
























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































nomial family gi(X) = ix _. Xi is employed as the set 
G which satisfies �g�~�(�l�)� = O. The modes are integrated 
with the boundary condition at x = 0 applied to deter­
mine the integation constant, and the hi(X) shown in 
(17) are produced. 

hi(x) = (i + 1) (x + 1) - Xi+l i = 1,2 ... n (17) 

The modes hi(x) are obtained by orthogonaliza.tion 
of hi(x) and are shown in Table I. 

TABLE I-Orthogonal modes for linear PDE problem 

hi (x) = - X i 2 + 2X + 2 

h2(x) = - X i 3 + (691/432)X i 2 - (43/216)X 
- (43/216) 

ha(x) = - X i 4 + (7932/3905)X i 3 - (58089/ 
54670)X i 2 + (857/27335)X 

+ (857/27335) 

h4(x) = - X i 5 + (148725/59152)X i 4 
- (30469/14788)X i 3 
+ (200593/354912)X i 2 
- (1129/177456)X 
- (1129/177456) 

hll(x) = - X i 6 + (432358/143745)X i 5 
- (31431/9583)X i 4 
+ (2431444/1581195)X i 3 
- (1266961/4743585)X i 2 
+ (6746/4743585)X 
+ (6746/4743585) 

The ODE systems for two, three and five modes 
employing the Galerkin technique are obtained by the 
application of equation (6). The derivatives of Ci(t) 
are linear functions of the Ci(t), and the coefficient 
matrices of the equations are given in Table II, The 
ODE systems for two and three modes employing the 
extendeg, space technique are obtained by substitution 
of (12a) into (12b) to eliminate the highest two Ci(t) 
Again the derivative functions are linear, and the coef­
ficient matrices are given in Table III. 
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TABLE III-Coefficient matrices for extended 
space technique 

-.0740726 .000426177 

.142572 -1.174004 

-.0740739 .000427785 

.14311 00 -1.174666 .0741377 

-.301688 .371627 -4.15921 

Numerical results 

The simple boundary condition employed in this 
problem to facilitate obtaining an analytical solution 
presents some severe difficulties in obtaining a good 
fit to the initial condition. The modes must satisfy this 
unrealistic boundary condition which imposes a steep 
slope at x = 0 where the initial condition is flat. 
Figure 3 shows the solution fit to the initial condition 
for two, three and five modes for both techniques. 
Even at five modes the fit is not entirely satisfactory; 
however, for small numbers of modes, the analytical 
solution suffers from the same defect. This is the cost 
that must be paid to obtain an analytical solution for 
comparison. 

Figure 4 shows the solution at times of five, 20 and 
100 seconds for both techniques. The solutions, exact, 
two, three and five mode are indistinguishable on a 
graph of this scale. The hybrid solution also produces 
identical results and the analog block diagram for 
this problem with three modes is shown in Figure 5. 

TABLE II-Coefficient matrices for Galerkin method 

.074074 

.14341 
.30674 
.71994 

-1.8134 

4.286710-4 \ 
-1.1769 1 

.38796 
-5.6258 

2.6283 

1.829210-5 
7.739710-3 

-19.084 
.59565 

-24.223 

1.461010-6 
-3.819210-3 

.020270 
-9.4932 

.79036 

1.561610-7 
7.571710-5 
.034980 
.033540 

-17.439 
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Figure 3-Linear PDE problem T = 0 
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Figure 4-Linear PDE problem solution 

Figure 5-Linear PDE problem analog diagram 

In order to compare the accuracies of the different 
solutions, errors for cross sections at five seconds are 
chosen because the five second, cross section has the 
greatest error and because at five seconds the analytic 
solution is sufficiently convergent to give an accurate 
basis for comparison. Figure 6 shows the error curves 
on a greatly magnified scale (full scale is .15 to .2 per-

-'-'-2 MODE 

"-'--3 MODE GALERKIN 

C°t-___ ....iIi~---...... X-... -5---.... ,..-_~11.0 

o 
-.05 

'. .",; '._ ...... """ 

/ 
/ 

./ 

.,' 

Figure 6--Galerkin method error T = 5.0 

cent of the solution) for the three assumed mode solu­
tions using the Galerkin method. The improvement 
between the two and three mode solution is substantial 
but the five mode solution is disappointingly similar 
to the three mode solution. The error does not decrea,se 
nor does it change shape. Since in a five mode solution 
only the seventh and higher degree polynomials :~re 
excluded from the solution, the logical conclusion would 
be that the error would have three maxima and three 
minima; but since it does not, possibly an error has 
crept into a lower mode which is not diminishing to 
zero very rapidly. The analysis performed previously 
indicates that this is in fact the case and that eVen 
though this error does slowly diminish as the number 
of modes increases, the Galerkin method on linear 
problems leaves all the error in the modes that are 
part of the solution. 

The extended space technique shows a drama,tic 
improvement in the accuracy of the results' for three 
modes. Figure 7 shows' the error curves for the two 
and three mode solution; the three mode soluti.on 
matches the analytic solution so well that five mode 
solution is not needed. The error shown for the three 
mod~ solution is so small that it is comparahle to the 
errors in numerical integration of the ODE system 
and is only meaningful in the sense that it is a great 
improvement over the Galerkin method. 

Figure 7-Extended space error T = 5.0 



TABLE IV-Comparison of eigenvalues 

Gderkln Extended Space 

Analytic 2-Hode 3-Hode S-Hode 2-Hode 3-Hode 

- .07402 - .07402 - .07403 .07403 - .07402 - .07402 

-1.1734 _1.1770 _1.1768 _1.1742 _1.1741 -1.1738 

_4.1439 _19.084 _9.4916 -4.1601 

-9.0810 -17.028 

-16.000 -19.499 

TABLE V-Comparison of digital computation times 

Algebra 

2-Mode 11 

3-Mode 34 

S-Hode 209 

Galerkin Extended Space 

Integra Hon" Algebra"" 

98 

234 

10 

Times in seconds for IBM-300/6S 

" Does not inc lude the time for the 
compilation of ODE derivative sub­
program requiring about )0 seconds. 

** Values corrected to remove estimated 
program compilation time which was 
not inc luded in other timings., 

Integration" 

The eigenvalues for the various solutions shown in 
Table IV indicate why the extended space technique 
produces such accurate results. For all solutions the 
first two eigenvalues match the eigenvalues obtained 
from the exact solution very well. The third eigenvalue 
for the Galerkin method is never very near the exact 
value even for five modes; however, the extended space 
technique produces an eigenvalue very near the exact 
solution with only three modes. In fact the extended 
space technique produces a much better eigenvalue 
for three modes than the Galerkin method does for 
five modes. Table V presents a comparison of the 
digital computation times to do the algebra necessary 
to prepare the ODE systems and times to do the 
numerical integration of the systems for the Galerkin 
method and the extended space technique. Compu­
tation time on the hybrid computer to solve the ODE 
system is the same for all cases and may be as small 
as 10 milliseconds on the Carnegie-Mellon University 
EAI:.680/PDP-9 hybrid computer depending on the 
I/O device used to monitor the solution. 
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CONCLUSIONS 

The example problem has demonstrated how much of 
an improvement the extended space technique can 
be over the classical Galerkin method. Both the ac­
curacy of the solution and the eigenvalues of the ODE 
system are better for the three mode extended space 
technique solution. However, this improvement i.s not 
obtained without some increased cost: the quantity of 
algebra that must be performed to deter min ~ the 
three mode extended space solution is about equal to 
the quantity to determine the five mode Galerkin 
solution. Even when this increased cost is considered, 
the extended space technique is superior because the 
three mode solution is better than the Galerkin five 
mode solution. 

This technique is also applicable to nonlinear prob­
lems, but no experimental results are available at 
present. The nonlinear application has an additional 
complication: the simultaneous solution of nonlinear 
algebraic equations and a nonlinear ODE system is 
required. Work on a nonlinear problem is currently 
being done and results are expected to indicate com­
parable superiority over the Galerkin method for 
nonlinear problems. 
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Extension and analysis of use of 

derivatives for compensation of hybrid 

solution of linear differential equations 

by NELSON H. 'KEMP 

Wolf Research and Development Corporation 
West' Concord, Massachusetts 

INTRODUCTION 

When compared to continuous (analog) computation, 
hybrid computation is subject to two sources of error 
not associated with hardware, but caused by its 
logical nature. They are often referred to a'5 the time 
(or transport) delay, and the reconstruction errors. 

This time delay error is caused by the time taken for 
the digital computer to process the data sampled from 
the analog computer, before sending the updated 
results back to the analog. The reconstruction error 
results from the hold action of the digital-to-analog 
link: the updated value from the digital is sent to 
the analog and held fixed until the next updating, in­
stead of being updated continuously. 

The effect of these errors on the hybrid solution (as 
compared with a pure analog solution) is twofold. 
First, inaccuracies are introduced. Second, the hybrid 
solution may become instable and grow without bound, 
even though the correct solution is bounded or even 
decreases to zero. 

To prevent instability and minimize error, hybrid 
computations utilize compensation techn:ques. The 
variables processed in the digital computer for use in 
the analog computer are calculated at some future time, 
by an extrapolation scheme, before being sent to the 
analog. Depending on the scheme used, this technique 
can have a beneficial effect on the accuracy and stability 
of the solution, for a given sampling interval. 

There are a number of extrapolation techniques 
commonly used to 'achieve compensation. One such 

technique is that of multistep extrapolation, or digital 
filters, in which values of the variables at earlier time 
are used for extrapolation. A good discussion of this 
method is given by Mitchell. 1 He demonstrates its 
shortcomings for heavily damped systems, caused by 
the instability of the extraneous solutions introduced 
by use of values at earlier times. For each step back 
in time, one extraneous solution is introduced, and 
these solutions are instable for large enough sampling 
intervals. The popular three-step, or parabolic, extrap­
olation introduces two such solutions, and their 
amplitude increases with increasing damping, so that 
heavily damped systems require small sampling inter­
vals for stability. 

Some years ago, Miura and I wata2 suggested another 
technique of extrapolation. For solving differential 
equations, they used the derivative of each variable 
to extrapolate, rather in the manner of a Taylor series. 
The implementation suggested was to add to the out­
put of an integrator a multiple of the input, the sum 
being the extrapolated value of the variable. Further 
use of thi~ scheme, for undamped systems, was made 
by Gilberta and Karplus4 •6 with several implementations 
suggested. Gilbert3 analyzed the undamped system, 
using z-transforms. This extrapolation technique has 
the advantage of requiring either no backward steps, 
or only one, depending on the implementation, thus 
eliminating or reducing the number of extraneous 
solutions introduced. The result is a solution which is 
not only more accurate than the uncompensated 

76] 
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hybrid solution, but can be more stable. This is in 
contrast to the use of multi-step methods, which im .. 
prove the accuracy but reduce the stability compared 
to the uncompensated hybrid solution. 

There is apparently only one published reference to 
the use of the method of Miura and Iwata for a damped 
second order system. Bekey and Karplus,6 on pages 
382-383 of Chapter 12, give some results of unpublished * 
work of Howe and Fogarty.6 In this work, theyextrap­
olate x and x by using 1.5 T times x and x respectively, 
where T is the sampling interval. They use an im­
plementation where the extrapolation is performed in 
the analog computerl the extrapolated values are 
sampled by the digital computer, combined to give 
X, and then converted D to A and sent to the analog 
computer for integration. We can call this calcula­
tion of extrapolated values in the analog computer 
analog compensation. The analysis by z-transforms is 
based on a timing sequence in which the A to D sam­
pling occurs before the D to A conversion of x. The 
result of this compensation scheme is two desirable 
solutions which have exponents whose error are of or­
der (wT)2, in contrast to error of order wT for the un­
compensated solution, where w is the natural frequency. 
However, there are two extraneous solutions of the 
order (twT)t, where t is the damping coefficient, in 
contrast to the single extraneous solution of order twT 
for no compensation. Therefore, we see that in this 
case derivative compensation improves the accuracy, 
but it reduces the stability, compared to no compensa­
tion. 

This situation can be improved if we change to 
what might be called digital compensation. Here, we 
sample x and X, and do the extrapolations in the digital 
computer. This is the scheme used in the present re­
port: For' a damped system, it uses no backward time 
steps, instead of the one backward step inherent in 
the Howe-Fogarty implementation. Therefore, it has 
only one extraneous solution, of order twT, and is some­
what more stable than the uncompensated case because 
of a better numerical factor. The accuracy of the two 
desirable solutions is of the same order as those of 
Howe and Fogarty. 

The same scheme as that given for digital compensa­
tion in this report can be obtained by the analog I"om­
pensation method of Howe and Fogarty if they change 
the order of A to D sampling and D to A conversion 
and perform D to A before A to D. This may not be a 

• Prof. ~oga~y kindly sent me a copy of this report, and the 
remarks m thIS paragraph are based on my analysis of Section 5 
of the report. 

desirable implementation because the transients set 
up by D to. A may interfere with the values sampled 
A to D immediately thereafter. 

The purpose of this report' is to extend the use of 
derivatives for extrapolation, to apply the method to a 
damped second order system typical of control prob­
lems I to analyze the system by use of z-transforms, 
and to compare the analys's with hybrid c:alcula,tions 
using both derivative compensation and multi-step 
compensation. 

The extension of the derivative method, which is 
also referred to as Taylor series compens3,tion, is in 
several directions. First, we not only correct x by using 
X, but also by using X, since that derivatiive is also 
available. SecondJ we do not assume an ex1jrapolation 
ahead by 1.5T, but carry along arbitrary constants 
which are then' chosen to give greatest accuracy. The 
first order corrections are indeed found by this method 
to be 1.5T, providing a simple analytical deriv:ation 
of this fact. The second order coefficient of x Illi~y be 
chosen in several ways toenhance accuracy or stability. 

The analy.sis is applied to a linear damped oscillator, 
forced by a control function which is a linear combina­
tion of x and x. The oscillator is implemented on the 
analog computer, the control function on the digital 
computer. 

The z-transform analysis yields formulas which can be 
used to predict the stability of both the compensatedl and 
uncompensated cases for any values of the parameters 
and sampling interval. Similar results are given for the 
three-step compensation scheme, and show it to be 
less stable. 

A numerical test was made by implementing both 
schemes on a Beckman 2,200/SDS 930Q hybrid cOIJl­
puter. The hybrid calculations were compared with 
continuous calculations of the same system made on 
the analog computer. The superior accuracy and sta­
bility of the Taylor series method over the three-step 
method is clearly appar~nt in the strip chart results, 
as well as in the digital printouts. 

Analysis 

Continuous solution 

The forced oscillator analyzed is defined by 

(2.1) 

6 = Kxc - K(TX + x) (2.2) 

where K and T are constant control parameters. The 
command input Xc is taken to be a constant here, for 
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ease .of analysis. Further, .only the, 'simple initial 
c.onditi.ons x(O) = 0, x(O) = 0 are c.onsidered, alth.ough 
.other values bring .only algebraic c.omplicati.on. 

The exact c.ontinu.ous s.oluti.on .of this pr.oblem is 
simply .obtained by transP.osing the variables .on the 
right side and defining t.otal frequency and damping by 

The s.oluti.on with zer.o initial c.onditi.ons is then 

Kxc [ 1 ( irT) 
x = --- 1 - - 1 - - e"XTlt 

1 + K 2 tf. 

where the ATl.2 are the r.o.ots .of the characteristic 
equati.on 

Hybrid difference Equations 

The hybrid implementati.on c.onsiders the ~ term as a 
c.ontr.oI functi.on which is calculated digitally while the 
left side .of (2.1) is calculated continu.ously in the anal.og 
c.omputer. Thus, between the sampling times nT and 
(n + l)T, ~ is held fixed at the value opn supplied t.o the 
anal.og at t = nT. 

Theref.ore during this interval the anal.og s.olves 

(2.6a) 

with initial conditi.ons 

x = Xn (2.6b) 

The s.oluti.on .of (2.6) is 

x= 

X =: Al [ " ] e"Xl Ct-nT) 

+ A2 [ , i ] e"X2-C!nT) (2.7a, b) 

where Al.2 are the r.o.ots .of the free-vibrati.on character­
istic equation 

A2 -+- 2WrA + w2 = 0, 

Al.2 = w( ...... r ± irl) , r l = (1 - r2)1/2 (2.8) 

At t == (n+ I)T these are expressible in rea..l form as 

(2.9a) 

Xn+l = e-wl'T [Xn(C.os wrIT - r/rl sin wrIT) 

- w(x,.. - opn) sin wrlT] (2.9b) 

These tW.o equations are difference relati.ons between 
Xn., Xn and Xn+l, Xn+l' with given opn' Equati.ons (2.7) 
show that the anal.og c.omputer pr.oduces segments .of 
f.orced damped vibrati.ons between sampling times, each 
joined t.o the adjacent segments with cDntinu.ous x and x, 
but disc.ontinuDus x, because 0 Pn changes at each 
sampling time. The hybrid system sDlves the difference 
equati.ons (2.9), as will we, but first opn must be specified 
in terms .of x and x tD mDdel the digital part .of the 
calculatiDn. 

Taylor serIes compensation 

The digital calculati.on .of oPn, the value sent tD the 
anal.og at time nT,can .only depend .on quantities' 
sampled by the digital at previ.ous sampling times. We 
will pr.oject x and x and take opn t.o be given by the 
pr.ojected values acc.ording tD (2.2): 

(2.10) 

The pr.ojecti.ons are acc.omplished frDm Xn-l, Xn-l by a 
Taylor series f.orm 

(2.11a) 

(2.11b) 

We have used as many terms as the available derivatives 
allDw. The quantity Xn-l can be sampled and made 
available in the digital. The sec.ond derivative is 
calculatedfr.om the differential equatiDn (2.6a) 
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Equation (2.1.0)-(2.12) are the essence of the Taylor 

series compensation scheme proposed here. In contrast, 
a three-step scheme would project chn from previous D's: 

(2.13a) 

where 

(2.13b) 

and similarly for Dn-2, Dn-s. This scheme goes back to 
(n - 3)T, two steps further than (2.11). 

