































































































































































































































































































































































































































































































MAGNETIC REPRODUCER AND PRINTER
by John C, Sims, Jr,

Remington Rand Inc.,
Eckert-Mauchly Division,

The rapid development of business systems during the past few years has at
the same time called attention to some rather serious limitations in mechanical
and photographic methods for the production of printed copy. Modern electronic
computing machines can process data and produce results in tremendous quantity.
Moreover, the operation of large business organizations creates a problem in the
dissemination of information within themselves that is not always economically

solved by existing equipment,

There has accordingly been much interest in new methods of producing printed
copy, both for the recording of original data created by computing processes and
for multicopy reproduction of existing data for distribution. The technical
literature (1) reveals that considerable development work has been done on equip-
ment of this type in the last few years, Devices have been designed for rapidly
recording the results produced by electronic computers, These devices have, for
the most part, been improvements and extensions of well known mechanical princi-
ples. The inherent speed limitations of mechanisms have generally been overcome
by utilizing a high degree of parallelism. For example, printing tabulators
may employ upwards of one hundred independent printing units, each capable of
printing the entire font of symbols it is desired to record (2), These parallel
or "gang" printers have utilized relief type mounted on reciprocating bars or
rotating wheels, Means are then provided to bring the paper and the type into
engagement when the desired character is in position in each column., The large
amount of equipment involved, not only in one hundred or more printing stations,
but in the devices required for storing information and feeding it to them, re-
results in a bulky and expensive piece of gear.

The subject of this paper is a printing process and equipment which is
inherently fast enough sothat serial printing methods can be used and still per-
mit reasonable speeds to be attained. The process depends on the attraction of
a magnetic ink to selectively magnetized areas on a printing plate., Setup of
the printing plate is rapidly accomplished by magnetic recording techniques
while development and transfer of the recorded image to paper is effected at
printing press speeds., This process we have generically named "Ferrography,"

a ti:%g which has also been used by more independent investigators of the
art i

The Ferrographic process, like the older printing methods, is fundamentally
one having three steps: first, the recording of a magnetic printing plate by
one of several methods; second, the inking of the plate to develop the latent
magnetic image; and third, transfer of the developed image to paper or other re-
ceiving surface, The process is thus fundamentally similar not only to the
Xerographic electrostatic process (4) but to all commonly used printing methods.
The differences lie in the type of materials employed for the printing plates,
the methods used for registering images on them and techniques for inking or
developing the images, Processes generally transfer the image to paper by
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pressure contact, but some require preprocessing or postprocessing of the
paper,

The first step in the Ferrographic process is the recording of a latent
magnetic image on a magnetizable drum or plate., A number of materials have
been used successfully for Ferrographic plates. These include iron oxide dis-
persions, electrodeposited films of cobalt-nickel alloys and sheets of magnetic
alloys such as Cunico and Cunife, It is important that the material chosen
has as high an energy content as is consistent with the definition desired and
practical recording head design, Strong magnetic images can be readily inked
while weak ones produce "noisy" prints,

There are a number of ways in which magnets can be impressed on a magnetiz-
able surface., Perhaps the most commonly used method of recording is called
longitudinal, in which the magnets are oriented parallel to the motion of the
recording head. This method is used on sound recorders and on most pulse re-
cording equipment. For recording on Ferrographic plates, however, the magnet
orientation produced by longitudinal recording is the least suitable, The
magnets produced on the surface of the plate by a longitudinal head tend to
produce only outlines of desired images. It will be recalled that the flux
path or magnetic "ghost" of a bar magnet can be revealed by laying a piece of
paper over the magnet and then sprinkling iron powder on it as shown in Figure
1. It will also be remembered that the flux pattern so developed consists of
heavy agglomerations of powder at the poles of the magnet and progressively
lighter powder deposits at more remote distances, even along the magnet itself,

The same phenomenon occurs on a developed Ferrographic plate, The magnetic
ink is attracted only to magnetic poles on the plate and not to intermediate
points as shown in Figure 2a, even though the material at these points is
magnetized., This means that if a video signal is applied to a longitudinal
magnetic head which is scanning a plate, then the ink will develop only the
outline or flux changes of the recorded image. A true picture will be devel-
oped only if the head records a modulated carrier which will apply a series of
poles to surfaces which must attract ink. The result of recording such a series
of poles is shown in Figure 2b,

Two other recording methods exist which do not require such a carrier.
These methods are commonly called perpendicular and transverse recording. 1In
the first method, shown in Figure 3, magnets are recorded which are oriented
normal to the surface of the plate, In the second, the magnets are in the
plane of the plate but at right angles to the motion of the recording head,

The simplest type of perpendicular recording head, as shown in Figure 4a,
consists only of a pencil shaped bar of soft magnetic material having a coil
wound on it for the reception of video signals, If the point of such a re-
cording element is brought in contact with, or slightly spaced away from, a
Ferrographic plate, then the high flux concentration at the point as a result of
current flowiag in the coil, will mark the plate magnetically, The flux re-
turns through the air to the far end of the bar., This is, of course, an in-
efficient magnetic structure and can be improved by providing an iron return
path for the flux. The area of the return bar should be large compared to
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that of the pehcil point of the marking bar or the plate will also be marked
at the flux return point, Such an arrangement is shown in Figure 4b.

Of course, a recording head which impresses purely perpendicular magnets,
or for that matter longitudinal, or transverse, is a theoretical possibility
only. The magnetic flux lines emanating from a point or developed across a
gap always fringe out in broad curves which result in magnetic components in
all three axis. Thus, for example, perpendicular heads produce some recording
both transverse and longitudinal. The transverse component becomes larger if
a return bar is brought down to the surface of the Ferrographic plate and becomes
the primary component if the return bar is brought to a point and located close

to the marking bar point,

Now the important criteria in recording on a Ferrographic plate is the
creation of poles, It will be recalled that longitudinal recording of a video
signal was unsuitable because of the small number of poles produced. The
deficiency could only be corrected by modulating a carrier so that enough
poles would be produced to effectively attract ink to dark areas. Perpendic-
ular recording overcomes this objection by rendering such a surface a large
pole as a result of the orientation of the magnets produced, Noticeable wash-
out in the center of large areas will still be encountered, however, due not
only to self demagnetization over the surface of a large pole but also to the
lack of magnetic gradients on the surface, '

It has been found that transverse recording has none of these shortcomings.
The magnetic pattern produced in an area which is recorded to print dark will
resemble a ploughed field where the head has scanned across it as shown in
Figure 5., Strong flux lines fringe out from the plate to join the trests and
valleys of each furrow, The magnetic gradients are sharp and the magnetic re-
turn paths in air are short to give strong external fields, Ink powder is
attracted strongly to such a surface, No modulated carrier is required for the
driving signal and thus the circuits required are simpler,

Several problems exist in the formulation of inks suitable for Ferrographic
printing. In the first place, the ink must be strongly attracted to the mag-
netized areas of the plate, They must, therefore, have a high initial magnetic
permeability, The attraction and adherence of the ink depends on its providing
a better or lower energy flux path than air, Almost any magnetic powder satis-
fies this criteria but soft magnetic materials are superior to hard ones from
the point of view of permeability,

The ink may be either a liquid or a powder. Successful printing has been
done with each type., Liquid inks usually consist of unstable colloidal dis-
persions of iron powder or iron oxide powder in a low viscosity fluid. Such
an ink is a dispersion of Fe 04 in alcohol or carbon tetrachloride. A Ferro-
graphic plate immersed in such an ink draws the magnetic material from solution
to adhere to the magnetized portions of the plate. Similar liquid inks can be
made with soft iron powder of Feo03. In each case the vehicle should be color-
less and have a very low viscosity. High viscosity vehicles do not permit
sufficient mobility of the magnetic particles and, of course, colored vehicles
stain the plate,

The image so developed can be transferred at once while still wet or can be
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dried before transfer. In the latter case, of course, the vehicle should be
highly volatile, When wet transfer is made, smearing of the image and loss
of definition result unless an offset technique is used.

