













































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Computer animated film systems—A rat’s nest of trade-offs

by BRUCE CORNWELL*
Consgultant
Brookiyn, New York

and

KATHARINE CORNWELL*
Peat, Marwick, Mitchell & Co.
New York, New York

ABSTRACT

Selected examples of computer animated film produc-
tion systems are analyzed in regard to usefulness for
student projects, commercial film production and
graphic research. No system seems ideal for all of
these purposes and the most sophisticated systems in-
hibit a “collaborative” relationship with the computer,
especially regarding images that relate to mathematics,
science, or aesthetic spin-offs from these fields. A
minimal system of batch mode computing with micro-
film output is described.

The two most beautiful aspects of the computer as
used in batch mode processing is that most any system
is infinitely expandable from the standpoint of hard-
ware, and it has unlimited flexibility in view of the
vast range of languages that can be utilized. It is al-
most astounding that one can gradually expand a com-
puter from scratch, without having to make far-reach-
ing decisions, other than the jump from a hand-held
programmable calculator to a system with peripherals,
or the jump to a larger word size if one starts out with
a mini computer. In contrast to this possible over-
simplification, the building of a general purpose system
for the production of computer animated films is prac-
tically an insoluble problem. Not only is there no ideal
final system, but the route toward the building of a
high-capacity or high-versatility system presents an
obstacle course of decisions. These decisions are simpli-
fied if the system is dedicated to a single purpose, such
as films for use as engineering simulation studies pro-
duced by an engineering concern with an in-house
facility.

Aside from such specialized applications, there are
two questions that might be explored: (1) What is a
minimum, workable computer animated film system,
and (2) What are the trade-offs as one expands up-

* Free lance computer animated film producers.
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ward? These questions are especially relevant when
considering the possibility of a facility for production
of computer animated films within an educational en-
vironment.

There are several insights that can be gained from
an examination of the problems encountered in the
selection of equipment, materials and facilities for
conventional motion picture production. To begin,
there is no such thing as a general purpose film pro-
duction facility, or motion picture camera. Equally
sophisticated film producers may require totally differ-
ent equipment, as when shooting on a wildlife refuge,
or on a sound stage. The term, trade-off, in the mo-
tion picture field is not a matter of differences of
degree—Ilike 10 to 25 percent in cost, portability, speed
— it can mean equipment being totally incompatible for
diverse tasks. Trade-off with equipment for computer
animated films can be almost as drastic.

If the proposed facility is predicated toward ease of
film production, eventually the filmmaking process ean
become child’s play, and the end result may be trivial.
For instance, Fortran can be used to construct an end-
less variety of mathematical functions as graphs. And
these can be subjected to motion that is also mathe-
matical. But, if Fortran is bypassed by the filmmaker
for the option of a graphic display with light pen, the
whole universe of mathematical graphics is essentially
discarded. When a computer is used to execute elabo-
rate mathematical functions—or even simple ones—
this user often feels the presence of the computer as an
unseen collaborator. On the other hand, freehand
graphics is reputable. It was invented millenniums be-
fore mathematics. However, with the availability of
interactive graphiecs, it is practically impossible to di-
rect students 7ot to use a tool that instantly generates
dynamic results in preference to doing something the
hard way. A parallel to this is a problem of students
who are starting to shoot live films. Although the zoom
lens is simpler and more versatile than a turret with
three fixed focal length lenses, it is most difficult to
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convince the students not to zoom in and out ad
nauseam.

There is no absolute minimum configuration for a
computer animated film system, and the minimum end
of the spectrum is in almost the same state of flux as
the maximum configuration end of the spectrum. How-
ever, for purposes of this discussion we would like to
present for consideration a system that we have used
for over ten years of experimenting, teaching, and con-
tract production of computer films in a variety of areas.
Probably it should not be called a system since there is
no dedicated hardware, Figure 1. The only dedicated
item is four boxes of punched cards that comprise a
standard graphics software package. We are presently
working with a modified version of the Integrated
Graphics Software developed by the Rand Corporation.
Our version is for the Stromberg Datagraphix 4060
plotter. All of the computing is done batch mode on any
of several IBM-360-370 installations. The plotting has
been done off-line on a number of microfilm plotters,
including Datagraphix, Gould, Seaco, and most fre-
quently the Information International Ine. FR-80.
Since most microfilm plotters have the ability to emu-
late their competitors, there has been little need for
changes in software (those subroutines that convert
our vector descriptions into commands that drive the
microfilm plotter).

In order to assess this minimum system within the
total range of computer animated films, its throughput
potential should be compared with that of several other
configurations. As in discussion of live film produc-
tion, it is most simple to classify a mode of film pro-
duction by the end product rather than by the equip-
ment needed to achieve that result.

The minimum system described above is reason-
ably effective for the production of dynamic line
tmages. This would include films that demonstrate
scientific as well as mathematical principles since some
areas of science, particularly physics, lend themselves
to mathematically controlled graphics.! For some ob-
scure reason, it is practically impossible to present a
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Figure 1—Flow diagram of minimum computer animated film
system

dynamic mathematical structure that does not display
aesthetic attributes to even the non-mathematician,
especially if a music track is synchronized with the
images. Probably the most significant example of this
effect is in the work of John Whitney.? This type of
film is described by curve (1) of Figure 2. It requires
a great amount of planning and usually rather elabo-
rate programs to drive the plotting software. How-
ever, the end result can be accomplished with a mini-
mum of hardware as shown by the descent of the curve.
(It should be noted that Whitney has used an infer-
active graphic terminal to simplify input to his driving
program. This saves time.) Finally, it will be noted
that this type of film requires the most time for
throughput. This is not entirely discouraging in the
long view. If the film is to display a unique time-
motion structure, the conception, design, the writing
of a driving program along with a few new subroutines
that are invariably required, and the debugging of
these programs—all these added together make the
throughput ability of the hardware less than crucial.
When this system is used for classes in computer ani-
mated film which we teach at the New School, some
students choose to spend far more time at the black-
board than the computer center.3

A second type of film is emerging in the area of
computer animated cartograms and statistical graphs.*
This is graphed as (2) in Figure 2. Typically, this type
of film displays very complex information and requires
massive input data to accomplish its purpose. Once a
program is operational, there is little need for the pro-
grammer to interact with the system, since the primary
purpose of the film is to reveal what the data has to
show. This curve (2) would also apply equally well
to films that simulate traffic flow through a system of
paths with symbols that represent people or vehicles.?

An emerging category of films could be called simu-
lated cinematography, (3). The major initial thrust
in this direction was made at the University of Utah
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Figure 2—Comparison of computing needs required by selected
types of animation
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where the scheme was developed for representing
curved surfaces with a continuously shaded image that
would take into account the location of the light source
and the reflective characteristics of the surface.® Or, in
other words, photographs without a camera pointed
at an object. The computing required to display a full
frame of shaded image is vastly greater than required
for line structures of considerable complexity. This
is a major inhibiting factor if the object of producing
motion pictures is to study the motion rather than the
object in motion. Also the cutput film must be gener-
ated on a display that has beam intensity controllable
by very small increments, unlike any of the microfilm
plotters. However, considerable effort and ingenuity
is being directed toward making these techniques of
simulated cinematography a viable avenue of film pro-
duction, especially in view of accomplishments at the
University of Ohio.”

A fourth type of film, curve (4), is the computer
animated cartoon. Probably the foremost example of
this type would be the output of Computer Image Cor-
poration.®* This also involves a much more complex
system than dynamic line images and the characteristic
curve is almost a reciprocal of the dynamic line images
curve (1). Although the computer slavishly follows the
animator’s guidance, it would be more fitting to con-
sider the computer as an entire animation studio pro-
duction staff, rather than a slave. This is a very
sophisticated use of the computer as both a time-saving
and labor-saving device. One of the main fascinations
of experimenting with dynamic line images is that the
aesthetic effect of the film created is often surprising.
Conversely, the virtue of a cartoon animation system
is its ability to deliver exactly what the designer re-
quests.

One major omission from the graph is computer
generated films that display a walk-through of three-
dimensional space (usually architectural) in full color.
Its characteristic curve would be a straight line
through the maximum requirement in each category.
Since there are only a few such systems in existence, it
is hardly an optional route for building a computer
animation facility from available resources. But even
this area is in a state of flux with simplifications of
hardware.®

It can be observed that the more efficient a system
is at performing a given graphic task, the less feasible
or encouraging it is to use that system for a diversity
of generalized tasks. For instance, it would be almost
ridiculous to use a system capable of cartoon animation
or simulated cinematography to drive simple geometric
symbols of vehicles in a traffic engineering simulation.
Computer animation systems might be separated by
purpose into two categories. Is the system intended to
simulate other clearly established processes of motion
picture production (including animation) ? Or, is the
system intended to offer the most direct means of pro-
ducing motion graphs that describe, or are driven by,

numerical processes? Or, restated, the cheice is
graphics that emulate graphics, or graphics that syn-
thesize numerics.

If this comparison of various systems justifies con-
sideration of the minimum system as a starting point,
there are several items concerning its application that
could be clarified.

Fortran seems the most commonly used language
since the majority of graphic software packages are
compatible with Fortran. Simscript is another very
useful ] ianguage, € capcplauy for cuslneermg Slmhlatxuus,
and it can be used to drive the graphic software, al-
though not as simply as Fortran.

Graphic debugging can be accomplished on a line
printer by a fairly simple set of subroutines, about 100
statements, which emulate the plotting software and
produce strings of asterisks. Batch mode turn around
can slow the throughput until the user discovers that
working on several portions of a project simultaneously
can leave little idle time. Another point on debugging
that can effect considerable cost savings involves a
modification in the graphic software. All of the sub-
routines that are accessed by our driving program are
subject to being turned off or on by one call from the
main program. This enables us to run through a
lengthy sequence but plot on film only a few selected
frames. This does consume extra computing time, but
that cost is small in comparison with costs of de-
bugging by means of a long plotting run.

The final component to consider is the microfilm
plotter. Even if one has funds available to purchase
or lease a plotter, it could be viewed as a serious mis-
use of funds if there were not enough footage of film
output to keep the machine going at least two hours a
day (figure about 100 16mm feet/hour) Furthermore,
an in-house plotter demands a motion picture film
processing machine, such as a Kodak Prostar, but if
the film output is to be used as a master for making
extra prints, or color prints, the film from the plotter
should be reversal processed and that is not simple
on a Prostar. And finally, unless one has a resident
engineer provided by the manufacturer of the plotter,
the system may be down at times less than convenient.

The alternative is to use a commercial microfilm
plotting facility. Although we are located in New York
City, it has proven most convenient and economieal to
work with a company in Los Angeles. They are located
within a milie of the airport, and operate 24 hours a
day, seven days a week. Our cost for this service is
about 10¢ per 35mm frame. However, we often plot
four separate 16mm images within the 35mm frame
which reduces the cost to .025 per 16mm frame.

In conclusion, computer animated film production
has one pitfall that also afflicts many would-be conven-
tional film producers: It is quite easy to fall in love
with beautiful, sophisticated and versatile equipment
without first determining the objective of the under-
taking toward furthering film as a communication
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medium. If there is any doubt about this objective, it
is far safer to start small.
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Speakeasy—A window into a computer”
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ABSTRACT

Speakeasy is a system that enables a user to harness
the power of a computer as a tool for problem solving.
This paper describes the structure of that system and
demonstrates some of its capabilities. The examples
show some of the power that results when relatively
straightforward graphical facilities are added to this
general purpose system.

INTRODUCTION

A modern computer complex is an extremely fast in-
formation processor with a vast amount of stored in-
formation available to it. Machines and their associ-
ated software are becoming ever faster, ever larger and
ever more complex. This growth in capability brings
with it increasing responsibility to provide the normal
user with adequate access to available information.
Unfortunately a sense of isolation from advances in
computer science is common in many disciplines and
results in the people most in need of the capabilities
provided by a computer being forced to rely on second-
ary sources for solutions to their problems or to ignore
advances entirely and to program using first genera-
tion computer techniques.

One answer to this problem of information exchange
can be found within the structure of the computer
itself. A generalized modular system that is designed
to access and operate with libraries of stored informa-
tion can make advanced algorithms and general infor-
mation available to users in a sensible way. Properly
structured, such a system acts as an interface between
user and the computer, matching the user’s needs to
capabilities available to him. Inadequacies in such a
system are answered by adding new capabilities to
satisfy existing needs. A system designed for growth
provides the environment to answer the needs of users;
it can at the same time provide researchers in computa-
tional science with an audience for their work.

This paper describes a system of this type that has
been in use and under development for over a decade.

* Work performed under the auspices of the U.S. Energy Re-
search and Development Administration.
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Originally designed as a tool for research scientists,
the generalized and easily used structure of this proces-
sor has now led to its acceptance by a large and varied
user community. Although Speakeasy' has been in
existence for many years, it is the widespread avail-
ability of time-sharing systems such a TSO and VM/
CMS that accounts for the recent rapid growth in
acceptance. The Speakeasy processor is currently
available for use on IBM 360 or 370 computers oper-
ating under OS, TSO, VM/CMS or MTS. It has been
translated for use on FACOM-230 and PDP-10 com-
puters. Translations to several other computer systems
are now being carried out. ‘

There is an active user group involving some 70
different installations and over a thousand users. The
user communities already include physical scientists,
engineers, econometricians, government agencies and
universities. The growth in the capabilities of Speak-
easy in recent years is partially in response to the
diverse nature of its user group and partially due to
contributions from it.

This paper is intended as a general description of the
Speakeasy system. It is divided into two major sec-
tions. The first describes the structure of the system.
The general form of this system should be of interest
to a computer scientist since it is here that the exten-
sibility and growth capabilities reside. The second
section is a sampling of the capabilities found in actual
operational versions of the system. The features illus-
trated are only a few of those that make this system
valuable to its users. They show that a truly user
oriented system can at the same time be a powerful
one.

THE OVERALL DESCRIPTION

The structure of the Speakeasy system is illustrated
in Figure 1. The system consists of a language pro-
cessor that interprets the requests of the user and
breaks them down into basic syntactical components.
The language structure is a straightforward one
modeled on conventional mathematies. A scratch-pad
storage facility available to the processor enables it to
maintain transient information for the duration of the
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Figure 1—A schematic view of the Speakeasy system. The bulk
of the computational facilities are contained in the modules
that make up the libraries attached to the system

particular application. The processor and this scratch
pad provide the mechanism for a user to define and
address structured objects that represent transient
information in the tasks being assigned to the system.

Libraries of pre-compiled routines are attached to
the processor to provide the system with its working
vocabulary. When a specific operator is requested of
the system, all of the libraries attached to the system
are searched. If the requested operator is found, it is
dynamically linked to the system so that it may perform
its function. In most cases such operations involve
operands previously defined and saved in the transient
scratch-pad area. New results are also saved there and
are therefore available for later use by other opera-
tions.

This operator-operand formulation with a wide
variety of operators on structured objects is the heart
of the Speakeasy system. The ability to define struc-
tured objects such as arrays, vectors and matrices
makes it meaningful to develop a large set of operators
tailored to specific data structures. The use of attached
libraries makes it possible to provide an ever increas-
ing set of such operators without creating a system of
immense size and complexity.

The modularity of this system, the use of libraries
and the simplicity of its control language combine to
provide a powerful system that is easily used and ca-
pable of sustained growth.

Design of the language

The Speakeasy system can be viewed as a repository.
The communication language for the system (also
called Speakeasy) is intended to make this repository
usable. In designing the language and its syntactical
rules the foremost considerations were naturalness,
ease of use and tolerance for trivial mistakes. The
basic specification for the language is a simple one.
If a request by a user is unambiguous and looks correct
to him then it should be accepted by the system.

This design philosophy is somewhat different from
that of normal computer languages that provides fea-
tures to enable the user to exploit the capabilities of
the machinery itself. Such languages are specified so
that a large number of decisions that relate only in-
directly to the calculation must be made by the pro-
grammer. To give just a few examples, fixed point
versus floating numbers, dimension statements for
quantities that occur only as intermediate results, and
input and output formats are concepts only indirectly
related to the statement of the problem itself. Fre-
quently such relatively trivial specifications constitute
the bulk of a program ; the parts related to the calcula-
tion are but a small part of the material written by the
user. It is the volume of this extraneous information
that accounts for many of the errors encountered in
conventional programming.

In Speakeasy most of such decisions are considered
to be part of the internal functions of the system. The,
user formulates his problem in a brief and natural
manner, the system translates this formulation into an
executable form, relieving the user of as many trivial
decisions as possible. In fact, the Speakeasy language
specifications bear little relationship to the structure of
a computer and only very indirectly reflect the form of
calculation as executed in the computer.

The Speakeasy language is designed to operate with
structured objects. Scalars, arrays of numbers, mathe-
matical vectors and true matrices are among the many
classes of structured objects that a user may define and
use in his calculation. Implicit algebraic rules that are
class dependent provide a variety of tools for formu-
lating calculations while operating on defined objects
as single entities. Complete matrix algebra is provided
in a natural notation. This combined with the array
processing capabilities, enables one to write a directive
program that does not involve the loops and branches
that make up most of the computational steps in con-
ventional programs.

The availability of structured objects means that an
operator-operand language with great richness can be
developed (one of the limitations of usual languages
is that the secalar structure of the languages limit funec-
tional values to scalars). Each of the operators in
Speakeasy is designed as a self-contained module whose
operations are dependent upon the structure of its
operands. In this way all of the decisions normally
necessary in invoking routines in conventional pro-
gramming techniques are internally contained in the
operators of the system. Each operator is clearly de-
finable in terms of what it does and contains many
checks to see that it is being properly applied. By
placing decision processes such as these within the
system the user is relieved of most of the mundane
parts of programming. The user can therefore con-
centrate his effort on formulating the overall logic of
his problem and still be assured that the large number
of trivial decisions are being properly made.
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The overall language designed around an operator-
operand concept combined with conventional algebraic
tools is powerful, easily learned and easily used. It is
logically complete and is extensible in both the types of
structure supported and the operators available for
manipulating objects.

The transient scratch-pad—named storage

A gpecial dynamie storage scheme is an important
component of the Speakeasy system. This storage facil-
ity provides the mechanism for defining and retrieving
the structured objects discussed previously. In this
scheme each defined object has associated with it a
complete description of its structure along with par-
ticular values for its elements. Most importantly, the
object and its descriptive information can be refer-
enced by name. The name is all that is needed to locate
any defined object, to determine everything about its
structure and to use it in a calculation.