In both cases the constants t, k, h, or ao, ai, a2 are 
available to help improve the solution. For the three­
step method, it is conventional to project to the time 
(n + 1/2)T, for which the values of the constants are 

al = -21/4, a2 = 15/8, ao = 1 - al - a2 = 35/8 
(2.14) 

If we project (2.11) the same distance, we find 

t = h = 3/2, k = 9/8 (2.15) 

Instead we will carry the constants along, and choose 
their values on the basis of the resulting formulas. 

The final form of Dpn comes by inserting (2.11) and 
(2.12) into (2.10) to obtain 

15 Pn = Kxc - K {Xn-l (1 - hWTwT - kw2T2) 
- 15 P ,n-l (hwTwT + kw2T2) 

+ w-1 Xn-l[WT + (t - 2thwT )wT 
- 2tkw2T2]} (2.16) 

We now have the three difference equations (2.9a) 
(2.9b) and (2.16) for the three unknowns xn, xn and Dpn. 
Their solution win provide the result of our model of the 
hybrid calculation. 

Solution· by zmtransform 

The z-transform provides a simple method of solving 
the difference equations. The definition of the z-trans­
form of the sequence Xn is 

(2.17) 

and for our purposes its important property is 

00 

L.: Xn+1 z-n = z(x* - xo) (2.18) 
n=O 

The inversion of a z'-transform follows easily by 
observing from the definition (2.17) that 

00 

Zk-l X* = 2: X, zk-n-l 
n-O 

If this is looked upon as a Laurent expansion in the 
complex variable z the residue is the coefficient of the 
term for which n = k, which is Xk. Thus the inversion 
of X* to find Xn is accomplished by finding, for each n, 

Residue (zn-l x*) = Xn (2.19) 

The stability of the solution is also indicated by 
(2.19). Stability requires that Xn not grow as n increasles. 
The only factor in the residue which depends on n is zn, 
which grows or decreases with n depending on whether 
the absolute value of z is greater or less than unity. This 
leads to the well-known stability criterion that every 
root of the denominator of x* must have absolute value 
equal to or less than unity. 

The transformation of (2.9) and (2.16) is accomplished 
by mUltiplying by z-n and z-n+I respectively, summing 
and using (2.17) and (2.18), remembering the inHial 
conditions are zero. The result is 

(z - l)x* - x*(e-WST / wtl) sin wtlT 

+ (x*- Dp*) rl - e-WST (cos wtlT 

+ tltl sin wtlT)] = 0 (2.20a) 

x* [z - e-wsT (cos wtlT - tltl sin wtIT)] 

+ (x* - Dp*) wltl e-wsT sin wtlT = 0 (2.20b) 

(z + K)x* + x*Kw-1 [WT + (t - 2thwT )wT 

- 2tkw2T2] - (x* - c5p*) [z + K (hwTwT 

+ kw2T2)] = z2Kxc/(z - 1) (2.20c) 

These equations have been arranged so the variables 
are the z-transforms x*, x*, and x* - op*, and their 
solution gives the z-transforms of the problem v:l:l.riables, 
which must then be inverted to yield formulas for the 
actual solution. 

If the three equations are solved by determinants 
the denominator is given by the determinant of the 
coefficients, 
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~ = - z [(z - 1)2 - 2z(e-wtT cos wtIT - 1) 

+(e-2wtT _ 1)] + K{(z + l)(e-wtTcoswtIT - 1) 

- (e-2wtT - 1) + (z - 1)1 t 1 e-wtT sinwt1T 

[t - WT - (t - thwT)wT + tkw2T2] 

- (z - 1)[(z - 1) - (e-wtT cos wtlT - 1)] 

(2.21) 

This is a cubic in z, whose roots determine the solution 
through their residues, according to (2.19). 

The solution for x* is then 

Z2 Kxc 
x* = [(z + l)(e-wtT cos wtIT ~ 1) 

(z - 1) ~ 

- (e-2wtT - 1) + (z - 1) t It 1 e-wtT sin wtIT] (2.22) 

An additional root at z = 1 is visible here, whose residue 
also makes a contribution. 

Expansion of roots 

The nature of the roots of ~ can be seen by letting T 
approach zero in (2.21). Then all terms approach zero 
except the first, so one root must approach zero, the 
other two approach unity. The exact roots are com­
plicated to find since (2.21) is cubic, but we can be 
satisfied with expansions of the roots in powers of wT. 

Let us first look for a root of the form: 

(2.23) 

If the coefficients of (2.21) are also expanded in powers 
of wT, and (2.23) is inserted, setting the lowest two 
powers of wT to zero yields 

d2 + (2t + KT)d + (1 + K) = 0 (2.24) 

Kd[dwT(h - 3/2) + (t - 3/2)] 
e = % d2 - (2.25) 

2(d + WT tT/W) 

These determine the first two coefficients in (2.23). The 
solution of (2.24) is 

where WT, tT, ~T are defined in (2.3) and (2.4). Thus the 
first coefficient is identical with the exponent of the 
exact solution. 

To see the significance of this, remember that the 
important term in the residue is zn which can be 
written exp(n tn z). But z in the form (2.23) can be 
used to expand tn z to yield 

zn = exp{ndwT + nee - d2/2)w2T2 

+ n[f - d3/6 + dee - d2/2)] w3T3 + ... } (2.27) 

Thus the first term is part of the exact solution at 
t = nT, and subsequent terms are error terms. 

With two roots Zl, Z2 given as a complex conjugate 
pair by (2.23)-(2.26), the third root is simple to find by 
dividing ~ by (z - ZI) (z - Z2). The expanded result is, 
using (2.24) and (2.25), 

Zs :=, (1 - h) KWT wT 

+ K[t - k - 1/2 + tWT(l - 2h) 

+ K (1 - h) w2T2]w2T2 + ... (2.28) 

The solution is usually stable to the roots ZI, Z2 
because the real part of d is negative, so the dominant 
term of zn is a damping. However, it may be unstable to 
Za, an.d will be for large enough wT. 

Before choosing values for the compensation param­
eters, we will look' at the actual solution generated by 
these roots. 

Solution in the physical (time) domain 

The solution is the sum of the residues of (zn-I x*) 
at the poles z = 1, Zl, Z2, Zs, with x* given by (2.22). The 
residue at z = 1 is easily found by putting z = 1 into 
(~ - 1) x*, which yields 

Residue (z = 1) = Kxc/(1 + K) (2.29) 

which is just the constant part of the exact solution 
(2.4) . 

Since Zl and Z2 are complex conjugates, so are their 
residues, and their'sum is twice the real part of either. 
If the expansion (2.23) is put into (2.22) and (2.21), the 
result for Zl to order wT is found to be 

Residue (Zl) = ---

2(1 + K) 

[ _ ( 1 + ill,wT_ ) + ~( 1 _ ll,wT - ) ] 

WTtT/W tIT WTtT/W 

el - d1
2 /2 == (3 r + i(3 i 

(2.30) 
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Finally, the residue at Zs is found similarly using (2.28): 

Residue (za) = 2-1(wT)n+s [KWT(1 - h)]n+l (2.31) 

Choice of compensation constants 

Comparison of (2.27) and (2,29) with the exact 
solution (2.4) shows that the first deviation of both the 
zn factor, and the rest of the expression, depend on 
e - d2/2. If this term is zero, the deviation will then be 
o (w2T2) in both places. And (2.31) shows that the 
contribution of the extraneous solution is of high order 
in U1T and should decrease rapidly as long as ! Z3! < 1. 

These observations lead to the conclusion that we 
should make e - d2/2 vanish, which means, according 
to (2.25), 

h = l = 3/2 (2.32) 

The coefficient k is not determined to this order. 
However, if e - d2/2 = 0 the next term in (2.27) is 
found from the expansion of (2.21) to be 

f - dS/o = 

-Kd{d[k - 13(1 + dWT)/12] - 2KwT(1 + dWT)/3} 

This cannot vanish for any choice of real k. One can 
make either its real part or its imaginary part vanish, 
although k will then depend on t~l.e parameters of the 
problem. One obvious choice which reduces the size 
of f - dS/6 is 

k = 13/12 (2.33) 

and this is the one used in the implementation. Further 
study would be needed to determine if another, more 
complicated, choice were better. 

Notice that the values given in (2.32) are exactly 
those shown in (2.15), which are obtained by projecting 
to (n + 1/2)T, while the k of (2.33) is only 1/24 smaller 
than the corresponding value of k in (2.15). One can 
therefore look upon the analysis as providing a deriva­
tion of the length of the projection interval, in contrast 
with the usual graphical or intuitive arguments. 

Results for three-step compensation 

An entirely analogous solution can be obtained using 
the three-step projection of (2.13). The necessary 
starting values ~-l and ~-2 are taken the same as ~o. 

The determinant of the coefficients is no,,,, fifth degree, 
with five roots. Two are of the form (2.23) with d the 
same, (2.24). The next coefficients are 

Kd(1 + dWT)(al + 23,2 + 3/~~) 
e - Y2 d2 = ------------(2.3·:1:) 

2(d + wTtTlt) 

and, if e - d2/2 = 0, 

f - dS/6 = 

-K(I + dWT)[KdwT/12 + d2(a2 - 22/12)] 
(2.35 ) 

The other three roots are power series in (wT)1/3, given 
in terms of 

r = (- 1 + i31/2)/2, r = (- 1 - i31/2)/~~ 

by 

Za,4,6 = (KwTa2WT)l/S(I, , r) 
+ (KwTa2wT)2/3(al + a2)(I, r, r)/3a2 

+ KWTa2wT /3a2 + ... 

(2.36) 

The residues at z = 1 and z = Zl are the same as for 
Taylor series compensation, (2.29) and (2.30). The first 
terms of the residues of the other three roots are 

Residue (ZS,4,6) = (Kx c/6)(wT)(n+7)/3 

(KwTa2)(n+l)/3 (1, r, r)n+l (2.87) 

To make the o (wT) errors vanish we ma,ke 
e - d2/2 = 0 by taking 

which agrees with (2.14). To determine ai, a2 separately 
one can go to (2.35) and choose a2 = 22/12, which. is 
1/24 less than the value in (2.14). So again we come very 
close to the usual projection distance by an analyti1cal 
derivation. 

The error caused by the extraneous roots should not 
be as small for this type of compensation, since it 
depends on (wT)n/3, and decreases rather slowly, a8 n 
increases. 

The solution is also less stable, because of the 
one-third power dependence of the roots on wT. In fact, 
the absolute values through the first two terms are 
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I ZS.4.6\ = (KWTa2WT)l/3 

11 + (1, -Y2, -Y2)(KwTa2WT)I/3 (al + a2)/3a21 

(2.38) 

and since al + a2 is negative, the conjugate pair Z4, Z6 is 
the least stable. This is the pair introduced by going 
back two steps in time, which shows the destabilizing 
influence of that procedure. 

St~bility considerations 

As mentioned already, it is the extraneous roots 
which control the stability of the hybrid calculation. 
For the Taylor series compensation, this root is given 
by (2.28), and is of the order KWTwT, the same as for 
the uncompensated case, which can be obtained from 
(2.28) by putting k = h = C = O. In fact, the com­
pensated root is somewhat smaller (thus more stable) 
since the coefficient of the first term is -1/2 instead 
of 1. Notice that one could improve the stability, 
at some cost in accuracy, by choosing k so that 
the coefficient of the second term in Zs vanishes, al­
though k would then depend on the parameters of the 
problem instead of being constant. 

In contrast, the extraneous roots for three-step 
compensation are given in (2.38) and are of order 
(a2 KWTwT)I/3, considerably larger than the uncom­
pensated or Taylor series cases. Therefore, the three­
step method yields a less stable solution. If a2 = 0, 
we then have a two-step scheme, and there are only 
two extraneous roots, of order (KwTwT) 1/2, more 
stable then the three-step scheme but still less stable 
than the uncompensated or Tay lor series cases. 

If the scheme of Howe and Fogarty, discussed in the 
Introduction, were useq., there would also be two ex­
traneous roots of order (KwTwT)I/2, so the stability 
would be about the same as for a two-step scheme. In 
fact, the two-step and Howe-Fogarty schemes are 
closely related, both going back one step in time. 

Computer implementation 

The Taylor series (or derivative) method of com­
pensation was tested, and compared with the three­
step method, by solving the problem posed by (2.1), 
(2.2) on the hybrid computer of the NASA Electronics 
Research Center. This is a Beckman 2200/SDS 9300 
machine with interface built by Beckman. . 

As described above, integration the of x and x, and 
the combination of x and x on the left side of (2.1) were 
performed in the analog computer. The value of 0 was 
found in the digital computer, by sampling x and x from 

the analog at intervals of T and extrapolating. Then 
op was calculated and sent back to the analog to be 
used to find x. The A to D sampling was accomplished 
first, followed immediately by the D to A updating. 
In order to compare the resulting hybrid solution with 
a continuous solution, the complete equation was also 
solved in the analog simultaneously as an oscillator 
with frequency WT and damping S7' as defined by (2.3). 
The details of the analog circuit, the digital programs, 
the control circuit, the scaling, etc., are given in Ref. 
7, pages 130-141 and Appendix E. 

The output of this calculation was a set of strip­
charts and digital printouts giving the hybrid and pure 
analog values of x, X, x, 0, and the difference between 
the hybrid and analog values, which may be taken as a 
measure of the error of the hybrid solution. 

Runs were made for the parameters 

W = 0.412, S = -0.2425, ST = 0.7 

using the conventional compensation constants 

al = -21/4, a2 = 15/8, ao = 1 -al -a2 = 3,15/8 

for the three-step method, and the set 

t = h = 3/2, k = 13/12 

which we have derived for the Taylor series method. 
The values of WT were varied between 0.5 and 15.0. For 
each such value, the control parameters K and T can 
be calculated from (2.3). Runs were made at several 
sample intervals T in order to study the stability of 
the hybrid calculation. For large enough T is was al­
ways possible to make it unstable. 

The relative merits of the Taylor series and three~ 
step compensation schemes, compared to pure analog 
and uncompensated hybrid results, are strikingly 
illustrated by excerpts from the strip charts drawn 
by the analog computer. The case chosen for illustra­
tion is WT = 15, for which (2.3 gives K ~ 1234, T = 
0.0942. 

Figure 1 shows the strip chart record for x(t) for 
four cases. At the top is the continuous solution pro­
duced by a pure analog calculation. Below follow the 
records for the uncompensated, Taylor series com­
pensated, and three-step compensated hybrid solutions 
all for a sample interval T = 25 milliseconds, which is 
17 samples per cycle based on total frequency. In order 
to bring out the errors more clearly, Figure 2 shows the 
difference signal XH - x ... on a larger scale, where the 
SUbscripts H and A stand for hybrid and analog, re-
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ANALOG 

1/ 

~·',o:L~:t'c ~, =": .. 
~T~,='-"'c .. UNCOMPENSATED 

HYBRID 

~ 3-STEP 

Ilmf-t--g COMPENSATED HYBRID 

Figure I-Strip chart records of x(t) for W = 0.412, 
S = -0.2425, ST = 0.7, WT = 15. The sample 

interval T = 25 ms. 

~1++-+~b'T-~:c UNCOMPENSATED 

HYBRID 

TAYLOR SERIES 

XH-XA ~ lllll~ COMPENSATED 
HYBRID 

3-STEP 

COMPENSATED 

HYBRID 

Figure 2-8trip chart records of Xg (HYBRID) -X,A 

(ANALOG) for W = -0.412 S = 0.2425, 
ST = 0.7, WT = 15. The sample interval 

T = 25 me. 

spectively. The great improvement in accuracy aehieved 
by going from no compensation to Taylor series 1iO 
compensation is apparent. On the other hand, the 
solution· with three-step compensation is unstable and 
saturates the amplifiers. 

The stability properties of these three C3,ses are 
predicted by the formulas we have developed. For 110 
compensation (t = h = k = 0), (2.28) gives I Zal= 
0.736, while for Taylor series compensat:on the saIne 
formula shows Izal = 0.411. On the other hand, for 
three-step compensation, (2.38) gives Izal == 0.578, 
IZ4' z61 = 1.375. Therefore, the part of the 130lutiou 
corresponding to the root Za is stable, but the part 
correspond:ng to the roots Z4! Z6 are unstable, leadi][):g 
to an un table solution, as shown in Figures 1 and 2. 
To stabilize the three-step case, the sample interv'al 
T would have to be reduced to 10 ms, or about ,4:2 
samples per cycle, for which (2.38) shows I z41 == 0.928. 
A case run at this value of T indeed showed three-st,ep 
compensation to yield a stab~e solution. 

To destabilize the uncompensated and Taylor series 
cases, a run was made at T = 50 m3 (8.4 samples per 
cycle), for which (2.28) gives IZal = 1.89 and 1.1.2, 
respectively. The results of the run are shown in Figure 
3, where the rapid increase of x until the amplifie,rs 
saturate is seen for both cases. 

Similar results hold for other values of "'T' In 3,ll casos, 
stability or instability exhibited by the numeri<lal 
calculations could be predicted in advance by use of 
(2.28) or (2.38). Furthermore, the digital printouts 
showed that w:th the same set of parameters and 
sampling interval, the Taylor series method gave more 
accurate results,_ that iSJ results closer to the analog 
(continuous) solution. The improvement in 3,CCUr3.l(}Y 

-

j 

J I 
I 

UNCOMPENSATED 
HYBRID 

TAYLOR SERIES 
COMPENSATED HYBRIID 

Figure 3-8trip chart records of x(t) for W .. 0.412 
S = - 0.2425, ST = 0.7, WT =- 15. The sampl'B 

interval T == 50 me. 
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could be quite marked for sample intervals near the 
stability limit of the three-step method. This is in 
accord with the deductions from the extraneous solu­
tions (2.31) and (2.37). 