Dry inks can be made from mixtures of magnetic powders with pigments, dyes
and fixing resins. These inks can be applied to a spinning Ferrographic cylinder
to develop an image, One feature which distinguishes Ferrography from other
printing processes is that, although inks are attracted to selected areas, there
is no magnetic mechanism to repel them from unselected portions of the plate,

In Xerography, for example, there is some repulsion as well as attraction of
charged ink particles. Relief printing plates effectively deny adherence of

ink in low areas, while Lighography is essentially a negative process, depending
for its operation entirely on inhibition of ink adherence on wet portions of

the plate,

One mechanism which has been used successfully in Ferrography to deny ad-
herence in unselected portions is centrifugal force. This technique works
satisfactorily with dry powder inks. Cylindrical plates are used and rotated
rapidly during inking. The ink is poured on the top of the spinning cylinder
and centrifuges off the unmagnetized portions. In this manner, plates can be

- inked so that unselected areas are extremely clean,

After the image has been developed by inking, it can be transferred to
paper by pressure contact., If liquid inks are allowed to dry partially, then
they will transfer to paper on contact without smearing. Similarly, dried
liquids inks and dry powder inks can be contact transferred to a dampened sheet
of paper, If this is done, almost complete transfer of the developed image will
be accomplished. A pressure sensitive adhesive on the surface of the paper will
also effectively strip the image. It also serves the function of holding or
fixing the ink particles to the paper surface.

Three other methods of fixing the image have been used., The first is to
include in the ink formula a soluable adhesive resin. The paper is then damp-
ened with its solvent as a stripping agent which also softens the adhesive to
fix the image., The second method incorporates a thermo-setting resin or wax
in the ink formula, Application of heat from an infrared lamp after transfer
then fuses the image to the paper surface. In addition, dyes can be included
in the ink formulation which are soluable in the solvent and which will mark
the paper surface to increase the intensity of the print or produce some desired
color, The iron powder ¢an then be magnetically removed from the paper surface
so that only the dye pattern remains.

The third fixing method is to spray the paper surface with a fixer such as
is used on charcoal or pastel drawings, These fixers are usually thin shellacs
or lacquers, The fixer also imparts to the paper a superior finish or gloss
and also tends to prevent ink dyes from fading.

The Ferrographic process has been employed in the design of a duplicating
machine. This equipment produces Ferrographic duplicates of copy up to 8%
by 13 inches., The material to be duplicated is facsimile scanned by a photo-
cell while a magnetic head receiving the signals sets up a Ferrographic plate,
This plate is cylindrical and, after development by a dry powder ink, the
image is transferred to paper and fixed,
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The process has also been studied for use in a high-speed-data printer,
Here two methods of application have merit. One method employs a multi-
channel head to receive and record parallel facsimile signals to create images
of character shapes on a Ferrographic drum, The other employs direct magnetic

transfer from a type face,

Multichannel heads for use in the first process have been produced having
upward of one hundred channels per inch. Such a head structure is shown in
Figure 6 and 7. These heads can be fed from a letter forming function table
or switching circuit through an electronic distributor to record character images
in response to an input in code., Preliminary tests show recording speeds in
excess of 10,000 characters per second with such a head, Since a single re-
cording element can set up printing plates at these speeds, serial equipment
becomes practical., This simplifies the design from a logical standpoint and
reduces the amount of equipment required. The transfer to paper, of course,
can proceed at printing speeds until the desired number of copies have been
produced, The plate is then erased and new copy set up on it,

Direct magnetic transfer from soft iron type faces can also be done serially,
The type faces can be mounted on one or more rotating wheels which are mounted
on an axle parallel to the Ferrographic drum axle. A magnetic circuit is
pulsed when the desired character is in position next to the drum to effect
magnetic image transfer. The use of a plurality of such type wheels has been
considered, both by the writer and by Berry (3), providing one wheel for each
column of the copy to be produced. A single type wheel can be operated rapidly
enough, however, to scan a drum surface at acceptable speeds with simpler cir-
cuitry.

The Ferrographic process has an economic advantage over many existing print-
ing processes, This advantage is the use of ordinary sheet paper. Special
stock is not required in most cases and carbon paper is eliminated. The high
cost of pin-fed multipart forms represents a major part of the cost of operat-
ing tabulating equipment. Such a high speed printer can consume its own cost
in paper in a year's time., This high cost is the result not of using very high
grade paper but rather of the high cost of carbon paper, of interleaving it be-
tween the sheets of the form, punching the tractor holes along the side of the
form and stapling the sheets together. Since such specially prepared papers are
not required for Ferrography, a tremendous reduction in the operating cost of
the equipment can be expected. High speed printing processes employing "tele-
deltos™ or other electrosensitive papers are uneconomical for the same reason.
These papers are very high in area cost and are not generally available,

The Ferrographic printing process appears to be superior to Xerography on
several counts, First, the magnetic plate constitutes a memory for the infor-
mation which is to be printed. The electrostatic charges which govern the
operating of Xerographic printing are destroyed by each printing signal. They
must, therefore, be restored by re-recording or recharging between printing
operation. Secondly, the fact that a single recording suffices to produce a
large number of copies is important from a legal point of view. The legal
status of the carbon copy is well established. Microscopic examination of an
original and a carbon copy can confirm that they were produced simultaneously
in a printer or typewriter, The same relationship can be established for
Ferrographic prints produced from the same recording, Supposedly identical

164



recordings of the same subject matter will differ in a microscopic sense due
to magnetic noise on the plate and to minor defects in the operation of the
recording process, which only such microscopic examination would reveal. Con-
tinuity of recording reflected in a family of copies can be obtained only by
commercial printing processes, carbon copies and Ferrographic prints, They
cannot be obtained by processes which require re-setup of the copy between
printing operations such as is required in Xerography and facsimile,

In summary, the new process provides means for rapidly setting up copy on
a printing plate, The information may be new data received in pulse code from
a computer or facsimile signals generated by a photo scanner., The resulting
printing plate can be developed and printed rapidly. As many copies as may be
desired can be produced from a single setup., The plate can then be erased and
new information recorded, It is believed that the process will be useful for
tabulators and data printers as well as facsimile duplicators, The process is
also expected to find application in commercial printing especially where setup
time is an important economic factor,
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An Improved Cathodé Rgy Tube Storage System*
by

R. Thorensen
National Bureau of Standards, Los Angeles

Introduction

Several years have passed since Williams and Kilburn(l) first described
their method of storing digital information as charge patterns on the phosphor
screens of common cathode ray tubes.

Since then many computers have been built using this formm of storage.
Considerable rese?gc has been carried out to further the understanding of the
storage phenomena s3) and to improve the storage tubes themselves. Yet this
type of memory is still faced with two rather severe limitations. The first
one is spot interaction or spillover. Thus if a single spot on the cathode ray
tube screen is referred to repeatedly, the information in adjacent spots mgy be
altered. A measure of the storage systems susceptibility to this type of failure
is the "read-around ratio", or the mumber of times a single spot may be consulted
before the adjacent spots have to be regenerated to avoid loss of information.
Needless to say a low read-around ratio limits considerably the usefulness of a

storage system.

The second type of difficulty encountered is caused by the presence of flaws
or imperfections on the cathode ray tube screen, of such characteristics that
they will not store information. These imperfections are usually very small even
when compared with a beam dismeter and it is relatively easy to position the
charge pattern so that none of the flaws interacts with any of the storage spots.
It is however quite difficult to maintain a high enough long term stability to
insure that the raster of storage spots does not drift onto one of these flaws
with a resultant loss of information.