Named Storage® was developed for use with calcu-
lations in nuclear physies.! It is this storage technique
that led to the development of Speakeasy. Individual
modules of the Speakeasy system (the operators avail-
able to the language processor) are designed to operate
on objects defined in Named Storage and to produce
new objects there. The extreme modularity of the
Speakeasy system is a consequence of this rather
straightforward storage scheme.

Each defined object in Named Storage has descrip-
tive information appended to it which designates its
class, the type of data in its elements and its dimen-
sionality. The allowed ranges for these designators
has been made large so that new data types, new
classes, etc. can be supported in later developments.
Since no computational capabilities are contained in
the storage package it is possible to extend the capa-
bilities of Speakeasy entirely through additions to the
operators attached to the system.

The lLibraries—linkules

In most computer systems each new addition brings
with it increases in complexity, more overhead and a
larger processor. Even with a very modular system
this remains the case. The benefit of each addition
must be weighed against the consequence that it will
have on the overall system performance. It is there-
fore unlikely that a feature of great benefit to only a
few users will ever be adopted if it degrades the sys-
tem’s use for others.

The library orientation of the Speakeasy system
solves this problem in a particularly interesting way.
The use of attached libraries containing operators such
as those described earlier provides a system with easily
expandable capability in a way that neither constrains
the growth nor increases the basic structure of the

system. Operators that are dynamically attached to
the processor, called linkules,® provide the means for
adding any desired capability for those who need it,
without others even being aware of its existence.
Private libraries of linkules can be used to give each
user community a processor tailored to its own needs.

The freedom provided by a library oriented system
is obvious. Growth by the accumulation of new infor-
mation is automatic. Maintenance is particularly
eagy since replacement, modification and additions are
made on members of libraries and not on the processor
itself.

Each new operator added to the system brings with
it capabilities that are enhanced by the presence of
other operators in the system. A system such as Speak-
easy thus reaches a critical stage where the interrela-
tionship between the operators begins to make itself
felt. After this threshold is reached the growth of the
capabilities of the system are often based on finding
new ways to interconnect existing facilities. Speakeasy
has passed that threshold and it is no longer possible
to clearly define the limits of the capabilities of the
existing system.

The user interface

The user’s first introduction to a system such as
Speakeasy can be through a variety of devices. It is
important that a system such as Speakeasy functions
equally well for each type of device and that it be able
to exploit the particular capabilities of each. In this
system this is accomplished by isolating all input and
output to specific components of the system, designing
interfaces to classes of devices, and providing other
general facilities that can be selectively made available
to users of specific devices on demand.

This ability to interface correctly to every type of
terminal in a time sharing environment is of particular
psychological importance since the intent is to make
this system appear natural to the casual user. If the
introductory session with the processor is spent de-
scribing how a particular device is used or why a multi-
tude of peculiar keys are used then it is unlikely that
the user will ever be convinced of the naturalness of
the language.

The currently operational versions of Speakeasy can
be used with card readers, nrinters plotters, ASCII

avii CalG Ieallels, piiilllls, px LA

terminals, IBM 2741’s, Tektronix 4000 series graphics
terminals, or any combinations of these devices. In
each case the adaptation is one in which the device is
natural to use and one where all of its hardware capa-
bilities can be exploited.

EXAMPLES OF SPEAKEASY

Speakeasy is best demonstrated in a time sharing
environment, for it is there that the ease of use and
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natural form of the language becomes most obvious.
Complete novices can begin to carry out calculations
with only a few minutes instruction. Built in docu-
mentation and teaching aids enable such users to learn
about the wide variety of capabilities within the sys-
tem and to soon begin to utilize the system as a tool in
their daily work. As their demands grow they find
within the system a wide variety of facilities that can
be merged together into an extremely powerful tool.

It is obviously not possible in this short paper to
convey the feeling associated with an interactive sys-
tem. Neither is it possible to demonstrate more than a
few of the capabilities of this large system. No attempt
is made, for instance, to illustrate the use of stored
programs or of the editor that is available to construct
such programs. Neither is there any discussion of the
means of storing and retrieving information. The
examples given here must therefore be viewed as a
demonstration of only a few of the available features
and perhaps as a tantalizing taste of what can be found
within the system.

Examples of the arithmetic capabilities

The bulk of the computational capabilities in this
system are related to numerics. Many of these facili-
ties were provided by simply designing interfaces to
existing Fortran coded mathematical subroutines and
functions. Every attempt is made to find the best avail-
able technique and to provide as sensible and as general
a facility for the users as is possible. It is in this way
that the novice computer user is able to make use of
advanced computational techniques.*

The system contains the basic operations of numeri-
cal calculus, statistics, matrix algebra and most of the
usual special functions. Many of the operations are
available for both real and complex numbers.

Figure 2 shows the processor being used as a desk
calculator. The two characters :_ are the prompt
symbols for the manual mode of Speakeasy. The user’s
request is typed on this remainder of the line. A car-
riage return indicates that the request is complete and
that processing should take place. If the request elicits
a response it is almost immediate and it is followed by
a new prompt. A special implied print convention
echoes simple input requests and prints the result. This
result is also given the name ANSWER so that it may
be used in later calculations. Users may define vari-
ables by straightforward assignment statements such
as those illustrated. Standard mathematics notation
is clearly demonstrated by the use of absolute value
signs and factorials, and by the normal hierarchy for
the evaluation of involved expressions.

* For example, EISPACK is a general purpose eigen-analysis
package. In Speakeasy the words EIGENVALUE and EIGEN-
VECTOR are used to invoke this package. Decisions relating
to the particular choice of path through EISPACK are made by
the linkule interface. The novice user is thus provided with a
powerful computational package in a simple way.

1242

242 = 4

:_3*SQRT (3)

3*¥SQRT(3) = 5.1962

1 3%%3

3%%x3 = 27

:_ANSWER+20

ANSWER+20 = 47

:_X=9 ; Y=18

_X*Y-5

X*Y-5 = 157

1 4*R+[3%51-71 |
4%X+|3%51-71| = 4716
_(3*LOG(4))*(SQRT(3.5%8/6.555)+17.6)
(3*LOG(4))*(SQRT(3.5%8/6.555)+17.6) = 81,792
:_ACOS(-1)

ACOS(-1) = 3.1416
:_SIGNIFICANCE 15

:_ANSWER

ANSWER = 3.14159265358979
:_SIGNIFICANCE 5

:_ANGLES IN DEGREES
:_RATIONALIZE
:_2/3+1/7*SIN(30)
2/3+1/7*%SIN(30) = 31/42
:_(-32)*%(-3/5)
(~32)**(-3/5) = -1/8
1_(-2)*%%(3/2)

IN LINE " (-2)**(3/2) " ENTERED COMPLEX DOMAIN.
:_DOMAIN COMPLEX

:_RETRY

(-2)%*(3/2) = -2,82841

_(2-31)#*%2

(2-31)#%%2 = -5-121

:_SQRT(3-41)

SQRT(3-4I) = 2-1I

:_ANSWER**2

ANSWER**2 = 3-41

Figure 2—A sample of the use of Speakeasy in the manual or
desk calculator mode of operation. Note the natural form
of the directive language

Figure 3 illustrates the definition and use of arrays
of numbers. It is of course not possible to show more
than a few of the available capabilities. The compact-
ness and the direct form of the language should be
apparent. The rather natural and readable form of
output should also be noted. It should be realized that
this output form is the default form. Further tailoring
is of course possible.

Figure 4 shows the means for defining and operating
with matrices. The computational power that is hidden
within these few statements should be apparent to
those familiar with this field of numerical analysis.
Some of the available tailoring commands are also
illustrated here to demonstrate the flexibility of the
system.

In Speakeasy two dimensional arrays and matrices
belong to different families. The algebraic rules for
operating on such objects are different. In Figure 5
some of the operations shown in the previous figure
are repeated using arrays instead of matrices. The
differences are apparent.
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: ANGLES IN DEGREES
TX=GRID(0,360,15)

: SINE=SIN(X)

: COSINE=COS (X)

: TABULATE X SINE COSINE

X SINE COSINE X SINE COSINE
0 0 1 195 -.25882 =-.96593
15 .25882  .96593 210 -1/2 -.86603
30 1/2 .86603 225 -.70711 =-.70711
45 .70711  ,70711 240 -.86603 -1/2
60 .86603 1/2 255 -,96593 -.25882
75 .565%3  .25882 276 -1 0
90 1 -0 285 -.96593  .25882
105  .96593 -.25882 300 -.86603 1/2
120 .86603 -1/2 315 -.70711  .70711
135 ,70711 ~-.70711 330 -1/2 .86603
150  1/2 -.86603 345 -.25882  .96593
165  .25882 ~-.96593 360 0 1
180 -0 -1

:_X=7,3,4,SQRT(3),1,8

:_AVERAGE (X)

AVERAGE(X) = 4.122

:_CUMSUM(X)

CUMSUM(X) (A 6 COMPONENT ARRAY)
7 10 14 15.732 16.732 24.732

:_ORDERED (X)

ORDERED(X) (A 6 COMPONENT ARRAY)
1 1.7321 3 4 7 8

Figure 3—The compact form of the Speakeasy language is
shown here. There are a large number of functions such as
CUMSUM and AVERAGE. The explicit looping so com-
mon in other languages is rarely used in Speakeasy

Documentation

Any computer system must be properly documented
in order that it be usable. Documentation for a major
system is not an easy task. If approached solely by con-
ventional means it would be even more difficult in a
system like Speakeasy that is designed for growth.
Any printed documentation would be outdated before
it was published. Fortunately, the system itself is ca-
pable of providing facilities that not only supply the
documentation but do so in a way that is guaranteed
to be self-sustained.

A library of documents referred to as the Speakeasy
HELP documents is attached to the system. This
library is addressed by a linkule in the normal library.
Each word, concept or facility available in the system
is described in a member of the HELP document
library. The library is designed as a tree structure so
that a user probing the library in an interactive session
is led quickly to the specific concept of interest.

Figures 6-8 illustrate the HELP documents and show
how the tree structure provides quick access to infor-
mation about a specific operation. Each of the over
500 documents in this library is available in a similar
way. The intent of these short documents is to inform
the user of the operational definition of each word. No
attempt is made to explain specifics of the techniques
used. A second library containing larger documents

:_X=MATRIX(3,3:1,2,3,5,2,7,3,1,6)

A 3 BY 3 MATRIX)
2
2
1

WL

3
7
6

1/%

1/X (A 3 BY 3 MATRIX)

e 11z 011z 1 1n
-J2/1i0 5/10 -1fz

9/16 3/16 -1/2
1/16 -5/16 1/2

:_NORATIONALIZE
:_1/x

R
.5
.5625 .1875 -.5
.5

: X*ANSWER

X*ANSWER (A 3 BY 3 MATRIX)
1 6.9389E-17 0
0 1 0

-2.7756E-17 0 1

_PRINTNULL(1lE-10)
:_ANSWER

ANSWER (A 3 BY 3 MATRIX)

OO Wn
oo™
el =X=d

:_EIGENVALUES(X)

EIGENVALUES(X) (A VECTOR WITH 3 COMPONENTS)
-1.5484 1.0928 9.4556

Figure 4—Built-in matrix algebra is available in a natural way

is available for that purpose and is equally easily ac-
cessed.

A complete teaching facility is also built into the
library of the standard system. A series of tutorial
sessions provide a novice with step by step instructions
on the use of special facilities. One of these sessions
is an introduction to Speakeasy graphics. A few pages
of this are shown in Figure 9.

Interactive graphics

A graphies display terminal in a time-sharing en-
vironment greatly increases the potentials for true
interactive computing. This is particularly evident for
the exploratory types of computation that are so com-
mon in many problem solving and research environ-
ments. Because large amounts of information can be
rapidly and sensibly displayed it is possible for the
user to quickly interpret the effects of various choices.
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:_X=ARRAY(3,3:1,2,3,5,2,7,3,1,6)
: X

1/X (A 3 BY 3 ARRAY)
1 .5 .33333
.2 o5 .14286
.33333 1 .16667

: X*ANSWER

X*ANSWER (A 3 BY 3 ARRAY)
1 1 1
1 1 1
1 1 1

:_SUMROWS (X)

SUMROWS (X) (A 3 COMPONENT ARRAY)
6 14 10

Figure 5—The algebraic operations in Speakeasy are class
dependent. The array algebra in these examples should be
contrasted to the algebra shown in Figure 4

:_HELP

HELP explains how to use Speakeasy.
QUIT is the command to leave Speakeasy.
INOUT lists words dealing with input and output.
MATH lists mathmatical functions.
PHYSICS are functions of interest primarily to physicists.
STATISTICS liets words related to statistics.
OBJECTS lists words dealing with structured objects.
PROGRAMS lists words used In writing programs.
DATATYPES lists words about types of data used in Speakeasy.
MISCELLANEOUS lists other Speakeasy words.
BUGS gives the known errors and stage of correctiom.
NEWS gives recent modifications and new features.
TUTORIAL tells how to use the Speakeasy tutorial.
VOCABULARY lists all the words 1o Speakeasy.
HELP XX gives an explanation of the word XX.

XX 1s any vocabulary word.

:_HELP GRAPHICS
GRAPHICS are words which deal with graphical output.

CALCWORDS lists words used to plot on a CALCOMP plotter.
GRAPHWORDS lists graphics words usable with most graphic devices.
OLDTEK lists words used with the old Tektromix package.

PRINTGRAPHS 1lists words used to plot on a line printer or a
non-graphics terminal.
TEKWORDS lists words used to plot on a Tektronix terminal.

Note: An attempt is being made to, wherever possible, make graphics
words independent of the graphic output device being used to create
the plot. At present only a few meet that goal (type HELP GRAPHWORDS
for the 1ist). In the future, the words listed in the TEKWORDS Help
Document will form the basis of the new graphics vocabulary.

To obtain a description of a given word XXX, enter
HELP XXX

Figure 6—Every word known to the Speakeasy processor is
described by a short HELP document. These documents are
arranged in a tree structure, part of which is shown
here

:_HELP GRAPHWORDS
GRAPHWORDS 1lists graphics words usable with most graphic devices.

ADDGRAPH adds a graph to a previous graph.
GRAPH plots a graph.
:_HELP GRAPH

GRAPH(Y:X) plots Y as a function of X.

X and Y are one dimensional ‘arrays of equal length. The scale, if
not defined, is computed automatically, the curve is plotted, and the
axes are drawn and numbered. The GRAPH command may be used alome or
else combined with other graphics words to tailor the graph format
to the user's requirements.

GRAPH(Y1,Y2, ... YN:X) is an alternate form. It generates a multiple
plot. Each variable, Yl through YN, is plotted as & function of X.
Note that a colon must be inserted before the dependent variable.

GRAPH(Y) is an alternate form. The points are assumed to be equally
spaced and are plotted as a function of the integers, 1 2 3 ... N, where
N is the number of elements of Y.

GRAPH(Y1,Y2, ,YN:) 18 an alternate form. Each variable is
plotted as a function of the integers. The arguments must have the
same number of elements.

A generalization allows a dependent (vertical) variable tc have
a two dimensional structure., In this case each row of the array is
treated as 1f it were a separate variable. The number of elements in
a row must therefore be equal to the number of elements in X. The
array may have any number of rows. Note that an array with this
structure can be prepared rather easily by taking advantage of the
HIWIDE convention (see the HIWIDE Help Document).

The GRAPH command 1s available with all graphics packages with
the exception of the option that allows a plot versus the integers if
no horizontal variable is given. This option is not available with
the old Tektronix graphics package.

Figure 7—A continuation of the tree search shown in Figure 6.
These documents are short and supply operational definitions

:_HELP TEKWORDS
TTERWORDS are words used to obtain a graph on the Tektronix terminal.
There are seven classes:

1, Initislization instructioms:
TEKRESET resets the graph description to its default status.
TEKTRONIX initializes the Tektronix graphics package.

2, Instructions used to specify or describe the plot:
GRAPHS O?F suppresses graphic output.
GRAPHS ON restores graphic output.
OVERLAY merges several graphs on the same display.
SETTITLE specifies the graph title.
SETXAXIS describes the format of the horizontal axis,
SETXLABEL specifies the label used on the horizontal axis.
SETXSCALE specifies the horizontal scale.
SETYAXIS describes the format of the vertical axis.
SETYLABEL specifies the label used on the vertical axis,
SETYSCALE specifies the vertical scale.

3. Commands used to generate output on the terminal:

ADDGRAPH adds curves to an existing graph.
ADDSCALE adds scale labels.

BELL generates an audible signal.

ERASE erases the screen.

GRAPH plots a graph.

HARDCOPY copies the display on the hard copy unit.
WAIT suspends processing.

4. TFunctions which return informatiom about the graph:
GRAPHLOC returns the location of the graph.
CURSOR returns an indicated location on the display.
SHOWGRAPH 1ists the current graph description.

5. Words which deal with text output:
ANNOTATE writes text on a graphic display.
PRINTSIZE specifies the character size used for print output.
SETCHAR specifies the character size used for graphic output.
TEXTHEIGHT returns the height of a text object.
TEXTWIDTH returns the width of a text object.

6. Words describing special purpose scales:
BETASCALE describes use of Reciprocal Absolute Temperature scales.
PROBSCALE describes how to generate Normal Probability scales.

7. Variables used to contain parameters and auxiliary data:

LINECODE its value controls the format of the plotted curves.

PLOTPARM a common storage area which can be used to store and
retrieve the current plot specification.

NULLPOINT a special value used to omit points from a curve. JR

To obtain a description of a given word XXX, enter
HELP XXX

Figure 8—The list of HELP documents that relate to the Tek-
tronix graphics package
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:_TUTORIAL TEKTRONIX

TEKTRONI PAGE 0
TEKTRONIX

Table of contents

Introduction

Plotting a simple graph
More about GRAPH

Labels

Controlling the line format
ADDGRAPH

HARDCOPY, WAIT, and ERASE
Setting the scale
Converting to new units

10 Setting the graph size and location
11 Conclusion

[ R R N

:_MORE
TEKTROKI PAGE 1
INTRODECTION

A a le which allows you
to plot graphs on a Tektronix terminmal. This Tutorial will
introduce you to some of its features. It will first show you how
to plot a simple graph using only a few Speakeasy statements. Then
It will show you how to add scale labels and a title and how to
change the format of the plotted curves. It will show you two
methods of making a copy of the display. Finally it will explain
some of the facilities which allow you to set up your own graph
layout and to create quite elaborate displays. The Tutorial should
be used while you are logged on to a Tektronix terminal. If you
are not, wait until you are.