CONCLUSIONS 

The Taylor ser:es (or derivative) method of compensa­
tion appears to have a number of advantages over the 
three-step method of compensation for the t~me delay 
and D to A hold errors of hybrid computing. For a 
given case, it can be made stable for larger sampling 
intervals than the three-step method, and is more ac­
curate at the same sampling interval. The Taylor 
series method can also be made stable for larger sam­
pling intervals than the uncompensated case for almost 
all values of the parameters, while the three-step 
method may well be unstable when the uncompensated 
calculation is stable. In other words l compensating by 
Taylor series can improve the stability, while com­
pensating by the three-step method destabilizes. 

These stability advantages of the Taylor series 
method depend to a large extent on the particular form 
of implementation used. The crucial point is not to use 
information which goes back in time, since each such 
backward time step introd:uces an extraneou.Q solution 
which is de-stabilizing. The implementation suggested 
here, where the extrapolations are accomplished in the 
digital computer, avoids extra backward time steps 
while still permitting the A to D sampling to be done 
before the D to A transfer. If the extrapolations are 
done in the analog computer, as in the Howe-Fogarty5,6 

implementation, the A to D before D to A sequence of 
operations introduces one backward time step and 
adversely effects the stability. If the sequence is per­
formed in the order D to A followed by A to D, the 
analog extrapolation of Howe and Fogarty would give 
exactly the results of the present analysis. 

The z-transform method of analysis for linear equa­
tions can be carried through with arbitrary coefficients 
in the extrapolation formulas. Then they can be chosen 
to yield the desired improvement in accuracy and/or 
stability. The coefficients of the first power of the sample 
interval T clearly should be chosen to extrapolate by 
1.5T, but the coefficient of T2 in the extrapolation for­
mula for x has some flexibility in the choice, depending 
on whether accuracy or stability is the paramount 
consideration. 

When the derivatives are available, there is no more 
difficulty implement the Taylor series method than 
the three-step method, and there are no starting prob­
lems with the former, as there are with the latter. 

On the basis of the analysis and numerical results 
of this study, the Taylor series method of compensa­
tion seems preferable in all ways to the three-step 
method, and can be recommended whenever the de­
rivatives are available. Whether this conclu~ion also 
will hold for non-linear equations, and for higher order 
systems, depends on the results of applying the Taylor 
series method to those cases. Some preliminary study 
of a linear fourth order system by the present method 
of analysis indicates that the Taylor series method may 
be applicable~ but with d fferent values of the compen­
sation coefficients. 
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HYP AC-A hybrid-computer circuit 
simulation program 

by PHILIP BALABAN 

Bell Telephone Laboratories 
Holmdel, New Jersey 

INTRODUCTION 

Computer simulation of electronie circuits and systems 
has become an increasingly important tool in circui,t 
and system design. Such simulations enable one to: 

1. Eliminate the necessity of building many bread­
board models in order to evaluate different 
design approaches. 

2. Analyze the performance of the circui t as a 
function of different parameters. 

3. Model semiconductor devices and integra ted 
circuits so that intrinsic parameters become 
accessible. 

4. Perform optimization and tolerance analysis 
of a circuit which requires many evaluations 
of the circuit with different sets of parameters. 

The frequency domain analysis of a linear circuit 
is usually simulated on the digital computer and the 
solutions obtained are accurate and fast. The analysis 
in the. t~me domain is more difficult with both analog 
and dIgItal computers often being used for this pur­
pose. The analog computer simulation technique 
features fast solution times and designer hi:teraction' 
~he digital co~puter simulation programs have th~ 
advantage. of a large dynamic range and very simple 
programmIng. 

Unfortunately, both types of simulations can handle 
?nly relatively small circuits, since the analog computer 
IS hardware limited (a six to eight transistor circuit 
c~~ be patched on a large analog computer) and the 
dIgltal . computer requires an excessive amount of 
computation time, especially when the eigenvalues of 
the system are far apart. 

771 

The HYP AC hybrid computer program was de­
veloped in order to overcome the above-mentioned 
shortcomings for a special class of problems. This 
class includes sy~tems that have a modular structure 
w~ere a few types of a particular subcircuit (amplifier, 
gate,.etc.) are used repetitively. Such systems are very 
common, especially since the advell't of integrated 
circuits. 

The program structure 

The program takes advantage of the speed of the 
analog computer and the possibility of storing in­
formation on the digital computer. The principle 
is the following: 

A whole subcircuit (such as an amplifier or gate) 
is patched on the analog computer and multiplexed 
by the digital computer to form a large system. Thus 
the digital computer regards this one subcircuit a~ 
N distinctsubcircuits. Each subcircuit has its own 
distinct inputs and parameters which the digital 
computer provides sequentially to the analog computer. 
In addition to the interconnection and memory 
capability, it is very convienent for the multiplexer 
to have the capacity to model different circuit ele­
ments~ Therefore, a general purpose1 widely used 
block-oriented digital program called "PACTOLUS"l 
was 'chosen as the vehicle for this hybrid program. 
Hence, the name HYbrid PACTOLUS-HYPAC. 

Description of PACTOLUS 

PACTOLUS. can be described as a block-oriented 
interpretive language. The program incorporates all 
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standard analog computer elements (integrato'rs, sum­
mers, multipliers, etc.).,In addition, the program allows 
a few special elements of unspecified function. The 
user may write his own subroutine for any function 
he desires. 

We shall consider the computing operation pro­
cedure implied by Figure 1 where 

Xn = the input vector at t = naT 

Yn = the output vector at. t = naT 
I 

Y n = the derivative vector at t = naT 

At time t = 0, all the input vectors [Xo] and the state 
vector [Yo] (the initial conditions of all integrators) nre 
given. From these given conditions, the derivative 
vector fir n] = F([Xn, Y nD can be computed. [Y n+l] is 
computed from fY n] using any integration method. In 
the original PACTOLUS, a second order Runge-Kutta 
method is used. 

Modification of PACTOLUS for HYP AC 

The origin,al PACTOLUS was. supplemented and 
modified in many ways to- convert it into a general 
purpose hybrid program. Some of the added features 
are briefly illustrated below. 

The hybrid element 

The hybrid element was conceived to be a special 
element of the PACTOLUS repertoire. The analog 
sub circuit of the hybrid element is patched on the 
analog computer as in Figure 2. 

The inputs and the initial conditions are supplied 
through D I A converters by the digital computer. 
The outputs of the circuit and the outputs of all the 
integrators are fed back to the digital computer through 
AID converters. 

In HYP AO, the hybrid block is sorted as an inte­
grator, which implies that at time t = 0, the outputs 
of the circuit and the initial conditions' of the inte'-

Figure I-Principle of operation of PACTOLUS 

DIGITAL COMPUTER 

r- - -- ---.., 
I 

I 
I ANALOG COMPUTER L _____________________ .J 

Figure 2-The hybrid element 

grators are known. The inputs to the circuit are then 
evaluated from the given values and applied through 
the D I A conveners to the inputs of the analog block. 
The stored initial conditions (10) for each integrator 
are applied to the appropriate integrators. After the 
integrators have settled to their respective initial 
conditions, the analog computer is switched into the 
operate mode for a time aT.* At the end of this period, 
the outputs of this circuit are sampled and transferred 
to the digital computer. The output.s of the intel~rators 
are' also sampled and stored in the digital computer 
to be used as initial conditions in the next time period. 
If N such circuits are used in the system, the HYP AC 
program regards them as N distinct subcircuits. The 
inputs and outputs are regarded as coming from dis­
tinct blocks and used accordingly. 

The subcircuits must have an identical topology, 
the parameters, however, can be different and can be 
changed before each run using digitally contrJlled 
attenuators. 

The output configuration 

The original PAOTOLUS allows only one output 
per element. Since the hybrid element is actually :1 

complex circuit, it will usually have more than onle 
output. Therefore, another special element "~'" was 
assigned to handle multiple outputs. For each addi­
tional output, one such fictitious output element "q/' 
is assigned. In Figure 3, the second and third outputB 
of the hybrid element No. 1 are read out from output 
elements 1 and 3. 

The output elements simply store the value of the 
output AID converters. The D I A and AID converters 

* In order to operate reasonably efficiently, and accurately, the 
analog computer must have e1ectronic mode control. 
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Figure 3-The output configuration of the hybrid 
element 

usually come in pairs, therefore, this program is coded 
so that to each input corresponds an output, Le., 
to input No. 1 corresponds output No.1; to input 
No.2, output No.2. This associates each output with 
a corresponding Dj A converter. 

The integration algorithm 

The integration algorithm was changed to the 
simple Euler method since this is closest to the way 
an analog integrator performs in the hybrid element. 
However, a closed loop integration method and a 
variable integration step method are now being studied. 

Detailed operation oj the hybrid program 

As noted before, the hybrid element is sorted as an 
integrator. All inputs [Y n] to the hybrid elements and 
inputs [in] to the integrators at time t = ~T (shown in 
vector form in Figure 4) are computed from the output 
vectors [Zn] and [In] of these elements and the input 
vector [Xn] to the circuit at time t = ~T. The compu­
tation of [In+1] is described in an earlier section. 

The computation of [Zn+l] from [Y n] and the cor­
responding initial conditions can be understood by 
examining the sequence of operations shown in the 
timing diagram in Figure 5. 

All the commands and timing signals of the analog 
computer are generated in the digital computer. First, 
the analog computer is switched into the "Ie" (initial 
condition) mode (1) in Figure 5. Then the parameters 
of the hybrid element are adjusted through the digitally 
controlled attenuators (DCAs) (2). The inputs and 
t~e corresponding initial condition voltages are then 
applied to the hybrid element (3). The hybrid element 
is left in this mode for a constant time necessary for 
the integrators to settle. The analog computer is then 

HYPAC 773 

[ X~] 

[Yn] [Zn] 
----l1lI F ([x n], [In], [Zn]) HYBRID 

ELEMENTS ~ 
r+ 

~ ~ G ([xn],[In],[ZnD 
[ inl [ In] 

~ DIGITAL 
INTEGRATORS 

Figure 4-Principle of operation of HYPAC 
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SEQUENCE: 

I. ANALOG COMPUTER SWITCHED INTO -IC- MODE. 

2. DIGITALLY CONTROLLED PARAMETERS SET. 

3. INPUTS AND INITIAL CONDITIONS APPLIED. 

4. ANALOG COMPUTER SWITCHED INTO -OPERATE- MODE. 

5. ANALOG COMPUTER SWITCHED INTO -HOLD- MOO! 
AND Zn IS READ INTO DIGITAL COMPUTER. 

Figure 5-Sequence of operation of the hybrid element 

switched into the "OPERATE" mode for the time AT 
which is specified by the user at the beginning of each 
run. At the end of this period, the analog computer 
is switched into the "HOLD" mode for a very short 
time (100usec) long enough for the A/D converters 
to be read out. The outputs of the A/D converters 
are then the outputs of this hybrid element at time 
t = (n + 1) A"T. The analog computer is ready to be 
used as the next hybrid element. 

Selection of the integration interval ~ T 

The overall circuit has to be scaled in the time do­
main to analog computer compatible frequencies, 
usually smaller than 1 kHz. The smallest possible 
AT which is provided in the program is one msec. 
In order for the solution to converge, the ei~euvalue3 
of the circuit should not exceed the value of 2/ AT = 
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2X 103• ** (This restriction applies only for hybrid and 
digital loops in the circuit and not to loops confined to 
the analog computer.) Therefore, selection of the time 
scale defines the upper bound· of the integration 
interval. On the other hand, ~ T should be large enough 
in order to minimize the effect of noise and truncation 
by the AID converter. It is, therefore, very important 
to scale the analog computer so, that the integrators 
work at the highest possible level of the voltage range. 

Selection of the initial condUion settling time 

The initial condition settling time is dependent on 
the value of the integrating capacitor and the maximum 
current of the output stage of the operational amplifier 
and is, therefore, dependent on the computer used. 
However, in any analog computer, the IC settling 
time is directly proportional to ~he integrator capaci­
tance. Therefore, the overall co~'puting time is sub­
stantially reduced by choosing a faster integrator mode. 
On the other hand, the impairments introduced into 
the integrators by switching transients and integrator 
drifts are inversely proportional to the value of the 
integrator capacity. 

The experimental example desc~ibed in a later section 
was run both with 1JJF c~pacitcirs with 20 msec IC 
settling time and .01JJF capaci~y with 1 msec IC 
settling time. No noticeable deterioration of accuracy 
was detected .in this example, but this may not be 
generally true and if solution ti;me is not critical, a 
larger integrator capacitor should 1I>e used. 

Accuracy considerations 

HYP AC is both a digital and analog system, 
therefore, all factors that produce errors in digital 
and analog differential analyzers will also produce 
error in this system. These factors are many and are 
extensively covered in literatute.2 •3 •4 They include 
finite sampling, round off and • quantization in the 
digital system and limited bandWidth, noise (limited 
dynamic range), accuracy and linearity of components, 
etc., in the analog system. 

The accuracy consideration which is unique to this 
program is connected to the way the initial conditions 
are set up in the hybrid element. 

1. The initial condition of any particular run has 
come through an Analog to Digital to Analog 
conversion string and was therefore truncated 
by the AID converter. 

** If the circuit is nonlinear, the eigenva.lues should be evaluated 
at the worst possible combination of' parameters and biases. 

2. Switching transients are generated whenever 
the integrators are switched from one operation 
mode to another. These transients are caused 
by charges stored in the parasitic cnpacities 
of the switches, and affect the outputs of the 
integrators. The magnitude and poln.rity of 
these small voltage increments caused by switeh­
ing transients can be regarded as random.6 

The error contributions of these two factors are 
minute for each integration period ~T (a few millli­
volts) but since a s~lution usually consists of a few 
hundred integration periods, the propagation of these 
errors can be very significant. It is the author's feeling 
~that the errors will not build up if the system itself 
and the hybrid element in particular is stable. Although 
our experiments }.lave confirmed this, the above state­
ment is rather intuitive and needs further investiga­
tion. 

Programming of HYPAC 

In order to demonstrate how a' problem is prepared 
for simulation, let us consider a simple example. 

The circuit in Figure 6a is a set-reset flip-flop com­
posed out of two NOR gates, a positive volltage VI 
resets the flip-flop and V2 is the set input. The circuit 
diagram of the NOR gate used is shown in Filgure 6b. 

The complete circuit is depicted in Figure 7. llet 
us assume that it was decided to use the outlined 
subcircuits as the hybrid element in this example . 

. Since this element is not buffered from its input and 
output circuits, some special approach is needed in 
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Figure 6a-Set-reset flip-flop 
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Figure 7-Set-reset flip-flop 

OUT 

order to extract this subcircuit from the whole circuit. 
The approach we used is called the partition method 
and is described in the Appendix. 
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Using this method, the circuit can be partitioned 
into blocks as shown in Figure 8. 

This circuit is identical to the one in Figure 7 if 
the relations 

1Bl = iB1 ; V Bl = -VB1; 101 = i01 ; VOl = -VOl 

iB2 = i B2 ; V B2 = -VB2; 102 = i02 ; V02 = -V02 

are satisfied. 
The programming of HYP AC is reduced to writing 

the nodal or loop equations of the circuit. The HYP AC 
block diagram is shown in Figure 9. The blocks HI and 
H2 are hybrid elements, blocks </>1 and </>2 are associated 
with the second outputs of the hybrid element, all 
other blocks are conventional PACTOLUS elements. 

The hybrid element can be patched on the analog 
computer as shown in Figure 10. The transistor model 
used in this simulation is the analog separation modelll 

based on the charge control equations. The input IB 
and 10 and the initial conditions are applied through 
Dj A converters. The outputs of the sub circuit and the 
outputs of each integrator are read out through AID 
converters. The outputs of the integrators are stored 
to be used as the next initial conditions. 

While using this method of programming, one 
should be careful not to introduce hybrid algebraic 
loops, which, of course, can be highly unstable. Such 
loops can be easily spotted by inspection and can usual-

Figure 8-Set-reset flip-flop 
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I/R 

Figure 9-HYP AC block diagram for set-reset flip-flop 

Figure lO-Analog simulation of a NOR gate 

ly be eliminated by placing them wholly in the hybrid 
element. 

Experimental results 

In order to demonstrate the effectiveness of <the 
program, a more extensive example was programmed.* 
The example consisted of a trigger flip-flop composed 
of four half-nanosecond NOR gates. (Figure 11). 

The flip-flop changes state every time a negative 
(zero) pulse is fed to the input. Since the NOR gates 
are identical, an entire gate was programmed as a 
hybrid element. The schematic of the half nanosecond 
NOR gate is depicted in Figure 12. The outlined part 
was simulated on the analog computer as shown in 
Figure 13. 

• The Hybrid Computer, used in this experiment, consisted of 
an EAI-8800 Analog Computer linked with a CDC-3300 Digital 
Computer 

c 
R 

R 

Figure ll-Trigger flip-flop 
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Figure l2-NOR gate 

Figure l3-Analog computer simulation of a. NOR ga,te 

The transistors and diodes are simulated using th.e 
separation technique. Only the relevant rear:tances 



for the operation of this gate in the flip-flop circuit 
were simulated. The HYPAC, block diagram of ~he 
flip-flop is shown in Figure 14. The Rand C elements 
at the inputs of the gate were' included in the' digital 
simulation of HYPAC in order to reduce the number 
of D / A and A/D converters necessary for simulation. 