The ability of the electrostatic memory tube to retain its information in
the presence of flaws on the phosphor screen is somewhat dependent on the mode

of operation of the tube.

Thus the various systems presently in use (dot-dash, double dot, defocus-
focus, etc.) all show different susceptibility to flaws. As a rule, however,
those systems which show a high resistance to flaws have a low read-around ratie
and vice versa. Because of this, efforts to improve cathode ray tube storage
systems have largely been centered on producing improved storage tubes with
better §ocus and deflection characteristics and with storage screens.free of

flaws(l) .
A parallel effort has been carried out at the Institute for Numerical
Analysis to devise a modification of the Williams' principle of storage which

has resulted in improvements not only in spillover, but also in resistance to
flaws.: Before describing this new system, however, it is well to review briefly

the principle of charge storage in the conventional dot-dash system both under
normal operating conditions and as affected by spillover.

#*The preparation of this psper was sponsored (in part) by the Office of
Scientific Research, USAF.
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The Dot-Dash Storage System

Normal Operation

The major components of a cathode ray storsge system include the storage
tube itself with a pick-up electrode in the form of a wire screen added to the
face of the tube, an amplifier far the restoration of signal levels, and beam
control and deflection circuits. The pick-up electrode is capacitively coupled
to the phosphor screen inside the cathode ray tube so that sudden changes in
charge distribution on, or in the vicinity of, the phosphor result in a tran-
sient voltage signal at the input to the amplifier.

Consider now how such transient volt age changes may be generated. When an
electron beam of proper energy is directed at a specific spot on the phosphor
screen, the area directly under the beam charges positively with respect to its
immediate surroundings due to emission of secondary electrons.

After a short time interval an equilibrium potential distribution is reached
somewhat like that shown in Figure 2. Under these conditions the number of
secondary electrons arriving at the collector each instant Jjust equals the number
of primary electrons in the beam. After the charge distribution of Figure 2 has
been established it will remain intact although the electron beam is turned off
as the phosphor screen is an excellent insulator. If the beam is now turned on
and off repeatedly, a signal like the one in Figure 3(C) is developed at the imput
to the amplifier. '

The initial negative going portion is due to the appearance of an electron
cloud in the vicinity of the pick-up screen when the beam is turned on, and the
later positive going portion is due to the dissappearance of this electron cloud
when the beam 1s turned off. No changes take place in the charge pattern on the
phosphor screen since an equilibrium potential distribution had previously been
established at this spot. The times for the generation and disssgppearance of
the electron cloud are extremely short so that the shape of the output signal is
largely determined by the transient response of the amplifier.

Consider next what takes place when the electron beam is turned on and moved
slowly, say to the right. The new areas which come under direct bombardment of
the beam, charge ragpidly to a positive equilibrium potential, and the positively
charged areas which are emerging from under the beam will slowly be discharged by-
the capture of secondary electrons, to the average potential of the surroundings.
Thus the resultant effect is that the potential peak at X moves more or less
intact to the position Y as shown by the dotted lines in Figure 2. If-the beam
is again directed to position X and turned on, the equilibrium potential pesk has
to be re-established. This occurs very rapidly and for a while both the peaks at
X and Y may co-exist. However, as the beam is kept on, the secondary electrons
from spot X gradually discharge the potential peak at Y down to the average
potential level of the surroundings. The signal developed at the pick-up plate
during this sequence of events is shown in Figure 3(A). The initial going posi-
tive peak is due to the recharging of the spot X to an equilibrium potential and
the following negative peak due to discharging of the neighboring positive
surfaces at Y. The two signals shown in Figures 3(A) and 3(C) are those taken
to represent a binary Mone® and a binary "zero" respectively in this storage
system. When sampled at the time indicated by the short pulse shown in Figure
3(B), the "one" signal is positive and the "zero" signal is negative.

168



Effects of Spi.‘l_.iover

With the ideal signals as shown in Figure 3 it is hard to see how a ®zero"
could possibly be misinterpreted as a "“one" or vice versa, and normally, of
course, this does not happen. A difficulty arises however when the electron
beam is repeatedly referred to a single spot on the cathode ray tube screen.
Under these conditions the "dot" or "zero" signals of the adjacent spots are
progressively altered as shown in Figure L (A, B and C). Actually there exists
a contimious distribution of signals changing gradually from the ideal signal
as shown in Figure L4(A) to the highly distorted form of Figure L4(C), depending
on how often the action spot is referred to before the adjacent spots are
regenerated. The signal shown in Figure L(C) resembles a "dash™ or a "one"
signal very closely and certainly at the time of the inspection pulse the signal
is positive. It would therefore be interpreted as a "“one™ instead of a "zero®
and permanently changed to the %“one" or "dash" type of a signel. Spillover has
now taken place.

But what causes the “dot" signal to change its shgpe? The most plamsible
explangtion is as follows: The ideal "dot" signal is due to the gppearance and
dissappearance of an electron cloud in the vicinity of the pick-up plate as the
beam is turned on and off. It is critically dependént on the fact that the area
on the phosphor directly under the beam must previously have been charged up to
an equilibrium potential (Figure 2). If this area has been fully discharged as
in the case of the "dash"™ signal an initial positive J.nstead of a negative going
voltage is obtained.

The discharge of a positive potentisl peak is sccomplished by its cagpture
of secondary electrons from a nearby source; i.e., an electron beam.is turned on
in its vicinity. The emission of secondary electrons from any given area however
is not sharply confined. Some of the electrons go to the collector while others
tend to rain down on the most positively charged areas in the vicinity of the
electron besm. Surely the density of this rain of secondary electrons must
decrease as one moves awgy from the beam spot. However, if the beasm is kept on
long enough the cumulative effect of this rain of secondary electrons is suffi-
cient to at least partially discharge the positive potential areas in a neighbor-
hood, spanning perhgps over several storage spots.

If these partly discharged potential peaks are those of stored "dots" or
. "zeros", a distorted signal is obtained.  This is because the "dot™ signal,
normally due only to the electron cloud, now has superimposed upon it an addi-
tional signal due to recharging of the phosphor screen back to its equilibrium
potentigl. The more severe the discharge of the "dot" equilibrium potential
peak due to stray secondary electrons, the more severe a distortion is L
encountered until at last a practically fullfledged "dash" signal is obtained
‘as shown in Figure L(c).

The Imraved Storage System

It was shown above that the dot signal is quite vulnergble to distortion
and that in severe cases this distortion is such as to make the dot signal

indistinguishable from a normsl dash signal at the time of an inspection pulse.
In less severe cases discrimination can only be made by careful amplitude
comparison of the two signals, the normal dash signal then being of larger
positive amplitude than the distorted dot.
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As both the dash and the dot signals can be positive at the time of an
inspection pulse, it seems that the initial portion of the signal waveform is
perhaps not the best characteristic to rely on for discrimination between the
two signals. Better results might be obtained if one could afford to wait and
.1nspect the signals av some later instant. This delay requires that the electron
beam is kept on for a longer time interval before a decision is reached as to
whether one has a dot or a dash type of signal. When the beam turn-on pulse is
lengthened the dot signal changes its character to that shown in Figure 5(B).

It still is caused solely by the transient presence of an electron cloud in the
vicinity of the pick-up plate and as such can properly be interpreted as the
differentiated waveform of the beam turn-on pulse itself. The shape of the dash
;i(.gr)lal on the other hand is only slightly affected and is as shown in Figure

2) .

In the conventa.onal storage systems the 1nspect10n pulse cames at time t
In the system proposed here, however, the inspection pulse is moved to the la %er
time of t,. Discrimination between the dot and the dash signal is on the basis
of whether the signal at time t» is zero or positive (dot signal), or exceeds a
certain minimum negative amplitude (dash signal).

