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MAGNETIC RFPRODtX;ER AND PRINTER 

by John C. Sims, Jr. 

Remington Rand Inc., 
Eckert-Mauchly Division. 

The rapid development of business systems durin,g the past few years has at 
the same time called attention to some rather serious limitations in mechanical 
and photographic methods for the production of printed copy. Modern electronic 
computing machines can process data and produce results in tremendous quantity. 
Moreover, the operation of laTge business organizations creates a problem in the 
dissemination of information within themselves that is not always economically 
solved by existing equipment. 

There has accordingly been much interest in new methods of producing printed 
copy, both for the recording of original data created by computing processes and 
for multicopy reproduction of existing data for distribution. The technical 
literature (1) reveals that considerable development work has been done on equip­
ment of this type in the last few years. Devices have been designed for rapidly 
recording tbe results produced by electronic computers. These devices have, for 
the most part, been improvements and extensions of well known mechanical princi­
ples. The inherent speed limitations of mechanisms have generally been overcome 
by utilizing a high degree of parallelism. For example,printing tabulators 
may employ upwards of one hundred independent printing units, each capable of 
printing the entire font of symbols it is desired to record (2). These parallel 
or "gang" printers have utilized relief type mounted on reciprocating bars or 
rotating wheels. Means are then provided to bring the paper and the type into 
engagement when the desired cbaracter is in position in each column. The large 
amount of equipment involved, not only in one hundred or more printing stations, 
but in the devices required for storing information and feeding it to them, re­
results in a bulky and expensive piece of gear. 

The subject 'of this paper is a printing process and equipment which is 
inherently fast enough so that serial printing methods can be used and still per­
mit reasonable speeds to be attained. The process depends on the attraction of 
a magnetic ink to selectively magnetized areas on a printing plate. Setup of 
the printing plate is rapidly accomplished by magnetic recording techniques 
while development and transfer of the recorded image to paper is effected at 
printing press speeds. This process we have generically named "Ferrography," 
a title which has also been used by more independent investigators of the 
art (3). 

The Ferrographic process, like the older printing methods, is fundamentally 
one baving three steps: first, the recording of a magnetic printing plate by 
one of several methods; second, the inking of the plate to develop the latent 
magnetic image; and third, transfer of the developed image to paper or other re­
ceiving surface. The process is thus fundamentally similar not only to the 
Xerographic electrostatic process (4) but to all commonly used printing methods. 
The differences lie in the type of materials employed for the printing plates, 
the methods used for registering images on them and techniques for inking or 
developing the images. Processes generally transfer the image to paper by 
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pressure contact, but some require preprocessing or .postprocessing' of the 
paper. 

The first step in the Ferrographic process is the recording of a latent 
magnetic image on a magnetizable drum or plate. A number of materials have 
been used successfully for Ferrographic plates. These include iron oxide dis­
persions, electrodeposited films of cobalt-nickel alloys and sheets of magnetic 
alloys such as Cunico and Cunife. It is important that the material chosen 
has as high an energy content as is consistent with the definition desired and 
practical recording head design. Strong magnetic im~ges can be readily inked 
while weak ones produce "noisy" prints. 

There are a number of ways in which magnets can be impressed on a magnetiz­
able surface. Perhaps the most commonly used method of recording is called 
longitudinal, in which the magnets are oriented parallel to the motion of the 
recording head. This method is used on sound recorders and on most pulse re­
cording equipment. For recording on Ferrographic plates, however, the magnet 
orientation produced by longitudinal recording is the least suitable. The 
magnets produced on the surface of the plate by a longitudinal head tend to 
produce only outlines of desired images. It will be recalled that the flux 
path or magnetic "ghost" of a bar magnet can be revealed by laying a piece of 
paper over the magnet and then sprinkling iron powder on it as shown in Figure 
1. It will also be remembered that the flux pattern so developed consists of 
heavy agglomerations of powder at the poles of the magnet and progressively 
lighter powder deposits at more remote distances, even along the magnet itself. 

The same phenomenon occur~ on a developed Ferrographic plate. The magnetic 
ink is attracted only to magnetic poles on the plate and not to intermediate 
points as shown in Figure 2a, even though the material at these points is 
magnetized. This means that if a video signal is applied to a longitudinal 
magnetic head which is scanning a plate, then the ink will develop only the 
outline or flux changes of the recorded image. A true picture will be devel­
oped only if the head records a modulated carrier which will apply a series of 
poles to surfaces which must attract ink. The result of recording such a series 
of poles is shown in Figure 2b. 

Two other recording methods exist which do not require such a carrier. 
These methods are commonly called perpendicular and transverse recording. In 
the first method, shown in Figure 3, magnets are recorded which are oriented 
normal to the surface of the plate. In the second, the magnets are in the 
plane of the plate but at right angles to the motion of the recording head. 

The simplest type of perpendicular recording head, as shown in Figure 4a, 
consists only of a pencil shaped bar of soft magnetic material having a coil 
wound on it for the reception of video signals. If the point of such a re­
cording element is brought in pontact with, or slightly spaced away from, a 
Ferrographic plate, then the high flux concentration at the point as a result of 
current flowing in the coil, will mark the plate magnetically. The flux re­
turns through the air to the far end of the bar. This is, of course, an in­
efficient magnetic structure and can be improved by providing an itron return 
path for the flux. The area of the return bar should be large compared to 
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that of the pencil point of the marking bar or the plate will also be marked 
at the flux return point. Such an arrangement is shown in Figure 4b. 

Of course, "a recording head which impresses purely perpendicular magnets, 
or for that matter longitudinal, or transverse, is a theoretical possibility 
only. The magnetic flux lines emanating from a point or developed across a 
gap always fringe out in broad curves which result in magnetic components in 
all three axis. Thus, for example,'perpendicular heads produce some recording 
both transverse and longitudinal. The transverse component becomes larger if 
a return bar is brought down to the surface of the Ferrographic plate and becomes 
the primary component if the return bar is brought to a point and located close 
to the marking bar point. 

Now the important criteria in recording on a Ferrographic plate is t~e 
creation of poles. It will be recalled that longitudinal recording of a video 
signal was unsuitable because of the small number of poles produced. The 
deficiency could only be corrected by modulating a carrier so that enough 
poles would be produced to effectively attract ink to dark areas. Perpendic­
ular recording overcomes this objection by rendering such a surface a large 
pole as a result of the orientation of the magnets produced. Noticeable wash­
out in the center of large areas will still be encountered, however, due not 
only to self demagnetization over the surface of a large pole but also to the 
lack of magnetic gradients on the surface. 

It has been found that transverse recording has none of these shortcomings. 
The magnetic pattern produced in an area which" is recorded to print dark will 
resemble a ploughed field where the head has scanned across it as shown in 
Figure 5. Strong flux lines fringe out from the plate to join the crests and 
valleys of each furrow. The magnetic gradients are sharp and the magnetic re­
turn paths in air are short to give strong external fields. Ink powder is 
attracted strongly to such a surface. No modulated carrier is required for the 
driving signal and thus the circuits required are simpler. 

Several problems exist in the formulation of inks suitable for Ferrographic 
printing. In the first place, the ink must be strongly attracted to the mag­
netized areas of the plate. They must, therefore, have a high initial magnetic 
permeability. The attraction and adherence of the ink depends on its providing 
a better o~ lower energy flux path than air. Almost any magnetic powder satis­
fies this criteria but soft magnetic materials are superior to hard ones from 
the point of view of permeability. 

The ink may be either a liquid or a powder. Successful printing has been 
done with each type. Liquid inks usually consist of unstable colloidal dis~ 
persions of iron powder or_iron oxide powder in a low viscosity fluid. Such 
an ink is a dispersion of 'Fe304 in alcoholor carbon tetraChloride. A Ferro­
graphic plate immersed in such an ink draws the magnetic material from solution 
to adhere to the magnetized portions of the plate. Similar liquid inks can be 
made with soft iron powder of Fe203. In each case the vehicle should be color-
less and have a very low viscosity. High viscosity vehicles do not permit 
sufficient mobility of the magnetic particles and, of course, colored vehicles 
stain the plate. 

The image so developed can be transferred at once while still wet or can be 
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dried before transfer. In the latter case, of course, the vehicle should be 
highly volatile. When wet transfer is made, smearing of the image and loss 
of definition result unless an offset technique is used. 

Dry inks can be made from mixtures of magnetic powders with pigments, dyes 
and fixing resins. These inks can be applied to a spinning Ferrographic cylinder 
to develop an image. One feature which distinguishes Ferrography from other 
printing processes is that, al though inks are attra.cted to selected areas, there 
is no magnetic mechanism to repel them from unselected portions of the plate. 
In Xerography, for example, there is some repulsion as well as attraction of 
charged ink particles. Relief printing plates effectively deny adherence of 
ink in low areas, while Lighography is essentially a negative process, depending 
for its operation entirely on inhibition of ink adherence on wet portions of 
the plate. 

One mechanism which has been used successfully in Ferrography to deny ad­
herence in unselected portions is centrifugal force. This technique works 
satisfactorily with dry powder inks. Cylindrical plates are used and rotated 
rapidly during inking. The ink is poured on the top of the spinning cylinder 
and centrifuges off the unmagnetized portions. In this manner, plates can be 

. inked so that unselected areas are extremely clean. 

After the image has been developed by i!king, it can be transferred to 
paper by pressure contact. If liquid inks are allowed to dry partially, then 
they will transfer to paper on contact without smearing. Similarly, dried 
liquids inks and dry powder inks can be contact transferred to a dampened sheet 
of paper. If this is. done, almost complete transfer of the developed image will 
be accomplished. A pressure sensitive adhesive on the surface of the paper will 
also effectively strip the image. It also serves the function of holding or 
fixing the ink particles to the paper surface. 

Three other methods of fixing the image have been used. The first is to 
include in the ink formula a soluable adhesive resin. The paper is then damp­
ened with its solvent as a stripping agent which also softens the adhesive to 
fix the image. The second method incorporates a thermo-setting resin or wax 
in the ink formula. Application of heat from an infrared lamp after transfer 
then fuses the image to the paper surface. In addition, dyes can be included 
in the ink formulation which are soluable in the solvent and which will mark 
the paper surface to increase the intensity of the print or produce some desired 
color. The iron powder can then be magnetically removed from the paper surface 
so that only the dye pattern remains. . 

The third fixing method is'to spray the paper surface with a fixer such as 
is used on charcoal or pastel drawings. These fixers are usually thin shellacs 
or lacquers. The fixer also imparts to the paper a superior finish or gloss 
and also tends to prevent ink dyes from fading. 

The Ferrographic process has been employed in the design of a duplicating 
machine. This equipment produces Ferrographic duplicates of copy up to ~ 
by 13 inches. The material to be duplicated is facsimile scanned by a photo­
cell while a magnetic head receiving the signals sets up a Ferrographic plate. 
This plate is cylindrical and, after development by a dry powder ink, the 
image is transferred to paper and fixed. 
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The process has also been studied for 
Here two methods of application have merit. 
channel head to receive and record parallel 
of character shapes on a Ferrographic drum. 
transfer from. a type face. 

use in a high-speed-data printer. 
One method employs a multi­

facsimile signals to create images 
The other employs direct magnetic 

Multichannel heads for use in the first process have been produced having 
upward of one hundred channels per inch. Such a head structure is shown in 
Figure 6 and 7. These heads can be fed from a letter 'forming function table 
or switching circuit through an electronic distributor to record character images 
in response to an input in code. Preliminary tests show recording speeds in 
excess of 10,000 characters per second with such a head. Since a single re­
cording element can set up printing plates at these speeds, serial equipment 
becomes practical. This simplifies the design from a logical standpoint and 
reduces the amount of equipment required. The transfer to paper, of course, 
can proceed at printing speeds until the desired number of copies have been 
produced. The plate is then erased and new copy set up on it. 

Direct magnetic transfer from soft iron type faces can also be done serially. 
The type faces can be mounted on one or more rotating wheels which are mounted 
on an axle parallel to the Ferrographic drum axle. A magnetic circuit is 
pulsed when the desired character is '''In position next to the drum to effect 
magnetic image transfer. The use of a plurality of such type wheels has been 
considered, both by the writer and by Berry (3), providing one wheel for each 
column of the copy to be produced. A single type wheel can be operated rapidly 
enough, however, to scan a drum surface at acceptable speeds with simpler cir­
cuitry. 

The Ferrographic process has an economic advantage over many existing print­
ing processes. This advantage is the use of ordinary sheet paper. Special 
stock is not required in most cases and carbon paper is eliminated. The high 
cost of pin-fed multipart forms represents a major part of the cost of operat-
ing tabulating equipment. Such a high speed printer can consume its own cost 
in paper in a year's time. This high cost is the result not of using very high 
grade paper but rather of the high cost of carbon paper, of interleaving it be­
tween the sheets of the form, punching .the tractor holes along the side of the 
form and stapling the sheets together. Since such specially prepared papers are 
not required for Ferrography, a tremendous reduction in the operating cost of 
the equipment can be expected. High speed printing processes employing "tele­
deltos" or other electrosensitive papers are uneconomical for the same reason. 
These papers are very high in area cost and are not generally available.. 

The Ferrographic printing process appears to be superior to Xerography on 
several counts. First, the magnetic plate constitutes a memory for the infor­
mation which is to be printed. The electrostatic charges which govern the 
operat.ing of Xerographic printing a~e destroyed by each printing signal. They 
must, therefore, be restored by re-recording or recharging between printing 
operation. Secondly, the fact that a single recording suffices to produce a 
large number of copies is important from a legal point of view. The legal 
status of the carbon copy is well established. Microscopic examination of an 
~riginal and a carbon copy can confirm' that they were produced simultaneously 
in a printer or typewriter. The same relationship can be established for 
Ferrographic prints produced from the same recording. Supposedly identical 
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recordings of the same subject matter will differ in a mi.croscopic sense due 
to magnetic noise on the plate and to minor defects in the operation of the 
recording process, which only such microscopic examination would reveal. Con­
tinuity of recording reflected in a family of copies can be obtained only by 
commercial printing processes, carbon copies and Ferrographic prints. They 
cannot be obtained by processes which require re-setup of the copy between 
printing operations such as is required in Xerography and facsimile. 

In summary, the new process provides means for rapidly setting up copy on 
a printing plate. The information may be new data received in pulse code from 
a computer or facsimile signals generated by a photo scanner. The resulting 
printing plate can be devel0p.ed and printed rapidly. As many copies as may be 
desired can be produced from a single setup. The plate can then be erased and 
new information recorded. It is believed that the process will be useful for 
tabulators and data printers as well as facsimile duplicators. The process is 
also expected to find application in commercial printing especially where setup 
time is an important economic factor. 
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An Improved Cathode Ray Tube storage System* 

by 

R. Thorensen 

National Bureau of Standards, Los Angeles 

Introduction 

Several years have passed since Williams and Kilburn (1) first described 
their method of storing digital information as charge patterns on the phosphor 
screens of canmon cathode ray tubes. 

Since then many canputers have been built using this fom,of storage. 
Considerable reseC}.rcb.. has been carried out to further the understanding of the 
storage phenomena~ 2,3) and to improve the storage tubes themselves. Yet this 
type of memory is still faced with two rather severe limitations. The first 
one is spot interaction or spillover. Thus it a single spot on the cathode ray 
tube screen is referre,d to repeatedly, the information in adjacent spots may be 
altered. A measure of the storage systems susceptibility to this type of failure 
is the "read-around ratio", or the number of times a single spot may be consulted 
before the adjacent spots have to be regenerated to avoid loss of information. 
Needless to say a low read-around ratio limits considerably the usefulness of a 
storage system. 

The second type or dirficulty encountered is caused by the presence of flaws 
or imperfectiOns on the ,c athode rgy tube screen, of such char acteristics that 
they will not stare information. These imperfections are usually very small even 
when compared with a beam diameter and it is relatively easy to position the 
charge pattern so that none Qf the flaws interacts with any of the storage spots. 
It is however qui te difficult to maintain a high enough long t erm stability to 
insure that the raster of storage spots does not drift onto one of these flaws 
with a resultant loss of information. 

The ability of the electrostatic memor.r tube to retain its information in 
the presence of flaws on the phosphor screen is somewhat dependent on the mode 
of operation of the tube. 