Since the risetime of the circuit is approximately 
tr = 0.5 nsec, we assumed that the largest eigenvalues 

of the circuit must be around Wmax = 22 tr = 2 X 10.10 To 
O. 

be on the safe side, we chose a time scale aT = 108 so 
that 1 msec machine time = 0.01 nsec real time. The 
voltage scale was a v = 10 and the current scale 
ar = 1,000. 

A typical solution is shown in Figure 15. A is the 
waveform applied to the input of the circuit (HYP AC 
element No.2 in Figure 14), B is the output waveform 
of the NOR gate No. 1 in Figure 11, or HYP AC 
element No. 14 in Figure 14. C is the waveform at the 
output of NOR gate No.3 in Figure 11 or HYPAC 
element No. 24 in Figure 14. 

The integration interval for this experiment was 
,,;IT = 4 msec corresponding t.o .04 nsec in real time. 
The waveforms in Figure 15 represent 16 nsec of the 
solution time. These waveforms correspond quite 
closely to ones observed in breadboard experiments. 

Figure I4-HYPAC diagram of a trigger flip-flop 
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Figure I5-Waveforms of simulated flip-flop 
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The total computing time was 70 sec for the program 
when the hybrid element used 20 msec IC settling 
timep er run, corresponding to 1J,LF integrator capacitor 
value. The computing time was reduced to 40 sec 
when the IC settling time was 1 msec corresponding 
to 0.01 J,LF integrator capacitor value. 

A simplified problem using two half-nanosecond 
NOR gates was run on the digital computer. The 
program used was a general purpose circuit analysis 
program using the state space approach. The resultant 
waveforms had the same general shape as the one 
obtained on HYPAC although exact evaluation of 
the errors was not possible since the circuits were not 
identical. The computing time for a 16 nsec solution 
on the digital computer was one hour. 

Improvements considered 

One of the main difficultIes in using this program 
is the selection of the appropriate integration interval 
d T. In order to simplify this task two integration 
algorithms will be incorporated into the HYP AC 
program. The user will have the choice of selection 
,of the appropriate algorithm for his problem. 

Integration algorithm for stiff differential 
equations 

As noted earlier the Euler integration method is 
stable ~nlY if dT<2/a. where a, is the largest eigen­
value 0 the system. For systems where the frequencies 
of inte est are a few orders of magnitude smaller than 
the lar est eigenvalue the use of this integration method 
will re ult in extremely long computa.tional runs. 
As an~xample of such a system we can consider a 
1 kHz scillator using "100,MHz" transistors. 

A ba kward integration method where the stability 
is ind~ endent of the integration interval was recently 
prOPOS~bY Sandberg and Shichman.7 This algorithm 
uses a ewton-Raphson iteration technique to solve 
the im licit algebraic equation resultant from the 
backwa d integration method. Preliminary invest­
gations suggest that a simiilar integration method can 
be ado;ed for HYPAC . 

Let 11 denote the output vector of all the Hybrid 
element, digital integrators and other time dependent 
elemen~s at time t = n,,;l T 

then (1) 

where: I Y n is the input vector to the hybrid elements 
land digital integrators. 

I

'Xn is the initial condition vector of all the 
integrators. 
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The input vector in turn is computed from the algebraic 
equation 

where Un is the input vector to the circuit. 
Combining equations (1) and (2) we get 

(2) 

(3) 

This is an implicit equation which can be solved for Zn 
using the Newton-Raphson method. For the kth 
iteration we get 

F\,k = Zn,k- f(g(Zn'k' Um), Xn, AT), k = 0 ~ K (4) 

and 

The equation is considered solved when IIFkl1 < E 

where \ IFk\ I is the usual Euclidian norm and E a preset 
error criterion. 

The Jacobian will be computed. by perturbing each 
output Zn, i by AZn , i and computing all the partial 
derivatives aF 1Ij/ azn , i· 

An additional benefit of this method is that hybrid. 
algebraic loops converge to a stable· solution. 

Integration algorithm with adaptive 
integration interval 

In order to increase the accuracy of the Euler in­
tergration method, the error produced at the output 
at each intergrator for every intergration step will be 
monitored. The integration interval is then adjusted 
so that this error remains within prescribed bounds. 

The Euler intergration method with a variable in­
tegration interval is given by 

The error E is approximated by the second difference 
of Y n+1 (second term of the Taylor expansion). 

y n+1 - Y n ( 1 + AT n ) + AT n Y n-l 
ATn_1 ATn_l 

En+l = --------------------------
2 

Two error levels will be predetermined Emin and Emax. 
Each integration interval will be adjusted through 

an iterative routine so that all integration errors will 
be smaller than Emax and at least one larger than Emin. 

Such an adaptive integration method will keep thle 
errors within stable bounds and will reduce the errors 
caused by truncation of the A/D converters. 

CONCLUSION 

A hybrid program has been developed which makes 
it possible to analyze a special class of large eircuits 
considered untractable by conventional mnthods. 
The topology of the circuit has to be modular and 
composed of identical subscripts. 

Effective use of the program requires a degree of 
sophistication since the programmer has to be familiar 
with all the intricacies of both analog and digital 
simulation such as scaling and selection of the inte­
gration interval. Although the setup of the problem 
is relatively time consuming,- the reduction of eompu­
tation time compared to a wholly digital cOInputa­
tion solution is dramatic. This reduction of time makes 
it possible to perform optimization and tollerance 
analysis. 

The program has its most significant value in design 
of integrated circuits where modular topology is the 
standard design philosophy. 
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APPENDIX 

Partition of circuit for simulation purposes 

Simulation of circuits on the analog computer 
generally does not preserve the topology of the cir­
cuit. Since every node or branch is described by two 
variables, voltage and current, these variabJles are 
handled separately on the computer and do not appea,r 
at the same place (Figure 16). 

Therefore, if a circuit has to be partitioned into 
two (or more) parts, both variables, the voltage and 
current, have to be matched. The simplest way to do 
it is to replace each cut branch by dependent V'oltage 
and current sources as shown in Figure 17. 

The circuits 17 a and 17b are equivalent when ib == ia and 
Vb = -Va' ia ts evaluated from Circuit I and used as 
the current source in Circuit II. Vb is evaluated from. 
Circuit II and used as the I}egative voltage source in 
Circuit I. 
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Figure 16b-Simulation of a circuit 
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Figure 17b-Partitioned circuit 

.As an example, let us consider the cir~uit in Figure 
18. The circuit hOas to be partitioned along the dotted 
line and simulated as two separate interconnected 
circuits. The interconnection is replaced by a voltage 
source Va and a current source ib as in Figure 18b. In 
order for the circuits to be equivalent! Vb = - Vo and 
ia = i b• 

HYPAC 779 

The simulation of Circuit I and Circuit II and the 
interc nnection between them is shown in Figure 18c. 

The choice of using voltage or current sources as 
termi ations of partitioned circuits is sometimes dic­
tated y the topology of the circuits, e.g., a capacitor 
instea of the inductor in Circuit I will force one to 
choos a current source as a termination otherwise 
one st te variable will be eliminated. 

c 

o. \ 

Figure I8a-Circuit to be simulated 
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Figure I8b-Partitioned circuit 

Figure 18c-Simulated circuit 
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A time shared 1/0 processor for real­
time hybrid computation 

byT.~.STROLLO, R.S. TOMLINSON 
and E:R. FIALA 

Bolt Beranek and Newman Inc. 
Cambridge, Massachusetts 

INTRODUCTION 

There are economic advantages to time-sharing a fa­
cility with hybrid resources. It is quite unlikely tliat 
any single hybrid problem will be able to utilize all of 
the system resources 100 percent of the time. This is 
the same kind of reasoning that leads one to consider 
time-sharing for conventional digital problems. How­
ever, time synchronous real-time hybrid time-sharing 
and non-synchronous non-real-time digital time­
sharing are quite different problems, with the former 
posing sQme considerable difficulty to· sequential digital 
machines. 

A sequential machine can perform only one op~ration 
at any single instant of time. Time-sharing is thus 

, accomplished by dividing the available time amongst 
several tasks, and by task switching from one task to 
another at judiclous times. Most sequential machines 
cannot perform this switch rapidly. Conventional 

us a system which can service several, simultaneoy 
real-time hybrid problems efficiently and accuratelt 
as well as several non-real-time problems concurrent 
with the hybrid problems. 

H ybrirj,problems 

When we speak of real-time demands, we generally 
visualize applications where the computer system is 
required to interact with an experiment which is being 
conducted in the real world in real., time. While these 
experiments are certainly examples of real-time de­
mands, we extend the definition to include any external 
demands of the computer system where the reaction 
time to a demand must be relatively s~ll or where 
the timing of events must be precise. 

Data genera,tion and acquisition 

solutions to real-time problems utilize the central The simplest demand which fits the real-time cate-
processor of the system for both hybrid ,computation gory is the data acquisition or data generation problem. 
and I/O; the central processor is usually a sequential Here the computer system is called upon to sample or 
machine. These solutions require rapid and frequent generate repetitively an analog signal. Data rates as 
switches of the attention of the CPU and, as a conse- high as 20 KHz are typical for speech sampling or 
quence, are expensive of machine time' and are in.. generation. Much lower rates are typical in manual 
accurate in their timing. control experiments. Sampling or generation is generally 

To avoid these disadvantages we have separated the performed periodically at a fixed rate; thus, most of 
hybrid I/O from the hybrid computation. The hybrid these problems may be considered synchronous. How-
I/O is handled by a special processor called the Hybrid ever, in some cases the initiation of the sampling is 
I/O Processorl while the' hybrid computation is per- not synchroni'zed to the computer system. For example, 
formed by the central processor. This separation gives the sampling of a recor ling on an analog magnetic tape 
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may have to start when a cdntrol signal is read off 
the tape. The computer system generally has no control 
over this start time, and this sampling problem is now 
asynchronou8 to the computer system because its initi­
atIon cannot be predicted or prescheduled. 

Hybrid simulations 

Hybrid simulation problems are also in the real­
time category. Generally an analog computer will per­
form the linear portions of the simulation while the 
digital computer will perform the non-linear portions. 
The digital portion of the problem is often charac­
terized by the following synchronous behavior: 

1. Sampling a set of input values from the analog 
computer at a specific time. 

2. Performing some digital computation utilizing 
these input values. 

3. Setting up some output values for the analog 
computer at a specific time. 

Interactive data generation and/or aequisition 

Display generation problems are often in the real­
time category. This is especially true when displays 
are used to simulate real world activity ·such as the 
view of a runway while landing an aircraft or the 
view of the instruments of a control panel. Display 
generation problems are much Iikeany waveform gener­
ation problem, but the data rate is generally high, and 
display problems often tend to present asynchronous 
demands such as the generation of a new display in 
response to the changes in a manual control by a 
human operator. 

These three categories of real-time problems classify 
most common real-time demands. 

Conventional hybird systhms 

Separation of the computation and the I/O 

United Aircraft Facility 

Time-shared hybrid systems have existed since 1963 
when Belluardo et al at United Aircraft Corporation 
developed a hybrid computation fiwility2 based on the 
DEC PDP-6 computer system. This facility handles 
several hybrid problems simultaneously, but the prob­
lems must have very simila.r demands. They must be 
synchronous problems with the same base repetition 
frequency. The maximum base repetition rate is about 
6Hz which is quite slow. 

Hybrid I/O is performed by the PDP- 6 arithmetic 
processor in response to I/O commands issued directly 

by the user programs. These I/O commands are pro­
tected in that they cannot affect other users' hybrid 
devices. 

Each of the problems being serviced by the system is· 
assigned a particular start time, offset from the base 
period start time by a fixed number of real-time cloek 
ticks, which are 1/60 seconds 9.part. It is assigned;a8 
many con'3ecutive "clock tick" slots as needed to 1 UU. 

An example of this type of scheduling is shown in 
Figure 1. 

MIT-ESL-hybrid facility 

Connelly developed a hybrid facility3 ,4 at the MIT 
Electronic Systems Laboratory on the DEC PDP--1 
computer. This facility also time-shares several hybrid 
problems 'which are synchronous in their timJng de~ 
mands. However, the repetition frequencies of these 
problems are considerably more flexible. The scheduling 
procedure utilizes a time-slot algorithm with the ti'me­
slot duration about 10 times larger than the computer's 
switching time or about five milliseconds. 

The repetition frequencies of the problems must ~Lll 
be members of a "synchronizable set" which means 
each element of. the set is a common multiple of nIl 
smaller elements. Such a set of periodic proc:esses is 
easily scheduled by dividing time up into the highest 
common denominator of all the process periods. Like 
the United Aircraft scheduler, a process gets its first 
time slot at exactly synchronized times, but it mli.Y 
get several temporally disjoint slots before it completes 
its computation for each basic repetition .. An example 
of time slot scheduling is shown in Figure 2. 

The hybrid I/O is performed by the PDP-1 central 
processor, again in response to protected, direct I/O 
commands from the user. It is important to reali:~e 
that with this type of scheduling, the I/O commands 
must be issued at the start of each repetition period 
since this is the only time-slot for which tne user C9~n 
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Figure 1-United Aircraft scheduling 
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Figure 2-Example of MIT-ESL time-slot scheduling 

be guaranteed a specific start time (at the beginning 
of his repetition period). The relative placement of the 
other time slots is dependent upon the other problems 
being serviced by the system. 

The conventional hybrid systems to date are repre­
sented by the examples given above. These systems 
will not handle either asynchronous or high rate real­
time problems. 

Why conventional syste.ms cannot handle 
high rate problems 

A general purpose digital computer when performing 
real-time I/O consumes a great deal of its capacity 
since it was not designed for such a task. A general 
purpose processor is not well-suited to performing real­
time I/O because it cannot switch its attention between 
tasks rapidly enough. Switching times on the order of 
a half-millisecond for user processes, and 20 micro­
seconds for servicing interrupt requests are typical of 
conventional time-shared general purpose processors. 
This means the overhead of performing real-time I/O 
with these processors is prohibitive, especially if the 
real-time I/O rate is high. 

A general purpose processor is also not well-suited 
to accurate timing control of relatively high rate of 
I/O. Since current central processors are generally 
asynchronous machines, it is difficult to time operations 
precisely with a central processor. Further timing skew 
is introduced by the tendency of general purpose time­
sharing systems to get themselve~ into non-inter­
ruptible states for short periods. These occur when 
the interrupt system is disabled, or higher priority 
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interrupts are processed or the user process's run 
period is interrupted. 

It would seem that processing all real-time I/O on 
the highest priority interrupt channel triggered by 
real-time clocks would be the most desirable method 
for CPU -performed real-time I/O since this seems to 
minimize skew and overhead. However, one finds it is 
impossible to make every device the "highest priority" 
in the interrupt system, and, in fact, there may be 
other system constraints which force ~ome real-time 
I/O to be on a lower priority interrupt channel. 

Another limitation of interrupt driven real-time I/O 
is that, in general, one interrupt request will initiate 
several real-time I/O data transfers. 'rhis means the 
time spent in the interrupt service routine for per­
forming the real-time I/O varies with the number of 
data transfers to be performed. 

These interrupt requests will tend to queue up unless 
their interrupt service routines are scheduled to be 
non-overlapping. 

The precise scheduling of both interrupt-driven and 
user-initiated real-time I/O is very difIicult unless all 
of the real-time I/O demands are exactly periodic and 
synchronized to the clock system of the CPU. The 
source of this difficulty is the inherently slow reaction 
time of a general purpose processor to random requests 
for service. Only when all requests are guaranteed to 
be exactly periodic can they be scheduled in advance, 
and only then can the CPU be prepared to process 
them. 

We conclude that when real-time I/O is to be per­
formed with precise timing, when the degradation of 
CPU performance from CPU driven real-time I/O 
cannot be tolerated, or when both synchronous and 
asynchronous demands must be handled, real-time 
I/O should not be performed by the conventional 
CPU driven methods. 

Separability of real-time I/O and computation 

It is clearly possible to design and build a special 
purpose processor for performing the I/O, but we must 
first show that it is meaningful and useful to do this. 
Carefully consider the real-time problem classes pre­
viously mentioned. It is evident that most real-time 
problems place very stringent demands on I/O timing, 
but less stringent demands on the related CPU com­
putation. That is, the sampling of input data and the 
conversion of output data to analog signals must be 
done at precise times, whereas the computation may 
be done any time after the input operation provided 
that the output data is ready before it is converted to 
analog signals. In addition, the I/O operations do not 
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require the full talent of a general purpose CPU, but 
do require better timing accuracy than the CPU is 
capable of providing. Therefore, it seems feasible and 
in fact desirable, to separate the I/O from the com­
putation by providing separate hardware. 

The BBN hybrid processor 

Our system performs all real-time I/O through a 
device which we call a Hybrid Processor. It is a special 
purpose processor with the following important charac­
teristics: 

1. Real-time I/O is performed directly between 
core memory and hybrid devices. 

2. The Hybrid Processor is multiplexed among 
several (up to four) "processes" thus allowing 
several independent, concurrent hybrid inter­
actions. 

3. The switching ti..me between processes is very 
small (approximately 100 nanoseconds), be­
cause the information ab6ut the state of a 
process is small and can be changed rapidly, 
and because the scheduling: of which process to 
run is perfOt'med by the hardware. 

4. The time required to perform a single real-time 
I/O transfer is kept very short (approximately 
20 ,",sec) because of the special purpose nature 
of the processor. 

5. All real-time I/O interactions are handled in 
a uniform manner, thus requiring no hardware 
or software changes to incorporate a new hybrid 
I/O device. ' 

Command and data structure 

The Hybrid Processor implemented for an SDS-940 
time-sharing system operates on tables of commands 
and data. Each command, as shown in Figure 3, is 
paired with a data word. The nature of the command 
tells the Hybrid Processor whether the data word is 
for input or output .. 

The device type field specifies the types of devices 
to which the Hybrid Processor ·talks. These include 
Analog to Digital Converters, Digital to Analog Con­
verters, Digital level Inputs, and Digital level Outputs. 
The device number field selects !a particular device 
within a type, such as a channel of the Analog to 
Digital Converter. 