For ideal waveforms the maximum amplitude dlffereme between the dot and ,
the dash signals is samewhat greater at time t, than at t5 so that the proposed '
change may not seem to be much of an improvement. For signals distorted by
spillover however, the reverse certainly is true. Figures 6 and 7 show how the
dot signal of the modified system is affecteéd by spillover. The two oscillograph
traces shown in each picture are those of the distorted signal together with an
undistorted signal shown far comparison. ;

As would be expected the negative pesk at t, dissappears and in the worst
cases changes to a positive peak which rivals in amplitude the initial positive
peak of a normal dash signal. The amplitude difference between the distorted
dot and the normal dash signals has at the time t; shrunk almost to the vanish-
ing point. On the other hand consider the amplitude difference at time to.

The dot signal is still positive at this time; the dash signal is negative and
as will be shown later has changed very little. The amplitude difference between
the two signals at t, instead of getting smaller has actually increased. No
difficulty is therefore encountered in discriminating between the two signals
even under severe conditions of spillover. ‘

Figure 8 shows a dash signal affected by spillover. The features which
make it differ from a normal dash are a somewhat larger positive pesk and a
slightly decreased negative peak. The decrease of the amplitude of the negative
peak is of some concern as it could eventually if severe enough cause a "one"
signal to be interpreted as a "zero® and thus cause spillover. This amplitude
decrease however has been found to be very small and only by purposely defocusing
the beam while contimiously consulting a single spot could it be made severe
enough to cause misinterpretation.

In the conventional dot-dash system the various design parameters have been
carefully chosen to enhance the gereration of a large initial positive pesk for
the dash signal. In the modified system, however, this peak is not made use of.
Some of the design parameters besides the length of the beam turn-on pulse have
therefore been changed to favor the generation of a large negative dash amplitude
at the time of the inspection pulse (time t,, Figure 5). In particular the saw-
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tooth or the twitch signal, which is applied to the deflection plates to produce
the dash display has been shortened from four to approximately one and one-~half
microseconds. In the conventional dot-dash system, the purpose of the sawtooth
deflection voltage is to cause the beam to move slowly away from the dot position
(position X, Figure 2), and by these means cause the potential peak at that point
to be discharged. This process normally takes about four microseconds. When
only one microsecond is allowed, those surfaces that come under the beam are
charged to a positive equilibrium potential as before. However, now there is
time only for but a slight discharge at the trailing edge of the beam. Hence the
two potential storage patterns will probably be somewhat of the nature shown in
Figure 9. Now when the beam is again turned on at position X there will be a
small initial positive signal peak due to charging of the phosphor surface back
up to equilibrium potential followed by an enhanced negative peak caused by the
slower discharge of the large shaded positive area of Figure 9.

Test Results

Several single cathode ray tube units have been tested in the system just
described. The amplifiers and gating circuitry used were those presently in use
on the SWAC with the one modification that the signal output from the amplifier
was inverted. This was done to facilitate gating of the dash signal which then.
could be done in the same manner as on the standard SWAC system. ‘

Among the cathode ray tubes tested were some which had been withdrawn from
the SWAC memory system because of excessive spillover and some which were currently
in use.

Direct comparison of results of spillover tests indicate that improvements
in read-around ratios for poor tubes may range from three to four. On good tubes
the tests were less conclusive as the maximum read-around ratio obtalnable on the
test set was 256. ;

However, under these conditions the modified sysfem always performed at
least as well or better and in no case was a lower read-around ratio obtained on
this system than on the standard dot-dash system.

Flaws

The second major limitation of a cathode ragy tube memory is that of flaws
as mentioned earlier. - Apparently there exist on the phosphor surface mimute
specks of foreign or damaged material whose secondary emission characteristics
are such as to severely attemuate the initial positive portion of the conventional
dash signal. A typical flaw signal is shown in Figure 10. The raster has been
purposely positioned so as to give maximum attemation of the initial positive
peak and as may be seen from the photograph it is almost completely missing.
A "one" could therefore not be stored at this spot in the conventional dot-dash
system. Figure 11 shows the signal obtained from the same flaw area when the
raster was so positioned as to give a minimum amplitude for the negative peak .of
the dash signal. The amplitude of the negative peak has decreased only about 10%
and the modified system stored perfectly both "zeros" and "ones™ at this point.

Indeed it was found after testing several flaw areas on several cathode ray

tubes that as a rule the negative going peak of the dash signal was very much
less affected by flaws than the initial positive peak of the dash.
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It should be pointed out though that there still exist flaws which would
not store information in either system.

Conclusions

A modification of the standard dot-dash cathode rgy tube storage system has
been described. It appears from tests on single cathode ray tube units that this
system is superior to the conventional system with respect to gpillover and

resistance to flaws.
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NONLINEAR RESISTORS IN LOGICAL SWITCHING CIRCUITS
F. A, Schwertz and R. T. Steinback

Mellon Institute*
Pittsburgh 13, Pa.

Introduction

Nonlinear resistors may be used to replace whole arrays of crystal
rectifiers in certain logical switching circuits. Where such replacement
is possible, considerable savings in fabrication and component costs may be
effected, because both the nonlinear resistors and the associated connecting
busses are fabricated by applying printed circuit techniques to standard
plastic- or ceramic-bonded sheets of semiconductors such as granular silicon
carbide. The manner in which groups of nonlinear resistors may be used in
. logical switching circuits is described here in terms of simple circuits
which employ both "matrix logic" and "grid logic." The technique is
experimentally illustrated with the aid of a pair of simple matrix-type
function switches, encoded as- binary-to-octal converters. The first employs
individual nonlinear resistors as the switching elements; the second is
fabricated from a rubber-bonded sheet of granular silicon carbide. Two
similarly-constructed decoding matrices are used to transform the converters
into three-binary-digit adders. The output voltage-patterns for these devices

are compared photographically.

Nonlinear Resistors in "and" and "or" Circuits

Since logical switching circuits comprise primarily combinations of
"and" and "or" circuits, the behavior of nonlinear resistors in such circuits
will first be described. Typical of such circuits is the "logical or" cir-
cuit shown in Figure 1. The elements labeled a, b, and ¢ are ordinarily
crystal diode rectifiers. Depending on the positions of the switches shown
at the left of the figure the diodes may be either connected to ground poten-
tial or to the potential E. If either a or bor c (or more than one) is
connected to E, the output voltage terminal is raised to the potential E
provided the voltage drop in the crystal rectifiers is negligibly small.
Hence the designation "logical or" is employed to described the circuit action.

¥*The research reported in this document has been made possible through support
and sponsorship extended by the Radiophysics Directorate of the AF Cambridge
Research Center, RDC, under Contract AF 19/122/-376. It is published for
technical information and does not represent the recommendations or conclu-

sions of the sponsoring agency.
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The question is now raised, What will be the wvoltage pattern
on the output terminals if the diode rectifiers are replaced by passive
elements very unlike diode rectifiers, namely linear resistors? This
question can be answered in a direct way where it is assumed that all the
linear resistors have the same resistance, r. In this case the allowed
values of the output voltage e are given by the equation

F

K™ N/M ’ N=0,1,2, « o « M (1)

