03640 C+0512440+3512460 +5077660+5177670 +3412400+3512400 +3012460+0712460 

L03700 C+D412420+35 12360 +4412360+3512360 +3012400+0512360 +3512500+0703150 

L03740 C+071250C+o603150 +35 12360+5714020 +0603150+6404000 +6604100+5777600 

~ su oq 
CD 

I\) 

~ 



L04000 C+0712440+35 12360 +4412360+3512360 +3012500+0512360 +3512520+0712520 

L04040 C+3512540+0703150 +0603150+3512560 +4412560+3512600 +07 12520+0712440 

L04100 c+3512620+0002000 +6002040+6404200 +6604400+5777600 +0002050+0302070 

L04140 C+5011 350+6411100 +0077700+42 i 1 22 j +0077720+42 11241 +6611200+5777600 

L04200 C+0302060+5003201 +0002040+0302000 +6002440+1102270 +4300000+4000010 

Lo4240 C+6002450+0202040 +1102440+4300000 +4000020+01 02450 +6404300+5777600 

L04300 C+0302000+6012170 +0102060+4100010 +0103470+4277661 +4277721+0012170 

L04340 C+0102070+410OC10 +0103470+4277701 +4277131+3000000 +0712600+3512360 

L04400 C+3412520+0700000 +0412360+3543640 +3012520+0700000 +3512360+3000000 

L04440 C+0712600+0412360 +4000000+3545400 +0077710+0102020 +6404500+5777600 

L04500 C+4277711+0077750 +0102020+427775 1 +0002040+0102000 +6002040+0302060 

L04540 C+5003201 +4000000 +6404200+5177610 +0302 100+52 10260 +5717620+4000000 

Lo46oo C+0012350+0102060 +4100010+0103470 +427771 1 +4210051 +0012350+0102070 

L04640 C+41 00010+0103470 +4277741+4210111 +0010270+0102070 +4100010+01 03470 

Lo4700 C+4277721 +4210061 +3012560+0700000 +3512360+3000000 +0712540+0412360 

L04740 C+3512360+3400000 +0712620+0412360 +4000000+3543640 +3003100+5703260 

toO 

'" oq 
CD 

N 
\1\ 



L05000 c+oo02040+01020oo +6002040+0302070 +5007770+0012350 +0102040+4100010 

L05040 C+oI03470+4277731 +4205171+0002040 +0302000+6002440 +6405100+5777600 

L05100 C+l 102270+4300000 +4000010+6002450 +0202040+1102440 +4300000+4000020 

L05140 ~+0102450+O102070 +0302000+4100010 +0103470+4277741 +4277711+3030020 

L05200 C+0712600+35 12360 +3412520+0700000 +0412360+3543660 +30 12520+0700000 

L05240 C+3512360+3000000 +0712600+0412360 +4000000+3545420 +6407700+5777600 

L05300 C+1505400+6605500 +6405400+5777700 +5077760+5277740 +6077700+0277700 

L05340 c+6077650+4oooooo +6605700+5777700 +0077630+4100430 +6606300+5777701 

L05400 c+6645720+5261350 +Ooooooo-oooeooo +0000000-0000000 +0000000 -0000 001 

L05440 c+oooocoo-oooo050 +0000000-0000000 +0000000-0000000 +1277771+5700010 

LOSSOO C+017767o+6077670 +4277721+4300000 +6077610+0000000 +4000250+6077620 

L05540 C+7200330+0077600 +5277761+7200030 +5777770+7200210 +6605600+5777700 

L05600 C+7200340+5277720 +0277600+6077600 +5077770+0077610 +1177760+01 77630 

L05640 c+43000oo+3577650 +6607600+5777741 +2321010-6502370 +6606700+5777710 

L0570CJ C+1377760+4ooG01O +0177770+1377650 +4000010+01 77750 +1377650+4000010 

L05740 c+66060oo+5777700 +00247 21 -0475°71 +000207 1-5234230 +0003721-2076741 

;p 
~ 
(D 

N 
0\ 



Lo60co C+01777 6o+1377650 +4000010+0171770 +1377650+4000010 +0171750+1377650 

L06040 c+66061 00+5777700 +1°50240-1 055 15° +0105271-5031700 +0324031-3304770 

L06100 c+400 CfJ 10+0177750 +1377650+4000010 +0177760+1377650 +4000020+0177770 

L06140 c+6606200+5777700 +2257270+7051121 +404340]-6076151 +2515220+1435700 

L06200 C+1377650+4000010 +0177770+1377650 +0177760+6077700 +1377700+607765C 

L06240 C+007761 0+4000000 +6606300 +5277700 +2000000-0000000 +2232730-3356650 

L06300 C+0077650+1177600 +6077650+4100040 +4000040+2277750 +6606400+5777700 

L06340 c+4300000+6606400 +0400000-0000000 +0077750+217'7650 +1377600+5777740 
L06400 c+4300000+o077650 +4000430+5077750 +2377640+4300000 +0077620+4100010 

Lo6440 c+6606500+5777700 +0077660+0377630 +6077660+4300000 +1177640+5777711 
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