After the command is executed. and the data word 
accessed, the command and data: table pointer!3 are 
both indexed by one, and the remaining word counts 
for the tables are both decremented by one. The com-

BITS cpl2 34 14 15 16 17 18 23 
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SIGNAL 

cp I = DIA 
I cp & DID IN 
II • DID OUT 

Figure 3-Hybrid processor commands 

maud and data table structure and pointers are shown 
in Figure 4. 

There is no fixed relationship between lengths or 
positions of commands and data tables. In fact, most 
often the command table is quite short and is recycled 
many times repetitively in order to fill up a large' data 
table. In order to make this cycling operation efficient, 
some of the control bits are used to initiate the exchange 
of the cycle pointers with the current pointers. The C 
bit is used to specify cycling the command table 
pointers while the condition current data word count 
= 0 is used to specify cycling the data table pointers. 

The At field is used to specify the time, in 10 ,",s,ce 
intervals, between the current command and the next 
command. This value may be thought of as being 
placed into a clock which is a down-counter operating 
at 100 KHz. When the counter reaches 0, a request for 
service is initiated. It is important to remember thH,t 

COMMAND TABLE DATA TABLE: 

D C cp 78 (.3 BITS </> 78 

CURRENT CURRENT CURRENT CURRENT 
COMMAND COMMAND DATA DATA 
WORD TABLE 

) 
WORD TABLE 

) COUNT POINTER COUNT POINTER 

CYCLE CYCLE CYCLE CYCLE 
COMMAND COMMAND DATA DATA 
WORD TABLE WORD TABLE 
COUNT POINTER COUNT POINTER 

Figure 4-0ommand and data table structure 



the Hybrid Processor is in general running several 
hybrid processes. When a process requests service, it 
is quite likely that another request may be in progress 
or that a higher priority request may be granted first. 
In order to prevent conflicts from introducing cumu· 
lative timing skew, the individual process clocks are 
designed to count through 0 to negative values, and 
the at field is actually added to the contents of the 
process clock when the command word is fetched. As 
long as the result of this addition results in a positive 
quantity, the process will not be subject to cumulative 
skew and will be accurately timed on the average. We 
do a bit better than this, however, by taking advantage 
of the fact that the clock tick frequency is very ac· 
curately crystal-controlled and that the clock = 0 
pulse is a very precisely timed event at exactly the 
Llt intervals. This pulse is amplified and available to 
users for patching. It can be used to initiate a sample 
and hold gate, for example, or to cause the transfer 
between buffers in a double buffered D/A converter. 
This means extremely precise timing control with a 
resolution of 10 J,&seconds, and crystal accuracy is 
achieved. 

The remainder of the control bits in a command 
word are used to stop (H) or restart (R) a process. An 
external signal control bit (E) enables a temporary 
stop to wait for a signal external to the computer and 
the Hybrid Processor to restart the process. 

Connection of hybrid processor to SDS';940 

The Hybrid Processor is attached to the SDS-940 
via a Data Multiplexor Channel (DMC)& with a modi· 
fied Data Sub-Channel II (DSC 11)1, as shown in 
Figure 5. The status of a block transfer for a DMC 
sub-channel is normally contained in one of two "in· 
ternal interlace words" which are located in fixed 
adjacent positions in core memory. These interlace 
words contain the remaining word count in the left­
most bits and current location of the block transfer in 
the rightmost bits. The economy of using core memory 
words instead of flip-flop registers is quite important, 
and this economy is retained by the Hybrid Processor. 
However, the DSC II has been modified so that the 
locations of these interlace words are no longer fixed 
but are uniquely determined by the particular process 
selected for service. That is, the first process (Process 
A), uses words n, * n + 1 as interlace words; the second 
process (Process B), uses words n+4, n+5, etc. Also 
during the command fetch, the even interlace word is 

* where n is a memory address which is 0 MOD 4 
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Figure 5 -Connection of hybrid processor to SDS-940 

used as the current command pointer word, while 
during that data fetch or store, the odd interlace word 
is used as the current data pointer word. Note, that as 
before, the state of the block transfers is completely 
contained in the memory interlace words. 

Each hybrid process can switch command and data 
tables by using the "cycle" interlace words. Every 
process actually has four interlace words. Words nand 
n + 1 are the current command and data table interlace 
words respectively. Words n+2 and n+3 are the cycle 
command and data table interlace words. A process 
can cause the contents of its cycle interlace words to 
be moved into the current interlace words. This ef­
fectively switches the command and/or data tables to 
new core areas. This switch is accomplished without 
CPU intervention, but the CPU must establish new· 
cycle words soon after cycling occurs if the next cycle . 
operation is expected to switch tJ yat 1.1)~·.Br C)O 

area. In fact, a safety interlock will abort a process 
and signal an error interrupt if a cycle attempt is made 
before the previous cy.cle operation was properly re· 
sponded to by the CPU. More details of the BBN 
Hybrid Processor implementation on the SDS-940 are 
available in another document. l 

Suppose the maximum time to service a hybrid I/O 
request were Q!. This time would be measured from the 
start of processing of a request by the Hybrid Pro­
cessor to the completion of this request. Then a con-
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servative estimate of the bandwidth of the Hybrid 
Processor would be l/a. ' 

A simple scheduling technique ~ould involve selling 
fractions of this bandwidth to users. Each user would 
buy l/ai of the bandwidth of t~e Hybrid Processor, 
such that 

L 1/ ai ::; 1/6-
all i 

It would now be necessary for t)1e Hybrid Processor 
(or whatever controls the Hybrid Processor) to insist 
that user 'i never perform hybrid I/O faster than a i 
seconds between hybrid interactions. This simple check 
could be performed by either hardware or software. 
This technique would guarantee that the Hybrid 
Processor would never be over-committed. 

On the SDS-940 implementa~ion of the Hybrid 
Processor, the maximum a is approximately 20 JJ,sec. * 
This means the Processor has a guaranteed bandwidth 
of 50KHz. 

Simultaneous requests for service are resolved by a 
simple priority network which selects the highest 
priority process currently requesting service to run 
(Process A is highest priority, B, C, D are in order of 
decreasing priority). This means the higher priority 
processes see the least instantaneous skew, but none will 
see any cumulative skew if the bandwidth scheduling 
rules are adhered to, and none will see instantaneous 
skew if the clock := 0 pulse and sample/hold gates are 
used correctly. 

Device and timing protection 

The Hybrid Processor commands reference all 
hybrid devices in an unrestricted: manner. If the user 
is given direct access to these commands, he could 
detrimentally affect another user's experiment by 
changing a value on another user's D / A converter, 
for example. Also, one user could easily lock out Hybrid 
Processor service from another user if he had a higher 
priority process and usurped all of the Hybrid Pro­
cessor's capacity. It is therefore not feasible for the 
user to construct his own command tables. Instead, 
the time-sharing monitor constructs these tables for 
the user and keeps them in monitor core. The monitor 
makes certain that a user does. not access another 
user's devices or usurp all of the: Hybrid Processor's 

* for D/ A converiSion. approximately 30 ~3ec for A/D conver­
sions. 

time. The data tables are, however, kept in the user's 
own address space. 

Hybrid processor software 

Some very elaborate software (with about 2K words 
of machine language code) exists in our time sharing 
monitor on the SDS-940 for controlling the Hybrid 
Processor. This software locks and unlocks pages of 
data tables into core; sets up the transfers of data table 
pages from core to drum and vice versa; worries about 
anticipating pages before they're needed and getting 
the drum requests on a high priority drum queue; and 
provides a convenient handle on the hybrid processor 
for users. 

The user interface to the hybrid processor is pro­
vided by some SYSPOP's,5 which permit the user to 
assign and deassign hybrid devices; assign and deassi~~n 
hybrid processes; define a sequence of commmid and 
data tables to be executed a specified number OIf times; 
specify a prototype of the command table which gets 
set up in the monitor's address space; speeify the 
boundaries of data tables in the user's address spaee; 
start and stop processes; and interrogate the status 
of assigned processes. 

Real-time CPU usage 

With a Hybrid Processor I/O system, user programs 
or user I/O need not be periodic. The I/O can be 
precisely timed using the Hybrid Processor independent 
of CPU activity. Therefore, it no longer is necessary 
to start CPU computation at exact times. 

Suppose that for each process the following para­
meters were specified:6 •7 

1. T The period of the process (exact period if 
synchronous, minimum period if asynchronous). 

2. P The maximum amount of CPU time the 
process may require each period. 

3. D The maximum tolerable delay between the 
moment the process requests service 2md the 
time when all servicing has been complet.~d 
(most synchronous processes would allow servi,ce 
to be completed any time during the period 
i.e., D=T). 

4. Whether the process is synchronous or asynchro-
nous. 

U sing this characterization, the demand of the 
process upon the system might be phrased as follow::!: 
"When my process requests service it must be ~~ranted 
P seconds of CPU time within D seconds of when the 
request is made. My process will never request service 



more often than T seconds after the previous request." 
The parameters P, D, T, and the specification of 
whether or not the process is synchronous enables the 
system to decide whether the demands of this process 
(and all others) can be successfully met. The system 
cannot, of course, guarantee service to a set of real­
time processes with arbitrary P's, D's, and T's. In 
fact, two restrictions are obvious: 

(1) 
and 

L: (2) 
all i 

processes 

If the sum in (2) were greater than unity, it would 
be possible for the real-time processes to require more 
than 100 percent of the available CPU time. 

The scheduling algorithm used to select which pro­
cess runs at any time is intimately related to the 
guarantees which the system can make to a set of 
users. It would be desirable to find a scheduling algo­
rithm. which would allow: 

L Pi to be close to 1 
all i Ti 

processes 

and would minimize the amount of switching between 
processes to reduce overhead. It can be shown that if 
switching time is negligible, no algorithm can do a 
better job of scheduling for synchronous or asynchro­
nous processes than the following: 

Run the proces8 which must be completed 800nest 

That is, whenever a process requests service, the 
system computes the 'time when the process must 
complete service (T i), which is equal to the current 
time plus D i • The system then decides to run the pro­
cess with the minimum T ,. Whenever servicing is com­
pleted or aborted (for trying to use more than Pi 
CPU time) the system runs next the process with 
minimum T i' This algorithm and the necessary and 
sufficient conditions under which the system can under­
take to run a set of processes are discussed in detail 
by Fiala.6 

Costs 

The Hybrid Processor is not an inexpensive device. 
Approximately $20K of digital hardware components 
are necessary for a Hybrid Processor, not including 
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any of the analog or hybrid equipment. The labor 
involved in designing and implementing the hardware 
and software is approximately 172 man-years. We 
believe this cost is justified by the utility of the pro­
cessor. 

Future work 

Future hybrid processor revisions 

Several changes will be made in our new hybrid I/O 
system for our next research computer (a DEC PDP-
10).8 These changes will increase the total available 
bandwidth, improve the command/data flow control 
so that even less CPU capacity will be required to 
direct the Hybrid Processor, make several improve­
ments to the clock system, etc. 

New clock system 

A 36-bit time of day clock will be implemented 
whIch counts at 100 KHz. It will be possible to read 
this time via an I/O input command over the PDP-10 
I/O buss. This 36-bit count will recycle approximately 
every eight days. 

At least two 36-bit "alarm" registers will be used 
in conjunction with the clock" These registers will be 
compared with the values in the clock after each 
"tick" settles down. If a match on any register is 
found, the following events will occur: 

A. A CPU interrupt request will be generated so 
that a new 36-bit value may be placed in the 
alarm register and any CPU action which was 
to be initiated at this time will be triggered 
(such as the scheduling of a new process to 
run). 

B. Each alarm register will have eight enable bits 
whose set output will be gated with the alarm 
pulse and this gated result will be buffered and 
available for patching to trigger external devices. 

The control of the alarm registers will require the 
use of a PDP-10 I/O output instruction to the selected 
alarm register to set any combination of the eight 
enable bits followed by a PDP-10 I/O output in­
struction to the selected alarm register to set up the 
36 bits of the register itself. 

Hybrid I/O 

The hybrid I/O capability will be quite similar to 
the capability of our current SDS-940 Hybrid Pro­
cessor. The channel will operate 011 command and data 
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tables with each command paired with a corresponding 
word in the data table. 

The command format will also be similar to the 
current Hybrid Processor on our SDS-940. However, 
the flow through these command and data, tables will 
be directed by two new tables per process called the 
command and data flow tables. These will replace the 
"cycling" operations by "driving" the Hybrid Pro­
cessor through command and data tables a specified 
numbers of times. The "cycling" operation had the 
disadvantage of putting a large: burden on the CPU 
for processes which cycle often (which proved to be 
true for many processes). 

We will also implement the command and data 
table pointer words in hardware to increase Hybrid 
Processor bandwidth. 

CONCLUSIONS 

The use of a Hybrid Processor permits many real­
time experiments which were not possible in the past, 
and are not possible on other real-time computer 
systems. We are able to handle high speed as well as 
asynchronous hybrid interactions. l\10st of this is 
made possible by the separation of the real-time I/O 
functions from the computation· function. The real­
time I/O functions are performed by a processor 
especially designed to handle re~d-time I/O, and the 
computations are performed by a general purpose pro­
cessor. 

ACKNOWLEDGMENT 

This work was supported by the Advanced Research 
Projects Agency of the Department of Defense 
(F 19628-68-C-O 125) . 

REFERENCES 

T R STROLLO R S TOMLINSON E R FIALA 
I J ELKIND 
The hybrid processor 
AFCRL-67 -0485 BBN Rpt No 1686 

2 R BELLUARDO R E GOCHT G A PAQUETTE 
The hybrid computation facility at United A il·crajt 
Corporation Laboratories 
Proc DECUS 1963 Maynard Mass 261-269 1964 

3 M CONNELLY 
Preliminary design of a time-shared, real-time, simulation 
facility 
Memo No 1 MIT ESL-DSR 76259 Dec 19 1966 

4 M CONNELLY 
Preliminary design of a time-shared, real-t'ime, simulation 
facility 
Memo No 2 MIT ESL-DSR 76259 Jan 30 1968 

5 SDS-940 Reference Manual 900640A 
Scientific Data Systems Aug 1966 

6 E R FIALA 
Scheduling of real-time processes in a time-shared environment 
MIT Masters Thesis 1968 

7 M S FINEBERG 0 SERLIN 
Multiprogramming for hybrid computation 
Proc FJCC 1967 

8 DEC PDP-I0 System Reference Manual 
HGAA-D June 1968 



On-line software checkout facility for 

special purpose computers * 

by J. S. HUGHES 

IBM Corporation 
Huntsville, Alabama 

and 

T.H.WITZEL 

IBM Corporation 
Gaithersburg, Maryland 

INTRODUCTION 

An on-line software checkout facility for special 
purpose computers (referred to as the Flight Software 
Development Laboratory) has been created to aid 
programmer/engineers in the development of programs 
that will operate in a spaceborne computer aboard the 
Apollo/Saturn IB and V Launch Vehicles. The Flight 
Computer operates as an integral part of various 
vehicle subsystems in the Instrument Unit (IU). The 
subsystems provide onboard navigation, guidance, con­
trol, sequencing, data compression, and ground 'com­
munications. These functions are illustrated in Figure 
1. Continued emphasis is placed on error-free flight 
software, since it is an essential element in overall 
vehicle performance. No opportunity exists to test or 
exercise the flight program in its actual flight en­
vironment prior to a mission. Therefore, to ensure the 
inte,grity of the flight program, simulators are used to 
accomplish flight testing. The purpose of this paper is 
to present the organization of one such simulator that 
has been created for the sole purpose of the develop­
ment and checkout of Saturn flight software. The 
emphasis throughout the design and implementation 
of the Laboratory has been that it must be user-

• This work was performed under contract with NASA's Marshall 
Space Flight Center. 
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oriented for program checkout. Before the existence of 
the Laboratory, available facilities for checking out 
flight programs were oriented to hardware checkout. 
Although such facilities can be, and have been, rigged 
for program checkout, they have not provided the type 
of assistance required to produce the quality of soft­
ware demanded by spaceborne computers. The Labo­
ratory is believed to be unique in the capabilities it 
provides to the programmer/engineer in controlling and 
affecting the operation of the Flight Computer in a 
real-time environment. 

Flight software development begins with a set of 
explicit engineering requirements: equation and logic 
definition, range of variables, and expected performance 
data. After an intensive analysis of the requirements, 
the flight software is designed and organized to meet 
these engineering requirements with minimal flight com­
puter memory and reasonable flexibility. After the 
flight program has been flowed, scaled (fixed point 
computer), coded, assembled, and checked out by the 
program unit or module, the flight phases are integrated 
and checked out. This process continues until the entire 
flight software has been integrated. The procedure 
described above requires that the programmer/engineer 
be able to measure and evaluate his progress in an 
efficient manner. The purpose of this laboratory facility 
is to provide the programmer/engineer with a user-
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Figure I-Real and simulated flight equipment 

oriented tool by which he is able to test and evaluate 
his programs in a simulated flight environment, using 
an actual spaceborne computer and interface hardware. 
This enables him to measure and evaluate flight soft­
ware performance against the engineering requirements 
for the many vehicles and envirpnmental variations. 

The Laboratory user must produce quality software 
in the shortest possible time fram~. The key objective 
in designing the Laboratory was, to provide accurate 
simulation models in the form of' user-oriented tools. 
Thus, the Laboratory user can s\viftly determine the 
progress and results of his work through real-time man­
computer interaction. The co~puter offers data, 
counsel, and guidance to the mao;, who in return sup­
plies certain indispensable knowledge of the overall 
system. Systems reliability and effective communi­
cations between the Laboratory and user playa major 
role in establishing user cOllfiden~e. Operating experi­
ence in the Laboratory has clearly demonstrated that 
these objectives have been satisfied. 