1+ (1L/xM

vhere Fy = e/E, x is the ratio of the load resistance, R, to the switching
resistance, r, and N is the total number of resistors r connected to the
potential E. M designates the total number of switching resistors in the "or"
circuit. In the special case where M= 3, as in Figure 1, and the load and
switching resistors are equal, four equally-spaced voltage levels are obtained
corresponding to Fo = 0, F} = 1/4, Fp = 1/2, and F5 = 3/k. Actually there are
elght possible configurations which the input switches on Figure 1 may assume;
some of these configurations, however, yield the same voltage levels as others,
and Fy consequently assumes only four independent values. The voltage levels
may be "read," for example, on an oscillograph, as all the possible switching
configurations are "written" into the "or" circuit. The "writing" may be

done very conveniently with the aid of three series-connected binary scalers,
the pair of output voltages from each stage of the scaler serving as input
voltages. to cathode-followers; these in turn serve as low-impedance sources
for the circuit input voltages. The photograph in Figure 2 depicts a voltage
pattern obtained in this way. For this picture a circuit containing identical
load and switching resistors at 56,000 ohms was employed. The three-stage
binary scaler was triggered once every 10 microseconds. The scaler output
voltages fluctuated approximately between 100 and 200 volts, and the load
resistor in the "or" circuit was - biased 100 volts above ground. In this situa-
tion four equally-spaced levels corresponding to F = 0, 1/4, 1/2 and 3/4 were
obtained as predicted above. These levels are shown in Figure 2. They are
also shown diagramatically in Figure 3., The level difference (F3-Fg) in this
figure represents the desired signal. The levels corresponding to F; and

F, are in the nature of "noise," since, for proper action as an "or" circuit,
it is desirable that F,, Fp and Fz be coincident. It is therefore useful to
arbitrarily define a "signal-to-noise" ratio S, by the expression

S= F-:Z;L = 3/2. (2)

Fp - Fg

In the more general situation where there are M switching resistors, the corre-
sponding ratio is
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This ratio approaches unity quite rapidly as M increases, so that above M = 3,
circuits employing linear switching resistors are probably unsatisfactory. The
situation is quite different, however, where nonlinear resistors are employed
as switching elements. These resistors display a voltage-current characteristic
curve defined by the equation

1= kV : (3)

where 1 is the current carried by the resistor and V is the applied voltage.
k and n are constants, and n generally lies between the limits 4 and 7. If
the nonlinear load resistors and switching resistors have the same value of
n but different coefficients, say K and k respectively, the voltage levels
analogous to those defined by equation (1) are given by

1

Fy® c———— b

N 1+ Ay ™
A 1+ (M-F) x /n

where N = N ] ? N= 0, I, 2, e o o M (5)

and x = k/K

The voltage levels obtained from equation (4) for n = 5 are shown on Figure

k for a three input "or" circuit (M= 3) and for x = 1, The corresponding
experimental results are shown on the photograph in Figure 5. The results
depicted on this figure were obtained at a trigger-pulse rate of 10,000 per
second. The nonlinear resistors (Thyrites GE type 8386118Gl) were not
identical in characteristics; their spread in resistance is indicated by the
fact that 45 + 3 volts were required to produce a current of one milliampere.
This situation produced a slight splitting of the voltage levels. The "signal-
to-noise" ratio was little affected, however; the calculated value of 4.8 agreed
very well with the experimentally determined value of 4.7.

The data indicate that the nonlinearity serves to squeeze the unwanted
voltage levels together and to increase the "signal-to-noise" ratio. By analogy
with equation (2), this latter quantity may be calculated from the expression

5= | | (6)
1/n
1+ (1/mx)
1+ [(1/x) + (1) ] 2

where Bn -

This equation-pair indicates that as n gets larger B, approaches unity, and
hence the "signal-to-noise" ratio increases rapidly as n increases. Conversely,
as n decreases toward unity, the "signal-to-noise" ratio decreases to the value
predicted by equation (2). These facts are expressed graphically in Figure 6
vhere the "signal-to-noise" ratio, S, is plotted against the exponent n for
various values of M. The information on this figure refers to the special case

176



where X = 1; for lower values of x of the signal-to-noise ratio is increased.
This increase, however, is obtained at the expense of a decrease in the amplitude
of the desired signal, and a compromise is required. For example, it miy be
specified that the product of the signal-to-noise ratio, S, and the desired
signal, F), be a maximum and consequently that the quantity Fy2/(F)-F)) be a
maximime is requirement leads to the equation ,

(Ay-2hy - 1)+ A (14h0)° -0 (7)
Ag(1+A;)  (1-x+Mx)

vhere the A's have the form given by equation (5). For the case where the
number of binary inputs is M = 5 and the degree of nonlinearity is n = 5,
equation (7) leads to a value of x = 0.18., This yields for F,, = F5 & value
0.47 and for the signal-to-noise ratio a value of approximate o’ The
situation can therefore be represented by a voltage-level diagram very similar
to Figure 5. This diegram, it will be recalled, was constructed for the case
where M= 3 and x = 1; the signal-to-noise ratio was L4.8.

- As mentioned earlier, where ideal diode rectifiers (possessing zero
forward resistance and infinite back resistance) are employed as switching
elements, the output voltage of the "or" circuit assumes only two values, O
and E. Similarly, where ideal nonlinear resistors (degree of nonlinearity n =
) are used, equation (4) predicts that the output voltage assumes only the
values O and E/2 quite independently of the values of x, M, and N. In other
words, where ideal nonlinear resistors are employed as switching elements,
ideal "or" circuit action will be obtained although the amplitude of the input
voltage will be cut in half. The signal-to-noise ratio will, however, be
infinite., ’

The circuit depicted in Figure 1 was described as an "or circuit”
but it might equally well be described as an "and circuit" if it is assumed
that the desired output voltage is zero and not E. This will occur only when
a and b and c are all connected to ground. Alternately, the circuit shown
in Figure 1 can be converted to an "and circuit" by raising the common lead
to the load resistors to the potential E. The output voltage will then be
high (=E) only when a and b and ¢ are high (=E).

Nonlinear Resistors in "Matrix Circuits"”

The manner in which simple "and" and "or" circuits may be combined
to effect logical switching operations is illustrated by the function switch,l
represented in Figure 7. It consists essentially of eight "or" circuits
arranged in a parallel array. It may be regarded as a binary-to-octal conver-
ter, since it may be employed to convert any three digit binary number into
the octal equivalent digit. The binary digits are represented on the binary
input lines shown at the left side of the figure, and the octal equivalent
digit appears on one, and only one of the eight output terminals corresponding
to the octal digits 0 to 7 inclusive. . ,

lrhe Subcommittee of Electronic Computer Terms (Proc. I. R. E., 39, 271&, 1951)
defines a function switch as "a network or system having a number of inputs and
outputs and so connected that signals representing information expressed in a

certain code, when applied to the inputs, cause output signals to appear
which are a representation of the input information in a different code.
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Physically the converter comprises two sets of parallel coplanar,
conducting busses arranged one sbove the other in such a way that in plan
view, the busses appear to intersect each other at right angles. At certain
of the virtual points of intersection, switching elements are inserted, in
a pattern vhich ylelds the required output. Ordinarily diode rectifiers,
as mentioned before, are used as switching elements in this type of device.
These are represented by the circles in Figure 7, and they are assumed to be
connected in such a way that conduction will be effected when a positive
voltage is placed on the horizontal bus lines and the vertical lines are
grounded. If then a positive voltage, E volts above ground, is placed on a
given horizontal conductor, all the diodes connected to it will conduct current
to ground through the load resistors, R. The ends of the load resistors
connected to the octal output positions will then be raised asbove ground
potential by an amount equal to the iR drop in the load resistor. If now the
adjacent horizontal lines are grouped together in pairs, and a voltage pattern
is placed on the pairs such that when one member of the pair is at a voltage
level E theother member of the pair is grounded, one, and only one of the
eight output terminals will remain at ground potential for each configuration
of the input voltage pattern. There are,accordingly.eight input voltage
configurations corresponding to the eight output teruwinals. For the voltage
configuration shown in Figure 7, only the output terminal designated by the
digit 7 is at ground potential; all the other output terminals are, ideally,
at a common voltage level E, above ground. Now the digit 7 can be correlated
with the equivalent binary mumber in the following way. ILet the upper bus
line in each input pair be at the potential E and lower line be at the potential
O in order to represent the binary digit "one." Let the reverse be true for
a binary zero. Furthermore, let the uppermost pair of horizontal lines
represent the highest order digit position. The configuration shown in Figure
1 then symbolizes the binary number 111 = 1 x 22 4+ 1 x 21 + 1 x20= 7. In
a similar manner all of the three binary digit numbers (eight in all) may be
represented by their equivalent octal digits. For test purposes, all of the
required digit combinations may be obtained, as explained above, in cyclic
sequence, with the aid of a three stage binary counter. Such a test pattern
was employed to examine the binary-to-octal converters described in the next
section.