Thus the various systems presently in use (dot~dash, double dot, defocus­
focus, etc.) all show different susceptibility to flaws. As a rule, however, 
those systems which shaw a high resistance to flaws have a low read-around ratio 
and vice versa. Because of this, efforts to improve cathode ray tube storage 
systems have largely been centered on producing improved storage tubes with 
better tocua and deflection characteristics and with storage screens·· free of 
flaws (4) • 

A parallel effort has been carried out at the Institute for Nwnerical 
Analysis to devise a modification of the Williams' principle of storage which 
has .resulted in improv_ents not only in spillover, but also in resistanco to 
flaws. Before describing this new system, however, it is well to review briefly 
the principle of charge storage in the conventional dot-dash system both under 
normal operating conditions and as affected by spillover. 

*The preparation of this paper was sponsored (in part) by the Office or 
Scientific Rese arch, USAF. 
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The Dot-Dash storage System 

Normal operation 

The major components of a cathode ray storage system include the storage 
tube itself with a pick-up electrode in the form of a wire screen added to the 
face of the tube, an amplifier far the restoration of signal levels, and beam 
control am deflection circuits. The pick-up electrode is capacitively coupled 
to the phosphor screen inside the cathode ray tube so that sudden changes in 
charge dist.ribution on, or in the vicinity of, the phosphor result in a tran­
sient voltage signal at the input to the amplifier. 

Consider now how such transient voltage changes may be generated. When an 
electron beam of proper energy is directed at a specific spot on the phosphor 
screen, the area directly under the beam charges positively with respect to its 
immediate surroundings due to emission of secondar.y electrons. 

After a short time interval an equilibrium potential distribution is reached 
someWhat like that shown in Figure 2. Under these conditions the number of 
secondary electrons arriving at the collector each instant ·just equals the number 
of primar,r electrons in the beam. After the charge distribution of Figure 2 has 
been established it will remain intact although the electron beam is turned off 
as the phosphor screen is an excellent insulator. If' the beam is now turned on 
and off repeatedly, a signal like the one in Figure 3 (0) is developed at the input 
to the amplifier. 

The initial negative going portion is due to the appe arance of an electron 
cloud in the viCinity of the pick-up screen when tb3 beam is turned on, and the 
later positive going portion is due to the dissappearance of this electron cloud 
whe n the be am is turned off. No changes take place in the charge pattern on the 
phosphor screen since an equilibrium potential distribution had previous~ been 
established at this spot. The times for the generation and dissappearance of 
the electron cloud are extremely short so that the shape of the output signal is 
largely determined by the transient response of the amplifier. 

Consider next what take s place when the electron be am is turned on and moved 
slowly, say to the right. The new areas which come under direct bombardment of 
the beam, charge rapidly to a positive equilibrium potential, and the positively 
charged areas which are emerging from under the beam will slowly be discharged by­
the capture of' secondary electrons, totlE average potential of. the surroundings. 
Thus the resultant ef'fect is tmt the potential peak at X moves more or less· 
intact to the position Y as shown by the dotted lines in Figure 2. If··the beam 
is again directed to position X and turned on, the equilibri'Wtl potential peak has 
to be re-established. This occurs very rapidly ancl for a while both the peaks at 
X and Y may co-exist. However, as the beam is kept on, the secondary electrons 
from spot X gradually discharge the potential peak at Y down .to the average 
potent·ia;l level of' the surroundings _ The signal developed at tb3 pick-up plate 
during this sequence· of events is shown in Figure 3 (A). The initial going posi­
tive peak is due to the recharging of the spot X to an equilibrium potential and 
the following negative peak due to discharging of' the neighboring positive 
surf aces at Y. The two signals shown in Figures 3 (A) and 3 (0) are those taken 
to represent a binary "one" and a binary "zero" respectively in this storage 
system. When sampled at the time indicated by the short pulse shown in Figure 
3 (B), the "onett signal is positive and the "zero" signal is negative. 
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Effects of Spillover 

With the ideal signals as shown in Figure.3 it is hard to see how a "zero" 
could possibly be misinterpreted as a "one" or vice versa, and normally, of 
course, this does not happen. A difficulty arises however when the electron 
beam is repeatedly referred to a single spot on the cathode ray tube screen. 
Under these conditions the Itdot" or "zero" signals of the adjacent spots are 
progressively altered as shown in Fi~e 4 (A, 13 and C). Actually there exists 
a continuous distribution of signals changing gradually from the ideal signal 
as shown in Figure 4(A) to the highly distorted form of Figure 4(0), depending 
on how often the action spot is referred to before the adjacent spots are 
regenerated. The signal shown in Figure 4(0) resembles a ttdash" or a "one" 
signal very close~ and certainly at the time of the inspection pulse the signal 
is positive. It would therefore be interpreted as a "one" instead 0.£ a "zero" 
and permanently changed to the 11 one1l or • dash" type of a signal. Spillover has 
now take:n place. 

But what causes the "dot" signal to change its shape? The most plausible 
explanation is as follows: The ideal "dot" signal is due to the appearance and 
dissappearance of an electron cloud in the vicinity of the pick-up plate as tm 
beam is turned on and ofr. It is critically dependent on the f...a.ct that the area 
on the phosphor directly under the beam must previous~ have been charged up to 
an equilibrium. potential (Figure 2). It this area has been fully discharged as 
in the case ot tle "dash" signal an initial positive instead of a negative gOing 
voltage is obtained. 

The discharge ot a positive potentiaJ. peak is accomplished by its capture 
of secondary electrons from a nearby source; i.e., an electron beam',is turned on 
in its vicinity. .The emission ot secondary electrons trom any given area however 
is not sharply confined. Some of the electrons go to the collector 1Ihile others 
tend to rain down on the most posi ti vely charged areas in the vicinity of the 
electron be8lll. Surely the density of this rain of secondary electrons must 
decrease as one moves awsy from the beam spot. However, if tm bean is kept on 
long enough tle cumulative eftect of this rain of secondary electrons is suffi­
cient to -at least parti~ discharge the positive potential areas in a neighbor­
hood, spanning perhaps over several storage spats • .. 

r 

It these part:q discharged potential pe aks are those. of stored "dots" or 
. "zeros", a distorted Signal is obtained.· This is because tls "dot- Signal, 
normalq due only to the elB ctron cloud, pow has superimposed upon it an addi­
tional signal due to recharging of the phosphor screen back to its equ.1libri um 
potential. The more severe the discharge of the "dot" equilibrium potential 
peak due to strq secondary electrons, the more s~vere a distortion is . 
encountered until at last- a practical17 fulltledged "dash" signal is obtained 
~as shown in Figure 4(c). 

The ImprQved storage System 

It was shown above that the dot signal is quite vulnerable to distortion 
and that in severe cases this distortion- is such as to make the dot signal 
indistinguishable from a normal dash signal at the time ot an inspection pu.lse. 
In less severe cases discrimination can oDl3 be made by caretUl amplitude 
comparison of the two signals,the normal dash signal then being or larger 
positive anplitude than the distorted do.t. 
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As both the dash and the dot signals can be positive at the time ot an 
inspection pulse, it seems that the initial portion of the signal waveform is 
perhaps not the best characteristic to rely on for discrimination between the 
two signals. Better results might be obtained if one could afford to wait and 

. inspect the signals at some later instant. This delay requires that the electron 
beam is kept on for a longer tDne interval before a decision is reached as to 
whether one has a dot or a dash type ot signal. When the beam tum-on pulse is 
lengthened the dot signal changes its character to that shown in Figure ,(B). 
It still is caused solely by the transient presence at an electron cloud in the 
vicinity of the pick-up plate and as such can properly be interpreted as the 
differentiated waveform otthe beam turn-on pulse itselr. The shape of the dash 
signal on the other hand is only slightly affected and is as shown in Figure 
5(A) ~ 

In the conventional storage systems the inspection pulse canes at time t . 
In the s.rstem proposed here, however, the inspection pulse is moved to the la~ 
time of ~. Discrimination between the dot and tb9 dash signal is on the basis, 
of whetmr the signal at time ~ is zero or positive (dot signal), or exceeds a 
certain minimum negative amplitude (dash signal) • 

For ideal waveforms the maximum amplitude difference between the dot and 
the dash signals is s anewhat greater at time ~ than at t2 so that the proposed 
change may not seem to be much of an improvement. For sign'als distorted by 
spillover however, the reverse certainly is true. Figures 6 and 7 show how the 
dot signal of the modified system is affected by spillover • The two oscillograph 
traces shown in each picture are those of the distorted signal together with an 
undistorted signal shown for comparison. 

As would "be expected the negative peak at tl dissappears and. in the worst 
cases changes to a positive peak which rivals in amplitude the initial positive 
peak of a normal dash signal. The anplitude difference between the distorted 
dot and the normal dash signals has at tb9 time tl shrunk almost to the vanish­
ing pOint. On the othe r hand consider the ampli tude difference at time t2. 
The dot signal is still positive at this time; the dash signal is negative and 
as will be shown later has changed very little. The anplitude difference between 
the two signals :at t2 instead of getting smaller has actually increased. No 
difficulty is therefore encountered in discriminating between the two signals 
even under severe, condi tiona of spillover. 

Figure 8 shows a dash signal affected by spillover. The features which 
make it differ from a nonnal dash are a somewhat larger positive peak and a 
slightly decreased negative peak. The decrease of the aplitude of the negative 
peak is of some concern as it could eventually if severe enough cause a "one" 
signal to be interpreted as a "zero" and thus cause spillover. This amplitude 
'decrease however has been found to be very small and only by purposely defocusing 
the beam, while continuously consulting a single spot could it be made severe 
enough to cause misinterpretation. 

In the conventiortal dot-dash system tre various design parameters have been 
carefully chosen to enhance the gereration of a large initial positive peak for 
tte dash signal. In the modified system, however, this peak is not made use of. 
Some of the design parameters besides the length of the bea~ turn-on pulse have 
therefore been changed to favor the generation of a large negative dash amplitude 
at the time of the inspection pulse (time t 2, Figure 5). In particular the saw-
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tooth or the twitch signal, which is applied to the deflection plates to produce 
the dash display has been shortened from four to approximately one and one-half 
microseconds. In the conventional dot-dash system, the purpose of the sawtooth 
deflection voltage is to cause tm beam to move' slowly away from the dot position 
(position X, Figure 2), and by these means cause t:he potential pe'ak at that point 
to be discharged. This process normally takes about four microseconds. When 
only one microsecond is allowed, those surfaces that come under the beam are 
charged to a positive equilibrium potential as before. However" now tbare is 
time only for but a slight discharge at the -trailing edge of the beam. Hence the 
two potential storage patterns will probably be somewhat of the nature shown in 
Figure 9. Now when the beam is again turned on at position X tbare will be' a 
small ini. tial positive signal peak due to charging of the phosphor surf ace back 
up to equilibrium potential followed by an enhanced negative peak caused by the 
slower discharge of the large shaded positive area of Figure 9. 

Test Results 

Several single cathode ray tube units have been tested in the system just 
described. The snplifiers and gating circuitry used were those presently in use 
on the SWAC with the one ,modification that the Signal output from the amplifier 
was inverted. This was done to facilitate gating of the dash signal which then. 
could be done in the same manner as on the s~andard SWAC system. . 

Among the cathode ray tubes tested were some which had been withdrawn from 
the SWAC memory system because of excessive spillover and some :which were currently 
in use. 

Direct comparison of results of spillover tests indicate that improvenents 
in read-aroum. ratios for poor tubes may range from three to four. On good tubes 
the tests were less conclusive as the maximum read-around ratio obtainable on the 
test set was 256. 

However" under these conditions the modified system always perfonned at 
least as well or better and in no case was a lower read-around ratio obtained on 
this system than on the standard dot-<iash system. 

Flaws 

The second major limitation of a cathode ray tube memory is that or flaws 
as mentioned earlier. - Apparently there exist on the phosphor surface minute 
specks of foreign or damaged material whose secondar,y emission characteristics 
are such as to severely attenuate the initial positive portion of'the conventional 
dash signal. A typical flaw signal is shown in Figure 10. The raster has been 
purposely positioned so as to give ~mum attenuation of the initial positive 
peak and as may be seen fran the photograph it is almost completely missing. 
A "one" could therefore not be stored at this spot in the conventional dot-dash 
system. Figure 11 shows the signal obtained from the same fiaw area when the 
raster was so positioned as to give a minimum amplitude tor the negative peak ·of 
the dash signal. The amplitude of the negative peak has decreased only about 10% 
and the modified system stored perfectly both "zeros" and "ones" at this point. 

Indeed it was found atter testing several flaw areas on several cathode ray 
tubes that as a rule the negative going peak of "t~ dash signal was very much 
less affected by flaws than the initial positive peak of the dash. 
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It should be pointed out though that there still exist flaws which would 
not store information in either system. 

Conclusions 

A modification of the standard dot-dash cathode ray tube storage system has 
been described. It appears from tests on single cathode ray tube units that this 
system is superior to the conventional system with respect to spillover and 
resistance to flaws. 
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NONLINEAR RESISTORS IN LOGICAL SWITCHING CIRCUITS 

F. A. Schwertz and R. T. Steinback 
Mellon Institute* 

Pittsburgh 1" Pa. 

Introduction 

Nonlinear resistors nay be used to replace whole arrays of crystal 
rectifiers in. certain logical switching circuits. Where such replacement 
1s poSSible, considerable savings in fabrication and component costs nay be 
effected, because both the nonlinear resistors and the associated connect1Dg 
busses are fabricated by applying printed circuit techniques to standard 
plastic- or ceramic-bonded sheets of semiconductors such as granular silicon 
carbide. The manner in which groups of nonlinear resistors rray be used in 

. logical switching circuits is described here in terms ot simple circuits 
which employ both "matrix logic" and "grid logic." The technique is 
experimentally illustrated with the ai4 ot a pair ot simple matrix-type 
function sw1 tches, encoded as -binary-to-oct8l converters. The first employs 
individual nonlinear resistors eas the switChing elementsj the second is 
fabricated trom a rubber-bonded sheet of granular silicon carbide. Two 
similarly-constructed decoding matrices are used to transform the converters 
into three-binary-digi t adders. The output voltage-patterns tor these devices 
are compared photograpb1cal.l.y. 

Nonlinear Resistors in "and" and "or" Circuits 

Since logical switching circuits comprise primarily combinations of 
"and" and "or" Circuits, the behavior ot nonlinear resistors in such circuits 
will first be described. Typical of such circuits is the "logical or" cir­
cui t shown in Figure 1. The elements labeled a, b, and c are ordinarily 
crystal diode rect1tiers. Depending on the positions ot the switches sbown 
at the lett ot the figure the diodes may be either connected to ground poten­
tial or to the potential B. It either a or b or c (or 'more than one) is 
connected to E, the output voltage tel'lll1n8lis-raised to the potential B 
provided the. voltage drop in the crystal rect1f'iers is negligibly small. 
Hence the designation "logical or" is employed to described the circuit action. 