Hardware configuration 

The Laboratory has as its main hardware components 
an IBl\1 System/360 l\10deI44, linked through a special 
purpose interface to a Saturn Launch Vehicle Digital 
Computer and Launch Vehicle Data Adapter. An 
IBM 2250 Display Unit is employed as an integral 
part of the Laboratory, providing two-way man­
computer communications. Figure 2 illustrates the 
organization of the hard~are comp(ments and in general 
indicates the basic paths of information flow. 

One high speed multiplexer channel has been dedi­
cated to the flight hardware interface. Each of the 
subchannels is likewise dedicated,. as shown in Figure 
2. The dedicated channel and subchannels minimize 

System/360 

Madel "" 
262,144 
Byt., 

Typewriter 

Display 
Unit 

BK Buffer 

Figure 2-Flight software development laboratory­
Block diagra.m 

interference from other I/O activities and ena,ble the 
creation of a special low overhead channel scheduler. 
These features incorporated with the 32-level priority 
interrupt scheme make the Model 44 highly re~;ponsive 
to the real-time interface requirements. The other high 
speed multiplexer channel is dedicated to disks that 
support real-time data collection and permit fHst 
access for the display system. 

In this particular application, six of the 32 llevels of 
priority interrupt are used by external hardwired equip­
ment. The others are used by internally generated 
software functions for scheduling time-dependent soft­
ware functions. 

The Launch Vehicle Digital Computer and Launch 
Vehicle Data Adapter are the two flight components 
that have been integrated into the Laboratory. 

The Flight Computer is a general purpose computer 
which, under control of a stored program, procesEles 
data. serially, using fixed-point 2's complement 
ari thmetic. 

The Launch Vehicle Data Adapter serves as an 
input/ output device for the Flight Computer and the 
central station for the signal flow in the Saturn As'tri­
onics System, which is illustrated in Figure 1. The Data 
Adapter accepts discrete input signals from the stage 
switch selectors, Instrument Unit command receiver, 
ground launch computer, telemetry computer inter­
face unit, telemetry data multiplexer, control dis­
tributor, and other vehicle equipment. It has output 
registers to provide discrete output signals to the 



a.bove-mentioned equipment. It also accepts and pro­
cesses computer interrupt signals from the ground 
launch computer and Instrument Unit equipment. 

The interface unit provides all the normal ground 
and flight communications paths between the flight 
hardware and the central processor. However, this 
interface was designed to go beyond these requirements. 
The interface is unique in that it was designed to place 
emphasis on (1) minimizing the central processor inter­
face traffic and (2) maximizing user visibility by giving 
the user the control of internal flight hardware oper­
ations and the access to information internal to the 
Flight Computer. Also, the unit was designed for ease 
of maintainability. Specifically, three major cap.a­
bilities have been incorporated into the interface unit. 
First, the interface unit has been designed so that it 
can control the internal operation and timing of the 
Flight Computer and Data Adapter. Secondly, the 
interface contains special hardware, oriented toward 
supporting flight program debug as opposed to program 
verification, which is an independent program audit 
function performed using the debugged programs. 
Finally, the interface unit has been designed so that 
extensive automatic diagnostics can be run from the 
central processor to isolate suspected interface failures. 

The IBM 2250 Display Unit is organized around a 
cathode ray tube on which computer-programmed 
graphic and alphameric information is displayed at 
high speeds. This provides visual communication be­
tween the computer and the user. In addition, key­
boards and a light pen provide the user with a versatile 
means of entering and modifying computer information. 
With the display system, the user has direct and rapid 
access to stored data which can be selected, processed, 
modified, and displayed in alphameric and graphic 
representation. For example, the user can display and 
modify memory in both the Model 44 and the Flight 
Computer through the display unit. 

The display unit was configured to minimize central 
processor time and core requirements on the Model 44. 
A primary feature of the display unit is a buffer storage 
of 8,192 bytes, which is used to store images for display 
regeneration purposes. The use of a buffer enables the 
display llnit to operate concurrently with the com­
puter system, freeing the main core and the channel 
for other functions. Additional features which greatly 
compress the image storage requirements are the 
absolute vector and character generator features. 

Operating system 

The operating system for the Laboratory is desig-
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nated as the Checkout Control System (CCS). It is 
the operating system which is furnished with the IBM 
System/360 Model 44, with additions and modifi­
cations to convert the system from a sequential batch 
job processor to a real-time multiprogramming pro­
cessor. However, all the original functions and features 
have been retained. Programs not requiring the ele­
ments of a real-time multiprogramming system may 
operate as though the additional facilities were not 
present. 

The principal area of the Model 44 Programming 
System (44PS) in which additions and changes have 
been made is the supervisor. The required functions of 
CCS include the ability to support various operations 
of computing at precise intervals of time. These oper­
ations are selected by a priority scheme which controls 
the sequence of execution. Other operations are de­
signed to execute as a result of interrupts induced 
outside the central processor. These are generally of 
such importance that their priorities are higher than 
operations initiated as a result of time. The function 
of multiprogramming through a scheme of priority 
interrupts and the requirement of real-time operation 
are the principal requirements forCCS. To satisfy 
these requirements, capabilities in three principal areas 
have been added. These are multiprogram scheduling, 
real-time input/output scheduling, and application 
program phasing control. 

A principal element of the program scheduling fa­
cility for CCS is the timer queue (Figure 3). It consists 
of a string of items ordered in ascending sequence of 
time-.to-execute. Each item of the queue contains a 
pointer to the routine to be executed at the correspond­
ing time. When the timer interrupt occurs, the timer 
processor routine gains control and the routine corre­
sponding to the timer interrupt is placed into a state 
of execution. Its immediate or deferred execution is a 
function of priority levels. When a timer interrupt 
occurs, a comparison is made between the priority 
level of the routine currently in execution and the level 
of the routine for which the timer interrupt has oc­
curred. If the level of the current routine is higher 
than or equal to the other, it resumes execution while 
the execution of the lower priority routine is deferre d. 
Conversely, if the priority level of the current routine 
is lower, the other is placed immediately into execution, 
temporarily suspending the first. This method of 
scheduling uses the hardware priority interrupt system 
and additional software of COS. 

Figure 4 illustrates some of the conditions which 
may occur with a typical combination of timer-initiated 
priority routines. Notice that the execution priority 
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level of timer interrupts is coincident with the pri­
ority level executing at that time. In addition, the 
figure shows how the high priority routine gains control 
from a lower priority routine. In this priority system, 

low magnitude numbers correspond to high level pri­
ority. 

Figure 3 illustrates a timer queue containing several 
items which will initiate programs on various levels a1j 
different times. These items match the information 
illustrated in Figure 4. As each item reaches the top 
of the list, the internal interval timer is set 1~o thE~ 
increment of time from "now" until the program. is to 
execute. When the timer expires, a priority leyel re­
quest for the program is set, the item is removed from 
the queue, and an interval for the next item is calcu­
lated. The program pointed to by the item which 
caused the timer interrupt is attached to its priority 
level for execution. When the queue becomes E,mpty, 
the non priority level regains control. 

The second major feature of program scheduling ilS 
the supervision of priority interrupts by the priority 
interrupt executive. Gertain 'housekeeping' functions 
are performed by this feature, such as register saving 
and restoring, as control passes up and down the pri­
ority levels. Control is automatically given to the 
priority interrupt executive whenever anyone of the 
32 levels is activated. The routine to be given control 
is determined, registers are saved as required, and a 
pointer to parameters is set. Control is then given to 
the priority routine. When the routine concludes its 
operation, it returns control to the priority interrupt 
executive which restores registers and causes the rou­
tine on the next highest level to resume or be~~in exe­
cution. 

Figure 5 illustrates the overall flow of data and 
control in CCS. Whereas Figure 4 illustrates the effeet 
of program scheduling, this figure illustrates. the me­
chanics involved. A program currently executing ma,y 
be interrupted by the timer (1). The timer processor 
selects data from the queue (2) and attaches the routine 
to execute (3). It sets a new interval in the timer (4) 
and initiates -a priority interrupt (5) (assuming the 
routine is of a higher priority than the current program). 
The priority interrupt executive determines the routine 
to execute (6) and gives control to the routine ('7) 
which returns control (8) when finished. The executive 
then returns control to the interrupted progra.m (9). 
At step 5, the condition may exist that the timer­
initiated routine is of lower priority than the current 
program. If so, the timer processor returns control 
directly to the current program (10). 

Both application and system programs. may queue 
routines using the timer queue (11). The actual queue­
ing is done by a system routine. 

In Figure 5, the dash line connecting "programs" 
and "current program" is intended to show that the 
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current program is merely one of many which is se­
lected by the priority interrupt executive. 

The 44PS I/O channel scheduler was changed to 
handle a multi programmed environment. Among the 
changes were new real-time, core resident I/O device 
routines, a gated front end to the channel scheduler 
and I/O termination interrupt routine, and de-queueing 
logic at the exit point of the channel scheduler. 

Of several options available to modify the channel 
scheduler, one was chosen which allows only one trans­
action into the scheduler at a time. The effect of this 
method is to allow an I/O request to enter the scheduler 
and be serviced only if the scheduler is not currently 
processing a previous request. Due to multilevel pro­
gram execution, an 1/0 request being made while 
another is being processed can occur only when the 
new request is of a higher priority level routine. There­
fore, the request in process when interrupted by a 
higher priority level is resumed at its point of interrupt. 
The new higher priority level request is serviced im­
mediately thereafter. 

A posting function is associated with I/O termination. 
I ts purpose is to allow priority level routines to request 
I/O, give up control on their level, and then regain 
control when the I/O is completed. 

To meet the demands of real-time I/O for the Flight 
Computer, a special low overhead channel scheduler 
is used. The gated channel scheduler using 44PS has 
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some features neither necessary nor required for the 
Flight Computer channel. 

The CCS phasing function provides the capability 
to load and initialize the required set of application 
programs under the control of operations initiated at 
the display console. An application core load (phase) 
contains all programs required in memory at the same 
time to perform one of the major simulation functions. 

The phases are resident on the system residence 
disk volume and are transferred to the application 
program area of central processor memory when re­
queBted by the flight programmer/engineer via the 
display console. The transfer is implemented by CCS 
through standard 44PS load capabilities. After a phase 
has been loaded, the unused portion of memory is 
calculated and designated as available work space which 
will later be used by the phase programs. The phase is 
given program control at its entry point on the non­
priority level of program execution. 

Selection of the phase to be loaded and executed is 
made from the initial tutorial display, which is setup 
by the initial loading of CCS~ The user at the display 
console makes his selection of the phase via the light 
pen instrument. The selection of a phase initiates CCS 
operations which result in a core load of the application 
program area. When the user chooses to change from 
the execution of one phase to another, he requests the 
redisplay of the initial tutorial. Upon this request, CCS 
executes an orderly shutdown of the actjvities in pro­
cess for the current phase and then reloads the central 
processor memory with the phase requested. Figure 6 
illustrates the concept of phased program loads and 
the general allocation of core for the application 
programs. 

A pplication software 

Application software in the Laboratory is designed 
to perform four basic tasks: (1) hardware diagnostics, 
(2) flight simulation initialization, (3) flight simulation 
execution, and (4) post-flight data reduction. A self­
contained set of software programs, called a phase, 
has been constructed to perform each of these tasks. 
A t any given time only one phase resides in core, with 
both the communication region and temporary data 
set residing on a disk device. 

The hardware diagnostics phase contains programs 
which perform the power-up and initialization function 
for the Flight Computer and its interface unit. The 
diagnostic programs are required for maintaining and 
servicing the interface unit. 

The flight simulation initialization phase consists of 
the programs to specify the details and options of the 
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pa.rticular flight simulation the user wishes to make. 
He may specify such items as loading, modifying, and 
accessing the flight program; digital command system 
orders; computer interface unit measurements; real­
time output quantities; flight pause points; data to be 
saved for post-flight analysis; the particular Saturn 
vehicle to be simulated; and the type of simulation 
run to be made. 

The post-flight data reduction phase contains the 
software necessary to process data that were collected 
during execution of the real-time simulation phase. This 
consists of data from the Flight Computer, the 6-DOF 
simulator, and the FORTRAN flight program model. 
The capability of generating plots on the display unit 
is also provided, along with conversion, formatting, 
analysis, and outputting of data on the printer. 

In these three phases, very little use is made of the 
priority interrupt feature on the· Model 44 as an in­
strument of real-time operation. Practically all pro­
grams are initiated by operator action at the display 
console, and programs receiving control operate on the 
priority level assigned to display control. This same 
level is reserved for display control in each phase. 
However, the entire real-time simulation phase is built 
around and is controlled by the priority interrupt 
feature. 

The application programs in this phase perform the 
following tasks: 

.6-degree-of-freedom (6-DOF) launch vehie1e 
simulation. 

• Digital command system simulation (ground data 
link). 

• FORTRAN equation and logic model execution 
of the flight program. 

• Data reduction and analysis. 

Figure 7 presents an overview of the major applli­
cation software components required for the real-time 
phase and their interrelationships. The operator, 
seated at the display control unit, communicates with 
the system through preformatted tutorial displays. 
Three data sets are used as an input interface betwe4Bn 
the display unit and the real-time application software. 
The flight and vehicle specifications data set is used to 
structure the vehi·cle and flight program skeletons to 
any of the many missions under development. Th,is 
data set is defined and generated during the initiali­
zation phase. The two remaining data sets (vehide 
perturbation and data reduction analysis and control) 
are accessible both during the initialization and real­
time simulation phases. The vehicle perturbation 
functions allow the operator to specify various vehiele 
anomalies such as thrust perturbations, command 
receiver failures, staging or event failures, inertial 
platform failures, etc., in addition to the start time and 
duration for each. The appropriate control information 
is ordered by time of occurrence and recorded in a 

Figure 7-Application soft.ware functional flow-­
Real-time phase 



vehicle sequencing queue until the specified activation 
time. A similar procedure is followed in the creation 
of the data reduction analysis and control data set. 

The FORTRAN flight prog~am model is an engi­
neering representation of the flight program. It serves 
as an additional reference to measure and evaluate 
actual flight software performance. 

The real-time data buffer receives data from the 
FORTRAN flight program model and the 6-DOF 
vehicle simulator as well as telemetry data from the 
flight hardware. This entire set of data is recorded on 
tape for the post-flight data reduction phase. Data 
selected for real-time observation is organized, for­
matted and recorded on the disk. This particular data 
is acce;sible at any time upon request from the display 
console as either tabular data or graphic plots. Such 
displays may be generated from historical data be­
ginning at some particular point in the past and carried 
up through the current values, or it may start with 
current values. In both cases, the display is continually 
updated from the real-time data buffer. In addition, 
the real-time tabular data may be permanently re­
corded on the printer. 

The 6-DOF simulator consists of both rotational 
and translational dynamics as well as a simulation of 
the vehicle subsystems involved in vehicular control, 
such as sequencing, digital command system, etc. This 
simulator may be driven by either the actual flight 
hardware or the FORTRAN flight program model. In 
turn, the 6-DOF simulator supplies inputs to both 
the flight hardware and the FORTRAN flight program 
model. 

Each of these real-time application .programs is 
assigned a relative priority and an absolute priority 
level. Figure 8 shows groups of application programs 
and their priority interrupt level assignments used in 
this system at the present time. In general, high pri­
ority levels have short execution times. These routines 
respond to discrete external events or internal keying 
by the interval timer. Routines with longer execution 
times are on lower priority levels. Among these routines 
are real-time reduction and graphic support. The pri­
ority level assignments, both hardware and software 
activated, can be changed easily to optimize system 
performance. 

The requirements of the real-time application 
programs guided the design of the program scheduler 
in CCS. As a result, the priority scheduler provides 
the real-time application programs with a highly 
flexible operating environment, making the following 
system attributes possible: First, the System/360 
Model 44 and the Flight Computer operate asynchro-
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Figure 8-Functional groupings of priority interrupt 
line assignments (0-31) in real-time phase 

nously with respect to one another. This condition 
relieves the system of several constraints in its operating 
environment, which, if present, tend to constrict the 
system. Second, the application programs are very 
responsive to the information supplied from the inter­
face unit via the priority interrupt feature. There are 
six high priority levels of the thirty-two w~ich a~e 
assigned to signals from the interface umt. ThIS 
structure permits immediate response to Flight Com­
puter conditions in the Model 44, by interru?ting 
programs operating on a lower priorIty level. Th~rd: a 
related function to point two is that the low prIOrIty 
operations (such as servicing display unit operations) 
execute on a noninterference basis with the time 
critical functions on higher priority level assignments. 
Fourth, with respect to time-slicing, it is a self-ad­
justing system. This means that programs o~ lower 
priority levels will automatically give up tIme to 
programs operating on higher levels. For example, the 
solution rate on vehicle navigation can be changed by 
simply altering one constant, which will result in the 
self-adjustment of the system to the new solution 
rate. 

User/system interaction 

With reference to user/system interaction, the system 
may be said to have two primary objectives: to ~ro­
vide a more detailed and complete checkout of flIght 
programs, and to ease the burden and reduce the time 
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------------------~------------------------------------------
required of a flight programmer to checkout a flight 
program. To meet these objectives, the following 
system criteria were established: 

1. Minimal knowledge of the central processor 
required of system users. 

2. Minimum number of people required to run a 
simulation. 

3. Centralized operator control stations. 
4. Maximum influence on the flight program by 

the user. 
5. Minimum time required t~ setup runs. 
6. Entire simulations run by nontechnical oper­

ators. 

In order to satisfy these criteria, system start-up 
procedures were automated, peripheral device manage­
ment routines were written (to allow tapes and disks 
to be remounted on arbitrary :drives), direct access 
storage was fully utilized, program overlay was used 
extensively, and all operator control (after initial setup) 
was centralized at the display unit. 