Binaz;y-to:Octal Converters

The current which flows through & nonlinear resistor is inversely
proportional to the n'th power of its length, other things being equal. It
is this fact which makes possible the fabrication of complete function switches
with the aid of resin-or ceramic-bonded sheets of silicon carbide. For example,
if the degree of nonlinearity is n = 5, an increase of a factor of four in the
resistor length produces & 1024-fold decrease in the current. Thus two non-
linear resistors formed side-by-side on a flat sheet of rubber-bonded silicon
carbide are essentially non-interacting provided their distance of separation
is equal to, say, four or five times the thickness of the sheet. Furthermore
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these resistors may be materialized simply by spraying metal electrodes on the
function switch blanks through appropriately formed stencils. Whole function
switches, comprising many nonlinear resistors and the associated inter-
connecting busses may be fabricated in the same way.

The binary-to-octal converter referred to above was formed from a
sheet of rubber-bonded silicon carbide about 1/16th of an inch thick. This
sheet was kindly supplied by The Carborundum Co. (Sample No. 3777-1-1C) and
wes made with the aid of the same techniques employed in the manufacture of
standard silicon carbide "cut-off" wheels. It conteined about 89% of
Electrical Grade Grit No. 36 and about 11% of rubber binder by weight. The
average particle diameter for this grit number is very roughly 0.02 inches.

A photograph of the converter is shown in Figure 8., The front face
of the converter is shown on the left hand side of the picture and the back
face on the right hand side, The electrodes and the associated bus lines shown
in the photograph were put down in a single operation. The diameter of the
switching resistor electrodes was 0.375 inches and the diasmeter of the load
resistors was 0.25 inches, Since the connecting busses were only about 1/16
inches wide, it was thought at first that there would be no "cross-talk" between
the lines on the front and back faces at the points of virtual intersection.
However, it was found necessary to insulate the lines from the silicon carbide
on one of the faces at the intersection points. This involved spraying & clear
insulating lacquer through a stencil prior to applying the silver conducting
paint.

About 48 + 2 volts were required to pass one milliampere of current
through the switching resistors and about 58 + 2 volts for the load resistors.
The index of nonlinearity n was 4.5, ‘

As mentioned earlier, a logically identical converter was fabricated
with the aid of individual, selected, nonlinear resistors (Thyrites GE type
' 838611G1). In this case about 39 + 2 volts were required to pass a milliam-
pere of current through both the switching and load resistors. The index
of nonlinearity n was 5.0.

The voltage output patterns produced at the octal output terminals
of these converters are compared on Figure 9 where a three-stage binary
counter operating at & ten thousand per second counting rate was used as the
source of input digits. For this type of input the selected line should be
"high" relative to the neighboring lines for only one out of eight pulse
times. Figure 9A shows the shape of the binary digit input pulses, Figure
9B the output voltage at one of the converter output terminals, and Figure 9C
the output at a terminal of the Thyrite converter. Figures 10 and 1l present
similar data for counting rates of 50,000 and 100,000 per second. The
signal-to-noise ratio for the output pulses appearing on these figures is
roughly 2 1/2 to 1. The quality of the output obtained from the two conver-
ters is about the same. The results at the higher frequencies are vitiated
by the poor output wave form obtained from the binary counter.
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Three-Binary-Digit Adders

The output pulses from the binary-to-octal converters were decoded
in such a way as to transform them into three-binary-digit adders., The
manner in which this was done is illustrated in Figure 12 which shows the
decoding mextrix attached to the binary-to-octal converter. The decoding
matrix was fabricated from the same sheet of rubber-bonded silicon carbide
as the converter. The physical separation was effected for purposes of
illustration, but the encoding and decoding matrices could equally well have
been fabricated on the same continuous sheet.

For test purposes, the three-stage binary counter was again used as
a source of digit pulses. In this way, all of the possible combinations of -
three binary digist were supplied to the adder, in a cyclic manner. The out-
put "sum" and "carry" pulses for the silicon carbide sheet adder and a logically
identical adder employing individual, selected, nonlinear resistors (Thyrites
GE type 838611Gl) are displayed in Figures 13, 14, and X5 for counting rates
of 10,000, 50,000, and 100,000 per second respectively. In all cases, the
"sum" and "carry" digits are clearly delineated, and, as in the case of the
converters, the quality of output obtained from the two adders is about the
same. Inequalities in output pulse heights are probably associated with the
fact that the switching resistors are not identical in characteristics.

Nonlinear Resistors in "Grid Circuits"

Where it is desirable to have an amplified output pulse, the output
signal of a "logical and" or "logical or" circuit may be fed to the grid of e
triode amplifier, A two-input, linear resistor "logical and" circuit employed
in this fashion is shown in Figure 16. The indicated arrangement may be used
only if standardized input pulses of amplitude E are employed. In this situation
the output voltage delivered to the grid assumes the three values, 0, E/2, and
B. If therefore the triode will deliver an output pulse only where the grid
assumes the voltage E, that is, only where a twin-coincidence of input pulses
occurs. . In general, if not two, but N coincident pulses are to be detected,
the grid must be biased between (M-1)E/M and E. This precludes the use of
such a gate for M much larger than five, for in this case the grid must dis-
criminate between signals of eamplitude O0.8E and BE. This requirement places
severe limits on the tolerance allowed in the amplitude of the input signals.
However if nonlinear resistors are substituted for the linear resistors, the
grid may assume the voltages defined by the equation

B

[1 + (M-N)/N] /n’

N-O,l,?,},...uo (8)

2Iligh Speed Computing Devices, Engineering Research Associates, p. 40, McGrav-
Hill Book Company, 1950. _
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The voltage level lying closest to E is that for which N = M-1,
that 1is, for

= E *
e EL+ o 7 (9)

M-1

For e = 0,8E and n = 5 the allowable value of M (the number of input
voltages) is approximately 1000 provided that the amplitudes of the input
signals are all rigorously equal. Where this is not the case, fewer inputs
may be used, but there will still be considerable advantage in employing non-
linear resistors in this type of resistance grid gate.

Practical Considerations

A practical difficulty was encountered in adapting rubber-bonded
sheets of silicon carbide to switching applications. This may best be
described with reference to the manner in which these sheets were tested.

For testing purposes, a 3/8" diameter electrode was placed on each surface

of the sheet, at diametrically opposite points, by spraying silver conducting
paint through a suitable stencil. The voltage-current characteristic curve

for the nonlinear resistor so-formed was then obtained. If more than 50 volts
were required to pass a milliampere of current through the resistor, the sheet
was rejected for function switch applications. If less than 50 volts were
required to pass a milliampere, the sheet was further tested for uniformity by
placing electrode-pairs at widely separated locations on the sheet. In general,
it was found that sheets displaying low impedance were non-uniform, but that
sheets showing high impedance, say one milliampere at 150 volts, were remarkably
uniform in characteristics. These facts can be understood by recognizing that
the seat of the resistance in nonlinear resistors is at the grain-grain contacts.
Thus, where a large number of grains are required to bridge the distance between
the two faces of the rubber-bonded sheet (high impedance condition) there is
statistically little chance of divergence in resistance characteristics from
point-to-point over the sheet surface, However, where the number of particles
required to bridge the gap is small, the opposite is true. This difficulty

can be obviated by employing a more suitable bonding agent than rubber, for
example, a resin or a ceramic bond permitting a greater ratio of silicon carbide
to bond material.