*The research repOrted in this document has been made possible through support 
and sponsorship extended by the Radiophysics Directorate of the AF Cambridge 
Research Center, RDC, under Contract AF 19/]22/-376. It is published for 
technical information and does not represent the recommendations or conclu­
sions of the sponsoring agency. 
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The question is now raised, What will be the voltage pattern 
on the output terminals it the diode rect1tiers are replaced by passive 
elements very unlike diode rectifiers, namely linear resistors? This 
question can be answered in a direct way where it is assumed that all the 
linear resistors have the same resistance, r. In this case the allowed 
values ot the output voltage e are given by the equation 

FN • (N/M) , 
1 + (i/xM) 

N. 0, 1, 2, ••• M (1) 

where Fl{. e/E, x is the ratio ot the load reSistance, R, to the switching 
resistance, r, and N is the total number of resistors r connected to the 
potential B. M designates the total number ot switching resistors in the "or" 
circuit. In the special case where M -= 3, as in Figure 1, and the load and 
switching resistors are equal, tour equally-spaced vol~e levels are obtained 
corresponding to FO - 0, Fl - 1/4, F2 - 1/2, and F3 • 3/4. Actually there are 
eight possible configurations which the input switches on Figure 1 may assume; 
some ot these configurations, however, yield the same voltage levels as others, 
and Fl{ consequently assumes only tour independent values. The voltage levels 
_y be "read," tor example,· on an OSCillograph, as all the possible sri tching 
configurations are "written" into the "or" circuit. The "writing" may be 
done very conveniently with the aid ot three series-connected binary scalers, 
the pair ot output voltages from each stage ot the scaler serving as input 
voltages. to cathode-tollowers; these in turn serve as low-impedance sources 
tor the circuit input voltages. The photograph in Figure 2 depicts a voltage 
pattern obtained in this way. For this picture a circuit containing identical 
load and switching resistors at 56,000 ohms was employed. The three-stage . 
binary scaler was triggered once every 10 microseconds. The scaler output 
voltages tluctuated approximately between 100 and 200 volts, and the load 
resistor in the "or" circuit"...· biased 100 volts above ,round. In this situa­
tion tour equally-spaced levels corresponding to F • 0, 1 4, 1/2 and 3/4 ~ere 
obtained as predicted above. These levels are shown in F~gure 2. They are 
also shown diagramatically in Figure 3. The level difference (F3-Fo) in this 
tigure represents the desired signal. The levels corresponding to Fl and 
1'2 are in the nature ot "noise," since, tor proper action as an "or" Circuit, 
it is desirable that Fl, F2 and F3 be coincident. It is therefore useful to 
arbitrarily de tine a "signal-to-noise" ratio S, by the e~ression 

s • • 3/2. (2) 

.In the more general situation. where there are M switching reSistors, the corre­
sponding ratio, is 

S. __ M __ 

M-l 
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This ratio approaches lDlity quite rapidly as M increases, so that above M. " 
c1rcui ts employing l1Dear swi tchiDg resistors are probably unsatisfactory. The 
situation is quite ditf'erent, however, where nonliDear resistors are employed 
as switching elements. These resistors display a voltage-current characteristic 
curve defined by the equation . 

where i is the current carried by the resistor and V is the applied voltage. 
k and n are constants, and n generally . lies between the limits 4 and 7. If 
the nonliDear load resistors and switching resistors have the same va.lue 01' 
n but ditf'erent coeffiCients, say K and k respectively,the voltage levels 
analogous to those detined by equation (1) are given by 

FN • 
1 + AN 

1 

where AN. E 1 + ~-If) x J lIn , 

aDd x. k/K 
The voltage levels obtained from equation' (4) for n. 5 are shown on Figure 
4 for a three input "or" circuit (M. ,) and for x. 1. The correspond.i.Ds 
experimental results are shown on the photograph in Figure 5. . The results 
depicted on this figure were obtained at a trigser-pulse rate 01' 10,000 per 
second. The DODl1near resistors (Thyrites GB type 8,a6l.l8Gl) were not 

(4) 

identical in characteristics; their spread in resistance is indicated by the 
tact that 45 + , volts were required to produce a current of ODe milliampere. 
This situation produced a slight spli ttiDg 01' the voltage levels. The "sigaal­
to-noise" ratio was little attected, however; the calculated value 01' 4.8 agreed 
very well with the experimentally determined value 01' 4.7. 

The data indicate that the nonliDearity serves to squeeze the unwanted 
voltage levels together and to increase the "s1gnal-to-noise" ratio. By 8D8l.oS)" 
with equation (2), this latter quantity _y be calculated trom the expression 

where 

s. 1 , 
l-:&n lin 

Bn • 1 + (1/1liX) 

1 + [( l/x) +. (M-l) ] lIn 

. 

(6) 

This equation-pair indicates that as n gets larger Bn approaches un1 ty, and 
hence the "s1gnal-to-noise" ratio increases rapidly as n increases. Conversely, 
as n decreases toward unity, the "signal-to-noise" ratio decreases to the value 
predicted by equation (2). These facts are expressed graphically in Figure 6 
where the "signal-to-noise" ratiO, S, is plotted against the exponent n tor 
various values 01' M. The iDf'ormation on this tigure refers to the special case 
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where x - 1; for lower values of x of the signal-to-noise ratio is increased. 
This increase, however, is obtained at the expense ot a decrease in the amplitude 
ot the desired signal, and a compromise is required. For example, it may be 
specified that the product of the signal-to-noise ratio, S, and the desired 
signal, FM!.. be a maximum and consequently that the quantity F,//(FrFl) be a 
max:i mum. -"This requirement leads to the equation . 

where the A's have the form given by equation (5). For the case where the 
number of binary inputs is M. , and the degree ot nonlinearity is n • 5, 
equation (7) leads to a value of x • O.lB. This yields tor PM • F3 a value 
0.47 and tor the signal-to-noise ratio a value ot approx1mate~ 8. The 
situation can therefore be represented by a voltage-level diagram very similar 
to Figure 5. This diagram, it will be recalled, was constructed tor the case 
where M - , and x • 1; the signal-to-noise ratio was 4.8 • 

. As mentioned earlier, where ideal. diode rectifiers (possessing zero 
torward resistance and 1nf1ni te back resistance) are employed as sw1 tch1ng 
elements, the output voltage of the "or" circuit assumes only two values, 0 
and E. S1m1larly, where ideal nonlinear resistors (degree ot nonlinearity n • 
QD) are used, equation (4) predicts that the output voltaSe assumes only the 
values 0 and E/2 quite independently ot the values ot x, M, ~ N. In other 
words, where ideal nonlinear resistors are employed as switching elements, 
ideal "or" circuit action will be obtained although the amplitude ot the input 
voltage will be cut in halt. The signal-~o-noise ratio will, however, be 
infinite. . 

The circuit depicted in Figure 1 was described as an' "or circuit" 
but it might equally well be described as an "and circuit" if it is assumed 
that the desired output voltage is zero and not E. This will occur only when 
a ~ b ~ c are all connected to ground. Alternately, the circuit shown 
in Figure 1 can be converted to an "and circuit" by raising the common lead 
to the load resistors·to the potential E. The output voltage will then be 
high (-E) only when a and b and c are high (-E). 

Nonlinear Resistors in "Matrix Circuits" 

The manner in which simple "and" and "or" circuits _1' be combined 
to effect logical switching operations is illustrated by the function switch,l 
represented in Figure 7. It consists essentially ot eight "or" circuits 
arranged in a parallel array. It _1' be regarded as a binary-to-octal c;onver­
ter, since it _1' be employed to convert any three digit b1Dary number into 
the octal equivalent digit. The binary digits are represented on the binary 
input lines shown at the lett side ot the figure, aDd the octal equivalent 
d1s1t appears on one, and only one of the eight output terminals correspond1.Dg 
to the octal digits 0 to 7 inclusive. 

L:rhe SubcODlllittee ot Electronic Computer Terms (Proc. I. R. E., 39, 274, 1951) 
defines a function switch as "a network or system having a number of inputs and 
outputs and so connected that signals representing information expressed in a 
certain code, when applied to the inputs, cause output signals to appear It 
which are a representation of the input information in a d1f'ferent code. 
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Physically the converter comprises two sets ot parallel coplanar, 
conducting busses arranged one above the other in such a way that in plan 
view, the busses appear to intersect each other at right angles. At certain 
ot the virtual points ot intersection, switching elements are inserted, in 
a pattern which yields the required output. Ordinarily diode rectitiers, 
as mentioned betore, are used as swi tching elements in this type of device. 
These are represented by the circles in Figure 7, and they are assumed to be 
connected in such a way that conduction will be ettected when a positive 
voltage is placed on the horizontal bus lines and the vertical lines are 
grounded. If then a Positive voltage, E volts above ground, is placed on a 
given horizontal conductor, all the diodes connected to it will conduct current 
to ground through the load resistors, R. The ends ot the load resistors 
connected to the octal output positions will then be raised above ground 
potential by an amount equal to the 1R drop in the load resis:tor. If now the 
adjacent horizontal lines are grouped together in pairs, and a voltage pattern 
is placed on the pairs such that when one member of the pair is at a voltage 
level E the other member ot the pair is grounded, one, and only one ot the 
eight output terminals will remain at ground potential for each configuration 
ot the input voltage pattern. There are,&ccord1ngly.eight input voltage 
configurations corresponding to the eight output tendDals. For the voltage 
configuration shown in Figure 7, only the output terminal deSignated by the 
digit 7 is at ground potentialj all the other output terminals are, ideally, 
at a common voltage level E, above ground. Now the digit 7 can be correlated 
with the equivalent binary ILumber in the following way. Let the upper bus 
line in each input pair be at the potential E and lower line be at the potential 
o in order to represent the binary digit "one." Let the reverse be true for 
a binary zero. Furthermore, let the uppermost pair ot horizontal lines 
represent the highest order digit position. The confi~tion shown in Figure 
1 then symbolizes the binary number III == 1 x 22 + 1 x 21 + 1 x 20 == 7. In 
a similar manner all of the three binary digit numbers (eight in all) may be 
represented by their equivalent octal digits. For test purposes, all of the 
required digit combinations may be obtained, as explained above, in cyclic 
sequence, with the aid of a three stage, binary counter. Such a test pattern 
was employed to examine the binary-to-octal converters described in the next 
section. 

Binarr-to-Octal Converters 

The current which flows through a nonlinear resistor is inversely 
proportional to the n'th power of its length, other things being equal. It 
is this fact which makes possible the tabrication ot complete function switches 
with the aid ot resin-or ceramic-bonded sheets of' silicon carbide. For example, 
it the degree ot nonlinearity is n. 5, an increase of a tactor ot four in the 
resistor length produces a 1024-told decrease in the current. Thus two non­
linear resistors formed side-by-side on a flat sheet of rubber-bonded silicon 
carbide are essentially non-interacting provided their distance of separation 
is equal to, say, tour or five times the thickness of the sheet.· Furthermore 
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these resistors may be materialized simply by spraying metal electrodes on the 
function switch blanks through appropriately formed stencils. Whole function 
switches, comprising many nonlinear resisto1S and the associated inter­
connecting busses may be faoricated in the same way. 

The binary-to-octal converter referred to above was formed from a 
sheet ot rubber-bonded silicon carbide about 1/16th of an inch thick. This 
sheet was kindly supplied by The Carborundum Co. (Sample No. 3777-l-1C) and 
was made with the aid of the same techniques employed in the manufacture of 
standard silicon carbide "cut-oft" wheels. It contained about 8<JI, ot 
Electrical Grade Gr! t No. 36 and about ll~ ot rubber binder by weight. The 
average particle diameter tor this grit number is very roughly 0.02 inches. 

A photograph of the converter is shown in Figure 8. The tront tace 
of the converter is shown on the lett hand side ot the picture and the back 
face on the right hand side. The electrodes and the associated bus lines shown 
in the photograph were put down in a single operation. The diameter of the 
switching resistor electrodes was 0.375 inches and the diameter of the load 
resistors was 0.25 inches. Since the connecting busses were only about 1/16 
inches wide, it was thought at tirst that there would be no "cross-talk" between 
the lines on the tront and back faces at the points of virtual intersection. 
However , it was found. necessary to insulate the lines trom the silicon carbide 
on one of the taces at the intersection points. This involved spraying a clear 
insulating lacquer through a stencil prior to applying the Silver conducting 
paint. 

About 48 + 2 volts were required to pass one milliampere ot current 
through the switcbtn'g resistors and about 58 ± 2 volts tor the load resistors. 
The index of nonlinearity n was 4.5. 

As mentioned earlier, a logica~ identical converter was fabricated 
with the aid ot 1ncl1vidual, selected, nonl1near resistors (Thyr1tes GE type 
8,a6llGl). In this case about 39 + 2 volts were required to pass a milliam­
pere of current through both the sWitching and load resistors. The index 
of nonlinearity n was 5.0. 

The voltage output patterns produced at the octal output terndnals 
ot these converters are compared on Figure 9 where a three-stage binary 
cOWlter operating at a ten thousand per second counting rate was used as the 
source of input digits. For this type ot input the selected line should be 
"high" relative to the neighboring lines tor only one out of eight pulse 
times. Figure 9A shows the shape ot the binary digit input pulses, Figure 
9B the· output voltage at one ot the converter output terminals, and Figure 9C 
the output at a terminal ot the Tbyr1 te converter. Figures 10 and 11 present 
s1 m1 ] ar data tor counting rates of 50,000 and 100,000 per second. The 
signal-to-noise ratio tor the output pulses appearing on these figures is 
roughly 2 1/2 to 1. The quality of the output obtained from the two conver­
ters is about the same. The results at the higher frequencies are vitiated 
by the poor output wave form. obtained trom the b-inary counter. 
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Three-Binary-Digit Adders 

The output pulses t:rom the binary-to-octal converte:ts were decoded 
in such a way as to transform them into three-billary-digit adders. The 
manner in which this was done is illustrated in Figure 12 which shows the 
decoding maxtrix attached to the biDary-to-octal co~rter. The decoding 
matrix was tabricated trom the same sheet 0'1 rubber-bonded silicon carbide 
as the converter. The physical separation was etfected tor purposes 0'1 
illustration, but the encoding and. decoding matrices could equall1 well have 
been fabricated on the same continuous sheet. 

For test purposes, the three-stage binar,y counter was asain used as 
a source 0'1 digit pulses. In this way, allot the possible combinations 0'1 
three binary digist were supplied to the adder, in a cyclic manner. The out­
put "sum" and "carry" pulses tor the silicon carbide sheet adder and a logica~ 
identical adder employing individual, selected, nonlinear resistors' (Thyrites 
GE type 83861101) are displayed in F1gures 1" 14, and 15 tor counting rates 
ot 10,000, 50,000, and 100,000 per second respect1vely. In all cases, the 
"sum" and "carry" dig1ts are clear~ delineated, and, as in the case Qf the 
converters, the quality ot output obtained trom the two adders 1s about the 
same. Inequalities in output pulse heights are probably" associated With the 
tact that the switching resistors are nOt identical in characteristics. 

Nonlinear Resistors in "Gr1d Circuits" 

Where it 1s desirable to have an ampl1tied output pulse, the output 
signal of a "logical and" or "10g1cal or" c1rcuit -.y be fed to the grid of a 
triode &1Iq)llf'ier. A two-input, 11near

2
resi8tor "logical and" circuit employed 

in this fash10n is shown in F1gure 16. The ind1cated arrangement ay be used 
only if standardized input pulses 0'1 amplitude E are' employed. In this 8i tuation 
the output voltage delivered to the grid assumes the three values, 0, !/2, and 
B. It therefore the triode will deliver an output pulse only where the grid 
assumes the voltage E, that is, only where a twin-coinc1dence of input pulses 
occurs •. In general, it not two, but N coincident pulses are to be detected, 
the grid must be b1ased between (M-l)B/M and E.Th1s precludes the use ot 
8uch a gate for M much larger than t1 ve, for in this case the gr1d must d1s­
cr1m1nate between signals 0'1 amp11tude O.BB and B. This requirement places 
severe 11m1 ts on·the toler&Dce allowed in the amplitude ot the input 81snals. 
However it nonlinear res1stors are subst1 tuted tor the linear res1stors, the 
gr1d 'flAY assume the voltages detined by the equation 

B' 
(8) e • 

2H1gh Speed Computing Devices, Engineering Research ASSOCiates, p. 40, McGraw­
Hill Book Company, 1950. 
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The voltage level lying closest to E is that tor which N • M-l, 
that is, tor 

e- E 
----------~~ . 

...!... J lIn 
M-l 

.For e • O.BE and n 1:& 5 the allowable value ot M (the number of input 
voltages) is approximately 1000 provided that the amplltudes ot the input 
S1 goals are all rigorously equal. Where this is not the case, tewer inputs 
may be used, but there will still be considerable advantage in employing non­
linear resistors in this type ot resistance grid gate. 