The graphic display software provides the interface 
between the application programs and the IBM 2250 
Display Unit through which the user communicates 
with the system. Through this 'software, the display 
console operator is in complete: control of the flight 
program and has a very wide range of capabilities in 
initializing, controlling, monitoring, and analyzing the 
flight program performance. 

The display program that provides this interface 
operates in a real-time enviropment. Therefore, to 
reduce the core and time req~irement necessary to 
create each individual display, all displays are prefor­
matted by an off-line graphic program. (See Figure 9.) 
This program receives card images of the text and 
control information associated with each display and 
creates a 'book' of displays. This display book resides 
on a disk cartridge and is divided into one index and 
as many chapters as there are displays. Each display 
text is in an 'expanded' format containing embedded 
graphic orders and in a format l'eady for transmission 
to the display unit buffer. It requires no editing, scan­
ning, or unpacking in real time. 'rhe keyboard and light 
pen pages provide control information needed by the 
real-time display control program to respond to oper­
ator keyboard and light pen inputs. For each chapter 
created by the off-line program, there is a corresponding 
entry in the index. Each index entry contains the name 
and disk address of its corresponding chapter. 

During system initialization, the real-time display 
control program reads the index into core and retrieves 
the system initial display from the display book. The 

Off-line Or~J Graphic Listing 
Display Of All 
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Figure 9-Display book generation and organization 

initialize phase of the real-time display software is 
complete when the initial options are displayed. Light 
pen or keyboard inputs from the display console oper­
ator are required to initiate the display of new texts. 

The display device routine services the light pen a.nd 
keyboard I/O interrupts and schedules the display 
control program on the timer queue for immediate 
execution on a predetermined priority interrupt level. 
When display control gets control on its priority in1Ger­
rupt level, the type of action taken by the operator is 
examined. The light pen page and the keyboard page of 

I 

the current display chapter define all legal light pen 
inputs and keyboard entries. 

The display control program displays the proper text 
in response to the operator's light pen actions, vali­
dates keyboard inputs, and passes control information 
specified in the keyboard or light pen page. Response 
to the user's inputs appears to be instantaneous to the 
operator (500 milliseconds maximum). When a longer 
time is needed to process the operator's request, the 
program to perform the operation is scheduled to oper­
ate on another priority level and normal display pro­
cessing continues. The operator may initiate several 
tasks to be performed simultaneously. 

On a light pen detect, the light pen page of th,a current 
display chapter is examined for a possible N;EXT 
PROGRAM. If one is specified, control is passed to it 
and the NEXT DISPLAY is presented when the 
program returns control to 'display control. ""hen the 



NEXT PROGRAlVI is omitted from the light pen page, 
the NEXT DISPLAY is presented immediately and 
the display control program priority level is freed for 
additional operator inputs. 

Display control makes legality checks on all key­
board input against the legal data in the keyboard page 
of the display chapter and passes the data to the des­
ignated program. When it is necessary to input a 
large amount of data through the display compose 
fields, or when many displays and light pen actions are 
required to initiate a procedure, the light pen options 
and keyboard entries may be predefined on cards or 
disk. The display software can initiate one option 
after another and each time return to the predefined 
option set for another option rather than waiting on 
the console operator for further action. This; speeds 
the setup for procedures done repetitively and greatly 
reduces the possibility of operator errors. 

The real-time display control program accepts inputs 
from the display console operator and also from the 
application programs. While there can be many appli­
cation programs providing input during a small interval 
of time, there can b~ only one display being presented to 
the operator. The inputs affecting future or past dis­
plays are entered in a queue and may be viewed by the 
operator by use of the function keyboard. 

Display 
Light Pen Software 
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Light Pen Detect 
L---PI Processor 

Figure Io-Display control interface 
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An application program on any priority interrupt 
level may use the display system to communicate with 
the user through previously defined input areas in 
the display text. These input areas may be defined 
by the user to suit his needs and to present his input 
data in an easy-to-read format. For example, if the 
input areas in a display are defined in a column format, 
the programmer's data will automatically be presented 
in a column format when the input areas are filled. 

Figure 10 illustrates the display control interface 
with the display unit. The control information pages of 
a display chapter will remain in memory as long as 
the display text is being presented to the operator. 
When the operator uses the light pen or keyboard, 
display control will use these pages to determine the 
NEXT PROGRAM and NEXT DISPLAY. When the 
chapter for the next display is retrieved from the 
display book, the text page processor merges the display 
text with any application program data to be displayed 
and transfers the combined text and data to the dis­
play buffer. The new light pen and keyboard pages 
will remain in memory to identify the next operator 
action. 

A function key. must be lit by the function key pro­
cessor before the key becomes active. An application 
program can direct display control to activate a function 
key and present a given control display when the oper­
ator uses the key. 

As the user views the system, the heart is the dis­
play system. The programmed book of tutorial displays 
is provided to give him complete control over the 
Flight Computer, the interface, and the simulation 
itself. The book along with the use of the light pen 
and the display keyboard leads the user through the 
functions of powering up the Flight Computer and 
Data Adapter, loading and accessing the Flight Com­
puter memory and registers, setting up and executing 
the simulation, and post~processing simulation data. 
Each user option is carefully spelled out, and all user 
input is verified before it is accepted by the system. 
Should error conditions occur (due to incorrect input, 
hardware failure, or flight program failure), error mes­
sages are presented to the user with instructions as 
to the recovery action. 

A complete history of user actions at the display 
unit is logged on the console typewriter for later refer­
ence. 

Figures 11 and 12 demonstrate user activity at the 
graphic display terminal. By using the light pen, the 
user is able to travel through the display structure 
illustrated in Figure 11. Figure 12 depicts photographs 
of the displays represented by the structure of Figure 11. 
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Figure 12 shows the top level display (DMOO). When 
the light pen is applied to the key~ for path 1, it leads 
to a display, DM33DA (Figure 12e), calling for infor­
mation to be entered frQm the keyboard. The keyboard 
entry or compose field is defined \?y the legend on the 
display. Path 2 shows how the same path may be 
entered from the execute flight :simulation display, 
real-time phase. 

Along with the capability to setup and execute 
complete runs through the display system, the user 
has the ability to monitor the execution and take re­
start dumps. These, too, are cont~olled from the dis­
play console. A request may be: made to printout 
specific quantities on the printer as: they are calculated 
in either the Flight Computer or t~e central processor. 
At the same time he may request vatious status displays, 
tabular displays, or data plots to: appear on the dis­
play unit. Should an irregularity be detected, the oper­
ator has the ability to pause the! simulation, process 
all the data acquired thus far, arid make changes or 
corrections. He then has the option to continue the 
simulation; restart the simulation from various points 
where restart information is available, or terminate 
the run entirely. 

Because of the complexity of ~he flight programs, 
the flexibility of the facilities of the Laboratory, and 
the desire to ease the burden of job setup as much as 
possible, a scheme has been implemented to sequence 
automatically from start to finish. The sequencing and 
input information can be saved on cards or in data sets 
on direct access storage. Through tqe use of this scheme, 
it is possible for a flight programm~r to setup complex 
runs and submit the job for runn~ng by an operator. 

All the pertinent information flowing through the 
real-time data buffer is collected and saved on tape 
(the 'Post-Processor tape') for later analysis. If the 
flight programmer has requested SNAPS and TRACES 
of actual Flight Computer memory locations during 
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Figure 12-Tutorial cfuplays 
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instruction execution, this information is saved on the 
Post-Processor tape. The Post-Processor tape may be 
processed immediately or at a later date. 

When processing the tape, the user has several options 
available to him -through use of the:display system. He 
may selectively dump any data on the tape and request 
that the data be cOllverted to decimal form in specified 
units prior to printing. He may have his data printed 
in a tabular form or he may plot data on the display 
unit. Special calculations may be performed on some 
of the data and the results printed or displayed. He 
may print or plot errors between various quantities to 
verify that the flight program results agree with the 
6-DOF simulator. 

CONCLUSION 

The problem of designing an on-line software check­
out facility and ensuring that the programmer/engineer 
has the capabilties he requires is a complex task. 
The techniques of simulation, the selection of equip­
ment, and the methods employed for man-computer 
and computer-computer interface i must be carefully 
weighed. The requirement for pin-point accuracy in the 
Laboratory resulted in a real-time multiprogrammed 
system which is proving an invaluable tool for assisting 
in the development and checkout of the flight programs. 
It has made possible the development of flight soft­
ware which can be relied upon to a much greater extent 
than before and has reduced the amount of time 
necessary to produce it. In effect, the Laboratory pro­
vides the necessary aids toward producing successfu I 
flight software. 

Some of the software concepts employed in the 
Laboratory may certainly be applied in related areas of 
simulation technology. The operating system and dis,­
play support software have direct conceptual appli-
cation in airborne and space vehicle simulators. ' 
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A hybrid frequency response techniqu.e 
and its application to aircraft Hight Huttel­
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INTRODUCTION 

Large aircraft, such as the Lockheed C-5A, can be 
forced to resonate on the ground in a large number of 
closely coupled vibration modes which involve the 
combined motion of lifting and control surfaces, 
fuselage and engines. During flight, atmospheric 
disturbances can also excite these vibrational res­
onances, though, under normal conditions, they are 
damped to a safe level because the airstream is able 
to extract energy from the vibrating structure. How­
ever, there exists the aeroelastic phenomenon called 
flutter1-under certain conditions the structure is 
able to extract energy from the airstream and the 
amplitude of a resonance can very rapidly increase 
to a destructive level. Clearly, the damping of all 
resonances must remain positive throughout a wide 
range of flight conditions. This is verified by flight 
Hutter test programs during which aircraft are proven 
safe at an airspeed and altitude before proceeding to 
a higher airspeed. In one method of flutter testing of 
large aircraft, the resonant modes are excited during 
flight by oscillatory forces from aerodynamic vanes.2 

A frequency sweep technique is used; the frequency 
of the oscillatory forces is varied continuously from 
about 1 to 30 Hz. Accelerometers or other transducers 

not be overemphasized. Data should be gathered in 
as short a time as possible in order to relieve the prob­
lems of high speed, low altitude testing. Furthermore, 
the analysis should be completed very quickly to 
minimize non-productive flight time. A successful 
data reduction system reduces the time-consuming 
process of record analysis and increases the time a vaila­
ble for engineering interpretations and decisions. This 
has been achieved by using the Lockheed-Georgia 
Company's hybrid computing system, consisting of 
four Ci 5000 analog computers interfaced with a CDC 
6400 digital computer, and a new rapid. frequency 
response analysis technique. 

Theory of flight ftu.Uer testing 

The most powerful techniques for system stability 
analysis have evolved from the study of sets of simul­
taneous ordinary differential equations.3 As a result, 
flutter testing is based on the assumption that the 
aircraft in flight can be represented as a linear lumped 
parameter system described by the equations: 

al1(p)xI + aI2(p)x2 + .... + a1k(p)xk = fl(t) 
a21(p)xI + a22(p)x2 + .... + a2k(p)xk t = f2(t) 
...................................... " . 

indicate the response at various locations on the air- akl(p)xl + ak2(p)x2 + .... + akk(p)xk = fk(t) 
craft. After an excitation sweep, the frequencies and 
measures of damping of the resonances are determined, Xk are the coordinates of the system, fk(t) are the 
anq a decision is made about the safety of a higher exciting forces and ait(p) are quadratic functions of the 
airspeed. operator p = d/ dt. Because linear systems obey the 

The importance of time in a flight flutter test can- superposition principle, one can, without loss of 

801 
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generality, excite an aircraft at a s~ngle point; Thus all 
inputs, except fi(t) can be made ze~o. Using the Laplace 
transform, transfer functions can be formed between 
the f. and Xii having the general form 

where s is the transform variable. 
Although N(s) may change for several input-output 

combinations, the denominator polynomial D(s), is 
the same. D(s) = 0 is the characteristic equation of 
the system and the location of its roots, s= (J + jw, in 
the complex plane defines the stability of the system. 
Each structural resonance corresJ;onds to a conjugate 
pair of roots. A flight flutter testing technique that 
is used involves excitation of the aircraft by a sinusoidal 
force input which is swept slowly from about 1 to 
30 Hz. By measuring the frequency response (both 
amplitude and phase) of each transqucer signal Xi to 
the exciting force fi' and by applying the frequently 
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used' technique of Kennedy and Pancu,4 (J and w can 
be found for all lowly damped resonances. The technique 
of Kennedy and Pancu is based on a relationship be­
tween the damping and the rate of change of phase 
with frequency (of Xi relative to f i ) as the frlequenlCY 
sweeps through a resonance. The variations olr (J and w 
with airspeed and Mach number show the stability 
trends of the aircraft. For lowly damped resonances, 
(J~-rw, where r is the familiar damping rati03 and 
w can be taken as the circular frequency at amplitude 
resonance. In this paper the emphasis will be not on 
the theory of flight flutter testing, but on the hybrid 
technique for measuring the frequency response of 
the transducer signals Xi to thl) exciting force f i. 

The hybrid frequency response system 

The new data reduction system for the C-fiiA flig;ht 
flutter test is shown in Figure 1. Twenty of the d2~ta 
signals, which are telemetered from the aircra~t to 
the ground receiving station, are further trans~ntted 
in mUltiplexed frequency modulated form VIa ,15 
KHz lines to the hybrid computing area two miles 
away. Discriminators restore the twenty signals to 

--~-------------------------------------~~ o ___ 

Figure 3-Typical data signal and the computer 
generated envelopes 



analog form and nine of these are selected for further 
prE>cessing. The first operation is bandpass filtering. 
In each of nine heterodyne-type tracking filters, the 
center frequency of the 2 Hz passband is continuously 
tuned to track the excitation frequency sweep. The 
outputs from the tracking filters oscillate about zero 
volts and are available in real-time at one of the four 
Ci 5000 analog computers. These filter outputs be­
come the data signals for input to the hybrid computer 
and· are quite clean sinusoids with slowly varying 
frequency (Figures 2 and 3). The one excitation signal 
exhibits approximately constant amplitude but the 
eight response signals exhibit maxima at the aircraft 
structural resonances. 

Data compression 

The next operation is the storing, in real-time in the 
central memory of the CDC 6400 digital computer, the 
times at which all zero-crossings occur, and the r:eak 
amplitudes of all cycles. The time of a positive- ~oing 
zero-crossing, such as ts in Figure 2 is stored with the 
amplitude ~ of the previous positive peak. A negative­
going zero-crossing time such as t4 is stored with the 
amplitude as of the previous negative peak. This data 
compression is possible since the outputs of the tracking 
filters are quite clean sinusoids and more frequent 
sampling would yield redundant data. If needed for 
other applications, further data compression could 
be achieved by discarding some amplitudes and zero­
crossing times during parts of the frequency sweep 
which contain no structural resonances. The neces­
sary real-time digital computing could be perf L>rmed 
if the central processor time allocated to the program 
is greater than the ten percent presently used. 

The envelope detection circuit 

The peak amplitudes are generated by applying each 
data signal to one of the nine envelope detection cir­
cuits (Figure 4). Each circuit consists of two nearly 
identical circuits; one for the positive side and one 
for the negative side of the data signal. Amplifiers A, 
B, C, D and E in Figure 4 form a positive envelope 
circuit utilizing two mode-controlled integrators (D 
and E) as a track/hold pair, and a first order loop 
(A, B and C) as a maximum-value circuit. Since the 
amplifier A represents a perfect diode, the loop acts 
like a high-gain lag when the input is greater than the 
output of B and the "diode" A is forward biased. When 
the input falls below the output of B, the "diode" 
becomes reverse biased and B is forced to hold at its 
last value. 

As long as the input is positive, comparator output 
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INPUT 

Figure 4-The envelope detection circuit 

U is true, B is in the compute mode, D is tracking B, 
and E is holding the previous peak. As the input goes 
negative, U goes false, B resets to zero, preparing the 
maximum-value circuit for the next positive signal, 
D holds the last voltage from B, and E tracks the new 
peak from D. Thus, with the positive envelope on E 
updating on each negative-going zero-crossing of the 
input, the envelope has staircase-like discontinuities 
as shown in Figure 2, though it is smoother in practice 
when more slowly varying frequencies are used. Figure 
3 is a segment of typical aircraft data. The second 
half of each circuit generates the negative envelope 
in a similar manner (Figure 2). All of these envelope 
voltages are input continuously to analog-to-digital 
converters. A practical upper frequency limit to the 
circuit, using the gains in Figure 4, is 120 Hz. With 
other gains the useful frequency range could be shifted 
so that the upper frequency limit is approximately 
2000Hz. 

The hybrid interface and data storage 

Each analog console, with its associated interface, 
contains 32 channels of analog-to-digital conversion. 
During real-time, when the hybrid system is sensitive 
to interrupts and peripheral processor patterns (pre­
compiled I/O programs stored within and executed 
by one of the CDC 64.0~_ peripheral processors), it is 
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------------------------------------------------------------------------------------~------
possible to transfer nine data words from the sample­
and-hold amplifiers, via the analog;..to-digital converters, 
to central memory in less than 300 microseconds. 

The actual mechansim of data storage is initiated 
by leading edge I/O interrupts which cause the pre­
viously defined patterns (programs) in the peripheral 
processor to transfer the data to a temporary buffer 
in central memory. No central processor time is re­
quired for this operation. Upon completion of I/O, 
the central processor takes the data from the temporary 
buffer and packs it in an array with four data words 
per central memory word. Here it is stored until the 
frequency sweep is completed and the post real-time 
processing is begun. The leading edge I/O interrupt 
is activated asynchronously by a positive-going zero­
crossing of one of the data channels. This causes the 
instantaneous digital value of the corresponding posi­
tive envelope (fro'm the analog-to-digital converter) 
to be stored together with the time at which the zero­
crossing occurs. Similarly, negative-going zero-crossings 
set interrupts which initiate the storage of negative­
going zero-crossing times and corresponding negative 
envelope amplitudes. 