Type MORE to start the actual session.

:_MORE
TEKTRONI PAGE 2
PLOTTING A SIMPLE GRAPH

You must be familiar with only two Speakeasy graphics
statements to begin using Tektronix graphics. The first,
USE TEKTRONIX, initializes the system and must always be typed
before using any graphics words. GRAPH is then available to
actually plot a graph. For example, examine the following
series of statements:

X=GRID(0,10); Y¥=SIN(X)

USE TEKTRONIX

GRAPH(Y:X)
Try this yourself. (At your installation, the USE TEKTRONIX
statement may result in a request for information about the
terminal you are using.) The GRAPH statement automatically
gives you a complete graph. TUnless you have specified otherwise,
it takes care of the details of planning, scaling, and laying out
your graph.

Try plotting other functions using the GRAPH command. When
you are interested in more information, type MORE.

Figure 9—The start of the tutorial session on the Tektronix
graphics package

He is then in a position to conjecture sensible alterna-
tive problems. It is in such situations that the wealth
of available facilities combined with the concise and
natural directed language of Speakeasy plays its most
powerful role. The system provides an environment
that matches closely the needs of such a user. He may
quickly formulate and carry out alternative calcula-
tions and see their results. The flexibility and power
of the system becomes most apparent when the results
of one calculation lead to ideas that can be tested on
the spot by applying new techniques built from tools
provided by the system.

The graphical capabilities in Speakeasy are straight-
forward ones. They are designed to provide the user
with the means of displaying computed functions in
easily interpreted ways. The discussion here is limited
to the facilities currently available for display termi-
nals such as the Tektronix 4012 or 4014. Alternatives
exist for other graphical devices and crude graphics
are even available on printers and terminals limited to
character displays. Figure 10 shows a simple contour
plot that can be obtained on such a device. Figure 11
shows a sample of graphical output on a printer.

Perhaps the most dramatic example is illustrated in
Figure 12. This example is the result of entering the

1111 99 8888 666666666666 44 2 0 A BBBBBB BBBBBBE§

11111 99 88888 6666666666 44 22 0 A BBBB BEBBB
11111 99 88888 666666 44 22 0 A BBB BB
11111 99 888888 666 4 20 A BBB

9 11111 99 888888888 666 44 2 00 A BBB

99 11111 999 888838888888 666 44 2 00 A BBB cceecce

AA BBB cceececcce
AA BBB cceececccee

0
0
99 11111 999 888888888888 66 4 2 g
0 AA BBB ceeecececcc
0
0
0

99 11111 9999 8888888888 66 4
88 99 11111 99999 888888 66 44

888 99 11111 9999999 88888 66 4 AA BBB ceceecceccccc
8888 99 111111 9999999 88888 6 &4 A BB cceeccec
888 99 111111 9999999 8888 66 4 0 A BB c¢ceecc
888 999 1111111 99999 888 66 4 0 A BB cceee
8888 99 111111111 99999 8888 6 4 2 0 A BB ccecc
888 99 1111111111 9999 888 6 44 2.0 AA BB ccceecc
888 99 1111111111 999 888 6 4 2 0 AA BB cceee
6 888 99 11111111111 999 888 66 4 2 0 A BB ccecee
6 8888 99 11111111111 999 88 66 4 2 00 A BB ccecc
66 888 999 111111111111 999 888 66 4 2 0 AA BBB ccecece
66 888 99 11111111111 999 888 6 4 2 0 AA BB cceecce
66 888 999 111111111111 99 888 6 4 2 0 A BBB cceceeece
666 8888 999 111111111111 999 88 66 4 2 00 AA BB cceecce

666 888 999 11111111111 99 888 66 4 2 0 AA BBB cceceee

666 888 99¢ 11111111111 99 B8 6 4 2 0 AA BBB ccce
666 888 9999 1111111111 99 88 6 4 2 00 AA BBB cc
666 8888 9999 111111111 99 888 66 4 2 0 AA BBBB

4

111111111 99 88 6 2 00 AAA BBBBB
11111111 99 88 6 4 2 0 AA BBBBB

666 8888 99999
666 8888 999999

666 88888 9999999 111111 99 88 66 4 22 00 AAA BBBBBBB
666 88888 999999 111111 © 88 6 44 2 00 AAA BRBER
666 8888888 999999 111111 99 88 66 4 2 00 AAAA B

666 88888888 99999 11111 9988 6 &4 22 00 AAAAA
6666 88888888888 9999 11111 9 88 6 44 22 000 AAAAA
4 666 8888888888 999 1111 9 88 66 44 22 000 AAA
44 66666 88888888 999 1111 9988 66 44 22 0000
Lbbh 666666 888888 99 111 9988 66 44 222 000000
44444 66666666 88888 99 111 9 88 66 44 2222 0
2 44444 6666666 8888 99 111 9 88 66 444 22222
2222 La4LbL44 66666 888 99 111 9 888 66 4444 222
222222 444444 6666 88899 111 9 888 66 444464
2222222 4444 666 888 9 111 99 888 666 4444
0000000 222222 444 66 88 9 111 99 888 66666
00000000 2222 444 66 88 9 111 99 8888 66666
0000000 222 44 66 88 9 111 99 88888 6666
AAAAAAAAAAA 00000 222 44 66 8899 111 99 888888
A AAAAAAAAAA 0000 22 44 66 88 99 1111 999 888888
AAAAAA 000 22 44 66 88 9 1111 999 8888888
BBBBBBB AAAAA 000 22 44 6 88 9 11111 9999 888888
BBBBBBBBBBEBBBBB AAAA 00 2 4 6 88 99 11111 9999 8888
BBBBBBEBBBBBEBBBBBBB AAAA 00 2 4 6 88 99 111111 9999 88

Figure 10—A sample of the output of the contour plotter for
non-graphics terminals

DAYAGE = 17924
SYMBOL: * IS PHYSICAL
SYMBOL: X IS EMOTION
SYMBOL: 0 IS INTELL

J R T T PR O R EE LRt E R R R PRI
. 00 *k X 00 wk
.*00 X00 * % XX XX00 00 * .
.75 +0%* X0 * * X 00X 0 * * +
P * X0 * X 0 X o * X.
H . * X0 * X X *0 * X .
Y 0 * 0 * 0 .
s . * X0 X *0 X ) * X
I 0 + X * X 0 X* X +
4 * X0 X o* X o} X
A 0 * o * 0o
L * X0 X * * X 0 X *
. * X0 X 0 * X 0X *
-.75 + * *X 0 X oo * * X X0 * +
. % * XX00X 00 * % XX XX 00 00.
. *% X 00 ** X 00 .
P S I S S R T LI TR LR RS PR PR L KN
17925 17935 17945 17955 17965 17975
17930 17940 17950 17960 17970
DAY

Figure 11—It is often desirable to produce graphical output on a
non-graphics terminal. This is an example of one form of
such output available in Speakeasy
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~N"GRID(0.10) ; YaSINIX)SEXP(~X-10)
~ZeLERIWATIVE(Y:X) 4 GRAPHIY Z°X)

Figure 12—A simple graph and the statements that produced it

four statements:

X=GRID(0,10)

Y=SIN (X) *EXP (—X/10)
Z=DERIVATIVE (Y:X)
GRAPH (Y,Z : X)

This example makes use of a device-independent
graphics package being developed by John H. Reynolds
at Comsat Laboratory that is distributed as part of the
standard Speakeasy system.

As indicated by this example, automatic scaling and
grid generation are provided as a default. A large
number of control facilities enable the user to further
tailor the graphical output to his specific needs. Figure
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Figure 13—A set of graphs that were produced by a Speakeasy
program

= =5

= 1

Figure 14—Another use of the three-dimensional package show-
ing its use for a variety of projections of an object

13 is a graph that illustrates some of the other features
of this package. This graph also shows some of the
statistical capabilities of the system. It was contributed
by R. A. Stack of The First National Bank of Chicago.

Basic three-dimensional graphics have recently been
added to the facilities available’. The approach taken
has been to define a three-dimensional object by creat-
ing a matrix of its vertex coordinates and then describ-
ing the edges through a connectivity array involving
these verticies. The power of the arithmetic capabili-

Figure 15—A sampling of some of the capabilities that are
available in a system that combines general mathematical
tools with simple graphics
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Figure 16.—An example of a steroscopic pairs produced by the
three-dimensional graphics package

ties of Speakeasy can be used to manipulate the defined
objects. The built-in matrix algebra, in particular,
makes it easy to rotate, move or distort objects. Several
special linkules were provided to help in the generation
of objects made up of several components. The simple
command DRAWS3D is used to create the visual dis-
play. Options for perspective projections are also pro-
vided. Figures 14 through 16 show some of the possi-
bilities.
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A case siudy of a young child doing turtle graphics in LOGO*

by CYNTHIA J. SOLOMON

Boston University
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and
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ABSTRACT

This paper explores some important issues with re-
gard to using computers in education. It probes into
the question of what programming ideas and projects
will engage young children. In particular, a seven year
old child’s involvement in turtle graphics is presented
as a case study.

This paper describes and comments on the experi-
ence of a young child in the MIT AI-LOGO Lab where
she was involved in talking in LOGO to a display turtle
and a PDP-11/45 computer. The child, a second grader,
spent several hours on a consecutive Saturday and Sun-
day engaged in interesting debugging sessions. She
worked long and hard. Why she could do so and why
the experience was so interesting is partially explained
by looking at her past experiences. In mid-January,
the year before, when she was a first grader, she and I
started working together learning about turtles and
their world and thus explored turtle graphics. She
visited twice a week for a month, staying from 14 to 34
of an hour. We continued to meet, but less regularly,
until the end of April. During that time she learned to
talk to the display turtle. She learned the LOGO turtle
commands like CLEARSCREEN (CS), FORWARD
(FD), RIGHT (RT), LEFT (LT), PENDOWN (PD),
PENUP (PU); and she learned to use them to make
up her own commands for the turtle.

My goal for her first year had been for her to
understand procedures both by using them and con-
structing them. She was given the following kind of
experience. She made the turtle draw something by a
series of direct commands. She would then think of a

* The research described in this paper was conducted at Massa-
chusetts Institute of Technology in the Artificial Intelligence
Laboratory’s LOGO GROUP. Under the support of the National
Institute of Education Grant No. NIE-G-74-0012, and of the
National Science Foundation Grant No. EC-40708X.

** Comments by Dr. Papert.
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name for the picture (or piece of picture) and teach
that word to the computer. To help her in this con-
struction I wrote down the commands as she debugged
them. When she “taught” the procedure to the com-
puter she would either read the commands as I had
written them or I would read them to her. Then she
would try out or “run” the procedure and see if there
were any bugs.

The kinds of debugging situations Est encountered
varied but I was always ready to intervene in case the
situation became unresolvable for her. I presented Est
with the same kind of materials and projects as I de-
veloped for older children. What I expected to see with
a young child was a clearer indication of where bugs
in the material and ideas lay, e.g., what ideas are hard
to grasp and what ideas can be understood if presented
in a crisper manner or imbedded in better situations.
From the sessions with Lin, another first grader I had
worked with quite extensively, I developed techniques
and aids which have helped older children get into
turtle work, and subprocedurization, debugging, an-
thropomorphizing.

Let me back off a bit here and explain what prepara-
tions I had made. To aid kids in defining procedures
and to exploit the idea of teaching things to the com-
puter I provided a procedure called TEACH. This
command was used instead of LOGO’s TO for defining
procedures. TEACH requested a name for the pro-
cedure to be defined and then asked for each instrue-
tion of the procedure by saying “STEP 10:” ete. until
the child typed “END”. Thus line numbers were as-
signed to each instruction starting at 10 in increments
of 10. I also prepared procedures for making squares,
circles and pieces of circle. They require inputs, which
allow their size to be varied. The child also had the
choice of using either RSQUARE or LSQUARE,
RCIRCLE or LCIRCLE, RARC or LARC. For ex-

ample, could be drawn by RSQUARE or
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LSQUARE; only the turtle’s starting and stopping
states indicate which procedure should be used. All of
these procedures were treated as primitive commands.
Nonetheless, most children will teach the turtle to make
a square or circle of fixed size by using FORWARD
and RIGHT, thereby understanding the furtle’s be-
havior in the process.

The turtle became more than a drawing device. It
was a creature with certain behaviors which are inter-
esting to study and might help us understand ourselves.
The turtle lives on a display screen. Its initial state is
in the middle of the screen with its nose pointing north
or at 0 degrees. We can change its state by telling it to
move FORWARD some number of units or turn
RIGHT some number of degrees. We have marked the
screen with 4 differently colored labels, NORTH,
EAST, SOUTH and WEST. So we begin to build up a
description of the turtle which is outside of the words
provided by the LOGO language. Some of these we use
to form a meta-language while others we turn into
LOGO commands.

The previous remarks are meant to be background
to the core of this paper, which is a picture of Est’s two
day interaction in the turtle-LOGO world after a break
of almost six months. When Est arrived there was an
initial bit of awkwardness. Her father was with her
and wanted to see what kinds of things she would be
doing. The work area was drastically changed. And
Est wore a patch on her left eye. Her work from six
months ago was in her workspace. I suggested she
show her father her flower, a rather spectacular piece
of opportunism. She exclaimed, “Oh yes you say CB
seven times for this.” She did it, her father satisfied
at having seen something and reassured that she could
see, left. We then abandoned last year’s work and pro-
ceeded to reinvestigate the turtle’s behavior. She re-
membered turtle commands in their abbreviated form
like CS, FD, RT, LT, BK and also TEACH. She had

FLOWER

difficulty remembering how to execute commands. That
is she forgot to press the CR button and she also forgot
to space between words. Last year (in anticipation of
the Lebel keyboards) we had marked the CR key DOIT
and thus the metaphor of “tell the computer or turtle
to DO IT.” Unfortunately the key was no longer so
marked. But Est developed an interesting way out as
a result. This little anecdote will be discussed later.

I had not made a firm plan because I wanted to see
what she remembered, how she had changed, what the
atmosphere was like. 1 didn’t want to burden her with
last year’s experience. I had wanted to start off fresh
and she too wanted that so I cleaned out her workspace.
Intellectually we’d build on what she knew but we
wouldn’t examine last year’s work. (Have you ever
tried to understand a program you wrote six months
ago!) I asked her to make the turtle draw a square
or a box. She preferred to think of it as a box. (Last
year she had written a procedure called BOX.) I told
her in review that RT 90 headed the turtle from
NORTH to EAST.

She made a square. Using TEACH (another result
of work with Lin) she defined FOX, her box. I helped
her by writing down what she did and reading it out to
her. But now I wanted to make her independent. I
posed the following problem. Make another FOX
under the first like this:

The turtle drew FOX and its stopping state was 90 de-
grees left of its starting state. This made the problem
harder, more distracting. Est kept producing

-

The turtle’s actions upside down!

or this

but this was hard. I sat down and talked with
her about the turtle’s nose when it started and when it
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stopped. 1 said “Maybe it would be easier if the turtie
ended the same way as it started.” So we changed
FOX. She did find it easier.

Our next project was a man, a stick figure man. I
drew it and said, “What’s that?” “A man” she said.

O C
N

We debugged it together facing the difficulties of this
N being the same as this \/ , but upside

down. I picked this kind of figure rather than one
with different arms and legs because it is easier and
harder. There are fewer parts making it easier, but
the idea of representing arms and legs by the same
procedure is a bit jarring the first time. It is, of course,
part of exploiting the subprocedure game. Another
new idea she encountered was having to relocate the
turtle’s starting state to accommodate the man’s head.
We had to back the turtle up 90 units before running
the man procedure.

We taught the computer how to draw the LEGS/
ARMS. First she taught the computer to EH which

caused the turtle to draw this \/ .

TO EH

10 RT 60 She knew she could choose another angle
20 FD 100

30 BK 100

40 LT 60 we emphasized the 2 part process

50 LT 60

B0FD100 & v ~° o o o~ NS N

70 BK 100

@

s 2@ 3% 45 58 5% T8 8

80 RT 60
END

Now Est forgot for a moment that our plan had been
to turn EH upside down. When she ran EH she com-
plained it wasn’t making legs. This is interesting be-
cause it often happens with older kids as well. The idea
of rotating objects to make them be different is con-
trasted here with rotating objects to understand they
don’t change. But here we look at the object differ-

ently. This shape \/ can only be arms, not legs,

but rotated like this /\ , it can be arms and legs.

She taught D.

TOD

10 RT 180 last year she would have said RT 90 RT
90

20 EH

30 RT 180

END

She then put the pieces together and added a neck. -
This year she chose numbers like 150 and 40. Last
year she would have picked 43, 49, ete. or 90.

When it was time to make a head there was very
little screen space left. I saw it coming and began
suggesting teaching the body parts to the computer.
When she ran into the difficulty we were already mak-
ing plans to deal with it. She taught UH and then before
running it she backed the turtle 90 units. (This time
she used 90. Was it because BK was not as familiar as
FD?) When we made the head there were rotation
decisions and then size decisions. She had forgotten
the effect of RCIRCLE/LCIRCLE’s input, it was the
radius not the diameter, but one buggy drawing was a
sufficient reminder. Here were her procedures, UH
and RUTH. By the way, ubing D for both arms and

TO UH

10D
20 FD 150 s i
30D S A

40 FD 40
END

TORUTH
10 BACK 90

§8 E}IE{FT 90 NN %/Q%

AN
40 RCIRCLE50 | * AN

i /\
50 RIGHT 90 oo
60 BACK 100 We took 90 away from 150 and added
40.
END

The way we worked followed last year’s'pattern:

1. Draw something on paper.

2. Draw “it” on the screen using direct commands, in-
cluding subprocedures already taught. The quoted it
(“it”’) means that we are opportunistic. If something
better turns up as we draw we might change our goal.

3. Now we teach the computer to do what we just did.
(This is the step on which I shall -concentrate in the
next pages.) So the model for the learner is:

10 Do something
20 Teach the computer to do it
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In more detail we could add:

5 Plan it first
15 Think about how you do it
25 Think about why it didn’t quite work . . . debug

Next I asked Est to make another man without

Marie

destroying RUTH. We discussed how it differed from
RUTH. This one was to be MARIE. Est really wanted
to make MARIE and worked hard at it. What she could
and what she could not do by herself revealed some in-
teresting patterns I have often seen and talked about
but which have not been discussed explicitly. So let’s
look in detail at her progress.