Practical ConSiderations 

A practical d1ff'iculty was encountered in adapting rubber-bonded 
sheets ot silicon carbide to switching applications. This may best be 
described with reference to the manner in which these sheets were tested. 
For testing purposes, a 3/8" diameter electrode was placed on each surface 
ot the sheet, at d1ametric~ opposite points, by spraying silver conducting 
paint tju"ough a suitable stencil. The voltage-current characteristic curve 
tor tbe nonlinear resistor so-tormed was then obtained. It mre than. 50 volts 
were required to pass a milliampere ot current through the resistor, the sheet 
was rejected tor function switch applications. It less than 50 volts were 
required to pass a milliampere, the sheet was further tested tor uniform! ty by 
placing electrode-pairs at .widely separated locations on the sheet. In general, 
it was tound that sheets displaying low impedance were non-uniform, but that 
sheets showing high impedance, say one m1lllampere. at 150 volts, were remarkably 
unif'Ol'Dl in characteristics. These tacts can be understood by recognizing that 
the seat ot the resistance in nonlinear resistors is at the grain-grain contacts. 
Thus, where a large number of grains are required to bridge the distance between 
the two 'laces of the rubber-bonded sheet (high impedance condition) there is 
statistic~ little chance ot divergence in resistance charaCteristics trom 
point-to-point over the sheet surface. However, where the number ot particles 
required to bridge the gap is small., the opposite is true. This d1tticulty 
can be obviated by employing a more suitable bond1ng asent than rubber;, tor 
example, a resin or a ceramic bond permitting a greater ratio ot silicon carbide 
to bond uaterial. 

Conclusions 

The information presented -here indicates that nonlinear resistors 
fabricated trom granular aggregates ot silicon carbide may be used etf'ectively 
in certain logical switching circuits. The tact that such resistors and the 
associated connecting busses _y be materialized trom. resin-.ar ceramic-bonded 
sheets ot silicon carbide with the aid ot simple metal-spraying techniques 
yields obvious savings in fabrications and component costs. It should be 
emphasized, however, that the use ot Silicon carbide in this connection is 
not mdque, and that its use was dictated primarily by its . availability. In 
general, granular aggregates of semiconductors display voltage-current 
characteristics qualitatively s1m1lar to those ot silicon carbide. Some ot 
these display lower grain-grain contact resistance than silicon carbide and 
~ be more adaptable to the tabrication ot function switch blanks. 
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NEW LABORATORY FOR 
TlffiEE-DIMENSIONAL GUIDED MISSILE 

SIMULATION 

Louis Bauer 
Project Director 
Project Cyclone 
Reeves Instrument Corporation 
New York, New York 

Introduction 

Project Cyclone at the Reeves Instrument Corporation is 
under the cognizance of the Bureau of Aeronautics of the Navy. 
The function of Project Cyclone is primarily the development 
and operation of a Guided Missile Simulator, and the estab­
lishment and operation of a Simulation Laboratory. Problems 
in other fields are also studied and analyzed using the com­
puting machinery of the Simulation Laboratory. 

The original Guided Missile S1lhulator consisted of two 
types of flexible computers, and one large computer with DC 
and AC components which ~ere permanently connected to handle 
those equations which were common to all Guided Missile prob­
lems. This large computer was known as the Ballistic Computer. 
The flexible computers were a DC analog computer with servo­
mechanisms units (now known as the Reeves Electronic Analog 
Computer, or REAC<8» and,an AC analyzer. The flexible units 
were intended for simulation of those aspects of Guided Mis­
sile problems which could be expected to vary widely from one 
problem to the next. 

Because'of the immediate success of the flexible DC ana­
lyzer and becaus'e of the pressure of problems awaiting solu­
tion on it, the AC analyzer was somewhat neglected; it never 
performed as well as the REAC and was later abandoned. Work 
on the Ballistic Computer was continued until a satisfactory 
solution to a three-dimensional check problem was obtained. 
However, by that time REAC techniques had advanced sufficient­
ly so that it was possible to obtain the solution to this 
check problem on REACs. After careful consideration of the 
relative difficulties of setting up such problems on the Bal­
listic Computer, and of makin~ the problem work (i.e. making 
the machine perform), It waseclded to replace the Ballistic· 
Computer by a large installation of REACs and servo units. 
Other considerations in this decision were the greater flexi­
bility of the REAC eqUipment which would make it unnecessary 
to express all Guided Missile problems in the coordinate sys­
tems used in the Ballistic Computer, and the fact that a much 
greater variety of ,navigational systems was encountered than 
had been envisaged in the design of the Ballistic Computer. 
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The result of this decision is the new laboratory for three­
dimensional Guided Missile simulation at Project Cyclone. 

Basic Block Diagpam of Guided Missile Problems 
and Coordinate Systems 

The equipment in the new laboratory was planned to be more 
than sufficient to handle anything that could be handled on the 
old Ballistic Computer. The bas'ic elements of all GM simula­
tion problems can be represented in the block diagram shown in 
Figure 1. 

starting~ say~ from the aerodynamics computer~ we see that 
the angles of attack and the control surface deflections are 
accepted as inputs and the forces and moments are produced as 
outputs. In the force unit the equations of motion (transla­
tion) are integrated once~ yielding a complete description of 
the velOCity vector. The velocity vector may be given in terms 
of magnitude and flight path angles~'or in terms of its compo­
nents. In the moment unit the first integral of the equations 
of motion in rotation is obtained~ yielding the angular veloci­
ty vector in terms of its components. In the angle of attack 
computer the kinematic equations of rotation are integrated~ 
yielding the attitude angles'; knowing the velocity vector and 
the attitude~ the angles of attack are computed. From a know­
ledge of the velocity vector the missile coordinates are ob­
tained by the integration of the kinematic equations' of trans­
lation. Error distances or angles are determined from the mis­
sile position and target position. Those in turn form the in­
puts to the control system which produces the control surface 
deflections. 

The following coordinate systems have been used in the so­
lution of GM problems. (All are righthanded systems; thus the 
third axis is always completely defined after two axes have 
been fixed.) (See Figure 2.) 

1. Earth Coordinate Systems (ECS): IE direction is 
north, 2E east, 3E down. The missile motion is UfiU­

ally determined in this system; sometimes the force 
equations are solved in this system. 

2. Missile Coordinate System (MCS'): 1M along mis­
sile axis, 2M along.right wing~ 3M down~ as deter­
mined by 1M and 2M. The moment equations are most 
easily solved in this system (Euler equations). The 
MCS is also used in homing problems when the rela­
tive motion of target and missile is computed. 

3. Velocity-Earth Coordinate System (VECS): lVE a­
long the velocity vector, 2VE perpendicular to lVE 
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and in a horizontal plane, 3VE determined by lVE and 
2VE. The force equations are, frequently solved in 
this coordinate system. 

4. Velocity-Missile Coordinate System (VMCS): IVM 
along the velocity vector, 3VM perpendicular to IVM 
and contained in the missile symmetry plane (down); 
2VM determined by IVM and 3VM. The VMCS differs from 
the VECS by a roll angle, and differs from the MCS by 
the angles of attack. This coordinate system was be­
lieved to be essential for a realistic handling of 
aerodynamic data obtained from wind tunnels. We have 
found, however, that many times the- aerodynamic data 
are given to us in the missile coordinate system. In 
such cases it frequently turns out to be more conven­
ient to disregard the VE and VM systems entirely, 
solve the force equations in the MCS and resolve the 
motion directly into the ECS. 

Additional coordinate systems are encountered in many prob­
lems, e.g. Radar CS, Gyro CS, and in the case of wind, a Rela­
tive Wind CS. 

Computing Equipment 

Because of the necessity of converting from one coordinate 
system to another a number of resolvers are provided in the 
new simulation laboratory. The availability of DC resolvers 
was a strong factor in favor of an all DC computing system, as 
opposed to the hybrid DC and AC system in the old Ballistic 
Computer. 

The new laboratory contains 13 REACs, 14 servo units and 3 
special cabinets with additional amplifiers, limiters, relays, 
etc. 

A REAC contains seven integrating amplifiers, seven summing 
amplifiers, six inverting amplifiers and 23 scale-factor poten­
tiometers. (Figure 3.) The computing amplifiers are identical 
in basic design and differ only in their feedback and input 
networks. 

Ordinary linear differential equations" with constant coef­
ficients, up to the seventh order can be solved on one REAC. 
Diode limiters are provided, and permit the handling of some, 
non-linear effects. Variable coefficients and non-linearities 
other than limiting effects can he handled by using a servo 
unit. 

Seven of the servo units are of standard Reeves design, and 
seven units have special design to handle any additional reso­
lutions that may be necessary in our problems. 
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A standard servo unit has four s~parate servos; two of 
those have four linear multiplying potentiometers and two 
functional potentiometers each; the 'other two servos have 
three linear multiplying potentiometers and one DC resolver 
each. (These figures do not include the follow-up potentio­
meters. ) 

Six of the seven special servo units have two servo mo­
tors, each of which drives two DC resolvers and seven linear 
multiplying potentiometers. The special servos have to be 
more powerful than the others, because they are driving a 
heavier load. 

Finally there is one special servo cabinet with only one 
servo which is driving four DC resolvers and seven· linear po­
tentiometers. This servo has continuous rotation.' In plan­
ning the layout for the computer it was expected that provi­
sion for resolution about an unlimited rotation would have to 
be made. In some three-dimensional GM problems the missile 
may rollover many times. Resolutions of error angles, of 
aerodynamic forces, etc. about the roll angle can be accom­
plished by means of this special servo unit. Since the angle 
in the case of continuous rotation cannot be conveniently re­
presented by a DC voltage, but its derivative can, this servo 
has also been designed' to accept a rate input, i.e. the servo 
acts as an integrator. The follow-up in this case is a DC 
tachometer generator. The servo can be reset by switching 
the follow-up to a potentiometer. Continuous rotation may al­
so arise when the servo is used in "polar'·, i.e. when the ser­
vo rotation is the arc-tangent of the ratio of two voltages. 
If the two voltages vary in a certain way continuous rotation 
of the servo will result. This special servo can also be used 
in this form. Finally provision has been made for adding a 
synchro if it should ever become desirable to repeat the po­
sition of this servo with some other specially constructed ser­
vo. We, at Project Cyclone, have not yet had an opportunity 
to use this servo unit. It was given on loan to Project .Ty­
phoon, and has~ot yet been returned. 

The DC resolv'ers are accurately wound sine and cosine po­
tentiometers (made by Electronic Associates), accepting as 
inputs DC voltages A, -A, B, -B,.and a rotation B, and putting 
out voltages -A sin B, A cos B, B sin B, and B cos B. In or­
der to make the operations more convenient, inverting ampli­
fiers are provided with the servos, so that only +A, +B, and 
B are required as input voltages. The sine and cosine cards 
are approximately 50K per quadrant and are intended to work 
into a 1 megohm load; they are wound to compensate for the 
loading due to such a load, and are accurate to .15 volts (100 
v~lt peak) under these conditions. ,The quantities (A cos 9 + 
B sin e) and (-A sin e + B COB e) which are used in resolu­
tions have to be formed in the REAC summing amplifiers. 
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A recapitulation of available servos and resolvers follows: 

7 "An type servo units (standard): 
2 servos, with multipliers and functional pots.~ 
2 servos with multipliers and resolvers. 

6 ltD" type servo units: 
2 servos with multipliers and 
2 resolvers each. 

1 "C tt type servo unit: 
1 servo with multipliers and 4 resolvers (C~R.). 

In total~ there are 42 resolvers on 27 different shaft ro­
tations. There are 41 different shaft rotations altogether. 

The laboratory also contains input and output equipment in 
the form of 6 recorders, 2 plotting boards and 4 input-output 
tables. 

Figure 4 shows how the new laboratory is laid out. Basic­
ally it has been divided up into seven units (minus one REAC)~ 
each unit consisting of two REACs and two servos. One such 
.unit is. shown in Figure 5 •. Since the new type of servo does 
not permit enough room for a patch bay, extra cabinets with 
patch bays were provided between servo units. These cabinets 
also proved to be necessary for extra amplifiers used in con­
nection with the resolvers. The three special cabinets (AI05) 
were inserted in various locations, shown in Figure 4. Inter­
connections between cabinets are made by using 1) long patch 
cords, 2) interconnections provided between the four cabinets 
comprising anyone unit, and 3) interconnections provided be­
tween every cabinet and one master interconsole patch bay. 

The power supplies are located in a room behind the com­
puter room; power is provided for two halves of ~he room sepa­
rately. 

Some of the regulators are in the power supply room; two 
of them are in the computer room. All cabling involving power 
leads and grounds is kept separate from the comp~ting leads 
and ground. This is especially important for the relay power 
supply because of the relatively heavy current drawn ~y the 
relays. The relays are used to control the operation of all 
amplifiers, and as many REACs as desired may be used simultan­
eously by paralleling their relay connections' and operating 
from one REAC. 

Figure 4 .also shows the layout of the other computing labs; 
lab 3 consisting of older computing equipment (4 REACs, 4 ser­
vos and 2 special cabinets) and lah 2, the lab for test simula­
tion which contains one REAC, I auxiliary unit, some servos and 
several one axis roll table's which may be necessa,ry in connec­
tion with the tester work. A system of interlab wiring has been 
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installed so that computing connections can be made between 
labs; this makes additional' equipment available in any of the 
labs. 

Figure 6 shows an overall picture of the equipment. Some 
problems were patched 1n at the time this nicture was taken. 

At the present time a number of improvements and additions 
to the laboratory are being planned 'and carried out. The most 
important item which still remains to be done is the installa­
tion of some form of flexible prepatch system with one or two 
master control consoles. Other items are more routine improve­
ments which will tend to make the operation of the computers 
easier. 

Operation 

The new laboratory has been in operation since early Octo­
ber, 1952. As has happened before, equipment was used on prob­
lems just as fast as it became available. This haQ led to 
some difficulties when equipment had not been given a final 
"computer check". 

Checking procedure which is considered appropriate for the 
equipment consists of two phases: 

1. So-called EqUipment Checks: routine checks of 
all amplifiers, servos, and potentiometers for ac­
curacy and performance; e.g. the input resistors of 
amplifiers are checked tor accuracy, all servos are 
checked for accuracy and freedom fram nOise, etc. 

2. So-called Computing Checks: problems to which 
the answer is known are set up on the machine and 
run. In the course of these checks most troubles 
that escape detection in the equipment check are 
discovered. Due to the pressure of problems wait­
ing to be solved this phase is frequently neglected; 
this means that the first problem is then solved 
more Slowly, and with more frequent break-downs than 
would otherwise be expected. The acceptance check 
for this installation consists of a three-d~ension­
al problem for which a numerical solution has been 
obtained. 

Some complicated two-dimensional problems have been handled 
in the new laboratory. One three-dimensional problem is now 
being worked on, and another one or two are :in preparation. 
One observation that has been made was that the more complex 
problems frequently call for the cons~ruction of special equ:1.p­
ment which are no longer minor items when it comes to preparation 
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and scheduling of work. (Example: in our current flutter 
problem a pot panel of 196 pots is being constructed to han-
dle a matrix of 14 x 14 coefficients.) . 

The project has at present a staff of 32 mathematicians, 
physicists and engineers at various levels. The engineering 
section has recently been enlarged because of the increase 
in engineering problems arising from more complicated prob­
lems. 

The maintenance of the equipment including all three labs, 
and accessory equipment has required the full time service of 
at least two technicians. Between problems the machines are 
subjected to a thorough equipment check; and repairs and re­
placements are made, if necessary. 

The problem of determining whether and when a computer' 
solution is correct is sometimes very difficult. In making 
such a decision one has to know that the problem has been set 
up correctly and with the best scale factors possible, and 
whether the machine is performing properly. In the cases of 
problems involving many computing cabinets the difficulty in­
vOlved is obvious. Two approaches are being useq to get an 
answer to the problem of checks. One is the acquisition of a 
small scale general purpose digital computer for the purpose 
of obtaining numerical solutions for all problems for which 
the contractor is unable to furnish one. The other is embo­
died in some work now being done on. error analyses for analog 
computers such as the REAC. At present we rely on some check 
solutions obtained numerically, and depend on the as~umption 
that the solutions are continuous functions of the parameter~ 
of the equations. 

Fig. 1 
Block diagram of tn>ical guided 
missile problem. 

MISSILE 
ATTITUDE 

Fig. 2 
Spherical Diagram showing Coordinate 
Systems. 
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Figure S Computer Unit consisting of two mos. two servo units and one 
servo patch bay cabinet. 

Figure 6. Photograph showing Laboratory. 
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A NEW CONCEPT IN ANALOO COMPUTE~ 

Lee Cahn 
Beckman Instruments, Inc. 

South Pasadena, California 

1. The Pattern of Use 

Analog computers can solve a vide variety of engineering problems. ,Why, 
then, doesn't ever.y engineer use one? This,peper vill discuss the pattern of use 
of analog computers in the recent past and as the author thinks it will be in the 
future. 