Conclusions

The information presented here indicates that nonlinear resistors
fabricated from granular aggregates of silicon carbide may be used effectively
in certain logical switching circuits. The fact that such resistors and the
associated comnecting busses may be materialized from resin- or cermmic-bonded
sheets of silicon carbide with the aid of simple metal-spraying techniques
Yields obvious savings in fabrications and component costs. It should be
emphasized, however, that the use of silicon carbide in this connection is
not unique, and that its use was dictated primarily by its availability. In
general, granular aggregates of semiconductors display voltage-current
characteristics qualitatively similar to those of silicon carbide. Some of
these display lower grain-grain contact resistance than silicon carbide and
mey be more adaptable to the fabrication of function switch blanks.
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NEW LABORATORY FOR
THREE-DIMENSIONAL GUIDED MISSILE
SIMULATION '

Louils Bauer

Project Director

ProjJect Cyclone

"Reeves Instrument Corporation
New York, New York

Introduction

Project Cyclone at the Reeves Instrument Corporation is
under the cognizance of the Bureau of Aeronautics of the Navy.
The function of Project Cyclone 1s primarily the development
and operation of a Quided Missile Simulator, and the estab-
lishment and operatlion of a Simulation Laboratory. Problems
in other flelds are also studied and analyzed using the com-
puting machinery of the Simulation Laboratory.

The original Guided Missille Simulator conslisted of two
types of flexlible computers, and one large computer with DC
and AC components which were permanently connected to handle
those equations which were common to all Gulided Missile prob-
lems. This large computer was known as the Ballistic Computer.
The flexlble computers were a DC analog computer with servo-
mechanisms units (now known as the Reeves Electronic Analog
Computer, or REAC®) and an AC analyzer. The flexible units
were Intended for simulation of those aspects of Guided Mis-
sile problems which could be expected to vary wldely from one
problem to the next.

Because of the immediate success of the flexible DC ana-
lyzer and because of the pressure of problems awailting solu-
tion on 1t, the AC analyzer was somewhat neglected; it never
performed as well as the REAC and was later abandoned. Work
on the Balllstic Computer was continued until a satisfactory
solution to a three-dimensional check problem was obtained.
However, by that time REAC technlques had advanced sufficient-
ly so that it was possible to obtain the solutlon to thils
check problem on REACs. After careful consideration of the
relative difficulties of setting up such problems on the Bal-
listic Computer, and of making the problem work (1.e. making
the machine perform), 1t was declded to replace the Ballistic -
Computer by a large installation of REACs and servo units.
Other consalderations in thls declsion were the greater flexi-
bility of the REAC equipment which would make it unnecessary
to express all Gulded Misslle problems in the coordinate sys-
tems used 1n the Ballistic Computer, and the fact that a much
greater varlety of navlgatlonal systems was encountered than
had been envisaged 1n the design of the Balllstic Computer.
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The result of thils decision 1s the new laboratory for three-
dimensional Gulided Missile simulation at ProJject Cyclone.

Baslic Block Diagram of Gulided Misslile Problems
and Coordinate Systems

The equipment 1n the new laboratory was planned to be more
than sufficlent to handle anythling that could be handled on the
0ld Ballistic Computer. The baslic elements of all GM simula-
tion problems can be represented in the block diagram shown in

Flgure 1.

Starting, say, from the aerodynamlcs computer, we see that
the angles of attack and the control surface deflections are
accepted as inputs and the forces and moments are produced as
outputs. In the force unit the equations of motion (transla-
tion) are integrated once, ylelding a complete description of
the veloclity vector. The veloclty vector may be given 1n terms
of magnitude and flight path angles, or in terms of 1ts compo-
nents. In the moment unlt the first lntegral of the equations
of motion in rotation is obtained, yleldling the angular velocl-
ty vector 1n terms of its components. In the angle of attack
computer the kinematic equatlions of rotation are integrated,
yielding the attitude angles; knowlng the veloclty vector and
the attitude, the angles of attack are computed. From a know-
ledge of the veloclty vector the misslile coordinates are ob-
talned by the integration of the kinematlic equations of trans-
lation. Error distances or angles are determined from the mis-
slle position and target position. Those 1n turn form the in-
puts to the control system which produces the control surface
deflections.

The following coordinate systems have been used in the so-
lution of GM problems. (All are righthanded systems; thus the
third axis 1s always completely defined after two axes have
been fixed.) (See Figure 2.)

1. Earth Coordinate Systems (ECS): 1E direction is
north, 2E east, 3E down. The missile motion 1s usu-
ally determined in this system; sometlimes the force

equations are solved in this system.

2. Missile Coordinate System (MCS): 1M along mis-
slle axis, 2M along right wing, 3M down, as deter-
mined by 1M and 2M. The moment equations are most
easlly solved in this system (Euler equations). The
MCS 1s also used in homing problems when the rela-
tive motion of target and missile is computed.

3. Velocity-Earth Coordinate System (VECS): 1VE a-
long the veloclty vector, 2VE perpendicular to 1VE
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and 1n a horizontal plane, 3VE determined by 1VE and
2VE. The force equations are, frequently solved in
this coordlnate system.

4, Velocity-Milssile Coordinate System (VMCS): 1VM
along the veloclty vector, 3VM perpendicular to 1VM
and contalned in the misslle symmetry plane (down);
2VM determined by 1VM and 3VM. The VMCS differs from
the VECS by a roll angle, and differs from the MCS by
the angles of attack. Thils coordinate system was be-
lieved to be essentlal for a reallstic handling of
aerodynamic data obtained from wind tunnels. We have
found, however, that many times the aerodynamic data
are given to us in the misslle coordinate system. In
such cases it frequently turns out to be more conven-
ient to disregard the VE and VM systems entirely,
solve the force equations in the MCS and resolve the
motion directly into the ECS.

Additional coordinate systems are encountered in many prob-

lems, e.g. Radar CS, Gyro CS, and in the case of wlnd, a Rela-
tive Wind CS.

Computing Equlipment

Because of the necesslty of converting from one coordinate
system to another a number of resolvers are provided in the
new simulation laboratory. The avallabllity of DC resolvers
was a strong factor in faver of an all DC computing system, as
opposed to the hybrid DC and AC system in the old Balllstilc
Computer.

The new laboratory contains 13 REACs, 14 servo units and 3
speclal cablnets with additional amplifiers, limiters, relays,
etec.

A REAC contains seven integrating amplifiers, seven summing
amplifiers, six inverting ampliflers and 23 scale-factor poten-
tiometers. (Figure 3. ) The computing amplifiers are identilecal
in basic design and differ only in thelr feedback and input
networks.

Ordinary linear differential equations with constant coef-
flclents, up to the seventh order can be solved on one REAC.
Diode limiters are provided, and permit the handling of some.
non-linear effects. Varlable coefficlents and non-linearitiles
other than limiting effects can bhe handled by using a servo
unlt.

Seven of the servo units are of standard Reeves design, and

seven units have specilal design to handle any additilonal reso-
lutions that may be necessary 1n our problems,
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A standard servo unlt has four separate servos; two of
those have four linear multiplylng potentiometers and two
functional potentiometers each; the other two servos have
three linear multiplylng potentlometers and one DC resolver
each., (These figures do not include the follow-up potentio-
meters.)

Six of the seven speclal servo units have two servo mo-
tors, each of which drives two DC resolvers and seven linear
multiplying potentliometers. The speclal servos have to be
more powerful than the others, because they are driving a
heavier load.