Remember RUTH used UH to make the body. UH
ran D to make the arms and the legs. To make MARIE
we want to replace UH by a new procedure (Est
eventually called it S), but first she needed to replace D.
She called her new procedure K.

TOK

10 RT 90

20 FD 100 a
30 BK 100 ¢ » » "
40 RT 180

50 FD 100 T e A

60 BK 100
70 RT 90
END

Est does not do this directly. Perhaps doing so is too
“formal” for her age. Perhaps she was following a
pattern I had set up last year. Whatever the reason
her way was to “be MARIE herself”, i.e., she would
give the instructions as direct commands which would
later be taught using TEACH. This is how she did
everything. But there is more than one way to do this.
So back to details.

I left Est entirely on her own. She worked for some
X minutes and eventually produced the result she
wanted on the screen. This obviously shows a mastery
of FD, RT etc. as well as an ability to organize her
work. But now comes a difficulty often seen in children
this age. She has on the paper in front of her all the
commands for MARIE. She knows how to use TEACH
and certainly could have typed it all in (this she had
done before). But her immediate goal was different.
She set herself the sub-goal of “teaching the legs”, i.e.,
of making a subprocedure K, which she would later
incorporate into MARIE. But she blocks here. She

seems to find it hard to isolate just the instructions
she needs for this. Why? Is this a quirk of my teach-
ing or something deep? Seymour says it looks like a
“figure ground problem”, “structure dependent per-
ception”, “reversibility” and like what J. Bamberger
sees in children’s descriptions of clapping. I don’t
know, but it feels like a real problem.

I watched from a distance and eventually decided to
intervene following a principle of allowing children
enough success soon enough to make the fight worth
while. It needed hardly any intervention. In cases like
this it usually doesn’t need much. Often it is sufficient
to say: “Ok, let’s do it together.” But then all I do is
read to her what she sees on her paper. Another tech-
nique that gets the same result is to write, or have the
child write, on a piece of paper just what she has typed
to the computer. Why do these subtle things help? Be-
cause it is a trivial problem? Maybe. But perhaps also
because it is a deep problem related to what psy-
chologists might call attention and what we might call
the control process of sub-procedure management. Any-
way, it needed very little intervention and she was off
on the track and soon Marie worked.

Research issues: understand this phenomenon, get
better at observing just what intervention works and
why, track the progress of a child over longer periods.

SOME GENERAL OBSERVATIONS

1. Compared with last year Est could work much
more independently. (More than half a year is a big
piece of her life!)

2. Her work with RCIRCLE and LCIRCLE would
have been easier if the inputs were diameter (which
“exists”) rather than radius (which is about a
non-existent point called center). Although later she
made a design which was understandable because the
input was the radius.

3. She had trouble remembering to & . This she
cured by playing this game with the computer: after
typing an instruction she would say, firmly and
dramatically “DO IT” while hitting the CR key. She
knew what “game she was playing”. There was no
trace of my manipulating her. On the contrary she
manipulated herself. We'll see another good example
in day 2 of how she is able to set up a deliberate
strategy of programming around her own perceived
bugs.

I set up the model for DO IT and feel that the way I
did it (the rhythm, the degree of “reality” and also
playfulness, etc.) made a very big difference as to
whether this kind of thing works. On Day 2 she in-
vented similar techniques of her own. So perhaps my
suggestion took only because it was a kind of thing she
does spontaneously. Big research issue!!
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Day 2—Preamble:

Again I had no detailed plan except the general idea
of making an animation in which RUTH and MARIE
alternate to give a jumping effect. I had written a new
aid to help in snapping pictures called TS whose effect
is to save SNAPs. But when I used it with Est I hadn’t
tried it out and it had a bug! I really got flustered by
that. Lesson: don’t use undebugged stuff, but if you do
don't get flustered.

To warm up I showed Est POLY. She played with
inputs. I showed her POLY 50 90. Then I asked her
to change the shape. She tried POLY 50 80. She
didn’t want to call it a star (a 9 pointed star), then she
tried POLY 59 40, POLY 50 60. Then she tried POLY
20 30, and POLY 20 20. She remarked that the last
two were different sized circles. Finally she tried
POLY 20 100 followed by POLY 50 100. She had to
struggle with the idea that the 2 figures were the same
shape. The first one was very tiny. So she tried POLY
100 100. That she thought could be the same as POLY
50 100, but still the size of the figures did bring into
question whether the shape was the same.

My intention on the day before was to make an
animation using RUTH and MARIE. We continued
to work on this scheme after I fixed a TS bug. When I
discussed what we had to do:

DISPLAY :RUTH
WIPECLEAN
DISPLAY :MARIE
WIPECLEAN

and do these steps over again, I then added we want

POLY 58 9¢

10C

POLY 58 88

O

POLY 28 188

POLY 58 188

POLY 188 19

the computer to wait and suggested that it WAIT 5.
The following conversation ensued.

E: Does that mean 5 seconds
C: No

WAIT 60 is a second

E: But if I say 1 that’s a second

C: Yes but computers count faster.

Then Seymour intervened and played a RACE with
her. He wrote RACE. It took an input, a starting
number and then counted up to 21 by one’s. So

RACE —»12345678 ...21

He asked Est to count against the computer. The
computer won.

The racing and counting seemed to give another di-
mengion and added more reality to some aspects of the
computer:

. its sequential behavior (After all up to now the
results of her programs have been static. So even if

(J

8
POLY 25 8 POLY 25 48

Ole

POLY 28 28

POLY 28 38
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the drawing is sequential, the static may be more
real.)
. . its sense of time
. its quickness (even though this isn’t in the
nano-second range.)

She finished teaching P to the computer. She and I
resumed our discussion about recursion. P was to be
recursive. We had played the people procedure game
(To POW RAISE-ARM LOWER-ARM SAY-POW)
last year but she didn’t remember. I asked her to be
the POW procedure and we worked through it again.
Then she made P behave in the same way and ran it.
The desired effect was achieved.

I asked her to use LCIRCLE and RCIRCLE to make

she quickly made
out of LCIRCLE 90 and
LCIRCLE 60

Again an interesting phenomenon (the “start up
bug”’) : she seemed to block until I said “What about
moving the turtle?’ A trivial piece of advice. Perhaps
it really means “stop being complicated, do something
simple.”

She asked how much to move it. I answered, “Well
it walks 90 units to the middle of the big circle and 60
units to the middle of the small so move it 90 take
away 60. She did and completed the picture. We then
took a break for lunch.

By the way I had tried to accept her first version but
she would not give up on the original picture.

After lunch I asked her to make

This time using LC or RC (which took diameter as
their input).

Then I went away. I suspected she had ritualized her
experience with the head of RUTH and MARIE.

I wanted to see if she could undo it.

She worked very hard.

She got

I finally modified the model to

She said no she only wanted 1 leaf. (Esthetics).
She did it! She called it DF for dumb flower (again
emphatic and dramatic).

In all this I see another interesting phenomenon.
Call it making cliches. Are they good or bad? Perhaps
necessary. Anyway that’s how it seems to go. (Sey-
mour says it now has the blessing of “frame theory”
and something cognitive psychologists call “stereo-
typing”. Again I don’t know but I’'m glad to know
that theoretical people are paying attention to the
things that seem important. Also, what does Piaget
mean by schema?)

Here is a series of events.

In making the men Est constructed

The obvious first pass at doing this is

FD 50
RCIRCLE 50

but this gives
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The debugged version is FD 50

LT 99 T

RCIRCLE 50 l

Est worked awhile on this and eventually knew how to
make figures like

Now the flower model called for

which Est had previously found easier. But now she
has trouble. She has “formed a cliche” or “overgen-
eralized” or whatever. You might say “well she doesn’t
understand anything. She is echoing mechanically.”
But it’s not so simple. Look at what happened when I
suggested putting in a leaf to form:

She didn’t make

as she would if “LT 90 RCIRCLE” had been completely
ritualized. So it’s more subtle. Actually Est had de-
veloped another cliche. Instead of saying LT 90, she
would say RT 90, RT 90, RT 90. In this problem there
was payoff. Then she would always turn the turtle
right.

My next suggestion was to make a row of flowers.

She did
O
DF T
DF q

but the second DF drew the same flower again. Aston-
ishment! Bug! Again a very “trivial” piece of advice
got her going. I pointed to where the next flower could
be. No words were necessary (what a lesson for talka-
tive teachers!) . . . she knows how to drive the turtle
and she quickly drew a row of flowers.

DF

RT 90
FD 50
RT 90
RT 90 J -
RT 90 q %
DF ‘

RT 90

ete.

“Fantastic” I said, “and what about one to the left.”
Serious thinking. It has to go BK 150 she said, “be-
cause there are 1 2 3 of them.”

Again the research problem: What do these “little”
aids mean? What is the learner’s problem. This
learner sometimes handled this amazingly. Her flower
drawer is called DF. Like many children her age she
sometimes reverses letters and especially since FD is a
LOGO word. So several times her intended DF got the
reply:

FORWARD NEEDS MORE INPUTS

So she wrote a big DF on a piece of paper. Put a circle
around it and looked at it ritualistically every time she
wanted to draw a flower! (Best model this year of
debugging.)

I emphasize: the particular trick for DF was entirely
her own idea. If I helped it was by conveying (rather
than telling) an attitude to debugging and towards
using paper and pencil as a material aid. I had often
taken up the pencil in times of difficulty.

Finally another “cliche” which I already mentioned,
Est never used LEFT spontaneously. She knew what it
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did and would oblige if asked to use it. But on her own
she would say

RT 90
RT 90
RT 90

rather than
LT 90

There seemed to be no reason to complain or “correct”
this perfectly adequate representation! It might be
interesting to watch its development. But probably not.
One day she will use LT 90 and no one will ever know
what happened. Except her, perhaps.
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Feature selection for binary data—Medical

diagnosis with fuzzy sets™
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ABSTRACT

The notion of fuzzy sets—sets with imprecise boun-
daries—is a natural cornerstone upon which to build
algorithms based on approximate reasoning. Since
their inception in 1965 by Zadeh,' fuzzy sets have led
to first steps towards quantifying data analysis in many
fields previously immune to mathematical examination.
A fairly exhaustive introduction to the theory and
applications of fuzzy sets? lists 238 papers dealing with
a great variety of recent investigations.

INTRODUCTION

In this paper we discuss the applicability of the fuzzy
ISODATA clustering algorithms for (1) dimension-
ality reduction of binary valued data sets, and (2)
computerized medical diagnosis. The first question is
often referred to as feature selection; overviews of
many popular approaches are available in References
3 and 4. Loosely speaking, one wants to reduce the
number of characteristics originally measured to some
optimal subset which retains at least as much informa-
tion about substructure in the data as the original
ones. Computerized medical diagnosis is an extremely
difficult and ambitious undertaking. Considering the
risks involved, enormous improvements need to be
made in existing methodologies before the medical
community can be asked to rely on the diagnostic sug-
gestions of a computer. However, it is our conviction
that the attitude of pessimism displayed in Reference
5 towards this enterprise is largely attributable to the
failure of conventional (that is, non-fuzzy) techniques,
the results of which must either be accepted at face
value or rejected out of hand: we believe that fuzzy
sets can be used as a basis for computerized diagnostic
advice that will provide valuable insight and direction
for clinicians with a large data base of previous case
histories.

* This research supported by National Science Foundation
Grant DCR75-05014.
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FUZZY CLUSTERING ALGORITHMS

Let R¢ denote real, d-dimensional Euclidean space
(feature space), and let X={x,,x,, . .., 2.} CRI. Each
k= (X1/Xgoy - - « » Xxa) € R is a feature vector (sub-
ject, patient) ; each x,; in R is the j™ feature (charac-
teristic, attribute, symptom) of feature vector z;; and
if every x,; €{0, 1} , we call X a binary valued data
set. In this instance, we say z, has attribute j when
Xy=1, and is lacking it if x,;=0. Cluster analysis with
respect to X is the problem of finding an integer c,
2<ec<n, and c subsets (clusters) of X which partition
it into subgroups of points revealing intrinsic substrue-
ture in the data. Algorithms to partition X abound;
the partitions they find depend on the classification
criterion used by the algorithm which defines similar-
ity between pairs of vectors in X.

There are hard (i.e., conventional) and fuzzy meth-
ods, and each of these main classes can be roughly
subdivided into graph-theoretic and objective function
techniques. Readers interested in hard algorithms for
clustering will find an introduction to the literature
in Reference 3; a brief review of fuzzy clustering fol-
lows. Clustering with fuzzy sets was first proposed
in Reference 6. References 7-10 discuss some of
the earliest fuzzy pattern classification schemes. In
1969 Ruspini delineated the first fuzzy clustering
method based on objective functions, and foreshad-
owed the usefulness of information measures (entropy)
in the fuzzy sets context. His technique was enlarged
and illustrated in References 12-15. Dunn'¢ defined
the first fuzzy extension of the classical within group
sum of squared errors {WGSS) objective functional,
and in Reference 17 this approach was generalized to
yield the infinite family of algorithms discussed below.
Methods of clustering based on fuzzy graphs are still
in their infancy; References 18-23 are seminal works
in this direction.

CLUSTERING WITH FUZZY ISODATA

A hard c-partition P of X is a collection of ¢ non-
empty subsets of X, say P={Y,,¥,, . . . , Y.}, whose
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union is X and whose pairwise intersections are dis-
joint. To characterize P by a matrix, let u;: X—{0, 1}
be the characteristic function of Y;:

lin case 2. € Y;

U () = Ua= 10 otherwise } s1<i<e:1<k<n.

(1)

Denote by V., the vector space of all real ¢ xn matrices,
let U € V., and let uy be the ik entry of U. The set
of matrices

M.= {UeVen: ue{0,1} Vik; > ue=1Vk; Yugp>0V i}
i=1 k=1
(2)

is called hard c-partition space for X because each
partition P of X corresponds uniquely to the matrix
in M, whose rows are the values for the characteristic
functions of the subsets in P as shown in Equation (1).

Solutions for all hard clustering algorithms lie in M,,
and this is a fundamental drawback for two reasons:
First, each member of the data must be assigned un-
equivocal membership in one and only one of the c
partitioning subsets; however, the substructure in
real data rarely—if ever—is so distinct that every
member in X is most realistically described as a full
member of a single subclass. A fuzzy model can over-
come this objection by allowing every individual par-
tial membership in all ¢ subsets, as, for example, one
would desire for hybrids when classifying them in
parallel with their progenitors. Secondly, M, is a finite
but extremely large set, a complication which often
manifests itself in analytical as well as computational
intractabilities.

Fuzzy sets provide a natural way to surmount the
objections above. We call any function u; that maps X
into the closed interval [0,1] a fuzzy subset or fuzzy
cluster in X. The number u;(zx) =uy is the grade of
membership of subject z, in fuzzy set w;, and fuzzy
c-partitions of X are defined by imbedding M. in

Mfc:{UeVm: uef0,1]vik; E up=1Vk; E U >0V i} .
=1 k=1
(3)

M;. is called fuzzy c-partition space associated with X.
The requirement that each column in U sum to one
stipulates that every vector in X be assigned a total
membership equal to unity in the partitioning subsets.
If M, is enlarged to include matrices which may have
some zero rows, say M., then M;, is the convex hull
of M,.” Compactness, convexity, and continuity en-
dow M, with a pleasant mathematical structure; for
example, it has been shown?* numerically that because
M. is continuous, algorithms defined on it have paths
of feasible solutions around undesirable local trap
states of algorithms confined to M..

Given Mg, how can fuzzy c-partitions of X be found?
One way to identify optimal fuzzy clusterings in X is
via the family of generalized WGSS error objective

functionals defined in Reference 17. On the Cartesian
product of M, with R, we define for me[1,x= )

Jm(Uﬂ’):z (W) ™|z — 03] |2 4)

k=1 i=1
In (4) Uerc’ v= (?)1,'1)2, LR ’Ue)eRc‘l’ vi: (Vusviz, ..y
vig) eR? for 1<i<e, and {|-|| is any norm on feature

space. J, is an etxension of the classical minimum
variance objective functional J, because J,=J, Vm
whenever UeM, is hard. The ¢ vectors {v;} compris-
ing v are presumed to have features prototypical of
vectors in X having a high affinity for membership in
the respective fuzzy clusters {u;}, and so are called
cluster centers of their respective fuzzy clusters. These
vectors will play an important role in the sequel. The
measure of similarity in (4) is the norm ||-||; in this
model it compares members of the data to each other
indirectly via distances between them and the cluster
centers. .

Optimal fuzzy c-partitionings of X are defined as
part of solution pairs (U,0) of the optimization
problem

minimize{J, (U,v)} over M, QR (5)
Partitions arising as part of solutions for (5) are re-
lated to a well defined type of hard, compact, well
separated (CWS) clusters for X in Reference 16.
There are structured data sets whose clusters do not
enjoy this property, but there is a wide class of pat-
terns for which this criterion is very basic, and we
adopt it here as implicit in our clustering goals.

Necessary conditions for solutions of (5) were de-
rived for the class of funectionals in (4) whose norms
were differentiable (e.g., inner product induced
norms). It was shown there that for m>1 and
xk=f=’biv i:ky

1

& L= Yo
,Z(lxk—@hl)
i(ﬁik)mxk

> ()™
k=1

are necessary in order for (U,9) to be a local solution
of (5). Full details for m=1 and the singular cases
z,="; for some i and k may be found in References
16 and 17. At m=1 requirement (6a) is replaced by
a nearest neighbor assignment rule, UeM, is neces-
sarily hard, the cluster centers in (6b) are merely the
centroids of the hard subsets in U, and the resultant
algorithm is essentially the hard ISODATA process of
Ball and Hall.» For m>1 equations (6) define the

e —
U =

»1<i<c; 1<k<n, (6a)

Iy

Ui , 1<i<e (6b)

Fuzzy ISODATA algorithms

Choose any ¢ xn matrix U,eM;.. (7a)
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Compute the weighted means {%;} with U,

and (6b). (7b)
Update U,—U with equation (6a). (7c)
Compute the maximum membership defect
max (] (0)u— (Uo)u}- (7d)

If less than some prespecified tolerance e, stop.
Otherwise relabel U—U, and return to (7b).