Technically, the field of application of analog computers is erl ens i vee They 
may be used in studies of automatic control systems, of aircraft and missiles in 
flight, of electrical circuits, d~c instruments such as accelerometers and pen 
reoorders, of certain economic and biological systems, and of many other phenomema. 
They may be used in purely analytical studies, or they may be used 'With part of a 
complex physical system to simulate the rest of it. If analog computers are not 
lddely used, lack: of technical applicability is not a reason. 

The big reason is cost. In the last few years a single computer installation 
commonly cost upwards of $100,000, and the whole cost had to be taken from capital 
or facilities tunds, where it hurt more than operating expense'money. Only the 
largest engineering organizations ,could afford a computer, and then probably only 
one. 

A. second limiting factor has been the technical difficulty of operating a com­
puter installation. This may be divided into two perts. First there is the comput­
er itself. It may require special accessories, such as function generators, 'Which 
have not been adequately provided by the original manutacturer. Or some of the users 
may be able to get better performance trom the basic components than the original 
manufacturer did, much as hot-rod enthusiasts can do vith autanobiles, atter half a 
centu.ry of developnent in that field. Thus many installations bave found it desir­
able to keep computer development engineers working tulltime. 

Second, even if the computer itself is working satisfactorily, skill is required 
to ascertain that it i! working and to layout and connect problems. This latter 
skill is like languages; anyone can learn broken English in a short time, but 
,.ears are required to speak it faultlessly. An expensive installation needs a 
professional to make best use of its limited time. 

A single computer can only handle one problem at a time. By going to mult­
ish1tt operations and other artifices the number may be raised to two or three. 
An engineering organization large enough to afford a computer may have dozens of 
problems which the computer can solve, at one time. Priority is then given to the 
most crucial problems, and those where the computer is most effective in saving 
manpower. 

Indeed, if the computer takes six men to keep it running, and the wages of 
six more to amortize it, a problem that only one man is working on may not be 
economically justified. The computer would have to save twelve times the time it 
required, to break even, in this example. 
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'nms we have had a pattern of computer use characterized by the following 
features: 

1. High cost of purChase and operation. 
2. 'Centralized installations manned ~ professional computer operators and 

designers, to which other engineers brought their problems for solution 
or which vere devoted to a specific set or problems. Computers generallY 
belonged to Analysis Groups, Mathematics Groups, or Autopilot Groups. 

:3. Computers vere only applied to a fraction of the problems where they 
might be applied on purely teChnical grounds, due to economic consider­
ations. 

A new pattern of use is developing, based on new developnents in computers. 
Several manufacturers sell a basic but complete linear installation for less than 
tsooo, while a !'ull-sized linear and non-linear unit can be had for $15,000 or so. 
The nev computers are generally more compact and can be moved easily fran 'place to 
Place. No elaborate preparations are required. They are generally quite reliable 
in operation, and convenient to use. Their accuracy is considerably better than 
most engineering vork requires. 

Small companies can buy these computer., where they vould beve no chance of 
buT-lng the older designs. Large companies can have three or four or more of these 
tor the price of one older type. More computers means that other problems than 
the most urgent can also be studied. LO'Jor unit price also implies that the break­
even point in terme of hours saved is much lower; that computers are economically 
justified tor many more problems. Simulation applications, in Which the computer 
may be tied up for long periods, benefit especially. 

Another consequence of the lower price is that it is not so important to get 
the ultimate in efficiency of utilization. Instead of having experts, hereafter 
called "computer men", running the machines, they may be turned over to the engi­
neers who need the answers, hereafter called Simply "the engineers". If the engi­
neers are not so quick as the computer men, it doesn't matter on these new comput­
ers. On the other hand, by participating in the actual operation the engineers 
learn 8. lot more about their problems than they can if they get ready-made solutions 
from a central facility. 

The difficulties ot running a computer installation are resolved differently 
on the new machines. There is a lot less of the hot-rod atmosphere; the new comput­
ers are generally used as built, as 'Working tools, and are found to be adequate fO.r 
their purpose, as are stock automobiles~ It changes are in order, the engineering 
could be done once for several machines, at a lower unit cost. 'The emphasis is 
primarilY on the answer rather than on the computer as a scientific to~l. 

The problem of teaching the engineers how to set up and operlte computers is 
more difficult. Recent advances have been made in the literature. Three distinct 
transition patterns of training bave emerged. One is simply a modification of 
theol~ pattern, in vhich engineers belonging to groups which viII need to use 
the computer are temporarily transferred to the computer group and trained there 
as computermen for periods up to one year. When they return to their original 
groups they may use the computer freely and wi t..l}out supervision. This pattern is 
found in organizations ~ich have had computers for a number of yeers and are used 
to the old pattern. 
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In the second type of instruction, engineers watch their problems being run 
by the comput ermen and gradually do more and more of the vork. Finally' the computer­
men drift off to more urgent work and the engineers solo. 

The third pattern is found where the computer pro~ is relativelY new and 
based entirely on the new computers. One or two profe8sio~1 computer.ment are avail­
able for instruction and advice, but any engineer can have a computer, usually with­
out vaiting. They seem to get satisfactory results from the computers, although 
their knowledge of the fine points of the art certainly cannot compare with the 
professionals'. 

A small survey vas made to get some indication of the extent to which the nev 
pattern of computer operation has spread (Table 1). Five large Southern California 
aircraft and missile engineering organizations vere asked how many electronic CO~ 
puters they had, and how their computing time divided between the four types of 
operation: 

(a) 

(b) 

(c) 

(d) 

Engineer brings his problem to computermen, who solve it for 
him and give him the answer.· . 
Engineer and computerman both work together approximatel,.. 
equal time. ' 
Engineer does most of the work, but has regular ,help from a 
computerman. The computerman satisfies himself that the 
engineer is using the computer correctl,... 
Engineer works alone, but may seek out a oomputarms.n for 
advice i£ he wishes. 

While ~erical percentages are given in same cases, they are purely qualitative 
estimates and do not represent actual measurements of computing time. These questions 
were asked for the present, for tvo years ago and for five years ago. The train-
ing method is given as 1, 2 or 3, were the numbers refer respectively to the 
methods descr:!. bed above. 

The growth in computer use, as well as the change in pattern is dramatically 
shown. Every organization contacted had at least t'W'O computers. The companies 
concentrating on missile guidance had had computers longest, ~ile the primarilJ 
air-frame companies had just gotten theirs. 

The organizations which had computers longest had the older pEl ttern of use" 
while the newer users had what I have called th~ newer pattern. Even in the same 
company, patterns differed from group to group in this val", depending on their com­
puter-using histories. In each case this phenomenon did not appear to be the result 
of'· inertia, but rather was due to the limitations of the equipnent of the older 
group, and to differences in function of the group. 

It appears likely that organizations which have central computing groups viII 
retain them, to handle the very complex or demanding problems where professional 
skill is required. Expansion, however, seems likelY to occur in the direction ot 
decentralized, inexpensive, auxiliary computers of the newer types. 

2. The Computers 

The circuits used in these new computers are of interest chief'll" because ot 
their effect on computer use, and as an exercise in engineering judgment, rather 
than because of novelty. For example, let us consider the operational amplltier. 
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First ve see that chopper stabilization has generally bean omitted. While it is 
true that chopper stabilization will reduce effective drift voltages by a factor 
of about five, this advantage has not been able to pay its way. Choppers are -ex­
pensive, and their associated a.c. amplifiers are also expensive. Choppers are 
n9t distinguished for their reliability. MOst important, the reduction in drift 
does not increase the computing accuracy acco~ngly. TYP'ical values for the short 
term drift voltage referred to the grid, eg., are Ofl lIN for one chopper-stabilized 
amplifier, and 0.6 mv for a regular d.c. amplifier. In an amplifier connected . 
for a gain of 10, with maximum output of plus or minus 100 v., the corresponding 
error at the output would be 

(1) 

where Kc is the closed-loop gain 'With all input resis~Rnces paralleled, or O.OOlJj 
of f'ull scale for the stabilized amplifier and 0.0066/0 for the regular one. These 
errors are negligible. The crt tical application as far as drift goes is as an 
open-loop integrator. The integrators in closed-loops behave more or less as high­
gain amplifiers. For the open-loop integrator vi th time-constant T, the drift 
voltage at the output is 

80 = eg l (2) 
'I 

For the large values of ~ the error voltage becomes appreciable, and is a basic 
limitation to the length of time one can compute. For a time co~tant T = 1 sec, 
an output or plus or minus 100 v, and a permissible error of O.V = O.lv, the 
maximum computing time is 1000 sec. or almost 20 minutes, tor the stabilized amp.. 
lifier and 160 seconds or almost 3 minutes for the regula~ amplifier. Within their 
respective maximum times, TL. as indicated above, the two amplifiers al'e equal in 
accuracy of open-loop integration. 

Long-time drift, over a period of hours, need not be a factor in the accuracy 
of computation, but it can be burdensome to have to rebalance amplifiers frequently. 
The same considerations apply as in short-term drift; drift voltage for a regular 
amplifier or closed-loop integrator will generally not exceed O.lF of full scale 
for days. But open-loop integrators multiply the long-tem drif't voltage by'~, 
where t is still the computing time, and may have to be rebalanced every half hour 
or so tor accurate work. Fortunately, there are relatively few open-loop integrators 
in most physical problems. 

Thus the use of a chopper amplifier does not improve accuracy, but it does 
reduce the amount ot rebalancing required on the open-loop integrators. It is 
less expensive to go over and rebalance them by hand periodically. 

The new amplifiers usually have fever vaouum tubes than the chopper amplifiers 
have in their d. c. portions, and obtain }art or their high gain by using internal 
positive feedback. If the positive feedback is variable, it may be set for "infin­
ite" gain (output voltage exists for zero grid voltage). While this sounds in­
stinctively wrong to many engineers, it is perfectly legit1mate where much larger 
negative feedback will also be used. High gain obtained with positive feedbaCk 
does not produce as low output impedance as does the same gain obtained by' using 
more tubes, but the usual value of 3 - 4 ohms is low enough. It does produce a 
better high-frequency response than using more tubes does. Fewer tubes also means 
fever tubes to fail. 

* Beckman EASE, Mod. A. Average absolute value of many runs o 

199 



If it is necessary to operate the regular amplifier six times as fast as the 
stabilized one to get equal results as far as drift is concerned, faster -recording 
devices must be used for readout. Fortunately, ,they are ready to hand in the pen 
recorders manufactured by Sanborn, Brush and others, which have about ten times the 
bendvidth of the servo-driven plotting tables, and are very much less expensive. 

Actually, this faster solution time is highly desirable in practice. Twenty 
minutes is too long to wait for most answers. Three minutes is even a little long. 
Many users prefer )0 to 50 seconds, to speed up their 'Work. The only lim! tation 
in shortening the time is the range of frequenoies encountered in the problem. For 
example, if the pen recorder begins to introduce its own dynamic res pOns e character­
istics above fifty cycles per second, and the problem runs two hundred 8ecoMs, ten 
thousand cycles of this highest frequency component can be accommodated in the 1'ull 
computing time. This non-dimensional quantity appears to be a good measure of the 
dynamic requirements of a problem, and of the performance of a computing system, 
since it allows a comparison of problems and computers 'Which may originally be on 
different time scales. I call it the dynamic range, R. A dynamic range R of 
10,000 cycles is rather high for most practical problems; 'We are then considering 
one second and three hours in the same problem. A practical example is the phugoid 
oscillation of an airoraft. While only about sixty times longer than the "short­
term" period, it is commonly considered to be too slow to be a problem. If R my 
be safely reduced, 'We can shorten the overall computing time to do it. If the 
problem runs twenty seconds 'With the same recorder, R = 1000, which is usually 
still pretty high. 

Osoilloscopes can be used for problems which require exceptionally large values 
of R, since they 'Will respond faith.tully up to hundreds of kilocycles. Thus the 
computer itself is the ultimate limitation in the value of R which can be obtained. 
While nearly all present-day computers have values of Rwhich are entirely adequate, 
it is still of theoretical interest to note their values. Let us consider a single 
amplifier, say operated with Ic = 1.0, with input and feedback resistances of 1.0 
megohm each, and define high-frequency cutoff as occurring at the frequency fh for 
which the phase shirt reaches 0.01 radians. For the Beckman EASE Computer, 
fh = 400 cps, while tor a typical chopper amplifier:fb 40 cps. Then using the 
values of TL derived above, we define 

for a single amplifier. For the chopper amplifier Ra = 40.1000 = 40,000. For the 
EASE amplifier, He = 400 x 160 = 64,000. The effective R for a computing chain 18 
less, due to the combination of many amplifiers and higher values of Kc• 

The author is not aware of any problema \Itt ieb require such high values of Ra. 

For real-time simulation it is necessary for the computer to work well over a 
range of definite frequencies, wich are detennined by the system being simulated. 
A three minute period is generally adequate for this work. At the high frequency 
end, amplifier bandwidth is not usually the limitation; it is the auxiliary equip.­
ment. Servo multipliers and function generators restrict the older computers to 
2 - 10 cps maximum; many systems being simulated have higher bandwidths. While 
a satisfactory value of Ra may be maintained by running very slov11', this artifice 
does not help in real-time work. 
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Besides being slav, the mechanical devices are quite 'expensive. The EASE 
computer uses electronic multipliers and tunction 'generators, which are usable 
beyond 100 cps, and, being entirely electronic, cost much les8. Somewhat similar 
cirCllit~ are used by others. Multiplication is accomplished by controlling the 
duration ot a higb-repetition-rate pUlse with one voltage, and its magnitude vi th 
a second vol1;age. The average component is proportional to the product of the tw. 
The high-frequency components must be filtered out, and the filter will then have 
some phase shirt at signal frequencies; say 150 at 100 cps. 

, Functions are generated by diode switches which connect bridge circuits 80 
as to produce line segments ot controllable incremental slope. These are stable 
and repeatable to a fraction of a volt in plus or minus 100 v. 

Thus the older computers are characterized by electromechanical components, 
operation orten slover than real time, and the consequent need for very low drift 
amplifiers regardless of cost. The newer ones are all electronic, can operate as 
tast or raster than real time for many applications, and operate fast enough to 
eliminate the effect of drift without requiring stabilization. Each ot these 
characteristics reduces the cost tor the Dew ones. 

'!'hat is how the manufacturers can produce a better computer tor less. 
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When? -5 yrs. -2 ~ NOlI ~5 yra. -2 yra,l NOlI -5 11'8, -2 ~ Now 1-5 yr8 -2 yra Now 1-5 11'8 -2yr • Now 
./ I / " ~ " 

How ID&D1' oomputers ~ 1 2 9 0 0 
(2) 

0 2 2 :3 0 0 
\~} 

0 0 9 

Computer groups and rot l '" Cf' l l 7 ~ ~ ~ r"I 
no. or oomputers in N • .... • • • • • .-t • • '1 ~ I ~ each ~ & ~ ~ • & i N P'\ N 

f §t f f §t ,r 1 f f f f 
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Use pattern-% or 
computing time 

(3) (4) 
a. Computermen onlY 0 50 10 0 10 S 100 0 80 20 0 

• 
I\) 

2 b. Engineers and 
computermen 0 50 85 0 30 90 0 0 20 80 0 
equal time 

c. Engineers with I 
some assistance 0 0 5 0 30 S 0 ~ 0 0 I 

tram computermen ~ I 
(1) I .~ 

d. Engineers only 100 0 0 100 30 0 0 0 0 I 

Training method in-
dicated. See page 4 (1) 1 1 , 2 1 1 3 

(1) Only' one man (2) Equipment p~ Tra1n1Dg (5) Both nechines 
fairly new 4 EquiJlD8Dt very recent 

too recent 
to S87 
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A MAGNETICALLY COUPLED LOW-COST HIGH-SPEED 
SHAFT POSITION DIGITIZER 

Arthur J. Winter 
Telecamputing Corporation 

Burbank, California 

The outputs of many precision devices occur as shaft rotations. When 
the position of such a shaft must be determined to an accuracy beyond the 
reach of analog instruments, or when the data has to be processed by digital 
equipment, an analog to digital conversion must be made. It is nearly always 
desirable and often essential that the digitizer present no appreciable mech­
anical load to the shaft under measurement. A further requirement which often 
must be met is that readings be taken on the fly. That is, 'positional infor­
mation may be called for when the shaft is in motion at speeds that may vary 
from zero to many hundreds of rpm. 