During the real-time phase, when timing is most 
criticalJ the requirements on the central processor 
are reduced to that of transferring and packing data 
within central memory. This requires approximately 
ten percent of the central processor for nine channels 
at signal frequencies of 30 Hz. Thus the central processor 
is readily available to service other hybrid programs or 
batch digital programs as required. 

Using central memory only, data for up to 32,000 
signal cycles can be stored. It might be possible to 
increase this number greatly by using the disk file 
or magnetic tape. However, the Lockheed-Georgia 
Company's hybrid computing facility is a time-shared 
system and it was necessary to program this problem 
for time-sharing compatibility. The system contains 
a CDC 6638 disk and four CDC 607 tape drives, and 
is strongly file oriented, using the disk for intermediate 
file storage during input and output. In a time-critical 
problem such as flight flutter testing, the disk might 
not be available for mass data storage, since it can be 
in use on a non-interruptable channel for several 
seconds under certain I/O conditions. When real-time 
mass data storage is required, the 607 tape drives are 
generally used. These drives can be assigned to a 
specific problem and can normally be accessed within 
500 milliseconds. However, it is necessary to use a 
central memory buffer capable of storing approximately 
one second duration of data. 

If the restrictions of time-sharing are removed and 
if the system can be dedicated to flutter testing, the 

disk, as well as the tapes, becomes available for real­
time data storage. The size of the program eould be 
increased even further by using mUltiple analog con­
soles and interfaces to achieve parallel data conversion 
and transmission. 

The hybrid time measurement ciN!uit 

A problem arose in the accurate measurement (within 
ten microseconds) of the time intervals between the 
interrupts on as many as nine channels. 

The problem was complicated by the possibility 
of virtually simultaneous zero-crossings. Although 
the digital computer includes a Precision Interval 
Generator, which downcounts at a rate of 500 KHz, 
the attempts to use it for accurate timing of events, 
external to the digital computer, were unsuccessful. 
This was mainly because of the difficulty of handling 
simultaneous interrupts and the effect of data-link 
delays (including software delays and delays, which 
could be of the order of a millisecond, arising when 
the computer must finish u. previously initiated or 
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higher priority task before attending to the next). 
These difficulties were avoided by developing a new 

hybrid technique to take advantage of the sample/ 
hold feature of the analog-to-digital converters (ADC). 
This time measurement circuit is described with refer­
ence to Figure 5. The basis is the generation of a time­
synchronized voltage waveform which represents the 
fine count and is fed into one ADC for each of the 
data channels to be monitored. The waveform selected 
is a 0-100-0 volt triangular wave with a 20 milli­
second period. It is generated by two complementary 
integrators controlled by the analog clock which counts 
down frequencies from a mega-Hertz crystal oscillator. 
Because one integrator is always in reset while the 
other is integrating, the synchronization of the output 
at zero volts is assured at the beginning of each new 
cycle. 

By connecting e~.'ch holding register (which goes 
true when an interrupt is set and remains true until 
the central processor begins action on the interrupt) 
to the sample/hold controller of the corresponding 
ADC, this fine count voltage can be held until the 
digital computer can read it. The coarse count is 
purely digital and is incremented at the beginning of 
each cycle by a subroutine which is called from the 
highest priority interrupt. A logical signal is required 
if the coarse count is incremented during the time 
between holding and reading an ADC. This signal 
is obtained by "ANDing" the holding registers of 
the coarse count and the zero-crossing interrupts. By 
using this signal to set a flip-flop which feeds a discrete 
control line, and by reading this line at the same time 
as the digital computer' reads the ADC, the coarse 
count portion of the stored time may be decremented 
if necessary. 

The triangular wave is an easily synchronized signal 
with no discontinuities. For timing purposes, 'however, 
it is necessary to know whether the wave is ramping 
up or down at the time of reading. This is achieved by 
using, for each channel, a flip-flop tied into a discrete 
line; The flop-flop normally tracks the analog clock, 
but maintains the present state when the holding 
register indicates that the interrupt is in progress. 
A zero-crossing then triggers an interrupt which simul­
taneously initiates the digital computer, holds the 
ADC and the ramp up/down flip-flop, and actuates the 
gate of the coarse count warning flip-flop. After recog­
nizing the interrupt, the digital computer simply reads 
the ADC and the two discrete lines and stores their 
values together with the coarse count. Further action 
may be postponed until the post-real-time phase. 

With a ten volt per millisecond excursion of the 
analog triangular wave, the ADC's are able to resolve 
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TABLE I-Successive zero crossing times for five 
channels interrupted simultaneously at 5 
Hz. 

.969989 .969990 .96998~ .96~98~ .969991 
1.169992 1.169993 1.169992 1.169995 1.169993 
1.369cM8 1.369989 1.369988 I.J6998d 1.369989 
i;-5'6Q~iH 1.569988 1.569987 1.569987 1.569988 
1.769992 1.769993 1.769992 1.7b99~l 1.769'194 
1.969989 1.9f)9990 1.9f)9989 1.9b9989 1.969991 
2.169989 2.169989 2.169989 2. 169'1t19 2.169989 
2.369992 2.3f)9992 2.369991 2.369991 2.369'1'112 
2.1';69991 2.569992 2.569991 2.56Ci991 2.569992 
";769987 2.7f)'I9~7 2.76991:11. 2.769987 2.76991:19 
~.9699cH 2.96999;:? 2.969990 2.969990 2.969992 
1.169991 3.169991 3.1"9991 3.169991 3.169992 
3.J699A6 3.369987 3.3699d7 3.369987 3.369989 
~.5699a9 3.569991 3.';69991 3.569'189 3.569991 
3.769991 3.769992 3.7699cH 3.76'1991 3.769'119~ 
'j";()6Q9M 3.9699A9 3.9699~B J.96'1"'8d 3.96991'19 
4.1699149 4.169989 4.1"9989 4.169989 4.169991 
•• 369994 4.369994 4.369994 4.369993 4.369995 
4.569989 .... 5"991'19 4.5699813 4.56"'98'11 4.56'11991 
4.769989 4.769989 4.769989 4.1699a~ 4.769990 
4.969992 4.9699~2 4.969993 4.96'199l 4.969994 
~.1699H9 5.1(999) 5.16998'11 5.169990 5.169'i92 
5.369988 5.369989 5.369988 5.369987 5.369989' 
5.569991 S.569<N2 5.569991 5.56'119'111 5.569992 
".769991 ~.7699ql 5.769991 5.769990 5.769991 
5.969987 5.969987 5.969986 5.969986 5.969988 
6.169<:190 6.169991 6.169991 6.169990 6.169991 
1,.3'69991 6.)f)~942 b.369991 6.369991 6.369992 
6.S6998A 6.569"'~8 6.569988 6.~69"'87 6.Sft99B9 
tI.71,99R9 6.7699':10 6.76"'990 6.709'11t19 6.7699"'1 
t..96999? 6.9699q2 b.9f1"'~91 6.969991 6."'69993 
7.169989 7.1699H9 7.169989 7.169989 7.169989 
7.369989 7.369990 7.369989 7.36998'1 7.369991 
"-; .569994 7.~69994 7.5f19993 7.569'1'1 .. 7.569995 
7.769989 7.7699~n 7.7699119 7.709989 7.769991 
7.96~9R9 7.q699M9 7.96998'1 7.969988 7.9699a9 
8.1"9997- tI.169992 8.169'191 8.1MI991 8.169'1193 
8.369990 1;1.369991 8.3699cH 8.3699911 8.3699'11 
A.C;6q9~1l 0.56991-19 8.!:i"996~ 8.~6'198d 8.5699d9 
"'.71'\9991 8.71>9941 8.769991 8.76'>1991 8.769'1192 

the voltages within 0.1 volts. This is equivalent to a 
timing accuracy of ten microseconds. Better accuracy 
could be achieved by balancing the integrators and 
the ADC's for off-set and drift. Typical results from 
a system without special balancing are presented in 
Tables I and II. Identical channels were interrupted 
simultaneously by an analog clock. Table I contains 
interrupt times (zero-crossing times) for successive 
interrupts at 5 Hz while Table II contains similar re­
sults for interrupts at 10Q Hz. The times of simul­
taneous events on all channels differ by no more than 
three microseconds. Also the periods between succes· 
sive interrupts on anyone channel differ by no more 
than three microseconds. At zero-crossing frequencies 
as high as 100 Hz, the nine channels of the flight 
flutter program can be sampled with this same accuracy. 
It is possible to read all 32 ADC channels at each a?a­
log console within one millisecond so that, at ~ s~mplmg 
rate of 100 Hz, each interface channel IS Idle 90 
percent of the time. Thus the data frequency or the 
number of channels could be increased significantly 
withou t loss of accuracy. 

Post real-time processing 

With a maximum lag of only a few cycles after 
occurrences on the aircraft? a digital description of 
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TABLE II-Successive zero crossing times for five 
channels interrupted simultaneously at 
100 Hz. 

cmIDre. L 1 

.11Q99Z 

.18Q994 

.19Q992 

.20Q994 

.21Q992 

.229994 

.?399q 3 

.2.Q-.}9 .. 

.25Q99 3 

.1.bqY9.., 

.21Q!,J~3 

.2AQq9. 

.?'194 <.n 
• :H\9'1'~4 
.'31Q'Nl 
.32Q-J'I4 
.31Q'N? 
• :~4q94" 
.~.,q44J 

.30'Hq" 
• :'Hq'N3 
• 1RQ'I44 
• 19Q'~9-1 
.40'1'144 
.41'1997 
.4299'14 
.43QY Q 3 
.44'1":/'14 
... 'iQ~'O 

• 4'l4-JY4 
.47Q99:' 
.4AQ!,J44 
.4QQ'I4 '3 
.tlOqQ'J4 
.<;144<») 
• "2YY'~" 
.r.;~oCNj 

.54Q'J9'-> 

.r:.,c..,Q44'> 

.C;f,09-.}'' 

ZEROCKOSSING TIMES IN SECONDS 

CH"NNEL 2 

.119992 

.IR9944 
• 191i991 
.209994 
.219942 
.2299'~4 

.234 917. 

.2499'14 

.7511942 

.2"'19'~4 

.~7~9'1~ 

.21'11i944 

.24~947 

.3(\':199 • 

.H'N4? 

.37.9944 

.33"'94\ 
.34<:1'14. 
.1.,1i9'·,. 
.3649'14 
._H'19'1\ 
.3R99 ... 
.lq99l.Jt 
,,,(I"'94~ 

.4149<:'0 

.4?1.J91.J. 

.43.,,441 

.44<19<.14 

.4",,9 Q4 1 

.4h."Q-';" • 

• 4 7"'9'~ 1 
• '>t~1199~ 
.4449"11 
.'i()9944 
.:, 1 'JQ .. l 
.'i?1.J94/+ 
• "d99<.1? 
.... 4"J944 
.'J~"'94t' 
• "t)-il9 Y4 

CHANNEL 3 

.11999l 

.189994 

.199992 

.209994 

.219992 

.729994 

.1'39992-

.2.9994 

.2C,994;.! 

.209994 
• 27991.Jt! 
.?A9994 
."99992 
.109994 
• 319992 
.329994 
• 'i399~2 
.149Q94 
• i5999] 
.3t>9994 
.379l}92 
.lR9994 
.3Q99'1t! 
•• 0991.J4 
.4\1i991 
• 479944 
.43999t 
.1049944 
.4,;9991. 
.469994 
.419991. 
.4F199~4 
... q99~Z 
.C;09c)94 
• .,199'.12 
.C;2~9C)4 
.r.;3999(! 
."44944 
• .,599'1 i 
• "t>999 .. 

CHA~NEL 4 

.179993 

.1~9994 

.191i91i1. 

.209994 

.21999J 
• U999':i 
.2J999J 
.249994 
.Z':)9993 
.269'19, 
.27999Z 
.2ij.,,994 
.29"'992 
.-J0999!:1 
.3199q ) 
.329990 
.339992 
.34999& 
.3';)'N9 40 

.J0999& 

.379991. 

.3ij999~ 

.J9994.:! 

.401.J9~" 

.41'1992 

.42999 .. 

... J'i99.:! 

.4 .. 91.J9'3 

.4""'9I.Jt 

.4b'l996 

.471.J9~l 

.41:1~944 

.41i9.,,91. 

.~O.".,,'#:, 

.':>19'193 
• 'il "I 9Cj 4 

- .~3~"I'i3 
,"4~'J"":' 
• .,~1.J9,,*l 
.,b994n 

CHANNEL 0; 

.119991 

.189994 

.199992 

.201i'i94 

.219991 

.l21i99 • 
• .:!39991 
.249994 
.259~9Z 
.20999,) 
.279992 
.2f11i994 
.2999'.11 
.309994 
• 3l9.9~2 
.329994 
• 331i9'o12 
.349'194 
.3S999? 
.3b'i9'i4 
.J19 '192 
.3f1991.J4 
.J99992 
.4099"'4 
.419991 
.4..,99"13 
• 43'i'·N7. 
,"4'~994 
.4"i'l9'1\ 
.4b9'11.J4 
.47'l'J'J? 
.4~49':14 

.4'19941. 

.~099-J4 

.~1~91.J? 

.'2991.J4 

.~]499~ 

.... 4'l1.J4 
• 'j"'i4~] 
.Sb9 9'14 

nine signals can be stored in the CDC 6400. The com­
puter can be ordered to start or stop accepting real­
time data either at the console or by remote switches 
in the flight test monitoring room. After a stop order 

-the stored data is immediately processed. Both signal 
zero-crossing times and amplitUdes undergo conven­
tional digital smoothing. Next an amplitude-versus­
frequency history is generated for all nine signals 
from their peak amplitude values and the time intervals 
between zero-crossings of the excitation signal. A 
phase-versus-frequency history of each response signal, 
relative to the excitation, follows by comparing zero­
crossing times in each response with those in the ex­
citation. Thus the hybrid computer is used as a fre­
quency response (or transfer function) analyzer. By 
searching through the values of the response envelopes, 
it is able to find the resonances, calculate their fre­
quencies, and normalize their amplitudes by the cor­
responding amplitUdes of the excitation. An increase 
with airspeed of the normalized amplitude of a reso­
nance can indicate a decrease in its damping and in 

this way the aircraft stability trends can be followed. 
If the frequency sweep is sufficiently slow and if the 
actual forcing of the aircraft is accurately repl'esent(~d 
by the excitation signal, the computer can use the 
phase information and the technique of Kennedy and 
Pancu4 to separate closely coupled resonances and 
calculate their damping. Because these post n~al-tirce 
operations involve conventional digital programrr.ing, 
details are irrelevant in this presen ta tion . 

Typically, the answers, from eight resr-onse signnls 
and a sweep from 1 to 30 Hz lasting 120 Beconds, 
begin to appear on the line printer approximately 
three seconds after the end of the sweep. For its ver­
satility a facsimile machine is used to transmit copiles 
of the line printer output at eight pages per minute 
to its remote terminal in the flight test monitoring 
room. A remote line printer or display scoI.e could 
quite easily have been used . 

SUlVIMARY 

The hybrid frequency response technique has m2~de­

possible very rapid data reduction during aircraft 
flight flutter testing when time saving is extremely 
important. Previously, such data reduction has been 
performed in post real-time, to a large extent by hand, 
from chart recordings. The savings in aircraft flight 
time, and the increased number of channels VI hich (~an 
be Ltnalyzed, fully justify the use of a large corrr-uter . 
It is worth comparing this hybrid system with other 
systems which were considered. 

A different approach could be based on the 13ampling 
of the data signals at such a high frequency that p"eak 
amplitudes and zero-crossing times could ,be detected 
digitally, in post real-time, by interpolation between 
the samples. W hen the signals are quite clean sinusoids 
of slowly varying frequency, this method leads to much 
redundant data and a large storage requirerrent. 
Furthermore, it was found that the use of nine data 
signals and frequencies up to 30 Hz requires that the 
computer accept a prolonged data input rate far 
greater than its capability. 

Some data compression can be achieved by the use 
of the Fast Fourier Transformli which requires a mini­
mum sampling rate of at least twice the hig;hest fre­
quency of interest.6 Thus, a sweep from 1 to 30 Hz 
with 120 seconds duration requires at least 7,200 
samples per channel. This is approximately twice 
the number taken by the hybrid technique ... On the 
CDC 6400 a Fast Fourier Transform of 8192: samples 
takes approximately sixty seconds per channel using 
software. 'This is prohibitively long for flight flutter 
testing when compared with the three sec:onds for 



nine channels taken by the hybrid technique. A Fast 
Fourier Transform using hardware would be much 
faster but such a unit was not available. Transform 
techniques are more applicable to transient and 
random signals than to slow frequency sweeps. 

Separate commercial frequency response analyzers 
for each data channel could be interfaced with a digital 
computer through analog-to-digital converters but 
it is extremely difficult to justify the purchase of a 
n umber of such units when a very large hybrid com­
puter is available. Certainly a digital computer is 
needed to perform the many logical operations which 
separate the important resonances and discard less 
important ones. To obtain numerical values of 
damping, digital operations appear necessary. The 
hybrid computer has the. additional advantage of 
making possible many convenient forms of system 
control and display to further aid in saving aircraft 
flight time. 

This data reduction system was develoJ:ed for. use 
in a flight flutter test program but it should be adapt­
able to other situations calling for very fast reduction 
of slow frequency sweeps. The present application 
requires only one analog console and about 25 percent 
of the available central memory but it could be ex­
panded to use all four analog consoles and interfaces 
to give a capability for 40 data channels. Of course, 
this would dedicate the system. Some elements, such 
as the hybrid time measurement circuit, could find 
even wider application. 
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