Implicit in {7) are tie-breaking rules and resolution of
singularities. These equations define an iterative
optimization procedure for locating approximate
minima of J,. It is convenient to recast this loop in
the form of the iterative matrix operator T, :M:;—>M;.

defined by
Tm(Uk =Uk+1:(Tm}k(Uo),k:0’1,2’ s e e (8)

Since U’s which are part of optimal pairs for J,, must
lie among the fixed points of T, we call approximate
minima of J, fixed points of fuzzy ISODATA. J, has
the descent property on successive iterates of T, and
the associated set of cluster centers they determine,
but it is not now known whether the iterate sequence
{Tw(U,)} is theoretically convergent. We mention this
because the numerical example below suggests an in-
teresting conjecture about these fixed points. The pos-
sibility of using T, to approximate a maximum likeli-
hood operator for certain problems in unsupervised
learning is discussed in Reference 26.

SCALAR MEASURES OF PARTITION QUALITY

Since optimal partitionings of X are defined ag part
of solutions of (5), an obvious way to rank competing
partitions is by their corresponding values with J,.
Unfortunately, J., is not an exception to the fact that
global minima of objective functions may suggest very
poor interpretations of substructure in X.2+?"-28 Conse-
quently, values of J., do not necessarily rank the merits
of different U’s in M;. as worthwhile clusterings of X.
It is here that fuzzy ISODATA departs from conven-
tional clustering techniques, because with hard ob-
jective functions the functional values are the only
information usually available for addressing this ques-
tion. With fuzzy partitions however, the fuzziness of
U allows one to associate various measures of parti-
tion quality with U which are independent of the
method used to produce these partitions. Fuzzy ISO-
DATA is used to generate likely candidates for optimal
clusterings of X; their relative quality has been as-
sessed by either of two scalar valued measures defined
on M,.:

F.(U) =trace (UU?) /n, superscript t being here
transpose, 9)
H.(U)=- (Z >y log, uik)/n, with ae(1,).

k=1 di=i (10)

F.:M,—[1/c,1] was defined in Reference 17 as the
partition coefficient of U; H.: Mz2[0,log.c] was defined
in Reference 27 as the average classification entropy
of U. Although the functional forms of F. and H, are
quiteidifferent, they are related as follows:

F.(U)=1H.(U) =0 &UeM.is hard. (1la)
F.(U) =1/c oH.(0) =log.c & U=[1/c]. (11b)

.50

J<h(e-F(W). (o)

Equatigns (11) suggest that the equi-membership par-
tition U=[1/ec], i.e., Gx=1/cVik, is the fuzziest or
worst one can do (geometrically U is the centroid of
M,,); on the other hand, the ideal situation occurs
when the substructure in X is so distinct that a fuzzy
algorithm recommends a hard ec-partitioning of X.
Maximizing F. over different fixed points of fuzzy
algorithms minimizes the total content or overlap in
pairwise fuzzy intersections; equivalently, minimizing
H. over the same choices maximizes the “information”
extracted from U. In either case, we presume that
values of these measures serve as a relative indication
of the uncertainty an elgorithm experiences in trying
to assign memberships to the vectors in X. Note
that F. and H, are well defined for partitions generated
by any fuzzy clustering method, not just ISODATA;
moreover, these functions convey no information about
the relative merits of hard c-partitions of X, their
usefulness depending entirely on the idea of fuzziness.
Numerical evidence indicates that H, is probably more
sensitive than F, in ranking U’s; this has been at-
tributed to the fact that the slope of the logarithmic
curve on most of (0,1) is much steeper than that of
the parabola (H, is a sum of logarithmic terms, F. a
sum of parabolic ones). Nonetheless, both measures
seem useful, since the lower bound in (1lc) is a
sharper indication than that in (11a) of how small
H.(U) is.

In general the clustering strategy used with fuzzy
ISODATA has been to minimize H, over approximate
fixed points of T, for whatever alternatives have been
considered, and regard the resultant c-partitioning
of X as the most optimal one. If this partition is rela-
tively fuzzy (as measured by H.), we do not infer that
X has no well defined substructure; we conclude that
none of the algorithms tried have been successful at
finding it.

A NUMERICAL EXAMPLE

Table I lists 11 symptoms of 107 stomach disease
patients who have either hiatal hernia (patients 1-57)
or gallstones (patients 58-107). Table I constitutes
our binary data set X. The data was collected as part
of a larger study at the Henry Ford Hospital in Detroit
by Rinaldo, Scheinok, and Rupe.** Various studies
utilizing the larger data set for computerized medical
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TABLE I—Data Set X: Class 1; Hiatal Hernia

Patient Symptoms

1 ] i i 1] 1] i I} I I ] 0

c 1 1 0 i i 1 Iy I i 1] 0

I i} 1 1] I} 0 i 1] 1 0 1] 1l

3 i 1 i i 1l i 0 i 1] 1] 0

s 0 i 1] 0 1} i 1] 1 1} 1] 0

[ 1] 1 0 ] ] 1 1] 1 i} 0 1]

7 0 1 n 0 0 1 0 1 1 1 0

= 1} i I 1] i i 1] i i i 0

= 0 1 0 0 i 1 i 1 1 0 i
10 0 1 1] i} Il i 1 1] i ] ]
11 0 1 i i n 1 1 1 1 0 0

z 0 1 ] 0 ] 1 1 1 1 i 1

2 0 1 1] 0 0 1 i 1 0 n I
14 0 1 1] 0 1 1 1] 1 0 0 1
1% ] i ] i 0 1 1] 0 1 i 1]
15 0 1 ] 1 0 1 0 I 1 lIl 1
1iv 0 1 [} 1 i 1 0 1 0 1 1
13 0 1 1] 1 i1 1 0 1 1 0 0
13 0 1 I 1 i 1 1 ] 1 i 0
20 n i 1] 1 i i 1 0 1 1] i
21 ] 1 0 1 0 1 1 0 1 ] ]
22 0 1 0 1 1 ] i 1 1 0 1
23 I 1 i 1 1] ] i} i 1 0 i
24 i i 1 0 1 1} i} 0 1} 0 i
25 0 1 1 n 1 0 0 0 1 1
fod 3 I 1 1 1 1 X 0 1 ] 0 0
27 i ¥} 1] n n 1] [} n 0 0 0
o i 1 i} 1l 0 0 n X} i 1l ]
o= i 1 i X} 1} 1 1] 0 i i I}
30 1 1 1] Il i 1] i ]l i ] n
=1 i 1 i} I 0 1} i 1] i i} 1]
32 i i ] [} ] 1] i 1] 1 1] 0
23 1 1 ] 0 1] i i n i n n
29 1 1 0 I I 1 I} 0 i [} I
=5 i i 0 1} 1] i i} i 0 i n
Ze 1 1 i} ) (1} i I 1 i [} ]
= 1 1 0 0 I i 0 1 1 i 1]
38 1 1 0 I} I 1 0 1 1 1] ]
9 i 1 1} i I} 1 i 1 X ] i
30 1 1 1 i} [} i 1 £ I i 1]
31 1 1 i 0 0 1 1 0 1 0 0
¥ 1 1 0 0 i 1 1 ] 1 I i
43 i i 0 X} i} 1 1 N 1 ] ]
44 i i 1] i i ] i 0 i n 0
45 i i ] 0 1 I 1 1] 1] ) 1]
1= 1 1 ] 0 1 I 1 0 0 0 0
37 1 1 0 i 1 ] i ] i i i
e X i 1 0 0 1 1 1 i 1 0 0
43 1 1 I 1 i i i 0 1 i 1
S0 1 1 i i 0 1 i 1] ] 1] i
=1 1 1 0 1 1] 1 I} 1 1 0 1
S i i i} i I i ] 1 0 1] ]
5= i i ] 1 1 n 1 1] I 0 I
=4 1 1 ] 1 1 n 1 1 1 0 1
55 1 1 1 i i 1 ] 1 1 0 ]
S 1 1 i i 0 1 1 1 1 0 1
a7 1 i 1 1} 1 1 1 0 0 K 1
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TABLE I (Continued)

Patient Symptoms
5 0 ] 1 ] | i 0 1 0 1 1
=] 1l 1] 1 il [} 1 0 i 1} [l n
&0 0 0 1 0 i 1 0 1 0 0 1
&1 i 0 ! 0 i n i 1 0 i {i
A I I} 1 i n 1 1 1] 0 1] 0
52 i i i i i i i i i i i
= 0 ] i 1 i} i 1l i 1] i 1]
&5 0 i 1 1 it 1 1] i 1} ] 1]
£ o 0 1 1 0 i i 1 U] 0 0
&7 X} i i i i i i l 1] [} 1}
[ [} 1 ] I 1] 1 I} I I I} 1}
= [} 1 ] i 0 1 1] i i 0 I}
i 0 1 i i I i Il i ] 0 i
w1 1l i 1] 1] I i i 1] ] 0 1l
T i 1 i 0 il i i 1 i 0 I
I 1] 1 ] 0 1] 1 1 1 i ] 0
T4 0 1 i 1 0 1 0 0 1] ] 0
TS 0 1 i 1 1 1 1 1 0 0 0
o 0 1 1 it i 0 i 1 1] i 1
77 0 i i i 1} 1 0 1 0 i ]
o I 1 i I} 1] i 0 1 1] 1] i
T i i 1 i 1 1 11 1 1} 1 0
20 i 1 1 0 i 1 n 1 I 1 1
a1 I 1 1 1 i 1 0 1 i i ]
g il 1 1 1 i 1 1} i [} i ]
s ] 1 1 i 1} 1 ) i 1] i 1}
24 I 1 1 1 0 1 0 1 0 0 i
=25 i i 1 1 0 1 i i 1 ] i
, I 1 1 i i} i i i 0 0 i
0 1 1 1 0 1 o 1 0 0 i
i 1 i 1 1] i i i I} 1 ]
; I i i 1 0 1 i 1 ] i 0
=R 1 N i i i 1 Il 1 1] i I}
21 1 0 1 1 i 1 0 i i 0 0
S 1 0 1 1 0 1 0 1 i 0 0
S 1 0 1 1 i 1 ] i ] ] 0
S i 1 i I i i ] i i ] 0
a5 i i 0 1 i 1 ] Il 1 0 1]
a8 1 1 I} 1 1} i [} 1 1} [} i
arT i 1 [} Il [} i 1] i i 0 0
as 1 i 0 ] 0 1 Tl 1 i 1 0
== 1 1 I 0 1 1 0 1 1 I 0
100 i 1 xl i [} i 0 1] Il 1} 0
101 1 i 1 i I} 1 i L} {i ] i
102 1 1 1 1] ] 1 I 1 0 0 0
10z i i 1 i} 0 i X i 1] i i
104 1 1 1 0 I 1 I 1 [ 0 1
105 1 1 i [} n 1 i u] I n ]
10s 1 1 1 1 0 1 1] 0 I i i
107 1 1 1 1 i 1 0 o K X X
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diagnosis have been discussed in References 31-35;
full details on the data are available in Reference 31.
The 11 symptoms measured (present=1, absent=0)
were:

Symptom  Description or type of Abdominal Pain

1 Male=1; Female=0
Epigastric Pain
Upper right quadrant pain
Back pain '
Discomfort episodes of 1-4 weeks
Discomfort episodes of 0-1 days
Relief induced by food ingestion
Aggravation induced by food ingestion
Aggravation induced by position
10 Weight loss (at least 20 1bs. in 6 mos.)
11 Persistence (at least 1 month in length)

The calculations were made in single precision For-
trans IV using logarithms in (10) to base e=2.718. ...
The convergence threshold € used in (7b) was €=0.01.
Because fuzzy ISODATA—like all hill climbing meth-
ods—is susceptible to stagnation at local minima of J,,
it is necessary to test the stability of fixed points of T,
by varying the initial guess for U, in (7a). Other
studies report results concerning this parameter; for
this example the only initial guess used is

U,=aU+80, where a=14, =1- 74, and

=2 BN I PR S )

10...07 11...1
01...0] 00...0
u=| - - (12)
A .
00...11 o00...0

——¢eXe— o ex(n—e)——

U, is an initial guess lying midway between U and the
hard c-partitions of X, as measured by the value of F,,
since F.(U,) =14+ (1/2¢c). Only one initial guess is
used in this example to shorten the presentation of
numerical results. .

Finding ¢ is often the most important and difficult
problem in clustering. The use of fuzzy ISODATA for
this purpose is discussed elsewhere; in this investiga-
tion we fix c=2 in the interests of brevity. The algo-
rithmic parameters varied here are the weighting ex-
ponent m and norm ||-|| appearing in (4). Values for
m are 1.10, 1.33, 1.67, and 2.00. Results with other
values are contained in Reference 29. Three norms
induced by the weighted inner product (x,x)=x*Az on
R¢ were used. These norms were realized by different
choices for the symmetric matrix A:

N1 (Euclidean) induced by A=1I, the dxd
identity. (18a)

N2 (Diagonal) induced by A=[diag(c:% ..., 04?) 17,
the inverse of the diagonal matrix of marginal
sample feature variances. (13b)

N3 (Mahalonobis) induced by A=[cov(X)]?, the
inverse of the sample covariance matrix. (13c¢)

Further discussion on these choices may be found in
Reference 35. Having established the computing proto-
cols, we turn to the numeric results.

Table II lists entropies H, and their lower bounds
1-F, for the fixed points of T, obtained by processing
X with (7) under the assumptions above. These values
are comparable only for fixed values for m, because as
m—1, partitions obtained by fuzzy ISODATA are
always “less fuzzy” in the sense of F. or H.. Since (7)
represents an infinite family of algorithms, there is
the practical question of which one to use. The only
theoretical result concerning this to date appears in
Reference 36, where an analogy to minimum resistance
electrical networks is used to suggest that only J, ex-
tends the physical interpretation of J, made there. It
will be seen in Table II that ISODATA proceeds from
U, to U (quite rapidly) for every norm at m=2.00; for
N2 and N3 at m=1.67; and for N3 at m=1.83 (recall
from (11b) that with ¢=2, F,=.500 if and only if
evaluated at U). Whether or not other initial guesses
for U, would lead to this fixed point is a matter of
speculation ; the rather surprising conjecture suggested
by this observation is that the size of stability domains
of fixed points of Ty, is dependent on both m and the
norm in (4). Of course, as m— 0, U becomes the only
fixed point of T., as is evident from (6a). Table II
shows that it may be necessary to experimentally de-
crease m towards m=1 until fuzzy ISODATA success-
fully begins to avoid equi-memberships for a given set
of data.

The values in Table II also indicate a slight prefer-
ence for the Euclidean norm over N2, and a definite
preference compared to N3, so we infer that this data

TABLE II—Entropies for Data Set X

Entropy

Weighting Norm Lower Bound

Exponent a R

m I 1-F(0) Ho (8)
2

N1 .051 .0es

1.10 N2 .057 .095
N3 .086 .162

N1 «253 «397

1.33 N2 .274 425
N3 .500 .693

N1 .420 .608

1.67 N2 .500 +693
N3 .500 693

N1 .500 .693

2.00 N2 .500 .693
N3 .500 <693 -
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is most separable by N1 among the three norms con-
sidered. Accordingly, the norm in (4) for subsequent
runs is now fixed at ||+ ||=N1, and in view of the results
obtained at m=1.67 and 2.00, we drop these values
for the weighting exponent.

In Table III are listed the membership functions cor-
responding to terminal partitions obtained with (7),
I|']]=N1, and m=1.10, 1.33. Scanning these values,
one quickly obtains a feel for which members of the
data indicate a strong desire to be classified into one
subclass or the other. As we expect, the partition of
X associated with the smaller value of m is very nearly
hard, while the second partition begins to exhibit
clearly those subjects in X apparently causing the most
difficulty to ISODATA in assigning memberships. This
feature of fuzziness—identification of the trouble-
some or distinguished individuals in the data—is per-
haps the most important reason for using fuzzy models.
Information of this kind is simply not available when
using hard classification procedures, for then all the
entries in solution partitions are 0’s and 1’s.

Since any discussion of error rates presumes a com-
parison with hard labels, it is necessary to convert
fuzzy partitions into hard ones before this is possible.
An obvious (but not necessarily best) way to do this is
via the maximum membership rule: assign each z,eX
to the cluster in which it holds maximum membership.
All error rates mentioned below are computed with
hard 2-partitions of the data obtained in this fashion.
With this convention in mind, we have from Table 111
at m=1.10 23 incorrect labels, and at m=1.33, 25 mis-
labelled patients. We emphasize that these are not
classifier performance rates, because we are clustering
here; no attempt is being made to train a classifier for
prediction with unlabelled samples. However, we pre-
sume these figures are indicative of error rates which
may be obtained with fuzzy classifiers now under study.
Of more immediate interest is the way we can use fuzzy
ISODATA to attack the feature selection problem.

FEATURE SELECTION USING FUZZY ISODATA

Contrary to one’s intuition, adding more features
does not always lead to better classifier performance.?
In some instances the converse is true; deletion of
features may remove the source of confusion pre-
venting an aigorithm from. detecting substructure
known (or presumed) to exist in the data, and in any
event, reduction of the dimension of feature space al-
leviates the computational burden imposed by using
many features. In medicine, this amounts to asking
for the minimum number of symptoms needed to detect
a particular disease, or to discriminate between closely
related ones. The basis for a technique of fuzzy feature
selection using algorithm (7) is contained in the simple

Proposition Let X be any binary valued data set, X=
{z,, . . ., x,} contained in RI; let {#;} be

the cluster centers given by {(6b); and
suppose V;; to be the j** component of ¥; for
1<i<e; 1<j<d. Then

0<¥;<1Vi,j (14a)
{7ij:0:> X 3=Xo5=.. -=an=0 (14b)
‘Afijzlz X3 =Xgj=...Xp=1 (14c)

Proof Rewriting equation (6a) in the form Gy =
(1/1+cy), where ¢ is the sum in the denominator
over j=1,2, . . ., ¢ with j==i, we observe that ¢; >0
for every i and k, hence {iy, € (0,1) for every i and k.

In view of this the denominator in {6b), z (&) ™>0

k=1
for 1<i<ec. Now consider the component form of (6b)
foranyj;

2| ()™

Iy= 3 (aym [P 1SI<ds 1<i<e. (15)
8=1

k=1

The coefficients of x,; in (15) are all strictly positive,
and since every x,; is greater than or equal to zero, ¥y
is also. Moreover, this also shows that ¥;; can equal
zero if and only if all the x;; in (15) are zero. Finally,
since every x; in (15) is less than or equal to one, that
sum is bounded above by 1, the number obtained upon
replacing all of the x,’s with 1. Since the maximum
is attained when this occurs, the proof is complete.