Present day neejs for angle digitizing devices often call for accuracies 
and resolutions in excess of 1000 parts per revolution. In radar and optical 
tracking systems, for instance, it w.ould be desirable to digitize the circle 
into 64,000 parts. Whenever such high resolutions are needed it is common 
practice to gear up the output shaft to driv~ the digitizer. The disadvantages 
of this are obvious. Gears of such high accuracy are very expensive and add' 
friction and inertia to the system~ For this reason the basic digitizer, 
without gearing, should have as high a resolution as possible. 

This pa~er deals with a recently developed shaft position digitizer which 
was designed to more nearly satisfy the requirements above. Two previous 
types which led to its development will be discussed first. 

An early type of digitizer, the slotted disc, is shown in Figure 1. This 
is, as the name implies, a device in which a disc is rotated so that a light 
beam is interrupted by teeth on its periphery. A photoelectric cell pickup 
and d-c amplifier produce an output signal which varies in amplitude from maxi­
mum to minimum each time the light beam is interrupted by a tooth. If this 
signal is fed through a d-c operated trigger into a counter, the counter will 
accumulate angular increments by counting the number of teeth. By using another 
photocell angularly separated from the first by an amount equal to one-half 
of a slot, an a~ditional signal is derived which is in phase quadrature with 
the first. Since the phase relationship between the two signals changes with 
direction of rotation, the second signal may be used to prepare gates in the 
accumulator which cause the oounters to subtract when the digitizer reverses 
direction. In this way the digitizer can bEt·used on a shaft which may hunt, 
oscillate, or reverse direction, without introducing errors into the accumu­
lator. By the use of proper circuitry in the counters', readouts may be obtained 
on the fly without stopping the digitizer or losing the count in the accumulator. 

The slotted disc digitizer is limited in resolution by the number of slots 
that it is possible to cut in any given diameter disc, and therefore it has been 
used only for applioations requiring resolution of about 200 counts per revolu­
tion or less. 

203 



The next to be developed was a serrated drum digitizer (Figure 2). In 
this type the slotted disc was replaced by a drum with many serrations on its 
surface. These serrations acted as concave mirrors which reflected the light 
into two photocells, as shown in Figure 3. The output from the photocells 
is amplified and handled in the same way as in the case of the slotted disc 
digitizer. The advantage of the serrated drum over the slotted disc is that 
more serrations can be machined in a given diameter drum than slots could be 
cut in the same diameter disc. However, since the light output is not as 
great, photocell and amplifier drifts are more of a problem. 

The magnetic shaft position digitizer was designed to overcome certain 
disadvC;l.ntages in the two previous types just discussed. The magnetic digitizer 
has higher resolution, that.is more counts per revolution. It is free from 
drifts due to photoc.ells and d-c amplifiers. It is _much more rugged and reli­
able. 

The basic principles of operation can be explained by referring to Figure 
4. A high frequency generator causes a current to flow through a conductor 
which is shaped in such a way that at any instant the current flow in adja­
cent parallel segments of the conductor are 180° out of phase. The arrows 
indicate polarity of current flow at some instant of time. If a device which 
could indicate the presence of an electromagnetic field were placed directly 
over anyone of the conducting segments, such as A or C, it would measure the 
intensity of the field near that segment; and if the same indicator were placed 
halfway between two adjacent segments, . position B, its output would be essen-
tially zero. . 

This can actually be done with a small pickup coil held over one segment; 
and if the output of the pickup is amplified and demodulated, the resultant 
d-c output signal will fluctuate from maximum to null as the pickup coil is 
moved across conductor segments. In this way d-c signals are derived which 
are a function of position. Fluctuations in these signals can be used to count 
the number of segments. To obtain two outputs for direction sensing as in the 
previous digitizer, two pickups must be used, spaced one-quarter of a segment 
apart. 

In order to adapt this principle to shaft digitizing, the conducting pattern 
of Figure 4 was arranged in the circular pattern shown in Figure 5. This is an 
actual negative of a 500 segment pattern which is photoetched onto a 2 1/2 inch 
disc and used as the rotating element of a shaft position digitizer. The 
connections at the center are for injection of the high frequency carrier 
current. In order to avoid using slip rings, the carrier current is coupled 
to the rotor by means of a small air core transformer whose secondar.y is mounted 
on the rotor and spins with it. 

Instead of a pickup device consisting of a coil ov~r one segment, the 
arrangement in Figure 6 is used. This pickup pattern is the same as the rotor 
pattern; and it functions in the same way as the pickup coil would except 
that there is coupling to every se~lent in the rotor, and the output signal 
is a much more accurate indication of position, since each null and each maxi­
mum results from an average of all of the conducting segments. The pickup 
pattern is also photoetched on a disc and consists of two conductors displaced 
angularly one-quarter of a segment space. There are three connections at the 
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outer edge; one is a common ground, the other two go to their respective 
amplifiers. 

Figure 7 shows the configuration of the assembled digitizer. The rotor 
spins with the shaft along with the inner coil, the secondary, of the coupling 
transfor.mer. The outer coil, the primary, connects to an oscillator which 
supplies the carrier signal. The frequency of this oscillator in the digitizers 
currently being built is 1.6 megacycles. The pickup, or stator, supplies 
signals to two tuned amplifiers. These signals are demodulated and the resul­
tant d-c output can be used to count increments of rotation as in the previous 
digitizers. 

Figure 8 is a photograph of a magnetic shaft position digitizer with a 
resolution of 1000 counts per revolution. It has a permissible shaft speed 
or from zero to 1800 rpm; and since its output contains directional information, 
it can reverse direction or hunt, as in the case of the slotted disc and ser­
rated drum types, without introducing errors. 

The advantages of this digitizer over the previous types are: 

1) The photoetching process makes it possible to obtain more counts per revo­
lution. Digitizers of 1000 and 2000 counts per revolution have been built. 

2) It is electrically more stable and not subject to drifts since it is an 
a-c carrier operated nulling device. 

3) It is less subject to stray electrical pickups because of its low imped­
ance and tuned circuits. 

4) It is more rugged and more reliable. 

5) The smaller rotor disc presents less of an inertial load to the shaft. 

Another advantage, and one which has not yet been fully exploited, is the 
averaging effect of the pickup element. The position of the exact point on 
the circle at which the output goes through any given null is at least an 
order of magnitude more accurate than it would be if the signal were derived 
from a pickup over only one rotor segment. Development is now under way to 
take advantage of this potentially high accuracy by electrically dividing the 
increments between nul!s so that the number of counts per revolution may be 
multiplied many times. 
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Abstract 

Partial differential equations can be approx~ted by systems of simultaneous 
ordinary differential equations by replacing one or more of the partial derivatives 
by the appropriate finite.differences. The resulting s,ystems of equations can 
sometimes be solved directly by an electric analog computer employing passive 
circuits (e.g. the Caltech analog computer), or by an electronic differential 
analyzer employing feedback amplifiers (e.g. the Reeves Electronic Analog Computer). 
The latter type of computer has several important advantages, including versatility, 
ability to handle nonlinear partial differential equations, and flexibility in 
selecting time scales. Both theoretical analYsis of the accuracies attainable with 

. the difference method and actual solution examples using the electronic differential 
analyzer are described. Types of partial differential equations considered include 
the heat, wave, and beam equations. Real-time simulation of aircraft structures 
1s discussed. 

The actual computer solutions were carried out on the electronic differential 
analyzer of the Depirtment of Aeronautical Engineering. As a result of the promise 
shown by the difference method discussed in this report, construction of an 80-
amplifier analyzer has begun. 

INTROIlTCTION 

UsUal Differential Analyzer TeChnique for Solving Partial Differential Equations 

The electronic differential analyzer is limited to the solution of ordinary 
differential equations. To solve a linear partial differential equation on the 
analyzer, it is necessary to separate variables and hence convert the partial 
differential equation to ordinary differential equations of the eigenvalue type. 
The normal modes from which the solution to the original problem can be built up 
muett then be found, usually by trial and error techniques. 

208 



The above method of separating variables and obtaining a series type or~ 
solution can be carried out fairly efficientlY on an electronic differential 
analyzer.I ,2,3 Certainly, for most problems the analyzer is much faster than 
any hand methods. But for the engineer who is interested in getting numerical 
answers to specific problems, even the analyzer approach might seem somewhat 
tedious. It therefore 'WOuld be highly advantageous to be able to solve the 
partial differential equations directlY. This can b~ done by replacing some 
of the partial derivatives b,y finite differences in order to convert the original 
partial differential equation into a system of ordinar,y differ~ntia1 equations.4 

Replacement of Partial Derivatives ~ Finite Differences 

Assume we are interested in solving a partial differential equation ~ which 
the dependent variable ,.(x,t) is a function of both a distance variable x and a 
time variable t. Instead of measuring the variable y at all distances x, let us 
measure y only at certain stations along Xi thus t let n be the value of y at the 
first x station, 1'2 be the value of y at the second x station, 1'n be the value 
of y at the nth x station. Further, let the distance between stations be a 
constant 4x. 

Now clearly a good approximation to~ltl2 (i.e., the partial derivative or 
y with respect to x at the ~2 station) 1s given by the differenoe 

In fact the limit of Equation 1 as 41c .... o is just the definition of the 
pertial derivative at that point. Writing Equation 1 in more general terms 

~YI = ax n-l/2 
In the same way 

Yn - Yn-1 
bJc 

~J -1- h1' I aYI l. Yn+l - 2Y'n + Y'n_l :x2 n = 4i[ l!"'"'i n+l/2 - ax n-l/2 J = (ta:)2 

Similarly 
()3y I _ 1'n+l - 31'n + 3"n_1 .;. Yn-2 

ax) n-1/2 - (I:lx. f3 

(1) 

(4) 

Thus we have converted partial derivatives with respect to x into algebraic 
differenoes. The only differential needed now is with respect to the time 
variable t, so that ve are left with a system of ordinary differential equationS 
involving dependent variables yo(t), Yl(t), ••• yn(t), •••• 
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SOWTION. OF THE HEAT EQUATION 

Equation to be Solved 

18 a tirst example of a partial differential equation, let us consider the 
equation ot heat nOW' through a continuous medium, since it involves secotd order 
spatial derivatives and Oftly tirst order t1mederivatlves. The basic heat equation 
18 given b7 

where 

OBit = V-K Vu+t 

u = temperature and is a function of the spatial coordinates 
and time, 

X = ther.mal conductivity, in general a function or the 
spatial coordinates, 

C = speoific heat, a function of spatial coordinates, 

a = density, also a fUnction of spatial coordinates, 

t = time, 

r = rate or heat supplied b.1 sources in the medium, a function 
ot spatial coordinates and time. 

(5) 

The actual heat now or flux due to conduction normal to any unit surface 
is given by - K X (component of Vu normal to the surface). Thus the heat nux 
Fx across a unit surface normal to the x direction is given by 

F.x =-K2JI 0 ax (6) 

In a given heat now problem it is necessary to stipulate spatial boundary 
conditions either on the temperature u or the heat now -KVu, as well as initial 
temperature distribution throughout the medium. 

Derivation of the Difference Equations 

For Simplicity in illustrating the application of difference techniques, let 
us assume that spatial variations in the temperature u are confined to the x 
direction. Equation 5 then becomes 

C(x)~(X' t) =.i,.. rl(x) au(x, t) J + rex, t) (7) 
at ax t a x ' 

where ve have let 

C(x) = c(x) B(x) • (8) 

This could represent the temperature distribution in a medium between two 
infinite slabs. 
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Following the technique discussed in Section It we win consider only values 
ot u at certain equally spaced stations along the x coorci.1nate axis. Thus u(x,t) 
1s replaced by u1(t), ~(t), ••• etc. If' tu 1s the distance between stations, 
we caD vritefor the beat nux Pn-l/2 at the n-l/2 station 

~"I In 112 () ( ) l'n-l/.Z = - I: rx . n-l/.Z = - 4t-.Un - Un-l • 9 

We can now write the equation or heat-rlow balance at the nth station. Thus 

(10) 

where On is the heat capacity at the nth station and in 1s the rate or heat supplied 
by a beat source at the nth station (rn will in general be a function or time). 
Note that dus/dt 1s nOw a total derivative and not a partial derivative, since by' 
detinition x "remains fixed while we take dun!dt. 

Equation 10 will be iterated tor different values or n until the boundaries 
in x are reached, at which point it is necessary to impose boundary conditions. 

lmposingBoundary Conditions 

Suppose that one or the boundary conditions specifies the temperature at 
x = 0 (i.e., at the zero station). Then we have 

'Do = constant 

aDd. hence 

1'],/2 = I:~ [u:.. (t) - 110] • (11) 

All we have done in imposing t~e bound8.l7 condition, then, is to fix Uo{t) at a 
constant value of' '00. 

It the temperature is specified at x = L (i.e., at the Nth station, where 
"B I: I/Ax), then tor Ufl{t) we substitute UN = constant, the desired temperature. 

otten a condition is placed on the rate of' heat flowing past a boundary, 
either that this now be zero (as tor an insulating boundary) ora constant. 
Suppose we let 

r~2 = constant. 

Then ~ equation tor the first sta~ion is 

dU1 (t) = ~/2 [u~(t) _ u, (t)] 1'112 
°1 dt (4:)t iCO • + bric + t1 (t) • 
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The equations for ~, ~, ••• are the same as usual. If we desire 
F'N+l/2 = constant as a bounaal'7 condition, then the equation for the Nth station 
is similar. . 

The process of setting in boundary conditions is evidently quite straight­
forward. Notice, however, that when ve denote temperature a~ integral stations, 
the boundary occurs at an integral station when temperature at the boundary i8 
specified, vhareas the boundary occrur~ at a half-integral station when the heat 
floy at the boundary is specified. 

Imposing Initial Conditions 

In addition to speci£.ying boundary conditions in this type of heat problem, 
it is necessary to specit,y the initial temperature distribution in our medium. 
Thus we have 

Ul(O) = ~ 
~(O) = U2 

"3 (0) = U3 
• 
• 
• 

These initial conditions must then be imposed on the electronic differential ana~­
zer. 

Complete Differential Difference EquatiOns for a Given Set of Bounda~ Conditions 

For purposes of illustration, let us assume that the boundar" conditions or 
our conducting slab are that at x = 0 the temperature remains fixed at 110, and at. 
x = L = ~(N+i/2) the heat flow 1s zero. The space between x = 0 and It i:: L is 
therefore borken into N cells, and trom Equations 10, 11, and J2 we can vrlte 
the complete set ~t differential equations. 

The initial conditions spec1£.y the temperature for each station at t = O. 
A schematic diagram showing all the locations relative to the conducting slab ts 
shown in Figure 1 for N = 10. 

In Figure 2 the computer arrangement for solving the difference equation is 
shown. Note that the outputs of each successive rov of amplifiers are reversed. 
This allows the necessary differences to be taken without sign-reversing amplifiers. 
Note also that the heat flov or nux F is available at any half-station as a 
dependent va~iable. Thus the temperature u and heat flux F across the slab can 
be observed directly 8S a function of time. 
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It is possible to reduce the number of amplifiers fram three to one per 
station. In many ways, however, the circuit of Figure 2 is simpler despite the 
increased nunber of amplifiers. To change the conductivity K or heat ca~city 
C at any station, only the appropriate resistor has to be varied. Initial 
temperHture distribution across the slab is changed by setting the U1, U2_ ••• UN 
voltages to the desired values. The beat sources through the slab are represented 
by the voltages f1' f2' ••• tN which may be varied as a function of time in 
any desired manner. . 

Solution by Separation of Variables 

In order to evaluate the accuracy of the difference technique, it is worth 
while to solve the partial differential equations of heat flow by s.eparating 
variables. For simplicity 'We 'Will solve the problem of the temperature distribu.­
tion bet~leen two infinite slabs held at a temperature of zero. Assume that the 
mediUl!l has constant conductivity K and constant specific heat capaoity c. Also 
assume no heat sources 'Wi thin the medium. Then from Equation 7 

(14) 

The boundary conditions are 

u(o,t) = u(L,t) = 0 • 

Let us assume as a simple initial condition that the temperature in.,the medium is 
everywhere cons~nt at t = O. Thus 

u(x,o) = U = constant. (16) 

The complete solution can be written in the series tor.m 

u(x,t) 

00 

L ( K (~2 .1. sin n)11X e - CR) t 
n L . 