We elaborate the implications of equations (14) for
feature selection by the following series of observa-
tions:

(i) ¥;=0: Since the proof is independent of i, it’s easy
to see that an even stronger statement holds: ¥;=0
V=0 for 1<k<c with k=-i. From (14b) it follows
that this occurs when and only when attribute j is
absent from all n members of the data, in which case
it is irrelevant to substructure in X (medically, no
patient had symptom j).

(ii) ¥;=1: As in (i), the stronger statement ¥;;=1 if
and only if all the ¥,’s with k=i are 1 holds. In this
event, feature j is a maximal descriptor of the n indi-
viduals in X (medically, all patients had symptom j).

(iii) 0<¥;;<1: Again, this can happen when and only
when 0<¥,;<1 for all k==i. Ostensibly, feature j has a
variable amount of influence in describing members of
the ¢ subgroups in X. This suggests that the relative
magnitudes of ¥,;, Vi, . . ., V¢; may rank the efficacy
of j as a descriptor of each subclass (medically, some
patients in each subclass had symptom j, and others
did not).

(iv) Combining (i)-(iii), it is seen that one of the
cluster centers ?; is entirely binary valued if and only if
all ¢ of them are, and this occurs if and only if all n
members of the data are identical. In this eventuality
there is no possibility for mathematical (or mediecal)
detection of subclasses in X. On the other hand, we
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TABLE III—Membership Functions Obtained by Fuzzy ISODATA

Patient
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find that if and only if a single cluster center has no
component either 0 or 1, then ail ¢ cluster centers are
of this type.

In view of these remarks, it seems natural to call the
components {V;;} of cluster center ¥; the feature centers
of class i. Table IV exhibits values of these centers for
each of the fuzzy partitions listed in Table III. The
ranking of symptom importance for patients with
hiatal hernia (class 1) established by values of {¥;} at
either value of m is 2>6>1>9 . . .>10. We infer
from this that among the 11 symptoms measured, epi-
gastric pain (2) is most likely to occur in patients
with this disorder, whereas they will exhibit weight
loss (10) only occasionally. To see whether the magni-
tudes of the ¥,;’s really do this, let p;; be the relative
frequency of occurrence of symptom j in class i pa-
tients, From Table I we find that p,,=0.982, p, o=
0.035. These frequencies should be compared to the
values of the corresponding feature centers for class 1:
for example, with m=1.10 we have ¥,,=0.985, and
¥1,10=0.021. These comparisons seem to corroborate
our supposition concerning the ability of the fuzzy
feature centers to rank the significance of the features
as descriptors of each class.

For patients with gallstones (class 2), there is some
shifting in ranks established by changing m from 1.10
to 1.33; this seem to indicate that members of this class
are somewhat less distinctive. Nonetheless, we find
from Table IV that in both cases, the most important
features are {3,6,8,2}; the least important are {5,7,9}.
Of course, one may take the opposite view, and regard
{6,7,9} as the features most important for deciding a
patient does 7ot have gallstones. This remark points

TABLE IV—Cluster Centers for the Membership Functions in

Table IIT
Exponent Symptom Feature Centers Absolute
(Hernia) (Galls.) Differences
- A A A A
m J v1j V2j v1j-v2ﬂ
1 570 .269 .302
2 .985 .668 317
3 .063 .929 .865
4 .226 .551 .324
S <174 104 .070
1.10 6 <770 .837 .068
7 <418 .048 <370
8 .393 844 451
9 <479 044 435
10 .021 165 144
11 «117 251 «134
1 .654 .260 +394
2 974 .752 .222
3 .105 686 .581
4 .214 <485 271
5 <191 .098 .093
1.33 6 2713 .878 .164
G <467 .092 375
8 .285 .839 553
9 527 .103 L423
10 031 .118 .087
11 127 .198 .071

up the fact that the ¥;;’s do not establish which features
possess discriminatory power for separating class i
from closely related classes, and at the same time, sug-
gests a way to use the feature centers for pairs of sub-
classes to select optimal discriminators.

An obvious indication of “how separable” classes i
and j are is their cluster center separation ||¥;—%;||.
This measure, however, suppresses the information
we want to use for reducing the number of features
required to effect the classification. A more suitable
measure is afforded by the vector of absolute differ-
ences of the components of 9; and 9;: for all i and j let

fus= (= Vals[ V2= V5l . . o, [Fa— Vi) . (16)

The components of f;;;, of vector f;; measure feature
center separations between the feature centers for
classes i and j. Equations (14) lead to the following
results for these components:

0<f;.<1foralli,j, and k. (17a)

f;;x=0 &Either all or none of the vectors in both
classes i and j have feature k. (17b)

;=1 & All vectors in class i and no vectors in class
j have feature k, or vice versa. (17¢)

We presume feature k to be either useless or optimal as
a discriminator between classes i and j according as
(17b) or (17¢) respectively occurs. (17a) shows these
to be the extremes, intimating that the values fj;,,
fi5,2 ..., fi5a rank by their magnitudes the relative
wtility of the d features for discrimination between
classesiand j.

To test this speculation, the vector f,, defined by
(16) corresponding to the cluster centers in Table IV
was used to identify the optimal feature subsets of di-
mensions 1,2, and 3, and the data set X was reprocessed
with fuzzy ISODATA using only these features. The
last column of Table IV reports the values of f,,,: evi-
dently symptom 8—upper right quadrant pain—is
implicated as the most powerful attribute for dis-
tinguishing between gallstones and hiatal hernia. The
feature center values ¥,,=0.105 and v.,=0.686 sug-
gest that very few hernia patients suffer from symp-
tom 3, while most gallstones patients may be expected
to have it. Indeed, from Table I we find that the rela-
tive frequencies of symptom 3 are p,;=0.123 and p..=
0.680 respectively. Continuing in this fashion, we de-
duce that either {3,8} or {3,9} would be the best 2-di-
mensional subset of features to use; that {3,8,9} is the
best set of 8 features at either value of m; and so on.

The results of clustering these feature subsets are
reported in Table V as numbers of misclassifications
stemming from the hard 2-partitions realized by maxi-
mum membership conversion of the associated fuzzy
fixed points of Tyn. Using symptom 3 alone results in
exactly the same hard partitions as using symptoms
3 and 9; moreover, it will be seen that the overall error
rates achieved with either of these subsets is at least
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TABLE V—Misciassifications * Using Reduced Feature Spaces

m=1.10 m=1,33

Symptoms | Galls. Hernia Overall Galls. Hernia Overall

Used n1=50 n2=57 n=107 n1=50 n2=57 n=107

1-11 17 6 23 13 12 25

3 16 7 23 16 7 23

3,9 16 7 23 16 K 23

3,8 13 22 36 13 23 36
3,8,9 13 23 36 10 17 27

F o= - - - - -

Deleted n1-43 n,=41 n=84 n1-A3 n2-41 n=84

1-11 0 7 ? v] 7 7
*Based on hard (maximum membership) partitions.

#pata X with patients {23-26,55-57,67-75,94-100} deleted.

as good as the rate attained using all 11 features. Note
that symptoms 3 and 9 are much less effective than
3 and 8, and the error rate using {3,8,9} is in between
the best and worst ones shown. From these results it
appears that the feature selection method proposed
above successfully extracts a small number of features
which possess essentially the same information rele-
vant to substructure in X detected by fuzzy ISODATA
as the original ones.

SUMMARY

Fuzzy clustering, and in particular fuzzy ISODATA,
has been reviewed, and is proposed here as a basis for a
new technique applicable to the problem of feature
selection. Specifically, equations (14) and (17) seem
useful in ranking the effectiveness of binary valued
features both as subclass representatives and as dis-
criminators between pairs of fuzzy subclasses in X.
A numerical example was presented which seems suc-
cessful enough to warrant further investigations into
the plausibility of the method. We note that this tech-
nique is applicable only for binary data sets: in fact,
(6b) shows that the cluster centers {#;} lie in the
linear subspace generated by the data, so when the
features have continuous domains, (14) and (17) are
invalid.

As a means of computerized medical diagnosis, the
technique described above is incomplete in the sense
that it is a clustering method, not a classifier. None-
theless, it seems fair to assert that our example exhibits
the promise fuzzy sets may hold for this problem. Our
conviction is that fuzziness is the premise needed as a
basis for pattern recognition ; more precisely, we think
it an appropriate generalization of the conventional
strategies criticized in Reference 5. The reason for
this lies with the fuzzy membership values generated
by algorithms like fuzzy ISODATA ; not only do they

indicate a patient’s relative affinity for having every
disease represented by members of the data; but per-
haps more importantly, low memberships can be used
to identify those patients whose symptoms indicate
further personal attention. For example, the values in
Table III suggest that the 28 patients whose Table I
labels are {23-26,65-57,67-75,94-100} are—by virtue of
their relatively low memberships—the ones most af-
fecting the computer’s success at separating the two
subclasses. If these 23 individuals are deleted from X,

iy .. . .
and the remaining 84 patients are proecessed with

ISODATA, the results reported in the last row of
Table V indicate an increase of about 14 percent in the
accuracy of labelling obtained on all 11 features with
either value of m. This appears to confirm that low
memberships signal troublesome patients. (Note that
processing this deleted set with only feature 8 results
in a recognition rate of 100 percent: the 28 patients
identified above are precisely the 23 subjects having
the “uncharacteristic” labels for members of their
classes with respect to feature 8 alone). Of course,
it is not the business of the medical community to
delete troublesome patients from data sets for the
convenience of a computer: on the contrary, these are
the patients that doctors want most to identify, and
we believe that fuzzy methodologies will eventually be
useful in realizing computer assistance and counseling
for people in this profession.
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Procedural representation in a fuzzy problem-solving system
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ABSTRACT

This paper addresses the problem of developing new
representational structures for use in problem-solving
domains which are imprecise or uncertain in nature.
The incompatibility of precise representations with
complex systems is discussed, and an argument is made
that the inability to arrive at symbolic representations,
not any inherent “complexity,” is what makes natural
reasoning difficult to model. The programming lan-
guage FUZZY, which provides a number of facilities
for representing and manipulating fuzzy information,
is described briefly, and the use of “procedure demons”
to specify global control regimes is examined. The pro-
cedural mechanisms available in FUZZY are then used
to analyze a simple problem of fuzzy deductive in-
ference.

INTRODUCTION

The ability to effectively utilize information which is
vague, imprecise, or uncertain is of inestimable im-
portance to a problem-solving system which is con-
fronted with a world view even approaching the “real
world” in complexity. It is clear that human problem-
solvers are able to function in inexact domains long
before they can manipulate the abstract symbols we
create to represent “exact” reasoning (e.g., consider
how you were able to recognize your mother as a two-
year-old). But it is precisely the kind of vague, im-
precise reasoning which humans seem to do so well
which perplexes researchers in the developing field of
cognitive science* who are concerned with understand-
ing and modeling the thought process. Relatively well-
defined problem domains such as game playing and
theorem proving have been most amenable to analysis
and successful simulation. Problem areas which are
somewhat more imprecise—that is, whose “rules” and
solution algorithms are vaguely specified—have proven
to be more difficult to model at a level approaching that
of human performance (consider simple scene descrip-
tion and speech understanding). And other domains

* We are indebted to Bobrow and Collins® for the populariza-
tion of this term.
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even less amenable to precise analysis have yet to be
even considered by researchers in artificial intelligence,
although they constitute the bulk of the average hu-
man’s reasoning effort (how does one judge that a par-
ticular face is “pretty”; decide whether or not to get
married, and to whom; figure out whether to go to a
play or a movie tonight, and, if so, which one?).

The problem of representation

Zadeh?*?s describes what he calls the principle of
incompatibility, which states that the complexity of a
given domain is more or less inversely related to the
precision (exactness) with which it can be analyzed.
Although this tenant seems to hold true in many situa-
tions, and can indeed be made a truism by utilizing it
as a definition of the ill-defined term “complexity,” it
is somewhat unsatisfying. Do we really believe that
the ability to recognize a chair as a chair and not a
table, bench, footstool, ete., is a more complex action
than proving a theorem in predicate calculus or play-
ing a reasonable game of chess, simply because we can
analyze the latter more precisely than the former?
It appears to me that the problem lies not in the under-
lying complexity of the task, but in the level at which
we can (symbolically) represent our knowledge about
the particular task and its problem domain. It happens
that we have developed precise mechanisms for repre-
senting our knowledge about the complex reasoning
utilized in game playing and theorem proving (involv-
ing constraints, rules of action, searching techniques,
etc.), whereas the simple task of recognizing a chair
(much less a pretty face) has defied attempts at sym-
bolic representation. The reason, of course, is that
games and formal logiecs exist in artificial domains
which are of mecessity described symbolically. Deal-
ing with the real world involves a natural form of rea-
soning which must be developed well before artificial
symbolic reasoning appears, and the resulting mecha-
nisms involved in such natural reasoning are corre-
spondingly harder to introspect about (and, therefore,
to translate into symbolic representations).

Unfortunately, the only mechanisms we have avail-
able for artificially representing knowledge are sym-
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bolic in nature-—a situation which will in all likeli-
hood remain unchanged for some time to come. Our
task is thus to develop more general and powerful
representational structures, along with techniques for
integrating and utilizing these structures to their best
advantage. At the same time we must search for ways
of representing so-called “real-world” (i.e., naturally
non-symbolic) knowledge in such a way that it can be
effectively utilized in the problem-solving process. It
is this problem that the research reported here ad-
dresses.

Previous research

Past investigations into the problem of representing
knowledge which is vague, imprecise, uncertain, in-
exact, or probabilistic in nature can be grouped into
four major classifications:

(1) Philosophical and logical foundations—Philoso-
phers of language have long contended that any sym-
bolic system (i.e., language) used to describe the real
world must, of necessity, admit concepts which are
ill-defined. Indeed, it can be argued that it is precisely
the fuzziness of natural language (and the underlying
cognitive structure upon which it is built) that allows
us to communicate in a meaningful way. The infinite
complexity of our world makes it necessary for us to
summarize, generalize, compress, and otherwise elimi-
nate the mass of irrelevant detail with which we are
continually confronted. Formal logicians, who are con-
cerned with representing knowledge in a formal sys-
tem, discovered quite early that classical logic with
its true-false dichotomy was not sufficient to represent
the full range of human knowledge. Various attempts
were thus devised to liberalize this dichotomy, result-
ing in non-standard systems such as intuitionistic logic,
modal logics, many-valued logics, probabilistic logie,
and fuzzy logic. Although such systems are certainly
of interest in their own right, it now seems quite clear
that formal, syntactically-based systems are not suffi-
cient for use in a dynamic, problem-solving environ-
ment. For a further discussion of these philosophical
and logical foundations, see LeFaivre'®* and McCarthy
and Hayes.*®

(2) Formal tools for representation and analysis—
In the past decade a new set of formal tools and con-
cepts for analyzing the process of approximate reason-
ing has evolved from the theory of fuzzy sets (Zadeh,?
Goguen’). Such semantically-grounded concepts as
fuzzy sets, fuzzy relations, fuzzy algorithms, linguistic
variables, and linguistic hedges give us a new set of
tools for symbolically representing and manipulating
fuzzy information. At this time most of the work in
this area has been theoretical in nature—we are just
beginning to investigate the effect which some of these
new concepts will have on actual problem-solving
systems.

(3) Problem-specific AI systems—Although it is
true that the overwhelming majority of systems de-
veloped by AI researchers have dealt with simplified
domains, thereby ignoring the problem of representing
real-world information, there have been some attempts
to begin to come to grips with this problem. For ex-
ample, Munson* investigated the general problem of
dealing with the uncertainty encountered in the real
world. Several systems which utilize semantic net
memory structures provide mechanisms for handling
various kinds of fuzziness (e.g., Quillian*® and
Becker!). Notable among these is the SCHOLAR sys-
tem developed by Carbonell, into which a variety of
different kinds of fuzzy reasoning capabilities have
been placed (see Carbonell and Collins® and Collins, et
al.?). The MYCIN system of Shortliffe?° is also notable
for its use of a model of inexact reasoning in medicine.

(4) Problem-independent AI systems—This final
classification involves programming systems which are
not oriented towards any particular problem domain,
but rather provide general facilities for representing
fuzzy knowledge. Lee!! discusses the problem of creat-
ing a resolution theorem prover based on fuzzy logic
(such a system could, in theory, be used as a general
problem-solver—see Green®). To my knowledge, the
described system was never implemented. Michalski'®
discusses the implementation of a ‘“variable-valued
logic” system which provides mechanisms for ex-
pressing and solving problems in discrete mathematics
which are intrinsically nonlinear. In 1972 Rob Kling
and the author began to discuss some of the modifica-
tions which might be made to a contemporary “Al
language” (MICRO-PLANNER?') to allow it to effec-
tively utilize fuzzy information. The resulting system
(FUZZY-PLANNER) was subsequently developed on
paper by Kling,® although it was never implemented.
FUZZY-PLANNER, however, stands as the spiritual
predecessor to the system described in this paper.

A BRIEF DESCRIPTION OF FUZZY

One of the more important trends in artificial in-
telligence in recent years has been the development of
powerful new programming languages for use in Al
research (see Bobrow and Raphael*). The research re-
ported in this paper had as one of its goals the develop-
ment of a new language which synthesized many of
the good ideas of previous AI languages while provid-
ing facilities for the efficient storage, retrieval, and
manipulation of fuzzy knowledge. The resulting lan-
guage (called FUZZY) is a complex system which
would be impossible to describe fully in a paper of this
nature. I shall thus present here a brief overview of
the language, and then concentrate in subsequent sec-
tions on procedural representation. Note that an early
version of the system was described in Reference 12,
and a complete description of the language may be
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found in Reference 18. A discussion of how FUZZY
can be utilized to represent a variety of different forms
of fuzzy knowledge, including explicitly and implicitly
defined fuzzy sets, fuzzy relations, fuzzy algorithms,
and linguistic hedges, appears in Reference 14. FUZZY
is a LISP-based system, and has been implemented in
both UNIVAC 1110 LISP and UCI LISP for the
PDP-10.

Fuzzy expressions

FUZZY is in essence a many-valued programming
language. By this I mean that, unlike traditional lan-
guages in which expressions evaluate to a single value,
FUZZY expressions may return both a value and a
“fuzzy truth-value,” or Z-value.* The Z-value range is
specified by the LISP variables ZLOW and ZHIGH,
and may be changed by the user as desired (the initial
values are 0 and 1). Primitives are available for re-
trieving the value (VAL) or Z-value (ZVAL) portions
of an expression, and for computing logical combina-
tions of fuzzy expressions (ZAND, ZOR, ZNOT). In
all cases a default Z-value of ZHIGH is provided by
the system if no Z-value is present explicitly.

In addition to being able to return values and
Z-values, FUZZY expressions may either succeed or
fail in a manner similar to other AI languages (see
Reference 4). Failure is caused by simply returning
a value of FAIL, with any other value constituting suc-
cess. Several variations of a standard IF-THEN-ELSE
mechanism are available for controlling success and
failure of individual expressions, and a user-controlled
backtrack mechanism is available via the SAVE, RE-
STORE, and FOR statements.

The associative net

In addition to standard LISP data structures,
FUZZY allows fuzzy knowledge to be explicitly repre-
sented by maintaining an associative network of asser-
tions with optional Z-value modifiers. Standard ADD
and REMOVE primitives are available for maintain-
ing this net, while the FETCH primitive may be used
to access the net via a powerful structural pattern-
matcher. The net is automatically ordered by Z-values,
and options are available in FETCH to place con-
straints on the Z-value range to be accessed and to
specify whether the assertion with the highest or low-
est Z-value in the range is to be retrieved. One varia-
tion of the FOR statement allows the user to iterate

* The term “Z-value” was chosen so as not to give any semantic
connotations to the usage of this numeric modifier, since it can
represent a conventional truth-value, a fuzzy set grade of mem-
bership, a degree of certainty or belief, a simple weight, or any-
thing else the user wishes.

through all assertiong in the net which mateh a certain
pattern and have a Z-value in the desired range.

Fuzzy procedures

It is often the case that knowledge is complex enough
to prevent it from being stored explicitly in the form
of simple assertions. FUZZY thus provides a powerful
method of implicitly representing fuzzy knowledge via
the specification of procedures (using the PROC state-
ment). The procedural mechanisms of FUZZY will
be discussed more fully in a later section of this

paper.

Deductive mechanisms

Like other AI languages (see Reference 4), FUZZY
allows assertions to be implicitly defined via the speci-
fication of deduce procedures. The primitive DEDUCE
is similar to FETCH, except that instead of searching
for an assertion in the associative net, it searches for
a procedure which allows the desired assertion to be
computed. A GOAL primitive is also available which
first performs a FETCH, utilizing DEDUCE only if
the assertion is not present explicitly in the net. The
pattern-directed procedure invocation mechanism of
FUZZY is similar to that of other AI languages, ex-
cept that FUZZY allows Z-value modifiers to be com-
puted and returned along with assertions. Variations
of the FOR statement are available for iterating
through assertions generated by deduce procedures,
and a simple mechanism is available for writing gen-
erators—procedures which compute an assertion for
use by a higher-level FOR statement but which can
be restarted to compute an alternative assertion if
necessary.

INFERENCE IN A FUZZY ENVIRONMENT
Classical and fuzzy detachment

In order to provide some motivation for the pro-
cedural mechanisms described in the next section, let
us consider briefly the problem of deductive inference
in a fuzzy environment. Like other AI languages,
FUZZY provides facilities for automatically “de-
ducing” information via the use of procedures. In
nonfuzzy domains, the use of deduce procedures to rep-
resent deductive arguments is relatively straightfor-
ward. For example, the classic argument “all humans
are mortal; Socrates is human; therefore Socrates is
mortal” may be succinctly represented by the FUZZY
statements:
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(ADD DEDUCE:
(PROC (MORTAL ?X)
(GOAL (HUMAN !X))))*
(ADD (HUMAN SOCRATES))
(DEDUCE (MORTAL SOCRATES))

This argument is an example of the rule of detachment,
which is represented in classical logic by the theorem:

(A and (A implies B)) implies B

In other words, given that “A” is true and “A implies
B” is true, we may deduce that B is true.

Consider, however, the role of detachment in a non-
standard (e.g., many-valued) logic. Here the formulas
“A” and “A implies B” may be only partially true—
how then are we to compute a truth-value for B? We
need to define a “detachment operator” which lets us
combine the truth-values of “A” and “A implies B”
in some way to arrive at an estimate of the truth-
value of B. The importance of the selection of this
operator, which is discussed more fully in Goguen,’
Kling,® and LeFaivre,'s can be illustrated by the follow-
ing example.

A paradox

Consider the following two premises:

(1) 1isa small integer.
(2) If n is a small integer, then n+1 is still a
small integer.

Certainly these seem to be reasonable statements. We
would all agree that 1 is a small integer, and surely
adding 1 to a small integer doesn’t magically make it
not small. But given these two innocent premises, we
are able to prove by an appropriate number of appli-
cations of the rule of detachment that any positive
integer N is small. This deduction is an example of the
classic “paradox of the heap” discussed by Black? and
Goguen,’ and illustrates one of the major shortcomings
of classical logic. The problem, of course, is that the
set of “small integers” is not sharply defined—we have
attempted to impose the laws of classical logic on a
nonclassical (i.e., fuzzy) problem.

Paradox resolved

We can make use of fuzzy detachment to resolve the
above “paradox” by noting that the result of adding 1
to a small integer, while still small, is not quite as
small as it was before. In other words, premise (2)
above is not quite true—let us say that it has a truth-
value of 0.99. If we assume that the truth-value of

* (MORTAL ?X) acts as the pattern of the given procedure,
which will be matched against the requested assertion in the
DEDUCE statement; the sub-pattern ?X will match anything
(in this case SOCRATES), binding the item matched to the
variable X; !X is then used to retrieve the matched value.

; Define deduce procedure stating
; that humanity is sufficient to

; prove mortality.

; Assert Socrates’ humanity.

; Request proof of his mortality.

(1) is 1.0, and we use multiplication for our detach-
ment operator, it is trivial to show that the truth-
value of the statement “N is small” is 0.99%, which is
an intuitively satisfying result. Hence, the “paradox”
of classical logic becomes a valid deduction when
formulated in many-valued logic. Let us now consider
how such a problem might be represented in FUZZY.

PROCEDURAL REPRESENTATION IN FUZZY

We saw in the preceding section an example of a
problem in which a multiplicative combination of
truth-values led to a satisfactory representation of a
simple fuzzy deduction. It is natural to ask whether
we wish to always combine truth-values multiplica-
tively. The answer seems to be no. For example, the
theory of fuzzy sets makes use of the minimum and
maximum for various numeric computations, and one
can envision situations where the sum or average
might be desired. The point is that a fuzzy problem-
solving system must not force decisions of this type
upon the user, but should make it easy for him to ex-
periment with a variety of forms of control.

Global control

The issue being discussed here might be character-
ized as the amount of global control a procedure exer-
cises over its local computations. For example, most
conventional programming languages (FORTRAN,
LISP) exercise no global control—all decisions (e.g.,
when to exit from a function) are made at the local
level by statements within the procedure. On the other
hand, MICRO-PLANNER?! monitors the execution of
its procedures (theorems), looking for statements
which fail (return NIL) and taking some global action
(backtracking) when necessary. We are faced with
the question of what form of global control (if any)
should be built into a FUZZY procedure. Consider a
typical example: we want a procedure to succeed only
if each of its local expressions succeeds with a Z-value
above some threshold value. Now, this could of course
be done using only local control—by inserting tests
of the Z-value of each expression into the procedure—
but this would clutter up the routine with rather un-
interesting and repetitive local computations, obscur-
ing its overall structure. In addition, each procedure
requiring this particular global control regime would
have to have the necessary local computations built in
—a clearly inelegant solution. We would like to be able
to simply specify the threshold value and have the
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system perform the necess
(PROC THRESH : (n) (pattern) (el) (e2) . . .)

A fixed procedure mechanism of this form would
be the FUZZY equivalent of the simple control present
in MICRO-PLANNER theorems. However, as men-
tioned earlier, there may be other forms of global con-
trol which might be desirable—for example: ignore all
failures; succeed only if at least (n) of the statements
succeed; succeed only if some fzmction of the indi-
vidual Z-values exceeds a threshold (e.g., a threshold
operator) ; return as a Z-value the minimum (maxi-
mum, sum, product) of the individual Z-values en-
countered; etec. FUZZY procedures allow all of these
forms of global control (and more) via the specifica-
tion of procedure demons.

ary manipulations:

Procedure demons

A procedure demon is a LISP function which is as-
sociated with a procedure, and which is given control
after each expression of the procedure is evaluated.
The demon is passed the result of the evaluation, the
threshold value associated with the procedure, and an
“accumulated Z-value” which may be dynamically com-
puted by the demon. When the procedure is exited the
demon is called one last time with a value of DONE
in order to make any necessary final computations
(e.g., computing an average). For example, consider
the case of succeeding only if all of the expressions in a
procedure succeed with a Z-value above some thresh-
old, keeping track of the minimum Z-value encoun-
tered. A procedure demon which exercises this form of
global control might be defined as follows (this is in
fact FUZZY’s standard default demon) :

(DE *DEMON (V TH AC)
(COND [(EQV FAIL) (FAIL)]
[(EQ VDONE) AC]
[(LT (ZVAL V) TH)
(FAIL)]
[T (MIN (ZVAL V) AC)1))

The value returned by a procedure demon is saved
by the system and becomes the new accumulated
Z-value upon the next call to the demon. Thus in ad-
dition to checking for statements which fail or fall
below the threshold (and causing the procedure to fail
if one is found), *DEMON keeps track of the lowest
Z-value encountered, as desired. The final accumu-
lated Z-value (i.e., the value returned by the demon
after it is passed DONE) is returned as the Z-value
portion of the procedure result. A procedure which
uses *DEMON might be defined as follows:

(PROC DEMON: *DEMON THRESH: 0.5
ACCUM: 10..))

This indicates that the demon for this procedure is
*DEMON, the threshold value is 0.5, and the initial

accumulated Z-value is 1.0 { \1 .., this is the value used
the first time the demon is called after entering the
procedure). The DEMON:, THRESH:, and ACCUM:
fields are all optional, with default values of *DEMON,
ZLOW, and ZHIGH, respectively, assumed.

If a procedure demon of NIL is specified, no demon
calls are made (i.e., the procedure is evaluated in a
manner similar to a LISP PROG, with only local con-
trol allowed). Other procedure demons may be written
by the user to specify unique forms of global control

{fann Dafa
(see Reference 13). The motivation behind the pro-

cedure demon mechanism is that once a library of fre-
quently-used procedure demons is builf up, the user
may easily specify a variety of global control regimes.
He is thus relieved of much of the “dirty work” of di-
rectly manipulating Z-values in the programs he
writes. Indeed, in many cases the user need not even
be aware that he is working with fuzzy information.

Paradox revisited

Recall the “paradox” of the small integers discussed
earlier. Let us briefly examine the issue of fuzzy de-
tachment in FUZZY by showing how the procedural
mechanism just described can be used to represent
this problem. We first define a procedure demon DE-
TACH which represents the (multiplicative) detach-
ment operator :

CH (VTH AC)
(COND [(EQV FAIL) (FAIL)]
[ (EQ VDONE) AC]
[T (TIMES TH (ZVAL

R YA
\ II

(DE DETA

We then add the two premises to the data base. As
usual, the implication “if » is small then n+1 is small”
is expressed as a deduce procedure which utilizes back-
ward chaining:

(ADD (SMALL 1))

(ADD DEDUCE:

(PROC - DEMON: DETACH THRESH: 0.99
(SMALL ?N)
(GOAL (SMALL &(SUB1 IN))) ))

(The prefix “&” acts as a LISP evaluation operator).
A request like:

(DEDUCE (SMALL 20))

would then cause the proper Z-value (0.99°) to be
computed.

Note that all of the Z-value manipulations are car-
ried out by the procedure demon. Except for the speci-
fication of a non-standard demon and a threshold value,
which in this case is analogous to the truth-value of the
deduce procedure, the representation of a fuzzy deduc-
tive argument is identical to the non-fuzzy example
shown previously.
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Subjective Bayesian methods for rule-based inference systems”
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Menlo Park, California

ABSTRACT

The general problem of drawing inferences from un-
certain or incomplete evidence has invited a variety of
technical approaches, some mathematically rigorous
and some largely informal and intuitive. Most current
inference systems in artificial intelligence have empha-
sized intuitive methods, because the absence of ade-
quate statistical samples forces a reliance on the sub-
jective judgment of human experts. We describe in
this paper a subjective Bayesian inference method that
realizes some of the advantages of both formal and in-
formal approaches. Of particular interest are the modi-
fications needed to deal with the inconsistencies usually
found in collections of subjective statements.

INTRODUCTION

One of the characteristics of human reasoning is the
ability to form useful judgments from uncertain and
incomplete evidence. This ability is not only needed
for everyday activities, which people would normally
never formalize, but also for tasks such as medical diag-
nosis or securities analysis, which have been subjected
to formal treatment.

Because the general need to form judgments from in-
complete data is so widespread, many techniques have
been developed to aid or supplant people in this task.
Probability theory and statistics provide a powerful
framework for dealing with many inference prob-
lems.*? In standard approaches, the link between alter-
native hypotheses and relevant evidence is represented
by conditional or joint probabilities that are estimated
from statistical samples. If the number of alternative
hypotheses and the amount of relevant evidence are not
too great, and if the available sample is sufficiently
large, then probability and statistics furnish the pre-
ferred analytical tools. However, when many kinds of
evidence simultaneously bear on an hypothesis, tradi-
tional statistical approaches become inappropriate be-
cause estimation problems become unmanageable.

Recent work in artificial intelligence has suggested

* The work reported herein was supported by the Advanced
Research Projects Agency of the Department of Defense under
Contract DAHC04-75-C-0005.
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other approaches to the problem of resolving hypoth-
eses on the basis of a mass of uncertain evidence.
Among the most attractive are rule-based systems,
which use a large body of inference rules, supplied by
experts, to provide the knowledge needed to distinguish
among competing hypotheses.>* Each inference rule
defines the role of a particular set of evidence in re-
solving a particular hypothesis. Typically, an ad hoc
scoring function is used to combine the effects of col-
lections of uncertain evidence acting through several
inference rules on the same hypothesis. Thus, rule-
based systems attempt to substitute judgments distilled
from long experience for joint probabilities estimated
from prohibitively large samples.

Our purpose in this paper is to describe a subjective
Bayesian technique that can be used in place of ad hoc
scoring functions in rule-based inference systems. Our
intent is to retain insofar as possible the well-under-
stood methods of probability theory, introducing only .
those modifications needed because we are dealing with
networks of subjective inference rules. The scope of
the paper is limited ; we shall not discuss here the more
general issues of representation and control that must
be faced when designing a complete rule-based infer-
ence system.

FUNDAMENTALS

In a rule-based inference system, the rules are typi-
cally of the form

IfE,and E.and . . . and E,
then H

where E;(i=1. . . n) is the i piece of evidence and H
is an hypothesis suggested by the evidence. Each infer-
ence rule has a certain strength measured by parame-
ters that will be defined later. For now it suffices to say
that the greater the strength, the greater is the power
of the evidence to confirm the hypothesis. In most ap-
plications, the rules and their strengths are provided
by carefully interviewing experts.

The individual pieces of evidence (the E;) and the
hypothesis (H) of a rule are propositional statements.
Instead of being either absolutely true or false, the
truth values of these propositional statements may be
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uncertain. In this paper we shall represent these un-
certainties by probabilities, so that associated with
each propositional statement is a corresponding proba-
bility value.

To simplify matters, we shall assume (without loss
of generality) that each rule has only a single proposi-
tional statement as evidence on its left-hand side. To
reduce a conjunction to a single statement, we need a
method for computing the joint probability, P(E, . . .,
E,) from the individual probabilities P (E;). Two sim-
ple alternatives are to assume independence of the E;
or to use the fuzzy set computation P(E,, . . ., E,) =
min P (E;). More generally, the left-hand side of a rule
could contain an arbitrary logical expression, E. The
results of this paper do not depend on how the proba-
bility of E is computed.

We represent a rule of the form “if E then H”
graphically by the following structure:

O—0

Here a propositional statement is being represented as
a node, and an inference rule is being represented as an
arc. A collection of rules about some specific subject
area invariably uses the same pieces of evidence to im-
ply several different hypotheses. It also frequently hap-
pens that several alternative pieces of evidence imply
the same hypothesis. Furthermore, there are often
chains of evidences and hypotheses. For these reasons
it is natural to represent a collection of rules as a graph
structure or inference net.

An example of an inference net is shown in Figure 1.

SA-4763-1

Figure 1—A simple inference net

The H; at the top of the net are alternative hypotheses
to be resolved. Each arc entering a node represents an
inference rule and has associated with it a strength.
Notice that a typical intermediate node like E; can play
two roles: it provides supporting evidence for the
nodes above it (E: and E;), and it acts as an hypothesis
to be resolved by evidence below it (Eg and E,).

The main problem to be considered in this paper con-
cerns the propagation of probabilities through the net.
Suppose for example, that a user of the net provides
evidence by deciding that the probability of a node, say
E, should be changed from its prior value to some new
value. Obviously this should require updating of the
probability of E, and, in turn, E,, E,, and H,, and so on.
Any mechanism used for propagating probabilities
must be able to cope with a number of problems. The
rules have uncertainty associated with them, and the
evidence provided by a user may be uncertain. These
two different kinds of uncertainty must somehow be
combined. Multiple evidence typically bears on a single
hypothesis, so that some form of independence must
usually be assumed. Finally, the rules are provided
subjectively by experts, so certain kinds of inconsisten-
cies arise that can seriously jeopardize success. In the
following sections we suggest a Bayesian updating
scheme that addresses these concerns.