(n = 1,j,5 •••••• ) 
(17) 

n=1 

This solution actually represents an infinite number of sinusoidal temperature 
distributions across the medium from x = 0 to x = L. At t = 0 the sine waves all 
add up to give the initial flat temperature distribution. For t> 0 the sine waves 
decay exponentially at different rates, with the deoay rete faster tor those'sine . 
waves having more nodes and loops. The resulting temperature distribution at 
various times is plotted in Figure .3, where a dimensionless time variable "r' has 
been used. 1'" is defined as 

l' = .JL.c t • 
~L~ 

(18) 

Thus Figure .3 is independent ot the physical constants or the problem. 
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---WE)/.w11l now.proaeed to calculate the decay-time constants for the normal 
modes of the~ -difference equation representation. If' these agree ve11 with the 
decay-time constants in the solution above, and if the equivalent normal modes 
show good agreement with sine waves, then we can expect accurate results using 
the difference technique. 

Solution of the Difference Equation for N Oells 

When the space between x = 0 and x = L is broken up into N cells, the 
general difference equation is given by Equation 10. At station 1 and station 
N-l the differenoe equation is obtained by setting 110 and UN equal to ze~ 
respective~. In the problem under consideration the conductivi~ K and speci~lc 
heat capacity e are constant. By proper choice of our distance variable x we 
can make ~ = 1, so that·L = NOK = N. By proper choice of our time variable t 
we can make elK = 1 so that tor f = 0 Equation 10 becomes for the ith cell • 

• 
llt = l1:t+l - 2u:t. + 11:1-1 • (19) 

To solve for the normal modes we assume that the ith temperature l1f varies 
with time as &fe- ~t, where a1 is a constant. If this 1s true, then EqUation 19 
becomes a set of N-l·sfmultaneous algebraic equations. The only nontrivial 
solution of the equations is obtained Vhen the~determinant of the coefficient 
vanishes. This determinant, when expanded, becomes a polynomial in ~ of order 
N-l. The polynomial will have N-l positive roots .~ n which are the decay constanta 
for our -N cell syst~. To solve this determinant for a specific N is very tedious, 
and to solve it in general vould be next to impossible. The roots ~ D can be 
found much more easily b.1 the following procedure, 

Assume that the spatial mode shape for the difference equations is the same 
as tor the continuous equation, i.e., sinusoidal. If this is true, then for the 
temperature ~ at the ith station we have 

(20) 

From simple trigonametr,y it follows that 

1l:i+l + ":L-l = 2a sin ~ COS ~ .. (21) 

;From Equation 19 ve have for the ith station 

(2- "n) wrr4 - ~ t .....r.. If' -"nt 
sin ~ e n = 2 sin ~ cos e 

B N 

from which 
~n = 2(1 - cos f'> Q (22) 
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It is easy to show that Equation 20 satisfies the boundary conditions. Thus, 
our assumed so lution is the exact solution, where the decay constants ~ n are 
given by Equation 22. Expanding Equation 22 in a p<)\Ier series, ve have 

• 

In the limit of infinitely many cells the An equation given above reduces to the 
decay constants in Equation 17, since here L = N4x = N and ~ = 1. 

In Figure 4 the percentage deviation in decay constant due to the difference 
method as a function of the number or cells N is shown. Note that the lower modes 
(lower values of n) require fewer cells to give accurate decay constants. 

To summarize, we see that when the spatial derivatives of the heat equation 
are replaced by finite difference, the resulting normal mode shapes agree exactly, 
whereas the decay constants (eigenvalues) for each mode are somewhe. t smaller. 
This means that the higher modes viII decay somewhat slower when the differential 
difference equation approximation is used. The error is bigger for higher modes, 
but fortunately the higher modes are generally much less important. 

Computer Solution forane-Dimensional Heat Flow 

We now proceed to the computer solution of the one-dimensional heat flO\l 
problem considered in the last section, namely the temperature distribution between 
tvo 1ntinite slabs a distance L apart and with boundaries held at zero temperature. 
We can select the distance variable so that 4:c. = 1 and hence L = Nt;c = Nt where 
N is the number of cells. After proper choice of the units of time t so that 
I/~ = 1, the basic heat equation becanes from Equation 14 

vhich in terms of a difference equation is 

:: = Un+l - ~ + 11n-l • 

For the problem in Section II the initial temperature distribution was a 
constant U. Thus, we have the initial conditions 

1ln(O) = U = constant • 

Boundary conditions are 

This heat problem vas solved with the differential analyzer for 9 cells. 
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In order to oompRre the computer results with the solution shoun in Figure 3 
for a continuous medium, we must oonvert our computer time units to the dimension­
less units of Figure :3. Remembering that we chose computer time units so that 
K/~ = 1, we have from FIluation 18 

(28) 

Thus for our 9-cell problem we divide computer time t by. 81 to obtain the dimen­
sionless time 1'" of Figure 3. In this way points from the computer solution are 
compared in Figure :3 with the theoretical solution for a continuous medium. The 
correlation is evidently quite good, as we could hB,ve predicted f~m our theoretical 
work in Section II. 

Since our initial temperature distribution is symmetric about the station 
4-J./2, as are our boundary conditions, the temperature distribution remains 
symmetrical ase fUnction of time. Therefore, the heat flow will be zero at 

. station 4-~2, and the appropriate boundar.y condition can be established there. 
If this is done, it is only necessary to solve the problem half-way across the 
distance between the slabs, the solution for the other half being symmetrical. 

In the srone way, if the initial temperature distribution in our homogeneous 
medium had been antisymmetrical with respect to station ~1/2, ve could have 
tre8.te~ the problem· for N cells by se'tting 'llo = UN/2 :: o and solving the N/2-cel1 
problem. Here we must obviously have an even number of cells to begin with, 
whereas in the symmetrical case we needed an odd number of cells. 

It is evident that by considering SymIIetry effects the number of amplifiers 
needed may often be cut in half. Furthermore, aD1' arbitrary initial temperature 
distribution CRn always be split into a symmetrical and antisymm.etrical form. 
The solution for each of these initial distributions can then be found, and since 
the ·equations are linear, the final solution is the gum of the two solutions. 
Of course this prooedure will only work when the conductivity K and the specific 
heat capacity ~ for the medium are constant or symrretrical about the center of 
the medium. Also, the boundary conditions must be symmetrical. 

Summary of Investigation of the Use of Difference Techniques for the Heat Equation 

We have shown that it is both simple and straightforward to solve the heat 
equation with the electronic differential analyzer by replacing ·spatial derivatives 
with finite differences. Normal mode shapes show exact agreement with those 
calculated by separation of' variables for the simple problems considersd. Decay 
constants corresponding to the various modes also show good agreement but tend 
to be somewhat lower than the VAlues ca.lculated by separation of variables, 
particularly for higher modes or if fewer cells are used. For most engineering 
problems the order of eight to sixteen cells per spatial dimension should be 
completelY adequate (see Fieure 4) •. 

Only one operational amplifier is needed per cell, although in some problems 
it may be more convenient to use three amplifiers per cell. The problem is com­
pletely stable, and the final outputs qf the computer are temperature and heat 
flow AS a function of spatial coordinates and time. 
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SOLUTION OF TijE WAVE EQUATION 

Equation to be Solved 

One of the most importB.nt partial differential aqua tions met in engineering 
is the wave equation. If we let ~ r~present the magnitude of a disturbance in 
any medium in which wave propagation can take place, then ve can write the wave 
equation as 

(29) 

Here v is the wave velocity in the medium and t is the time variable. Equation 
29 must of course be subject to spatial boundary conditions and initial time 
conditions. 

The spatial derivatives of the wave equation have exactly the same form as 
the heat eauation, but the time deriviative is second order instead of first order. 
The d~fference techniques for converting the partial differenti~l equation to 
system of ordinary differential equations in time are also practically identical. 
Space does not. permit discussion of specific .examples, but it may be remarked that 
application of the method to the problem of a vibrating string has given satts­
factor,y results. 

The solution of the wave equation by difference methOds is easilY performed 
by the differential analyzer vhen the medium of pro}:8gation is non-oqniform. Also, 
the effect of damping forces can readily be included. 

Thus far we have considered partial differential equations with boundar,y 
conditions occurring a finite distance apart. It seems evident that our difference 
techniques e.s used here are limited to this type of equation. Thus, it would not. 
seem possible to solve problems in semi-infinite or infinite media unless one 
can let the time variable in the computer repres~t the spatial variable whiCh 
goes to infinity. . 

It should be straightforwa.rd to solve prbblems having spatial coordinate 
systems other than Cartesian, e.g., a,ylindrical, spherical, etc. For the appro­
priate geometries this would undoubtedly require many less celss to realize 8 

desirable accuracy. 

vmRATIOO BEAl-S 
~ 

Equation to be Solved 

It would seem of particular eftgineering interest to investigate the usefulness 
of the difference technique in solving the problem of flexural vibration of beams. 
Consider the vibrating beam sho\-tn in Figure 5. If we limit ourselves to the trans­
verse deflection shown and asmnne thnt the flexural planes remain parallel, then 
for small deflections the equB.tion of motion is given by 
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where 
x = horizontal d.istance £'rom the lett end of the bee 
t = time 

y(x, t) = transverse d,efl,ction of the beem at any instant 
p~x) = mass per unit of beem, at x 

EI(x) = flexural rigidity at x 

The bending moment M(x,t) is given by 

and the shear is given b.1 

M(x, 't) = EI(x) ,2y(x, t) 
a'?-

8 
V(x,t) = ax M(x,t). 

(31) 

()2) , 

Equation 30 is of course subject to both boundar., and init~l conditions. 
One type of beam or considerable engineering interest is the cantilever beam (one 
end built-in, the other free). We viII also consider the hinged-hinged beam 
because it is the easiest to analyze theoretically and viII give us a good idea 
of how the other beams will behave when difference techniques are used. 

Derivation of'. the Difference Equa.tion for the Vibrating Beam' 

Once again the partial differential Equation )0 for the vibrating beam is 
converted into a set of ordinary differential equations by using the difference 
technique. Thus, distance along the beam is broken into N segments of width ~; 
the displacement Yh at the nth station viII then be a function of time onlY. We 
have from Equation )0 as the equation of motion of the nth cell 

d2y, 
(Ax)2 Pn ~. + Hn+l - 2Mn + ~1 =0 

where 

We also note that 

and 

v - Mn - Mn-l 
n-1/2 - t.: 

8YI = ex n-1/2 
Yn - Yn-1 
~ 
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Before writine down the complete set of difference equatlons for N cells, 
it is necessary to consider the boundary conditions. Assume we have an N cell 
beam and wish to impose the boundary conditions, associated with a particular end 
fRstening, e.g., a frp,e end at the right hand extremity of the beam. This means 
that- both the shear V and bending moment M must vanish at the beam end. Let us 
assume, then, that the end occurs at N+1/2 and tha-t VN+1 /~ = O. From Equation 35 
this implies that MN = MN+l = O. But from Equation .33 .tlil.s means that 

The remainder of the equations are similar to Equation 33 until the left-hand 
bounda~J is reached, at which point the difference equations again depend on the 
type of end fastening. 

Following the same line of reasoning as above, one obtains the following set 
of conditions for the difference equations for various end fastenings of an N 
cell beam: 

~ vThere End Ogcurs Condition 

Free N+l/2 'Mll = M~l+l = 0 

Hinged N MN = YN= 0 

Built-in Nt-l/2 YN = Y'N+l = 0 

The actual way in which these conditions modify the difference enuations is 
best seen by c'onsidering a specific type beam, as in the next section. 

Computer Circuit for Solving the Cantilever Beam by Difference Techniques 

Since it involves both a free end and a built-in end, the cantilever beam 
shown in Figure 5 seems the best choice for a specific example. The lert-hand 
end of this beam occurs at station ~2, while the right-hand end occurs at 
station N+1/2. From Equations 33, 34, and 36 along with boundary conditions the 
~omputer circuit show~ in Figure 0 is obtained. Initial conditions on Yn and 
Yn must of course be specified in a.n actual problem. Notice that even though the 
left-hand end of the beam occurs at station 1/z, the displacement Yl at station 1 
is held fixed at zero. 

Theoretical Soltuion of the Difference Eouations for Vibrating Beams 

In order to check the accuracy of the difference method. for beams, we will 
now solve for the normal modes of vibre.tion of a cantilever beam by sepe.ration 
of variables. When the space and time variables Rre separated in the equation for 
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a cantilever beam B.nd the normal-mode frequencies are determined, the following 
values are obtAined for the dimensionless frequencr.y parameter 

• 

1 2. 4 

l21.0 199.8 

If the units are sel~cted so that ~ = 1, Equation 37 represents the difference 
equation. for y when the cantilever beam is broken into cells. 

Let 11S consider 8 cells and let P;tI = 1. When the boundary conditions outlined 
previously are applied (left end built in, right end free) a set of seven simul­
taneous difference eauations result. 

As before, we assume 1'1 varies with time. as sin '" t. The difference equations 
are then reduced to 7 simultaneous algebraic equations. Eliminating the y1s 
gives us 

1 _ 336)..2 .. 3312 ~4 _ 5140 ,...6 + 2432 )...8 _ 456'i'-10 + 36 ~ 12 _ A 14 = 0 (38) 

The roots of the abov~ polynomial in ')... 2 are the normal mode frequen'cies. The 
first four values of X n obtained from Equation 38 are 

For our 8-cell cantilever beam ~ = 1 and L = N = 8. Also, El/p = 1 and hence 
the dimensionless normal-mode frequency ~n is obtained by multiplying )... by 64. 
In th-e follm . .r.tng .table ~n for the 8-cell beam,is compared with fln for the con­
tinuous beam. 

1-1ode -1 
2 
:3 
4 

Cantilever Beam 

(continuous beam) (8 cells) 

3.516 3.545 
22.03 22.2 
61.7 60.1 

121.0 111.3 

% deviation 

+ 0.8 
+ 0.8 
- 2.5 
- 8.0 

Evidently a.n 8-cell uniform cantilever beam (actually requiring only 22 operational 
amplifiers) gives tolerable normal-mode frequencies for the first four modes. For 
many enginp.n"ing problems this would be entirely adequate. 

In Figure 7 two mode shapes are compared with those for the continuous beam. 
Agreement seems to be 'entirely satisfector,y. 
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Computer Solution for an 8-Cell Uniform Cantilever Beam 

The 8-cell cantilever beam discussed in the previous section was set up' on 
the electronic differential analyzer using integra.tor time constants of 0.2 seconds. 
Normal-mode frequencies were obtained by driving the cells at anti-nodal points 
with sinusoid'al-voltages at the normal-mode frequency. The following table com­
JEres the romputer and theoretics.l normal-mode frequencies. 

Mode 

1 
2 
3 
4 

Continuous Beam 

0.0437 cps 
0.Z15· 
0.768 
1.507 

Nomal-Mode Frequency 

8-Cell Theoretical 

0.442 'CIS 
0.Z16 
0.750 
1.39 

8-Oel1 Computer 

0.436 cps 
0.274 
0.747 
1.37 

The input resistors used in the circuit for computing differences were calibrated 
to 0.01 per cent, while the resistors representing flexural rigidity EI and mass 
per unit length P were calibrated to about 0.5 per cent. It was found that a 1 
per cent change in one of the input resistors used for taking differences per­
turbed in the period of the fundamental normal mode by the order of 1 per cent. 

Computer Solution for an 8-Cell Non-Uniform Cantilever Beam 

An 8-cell non-uniform cantilever begm was simulated on the differential 
analyzer. This beam had the configuration shown in Figure 8 and represents an 
aircraft wing with ta.per ratios of 2:1 in both chord and thickness. Two problems 
vere solved: (1) the t8pered beam alone, and (2) the tapered beam with the 
addition of a concentrB.ted load at station 8. This load simulAted a wing tank 
of half the weight of the 'Wing. A gus t load of one-second duration ,..ras applied 
as a force proportional to the chord at each cell. Figure 9 is a sample of the 
deflection at station 8, and also sho"ls the one second gust load. No' structural 
dt'mping was included in these exrunples, but it can be accomplished by Simply 
connecting the appropriate resistors across the integrating condensors. 