SUBJECTIVE BAYESIAN UPDATING

Suppose we are given a rule if E, then H. Let us be-
gin with the simplified problem of updating the proba-
bility of H given its prior value and given that E is ob-
served to be true. By Bayes rule, we have

P(EH)P(H) 1)
P(E) :
For our purposes, a more convenient form of Bayes

rule is arrived at by writing the complementary form
for the negation of H

P(H|E) =

P(E|H)P(H)
—-P(T, (2)
and dividing Eq. (1) by Eq. (2) to obtain
P(H|E) _P(E[H) P(H) 3)
P(HE) P(E|E) PE)

Each of the three terms in this equation has a tradi-
tional interpretation. We define the prior odds on H to
be

P(HE)=

P(H)  PMH)

P(H) 1-P(H) )
and the posterior odds to be

P(HE) P(HE)

OH)=

BE)= — = :
O (H[E) P(HIE) 1-PHE)’ (5)
Now the likelihood ratio is defined by
_ P(E[H)
P E ) (6)
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so Eq. 3 becomes the odds-likelitood formulation of
Bayes rule:

O(HE)=x0(H). (7

This equation tells us how to update the odds on H given
the cbservation of E. For rule-based inference sys-
tems, we assume that a human expert has given the
rule and has provided the likelihood ratio A to indicate
the “strength” of the rule. A high value of A(A»1)
represents, roughly speaking, the fact that E is suffi-
cient for H, since the observation that E is true will
transform indifferent prior odds on H into heavy pos-
terior odds in favor of H. Notice, incidentally, that the
underlying probabilities can be recovered from their
odds by the simple formula
P=pos, (8)

T
so that the odds and the probabilities give exactly the
same information.

Suppose now that we wish to update the odds on H
given that E is observed to be false. In a strictly anal-
ogous fashion, we write,

O (H|E) =20 (H), 9)
where we define A by

_P(E/H) 1-P(EH)

T PEH)  1-PEH)"
Notice that » must also be provided by the human ex-
pert; it cannot be derived from A. A Iow value of A,
(0<Xx«1) represents, roughly speaking, the fact that
E is necessary for H, since the observation that E is
false will by Eq. 9 transform indifferent prior odds on
H into odds heavily against H. Curiously, although A
and A must be separately provided by the expert, they
are not completely independent of each other. In par-
ticular, Egs. (6) and (10) yield

T 1-AP(E|H)
T 1-P(EH)’
so that, if we exclude the extreme cases of P (Eﬁﬁ) be-
ing either 0 or 1, we see that A>1 implies A<1, and
A<1 implies A>1. Further, we have A=1 if and only
if x=1. This means that if the expert gives a rule such
that the presence of E enhances the odds on H (i.e.,
A>1), he should also tell us that the absence of E de-
presses the odds on H (i.e., A<1). To some extent, this
mathematical requirement does violence to intuition.
People who work with rule-based inference systems
are commonly told by experts that “The presence of E
enhances the odds on H, but the absence of E has no
signi_ﬁcance.” In other words, the expert says that A>1,
but A=1. Subsequently, we shall suggest some modifi-
cations that address this and other problems of incon-
sistency.
We note in passing that knowledge of both A and X is
equivalent to knowledge of both P(E|H) and P (E|H).
Indeed, it follows at once from Egs. (6) and (10) that

(10)

(11)

P(EH) =\ = (12)
and
13
P(EH) = (13)

Thus, whether the expert should be asked to provide A
and A, P(E|H) and P(EIH), or, indeed, some other
equivalent information is a psychological rather than
a mathematical question.”

UNCERTAIN EVIDENCE AND THE
PROBLEM OF PRIOR PROBABILITIES

Having seen how to update the probability of an hy-
pothesis when the evidence is known to be either cer-
tainly true or certainly false, let us consider now how
updating should proceed when the user of the system
is uncertain. We begin by assuming that when a user
says “I am 70 percent certain that E is true,” he means
that P(E| relevant observations) =.7. We designate
by E’ the relevant observations that he makes, and
simply write P(E|E’) for the user’s response.

We now need to obtain an expression for P(H|E').
Formally,

P(H E)=P(HEE) +P(HEE)
=P(H|E,E")P(E|E")
+P(HEE)P(E|E). (14)

We make the reasonable assumption that if we know E
to be true (or false), then the observations E’ relevant
to E provide no further information about H. With
this assumption, Eq. (14) becomes

P(H/E)=P(H|E)P(E|E) +P(H|E)P(E|E). (15)

Here P(H|E) and P(H,E) are obtained directly from
Bayes rule, i.e., from Eq. (7) and Eq. (9), respectively.

If the user is certain that E is true, then P(H|E’) =
P(H|E). If the user is certain that E is false, then
P(HIE) :P(H\E_}). In general, Eq. (15) gives P(H|E")
as a linear interpolation between these two extreme
cases. In particular, note that if P(E/E’) =P (E) then
P(H|E') =P(H). This has the simple interpretation
that if the evidence E’ is no better than a priori knowl-
edge, then application of the rule leaves the probability
of H unchanged.

In a pure Bayesian formuiation, Eq. (15) is the so-
lution to the updating question. In practice, however,
there are significant difficulties in using this formula-
tion in an inference net. These difficulties stem from a
combination of the classical Bayesian dilemma over
prior probabilities and the use of subjective proba-
bilities.

To appreciate the difficulty, consider again a typical
pair of nodes E and H embedded in an inference net. It
is apparent from Eqs. (7) and (9) that the updating
procedure depends on the availability of the prior odds
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O(H). Thus, although we have not emphasized the
point until now, we see that the expert must be de-
pended upon to provide the prior odds as well as A and
X when the inference rule is given. On the other hand,
recall our earlier observation that E also acts as an
hypothesis to be resolved by the nodes below it in the
net. Thus, the expert must also provide prior odds on
E. If all of these quantities were specified consistently,
then the situation would be as represented in Figure
2. The straight line plotted is simply Eq. (15), and
shows the interpolation noted above. In particular,
note that if the user asserts that P(E|E’) =P (E), then
the updated probability is P(H!E') =P (H). In other
words, if the user provides no new evidence, then the
probability of H remains unchanged.

In the practical case, unfortunately, the subjectively
obtained prior probabilities are virtually certain to be
inconsistent, and the situation becomes as shown in Fig-
ure 3. Note that P(E), the prior probability provided
by the expert, is different from P.(E), the probability
consistent with P(H). Here, if the user provides no
new evidence—i.e., if P(E|E’) =P (E)—then the for-
mal Bayesian updating scheme will substantially
change the probability of H from its prior value P (H).
Furthermore, for the case shown in Figure 3, if the
user asserts that E is true with a probability P (E|E’)
lying in the interval between P (E) and P.(E), then the
updated probability P (H|E’) will be less than P (H).
Thus, we have here an example of a rule intended to
increase the probability of H if E is found to be true,
but which turns out to have the opposite effect. This
type of error can be compounded as probabilities are
propagated through the net.

Several measures can be taken to correct the unfor-
tunate effects of priors that are inconsistent with in-
ference rules. Since the problem can be thought of as
one of overspecification, one approach would be to relax

1
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{CURRENT PROBABILITY OF E)
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Figure 2—-Idealized updating of P(H'E')
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Figure 3—Inconsistent priors

the specification of whatever quantities are subjectively
least certain. For example, if the subjective specifica-
tion of P(E) were least certain (in the expert’s opin-
ion), then we might set P(E) =P.(E). This approach
leads to difficulties because the pair of nodes E and H
under consideration are embedded in a large net. For
example, in Figure 1, we might be considering node E,
as the hypothesis H, and node E; as the evidence E. If
we were to establish a prior probability P(E;) to be
consistent with P (E.), we would simultaneously make
P (E;) inconsistent with the priors on E; and E,, which
provide supporting evidence for E;. Prior probabili-
ties can therefore not be forced into consistency on the
basis of the local structure of the inference net; appar-
ently, a more global process—perhaps a relaxation
process—would be required.

A second alternative for achieving consistency would.
be to adjust the linear interpolation function shown in
Figure 3. There are several possibilities, one of which
is illustrated in Figure 4a. The linear function has
been broken into a piecewise linear function at the
coordinates of the prior probabilities, forcing con-
sistent updating of the probability of H given E’. Two
other possibilities are shown in Figures 4b and 4c. In
Figure 4b we have introduced a dead zone over the in-
terval between the specified prior probability P (E) and
the consistent prior P.(E). Intuitively, the argument
in support of this consistent interpolation function is
that if the user cannot give a response outside this in-
terval, then he is not sufficiently certain of his response
to warrant any change in the probability of H. Figure
4c shows another possibility, motivated by the earlier
observation that experts often give rules of the form
“The presence of E enhances the odds on H, but the ab-
sence of E has no significance.” By keeping P(H E’)
equal to P(H) when P(E'E’) is less than P(E) we are
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Figure 4 (a) —Consistent interpolation functions

effectively allowing the forbidden situation where A>1
and A=1. In effect, this is equivalent to the method
illustrated in Figure 4a under the assumption that
P(H|E) =P(H).

It is interesting to compare these modifications with
the procedure used by Shortliffe to handle uncertain
evidence in the MYCIN system.** While the nonlinear
equations that result from use of Shortliffe’s version of
confirmation theory prevent a general comparison, it is
possible to express his procedure in our terms for the
special case of a single rule. The result for the case in
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Figure 4(b)—Consistent interpolation functions (continued)
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Figure 4 (¢)-—Consistent interpolation functions (concluded)

which the presence of E supports H is shown in Figure
5. Clearly, the solution is identical to that of Figure 4c¢
except for the interval from P(E) to P:(E) within
which Shortliffe’s solution maintains P (H|E’) at the a
priori value P(H).

The graphical representations in Figures 2 through
4 provide a nice vehicle for visualizing the discrepan-
cies between formal and subjective Bayesian updating,
and make it easy to invent other alternatives for recon-
ciling inconsistencies. For completeness, the Appendix
contains the easily computable algebraic representa-

1 —
P(HIE) [~ /0
P(H) ® o= .
P(HE") : |
| |
| |
_ ! |
P(HIE) | f |
! |
i |
B ! 1 !
0 P(E) P IE) 1

P(EIE’
i€ SA-4763-7

Figure 5—The interpolation function used in the mycin system
P.(E)=P(E) +t[1—P(E)]. Typically, t=0.2.
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tions of these functions, and also treats the comple-
mentary case in which the straight line given by Eq.
(15) has a negative slope (the case in which A<1). In
a small experimental system, the function shown in
Figure 4a has given satisfactory preliminary results.®

THE USE OF MULTIPLE EVIDENCE

We turn now to the more general updating problem
in which several rules of the form E,—»H, ..., E,—>Hall
concern the same hypothesis H.* Since most nodes in
actual inference nets have several incoming arcs, this is
the case of greatest practical interest. In order to gain
some insight about how multiple evidence should be
used to update H when the evidence is uncertain and
the priors are inconsistent, let us first consider briefly
how updating would formally proceed in simpler cases.

Suppose the it inference rule has associated with it
the usual two quantities A; and A;. For a first simple
case, how should H be updated when all the E; have
been observed to be certainly true? This case is anal-
ogous to the case summarized by Eq. (7). Under the
assumption that the pieces of evidence are conditionally

independent (i.e., that P(E,, ..., B,[H) = | [ P(EiH)

and that P(E,, . . ., E.,Iﬁ)znP(EiII_{)), it is not

difficult to reach an analogous an_swer. Specifically, the
odds on H are updated by the expression

n

I‘[Ai} O(H),  (16)

i=

O(H|E,... ,Ey) =|:

where

_ P(E(H)
- P(EJH)
Similarly, if all the evidence is observed to be cer-
tainly false, we can under conditional independence as-
sumptions again factor the joint likelihood ratio to ob-
tain

M (17)

n

O(HIE,,..., E.J=|:HX;JO(H). (18)

Now let us consider the general case of uncertain evi-
dence and inconsistent prior probabilities. We already
know that the posterior odds O (H|E;) given a single
observation E; can be computed using updating func-
tions like the ones shown in Figure 4. We can therefore
define, for a single inference rule, an effective likelihood
ratio A/ by

2 O(HEY)

* This should not be confused with the conjunctive premise
mentioned earlier.

By making the assumption now that the E; are inde-
pendent, we can obtain for the general case an expres-
sion similar to the simple updating formulas given by
Eqgs. (16) and (18) :

n

O(H|E/,...,E) :[HA{]O(H). (20)

To use this expression in an inference net system, we
simply store with each node its prior odds (or proba-
bility), and store with each incoming arc an effective
likelihood ratio A/. Whenever a piece of evidence pro-
vided by the user causes P (E|E;') to be updated, a new
effective likelihood ratio is computed and the posterior
odds in favor of H is computed using Eq. (20). This
procedure has the following consequences:

(1) If no evidence is obtained for a rule, then it will
retain an initial effective likelihood ratio of
unity, since prior and “posterior” odds are the
same.

(2) The order in which evidence is obtained and
rules are applied does not affect the final poste-
rior probabilities.

(3) The same rule can be used repeatedly, with the
same or different values for the probability of
the evidence. In particular, if a user changes
his mind and modifies an earlier assertion, the
new assertion will correctly “undo” any effects
of earlier statements.

CONCLUSIONS

The probability updating procedure presented here has
several points to recommend it. It accepts subjective
information that can readily be obtained from ex-
perts. The two conditional probabilities, P (E|H) and
P(E}ﬁ), that determine the strength of an inference
rule typically are intuitively meaningful measures, and
the procedure is tolerant of the inevitable inconsisten-
cies in subjective expert information. The basis in
probability theory of our procedure provides a useful
theoretical foundation for calculating the effects of un-
certain evidence. One value of theory is that it makes
us explicitly aware of certain underlying assumptions
about such matters as conditional independence, prior
probabilities, and inconsistent information. Finally,
our procedure is straightforward computationally and
can be readily implemented in inference net systems.

There are, however, some questions that remain to be
dealt with. If the network contains multiple paths
linking a given piece of evidence to the same hypoth-
esis, the independence assumption is obviously violated.
It is important to settle on a reasonable (if ad hoc)
modification of our basic procedure that behaves appro-
priately in such situations. (A more extreme complica-
tion would involve being able to avoid the circular rea-
soning implied by inference nets with loops.)
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There are sometimes cases where seme of the nodes
in an inference net are related by a constraint not ex-
pressed in any given rule. For example, a subset of hy-
potheses may be mutually exclusive and exhaustive, in
which case their probabilities must always sum to one,
regardless of their individual values. Such a constraint
may be inconsistent with the associated rule strengths
given us by the experts. Perhaps a simple expedient,
such as renormalization of probability values, can be
justified in this case.

We have not addressed here at all issues of 1
net control strategy: for example, which hypotheses
should be pursued and which evidence should be sought
at any step. The answers to these sorts of questions may
be heavily dependent on the particular application. An-
other global question concerns rules containing logical
statements that may include quantifiers and variabies.
But in whatever way these questions are answered, the
basic updating procedure presented here would ap-
pear to be a useful component of rule-based inference
systems.
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APPENDIX

Complete analytical expressions giving P(H|E") as a
piecewise linear function of P (E|E’) are given in thig
Appendix. These expressions correspond to the three
graphical representations illustrated in Figure 4. The
simplest expression corresponds to Figure 4a:

P(HE) + £%%[P(H) _P(HE)] 0<P(E'E") <P(E)
POLED =y ( P (H|E) —P (H) A
| P(H) —P(H.E)P(E) . P(H[E) — -
1-P(E) +P(EE)—-———————1_P(E) P(E)<P(EE) L1
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P(H), P(E), P(H|E), and P(H\E) are assumed to be
estimates obtained from experts. Were the true proba-
bilities to be used in this formula, it would reduce at
once to the linear expression given by Eq. (15). The
estimates of P(H|E) and P(H\E) might be obtained
directly from an expert, but would more often be ob-
tained through Bayes rule [Egs. (7) and (9), respec-
tively]. To be explicit,

. P (E/H) P (H) AP
PHE) = BEDH-PEDHIP@IPEH  (G-1PE) 11 (A2)
and
o [1—P(E[H) P (H) P
P(HIE) = [P(E'H) —~P(E/H)]P(H) +1—P(E\ITI)— (O—-1)P(H)+1 (A3)
REFERENCES To obtain the equations for Figure 4b, we define
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3. Waterman, D. A., “Generalization Learning Techniques for
Automating the Learning of Heuristics,” Artificial Intelli-
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for Adwvising Physicians Regarding Amtimicrobial Therapy

P.(E) by

P(H) —P (H|E)
P(H|E) —P(H|E)

In general, this quantity will differ from the P(E)
value supplied by the expert. For Figure 4b we must
distinguish between the two cases P(E) <P.(E) and
P(E) >P.(E). The equations are as follows:

P.(E)= (A4)
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Case1: P(E)<P.(E)
P(EIE)

P(H|E) + BE)

P(H|E) =1 p g

P(H|E) +P(E|E) [P(H|E) -P(H|E)]

Case2: P(E)>P.,(E)

(P(H|E) +P(E|E) [P(HE) -P(H|E)]

JP(H)

P(H|E) j
P(H) -P(H|E)P(E)

1-P(E)

Finally, there are also two cases to be distinguished
for Figure 4c. The first case corresponds to assuming
that P(H|E)~P(H), so that P.(E)~0. The second
case corresponds to assuming that P (H|E)~P (H), so
that P.(E) ~1. In effect, these cases correspond to the

N Y

rules E-5H and E—H taken separately. The corre-
sponding equations are special cases of Eqs. (A5) and
(A6) :

[P(H) -P(H|E)]

+P(E'E)

O<P(E|E) <P (E)

P(E) <P(EE) <P,(E) (A5)
P.(E) <P(E|E") <1
0<P (E|E) <P, (E)
P.(E) <P (E|E') <P(E) (46)
P(H|E) —P (H) -

observe that if both A and A are significant and if the

two separate rules E—lH and }7]—)\>H are treated as if
E and E were statistically independent, then Egs. (A7)
and (A8) yield the same result as Eq. (A1). This fol-
lows from the fact that when P(H|E’)=P(H) we
have O (H|E') =0 (H), so that Eq. (19) yields x'=1.

_
Thus, if O<P(E|E’) <P(E) only the rule E5H con-

Case1: ESH
ase 1. —>.
{P(H) O<LP(EE) <P(E)

P(HIE) =< P(H)-P(H|E)P(E) e P(HIE) —P(H) , (A7)
Case 2 E‘XH
ase . Li—>»

P(H|E,):{P<HE)+—’1§,??E$[P(H)—P<H;E>] O<P(E|E) <P (E) (48)

P(H) P(E)<P(EIE) <1

Ordinarily one would view this as a simplified ap-
proximation that is useful when one of the two likeli-
hood ratios is dominant. However, it is interesting to

tributes to P (H|E'), while if P(E) <P(E|E’) <1 only

A
the rule E»H contributes to P(H|E’), the contribu-
tions being exactly those given in Eq. (Al).
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