An integrator time constant of 0.2 'secoms was used •. 

The normal-mode frequencies were obtained for the S-cell beam with and without 
the wing tank. 

These are tabulated· along with the values for normal-mode frequencies ob­
tained by a differential analyzer solution of the eigenvalue problem for the case 
wi thout wing tank. 

Mode 

I 
2 
.3 
4 

8-Oel1 Eigenvalue 
(No Wing Tank) 

.rn7') c~ 

.331 cps 

.820 Op3 

Normal-Hode Frequency 

8-Cell Difference 
(No Wing Tank) 

.Cf767 cps 

.326 Cll9 

.7R4 cps 
2 0 016 cps 
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8.oell Difference 
(With Wing Tank) 

.0.372 Opi 

.256 cps 

.7('$ cp3 
2.000 cps 
3.279 cps 



An interesting structural condit:ton is il1ustr8ted :in Figure 10, where the moments 
near the root (sta.tion 1) and near mid span (station 4) are recorded for the cases 
with and without ,.ring tRnk. For both recordings identical one-second gust . loads 
were applied. The case with wing tank has much Imler moments and therefore is 
not as critical structurally as the case with no wing tank. 

Real-Time Simulation of Beam Structures 

Dna of the ad~ntages of electronio differential analyzers over other types 
of e.nalog computers is the extreme flexibility of their t1lne scales. For example, 
it is possible with the ana~yzer to simulate on e one-to-ona timA sCRle the 
aircraft wing discussed in the previous section. If integrator'time constants 
of 0.02 seconds are used, the frequency of the fundamenta.l mode for the 8-cell 
tapAred win~ becomes 0.77 cycles per second, which would be the order of magni­
tude of the frequAna,y for an actual structure. 

There is one iniportant effect which must be considered when so speeding up 
the time scale. Limitations in band width of the dc amplifiers may cause the 
beam oscillations for the higher modes to exhibit a slight exponential buildup 
in magnitude. However, the introduction of a small amount of viscous dll.Jnping 
(considerably less th~n actually exists in the structure) easily stabilizes the 
circuit. . 

A renl-time simult:l.tion of structural charB,cteristics could be very useful 
:tn testing autopilot designs for some of the larger aircrHft and missiles, where 
structural characteristics must be'considered in solving the control problem. 

Effect of Small Voltage Transients 

The deflection of a beam for a given force is proportional to the fourth 
power of the length of the begm. Thus as more and more cells are added to the 
differ8ntiRl-ana1yzer circuit, the output voltages representing beam deflections 
becomes more end more sensitive to voltB.ee inputs. The le.tter lDBY' be purposely 
introduced to simulate forces, or may be inadve~tently introduced as a result.of 
power-supply fluctuations or transient voltages when the init~Rl conditions Are 
released. The sensitivity of the net\.J'ork to such disturbs.nces will increase as 
the fourth po~Ter of the number of cells. With electronically regulated power 
supplies and dc amplifiers which were IllB,nually balanced to within 0.01 volt 
referred to input, no particular difficulty was experienced with the above effect 
in solving the 8-ce11 beam problem. 

Sununary of Difference Technique for Vibrating Barons 

The vibrating-berum equation has been solved with the difference method both 
theoretically and with the electronic differenti8.l analyzer. Results show that 
normal-mode shapes and frequencies exhibit good agreement with continuous beams 
prov-id~ng 3 or more cells per half-wave length of the normal mode are used. 

Cantilever and hinged-hinged beams have a fixed equilibrium position relative 
to their surroundings and hence are stable on the electronic differential amlyzer. 
Free-free beams are not supported, however, and will tend to be unstable, since 
any small voltage unbalance will cBuSe them to rotate and translate as well as 
vibrate. 
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De.mping can easily be included in the beam equation Qy placing the appro­
priate resistors across integrating condensors~ ~ variable force as a fUnction 
of time cnn, be introduced at any point or pOints along the beam. The final canputer 
response gives directly the bending moment and displacement as a 'function of' time 
and distance along the beam. 

This same dif'fe~ence method cap be used. to solve berons with both torsional 
and lateral bending.4 In this case the torsional equation is similar to the wave 
equation mentioned earlier. The proper cross-coupling resistors then tie the 
tyo systems together. 

For a more complete discussion of some of the material in this paper, see 
Reference 6. 

DESCRIPl'ION OF THE DIFFERENTIAL ANALYZER 

TO BE USED AT THE UNIVERSrry OF HICHmAN FOR SOLVIrDi 

PARTIAL DIFFERENTIAL EQUATIOm 

An 80-amplif'ier differential analyzer is being oonstructed to solve plrtia1 
differontial equations qy the difference method. Forty of the dc amplifie~ can 
be used as integrators or summers; the remnfning 40 are summers o The inputs.·and 
outputs to the amplifiers are brought out to polystyrene patch panels on the 
front of the relay raCks. Input and feedback impedances and the various computer­
circuit connections are pitched directly into the polystyrene pinels. There' are 
16 amplifiez:s per relay-rack, with five racks in all. 

The dc amplifiers consist of three stages of triode amplification (2-5691 RCA 
red tubes) and an optional ]2SN? cathode follower for high-power output operation. 
The amplifiers are flat to about 40kc with a gain of unity. Plug-in drirt 
stabilizing units using Leeds and Northrup Type STD • .3.338-1 Converters hold 'the 
dc unbalance referred to input to the order of 100 microvolts. 

Using the above equipment it wil: be possible to solve heat, wave, and beam 
eqURtions in one spatial dilnension with up to 20 cel1so 
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Fie. 3 Temperature Distribution as Function of Time 
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THJt! NORDS:mCK COl~TER 

Arnold Nordsieck 
University of 'nlinois 

Urbana, nlinois 

I Introduction' 

Atter sone e~rience with a mechanic al differential. analyser 
of the Bush typal, the author bec~ convinced that there was a, 
need for a smaller, cheaperinstrunent of this type 'with' a faster 
and mre convenient setup procedure. The large instrunents are so 
large and expensive mainly bec ause of the torquemrplitiers they 
contain and are sOIOOwhat inconvenient to use because, aside trom 
considerations otaccessibility to the individual researcher; they 
hsve rather long and complic,atedsetup procedures. " ' 

The need for torque anplific atiort can be eliminated by employ­
ing a nechanical. integrator which will transmit appreciabl~ torque 
without slipping at all. ' The author has developed suchan integrator, 
which Will be described in section II. Speed and convenience of 
setup can best be achieved by arranging to have aliintercotmections , 
made electrically, and accordingly all the input and output variables 
of all the units (integrators, multipliers, adders, etc.) in the new 
instrwrent are converted into electric al form by synchro IOOtors and 
generators2 and made available at a plug board. The general size can 
also be kept small without prejudice to accuracy because the key 
parts can readily be machined to an. accuracy of 0.001 inch and because 
the ultimate output consists ot driving revolution counters or push­
ing pens across graph paper. These processes require negligible -
forces and torques, so that if care is taken not to dis'sipate torque 
needlessly in bearing friction or othenrise, very small motors can 
be used throughout. The torque~ eDployed in the new machine are 
in the range of one inch-ounce and the total JlBchanical driving 
power is less than 1/100 horsepower. The six-integrator machine is 
about the size of a desk and weighs about 500 lbs. and requires 
less than 500 watts of no volt 60 cycle power. The accuracy can­
not be given in any absolute way since .it depends on the problem 
being solved, but it is in the general range of one part in a thousand. 

Further reduction in weight and size, tor a given nunber of 
integrators and with no loss in accuracy, lIlq ,be possible. 

The original. machine of this type has been in use at the Univer­
sity of nlinois, Urbana, illinois for som tine and replic as of it 
have been built and operated at Purdue University, Lafayette, Indiana, 
and at Radiation Laboratory, University of Califo,mia, Berlceloy, 
Calitornia.. A wide variety of ,problems have been solved on the 
~hines, ranging from stability of non-linear servos and design of 
non-linear springs to charged particle orbits in linear accelerators 
and problems in quantum mechanics and nuclear physics. 
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II M3chanical. Integrating M3chan1sm 

From the arguenents given in the introduction it follows 
that an integrating device to make the whole plan teclmically 
feasible ought to have three propertiesa It DDlst work with shaft 
angles as variables so as to preserve the origihal. inherent accuracy 
of the Bush machine, which derives from representing a unit ot 
any variable by a large nUDi>er of shaft revolutions; it DDlSt trans­
mit appreciable torque without slipping; and it must tit in design­
wise with synchro motors and generators without excessive dissipation 
ot torque in bearing friction, etc. 

The device used in the Bu. machinel has a wheel with a f atrly 
sharp edge I rigidly JOOunted on a shaft and driven by a slbJoth, hard 
nat turntable, and this device will not transmlt appreciable torque 
wi thout slipping. There is another comroonly used integrating device, 
the turntable, ball and cylinder system invented by James ThOlllpsonl 
which will indeed transmit ~preciable torque without slipping pro­
vided enough thrust is applied to the ball. The Thompson device 
-requires several bearings in addition to the essential bearings 
ot the input and output shafts, especial1y~if much t~t is a,pplied 
to the ball. Now the bearings in 81Dchros are high quality anti­
friction be arings, and since the synchros were to be an inte gr a1. 
part of the design for other re asons, as outlined in the introduction, 
it seeIOOd desirable entirely to avoid any additional ,bearings. 
This was acconplisbed by developing a kind of cross between the 
wheel-turntable device oftha Bush; machine and the cylinder-ball­
turntable device ot Thonpson. In "effect we redesign the wheel so 
that it behaves like a wheel and a ball simultaneoUsly. 

The sharp edged wheel rigidly mounted on its shatt cannot 
transm1.t appreciable torque without slipping. essentially because 
as the velocity ratio is varied (it must be varied continUOUsly 
while the unit is running for integration to be perfor_d) the 
wheel lIIlSt slide over the -turntable parallel to its own ahaft. 
The ball of the ThompsQn device can transmit appreciable torque. 
essentially because it engages in pure rolling JD:)tion even when 
the velocity ratio i8 continuously yarying. Therefore it we alter 
the wheel by mounting it ball-and-aoclet viae on its shaft and 
making its rim part of a spherical. surtace we have a device-ol the" 
simplicity of the wheel-turntable device and with the pure rolling 
property of the ThoDpson device. 

The Figure shows a schematic diagram ot the integrating wheel 
and of its relationship to the smooth hard nat tumt8ble or disc. 
which i8 common to all such devices. The wheel is mounted on its 
shaft by a ball and socket joint which i8 a lubricated tree sliding 
fit. The ball is rigidly fixed to the shaft. A pin projecting 
radi"ally from the ball slides between a pair of pins JlDunted 
axially in the wheel, thus keying the wheel to the shaft. Hence 
the wheel is free to turn, relative to the shaft, about any axis 
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normal to the shan vi thin limits set by a stop. On the other hand 
rotation of the wheel about the shaft axis is positively coDununicated 
to the shaft. The whole attaChment of the wheel to "its shaft is 
equivalent to what is normally called a universal joint of limited 
misalignment. 

The rim of the wheel is part of a spherical surface with 
center coinciding 'With the center of the ball. This surface must 
be accurate and hard. 

Several springs are fastened to the wheel shaft and bear on 
the wheel near its r:1m in such a way as to tend to straighten the 
wheel up. The tension in these springs is adjusted so that in 
operation they are able to rotate the wheel about an axis through 
the point of contact and the center of the ball but are not st~ng 
enough" to slide the wheel on the turntable. 

The value of the "1ntegrand"1n the operation of integration 
is represented by the distance from the axis of the turntable to 
the po1nt of contact, labelled "d" 1n the Figure. If we 1ma~ine 
that the turntable axis is fixed and that the wheel shaft is 'moved 
any given distance parallel to itself, then because of the spher­
ical f'orm of the wheel rim the point of contact will move ~ " 
exactly equal distance; consequently "d" 'Will change by the same 
d±stance. In ~ctice we move. the turntable and hold the wheel· 
shaft longitudinally fixed, but the net effect is the same. If' 
enough normal thrust is applied to the point of contact through 
the shatt bearings the wheel will engage in pure rolling motion 
so long as it clears the stop. In actual operation the distance 
"d" varies and the wheel shatt rotates simultaneously, and the 
change in "d" per quarter revolution of the wheel shaft is small 
oompared to the radius of the wheel. Therefore the tilt or 
nutation of the wheel 1ntroduced b.1 the variation of lid- 1s con­
tinuously carried arourd and wiped out by the aotion of the springs. 
Consequently in operation the wheel departs from its square pos~tion 
by barely visible amounts and rarely comes ne ar the stop. An 
exception to this normal condition occurs when ltd" is near zerO 
since then the rate of rotation of the wheel shaft is ve~J small 
and the tilt or the wheel may accumulate considerably before it 
is carried round and nullified by the springs. T.bewidth of the wheel 
rim and the olearance of the stop have been so ohosen that the" wheel 
is rarely brought up against the stop even when traversing through 
the position "d- = O. Occassional contaot with the stop and corres­
ponding momentary slippage at the point of contact are not serious 
because the error thus introduced is proportional to the fraction 
ot the time that slipping occurs. 

When this integrating wheel is to be used to drive a synohro 
generator (the "integral synohro" of the 1ntegrator) the diameter 
of the wheel is chosen slightly larger than the diameter of the 
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body of the synchro and the wheel is lOOunted directly on the 
synchro shaft close up to the front be aring'. No additional be ar­
ings over and above the synchro be arings are enployed. 

III General Description ot Co!!puter . 

Generally speaking the computer consists of a collection of 
independent units lOOunted together on a rolling table, most of 
these units being supplied in multiple, for mechanic slly perform-' 
ing the eleDSntary operations which in combination enable one to 
solve a system of ordinary differential equations. These un! ts 
are integrators, JJUltipliers 'for nl1l.tiplying any variable by a 
chosen constant, adders, plotting,~,tables for reading functional 
relationships graphically into or, out of the conputer, a lOOtor­
driven independent variable U¢t for turning the independent 
variable shafts, hand cranks for turning any sh~ by hand as in 
manual. curve following, end revolution counters for indicating 
the numerical. value of anY'chosen variable. At present we put 
on one rolling table six integrators, six DIlltipliers, four adders, 
two plotting tables, one independent variable unit, two or three 
hand cranks and two revolution counters. The two last nentioned 
counters are in addition to the revolution counters fitted to the 
integrand synchro shafts on the integrators. A six integrator 
unit can be used alone for. relatively small problems or several 
ot them can be combined into a conputer of larger capacity. As 
indicated earlier, all the input and output variables of sll these 
units are brought to a'master plug board in electrical. synchro 
torm. The operation of setting up or clearing out a problem 
involves only plugging up or clearing out a set or connections 
on the plug board and manually selecting the gear ratios on the 
multipliers. . ' 

The integrators have at integrator factor of 1/60, i.e. 
it the integrand is set at one shaft revolution the velocity ratio 
is 1/60. The range ot the integrand is from minus 60 to plus 60 
turns (with some leewq), Significant to 1/20 tum. 

The multipliers make gear ratios of 0.1, 0.2, • • • 0.9 
available by'manual selection. 

An adder consists of a differential synchro driving an 
ordinary synchro. 

The piotting tables have 1e ad screws of 20 thre ads per inch 
and are designed for use with standard 1/20 inch graph paper, 7 inch 
by 10 inch grid on 8t inch by 11 inch paper. Each table may be 
used for either input or output as desired. 

The computer is provided with several. types of protective 
circuits which make it essentially fool proof in the sense that 
the operator can spo'U. a problem solution but cannot damage the 
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conputer by incorrect connections or operation. Each synchro is pro",,: 
vided with a protective ballast larrq:> and condenser coni>ination which 
warns the operator and reduces the energizing voltage to prevent 
burnout if that machine is desynchronized. For each lead-screw 
driven element a warning light is provided to indicate when it is 
near the nechanical limits of its travel ani the drive is conp1etely 
disconnected before tre se limits are reached. The integrating wheels 
are kept disengaged except wren a problem solution is actually being 
run in order to permit synchonizing the synchros and setting initial 
values of integrmlds without sliding of the wheels on the turntables. 
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