Finally there 18 one speclal servo cablnet with only one
servo which 18 driving four DC resolvers and seven linear po-
tentiometers. This servo has continuous rotation. In plan-
ning the layout for the computer it was expected that provi-
sion for resolutlion about an unlimited rotation would have to
be made. In some three-dimensional GM problems the missile
may roll over many times, Resolutions of error angles, of
aerodynamic forces, etc. about the roll angle can be accom-
plished by means of this speclal servo unit. Since the angle
in the case of contlnuous rotation cannot be convenlently re-
presented by a DC voltage, but its derivative can, this servo
has also been designed to accept a rate input, i.e. the servo
acts as an lntegrator. The follow-up in this case 1s a DC
tachometer generator. The servo can be reset by switching
the follow-up to a potentiometer. Continuous rotation may al-
8o arise when the servo 1s used in "polar", i.e. when the ser-
vo rotation 1s the arc-tangent of the ratio of two voltages.
If the two voltages vary 1in a certaln way continuous rotation
of the servo will result. Thils special servo can also be used
in this form. Finally provislion has been made for adding a
synchro i1f 1t should ever become desirable to repeat the po-
sition of thils servo with some other speclally constructed ser-
vo. We, at ProjJect Cyclone, have not yet had an opportunity
to use this servo unit. It was given on loan to Project Ty-
prhoon, and has not yet been returned.

The DC resolvers are accurately wound sine and cosine po-
tentiometers (made by Electronic Assoclates), accepting as
inputs DC voltages A, -A, B, -B, and a rotatlion 6, and putting
out voltages -A sin 8, A cos 8, B sin 6, and B cos 6. In or-
der to make the operatlons more convenlent, inverting ampli-
flers are provided with the servos, so that only +A, +B, and
@ are required as lnput voltages. The sine and cosline cards
are approximately 50K per quadrant and are intended to work
Into a 1 megohm load; they are wound to compensate for the
loading due to such a load, and are accurate to .15 volts (100
volt peak) under these conditions. . The quantities (A cos 8 +
B sin 6) and (-A sin & + B cos 8) which are used in resolu-
tlions have to be formed in the REAC summing amplifiers.
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A recapltulation of avallable servos and resolvers follows:

7 "A" type servo units (standard):
2 servos. with multipliers and functional pots.,
2 gservos with multiplliers and resolvers.

6 "D" type servo units:
2 servos with multipliers and
2 resolvers each.

1 "c" type servo unit:
1 servo with multipliers and 4 resolvers (C.R.).

In total, there are 42 resolvers on 27 different shaft ro-
tations. There are 41 different shaft rotations altogether.

The laboratory also contains input and output equipment 1in
the form of 6 recorders, 2 plotting boards and 4 input-output

tables. :

Figure 4 shows how the new laboratory is laid out. Basilc-
ally i1t has been divided up into seven units (minus one REAC),
each unlt consisting of two REACs and two servos. One such
unit is shown in Figure 5. Slnce the new type of servo does
not permlt enough room for a patch bay, extra cabinets with
patch bays were provided between servo units. These cabinets
also proved to be necessary for extra amplifiers used in con-
nection with the resolvers. The three speclal cablnets (A105)
were inserted in various locations, shown in Figure 4, Inter-
connections between cabinets are made by using 1) long patch
cords, 2) interconnections provided between the four cabinets
comprising any one unit, and 3) interconnections provided be-
tween every cabinet and one master interconsole patch bay.

The power suppllies are located in a room behind the com-
puter room; power 1s provided for two halves of the room sepa-
rately.

Some of the regulators aré in the power supply room; two
of them are in the computer room. All cabling involving power
leads and grounds 1s kept separate from the computing leads
and ground. This 18 especlally Important for the relay power
supply because of the relatively heavy current drawn by the
relays. The relays are used to control the operation of all
amplifiers, and as many REACs as desired may be used simultan-
eously by paralleling thelr relay connections and operating
from one REAC. ‘

Figure 4 also shows the layout of the other computi labs;
lab 3 consisting of older computing equipment (4 REACs, ser-
vos and 2 speclal cablnets) and lab 2, the lab for test simula-
tion which contains one REAC, 1 auxilliary unit, some servos and
several one axls roll tables which may be necessary 1in connec-
tion with the tester work. A system of interlabd wiring has been
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installed so that computing connections can be made between
labs; this makes additional equipment avallable 1n any of the
labs.

Figure 6 shows an overall picture of the equipment. Some
problems were patched 1n at the time thls onlcture was taken.

At the present time a number of improvements and additions
to the laboratory are belng planned and carrled out. The most
Important item which still remalns to be done is the installa-
tion of some form of flexible prepatch system with one or two
master control consoles. -Other items are more routine lmprove-
ments which will tend to make the operatlion of the computers
easler.

Operation

The new laboratory has been in operation since early Octo-
ber, 1952. As has happened before, equipment was used on prob-
lems Just as fast as 1t became avallable. This has led to
some difficulties when equlipment had not been given a final
"computer check".

Checking procedure which 1s considered appropriate for the
equipment consists of two phases:

1. B8o-called Equipment Checks: routine checks of

all amplifiers, servos, and potentiometers for ac-

curacy and performance; e.g. the input resistors of
amplifiers are checked for accuracy, all servos are
checked for accuracy and freedom from nolse, etc.

2. So-called Computling Checks: problems to which
the answer 1s known are set up on the machline and
run. In the course of these checks most troubles
that escape detectlion in the equipment check are
digcovered. Due to the pressure of problems wait-
ing to be solved this phase 1s frequently neglected;
this means that the first problem 1s then solved
more slowly, and with more frequent break-downs than
would otherwlse be expected. The acceptance check
for this installation consists of a three-dimension-
al problem for which a numerical solution has been
obtalned.

Some complicated two-dimensional problems have been handled
in the new laboratory. One three-dimenslional problem 1s now
belng worked on, and another one or two are 1in preparation,

One observation that has been made was that the more complex
problems frequently call for the construction of special equilp-
ment whlch are no longer minor items when 1t comes to preparation
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and scheduling of work. Example: 1n our current flutter
problem a pot panel of 196 pots 1s belng constructed to han-
dle a matrix of 14 x 14 coefficients.)

The proJject has at present a staff of 32 mathematiclans,
physicists and engineers at various levels. The englneering
section has recently been enlarged because of the lncrease
in engineering problems arising from more complicated prob-
lems.

The maintenance of the equipment including all three labs,
and accessory equlpment has required the full time service of
at least two technlclans. Between problems the machines are
subjected to a thorough equipment check, and repalrs and re-
placements are made, 1f necessary.

The problem of determinlng whether and when a computer
solution 1s correct 1s sometimes very difficult. In maklng
such a declsion one has to know that the problem has been set
up correctly and wilth the best scale factors possible, and
whether the machlne 1s performing properly. In the cases of
problems involving many computling cabinets the difficulty in-
volved 1s obvious. Two approaches are belng used to get an
answer to the problem of checks. One 1s the acqulsition of a
small scale general purpose diglital computer for the purpose
of obtailning numerical solutions for all problems for which
the contractor 18 unable to furnish one. The other 1ls embo-
died 1n some work now belng done on.error analyses for analog
computers such as the REAC. At present we rely on some check
solutions obtained numerilcally, and depend on the assumption
that the solutions are continuous functions of the parameters
of the equatilons.
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A NEW CONCEPT IN ANALOG COMPUTERS

Lee Cahn ‘
Beckman Instruments, Inc,
South Pasadena, California

1. The Pattern of Use

Analog computers can solve a wide variety of engineering problems, Why,
then, doesn't every engineer use one? This peper will discuss the pattern of use
of analog computers in the recent past and as the author thinks it will be in the

future,

Technieally, the field of application of analog computers is extensive, They
may be used in studies of automatic control systems, of aircraft and missiles in
flight, of electrical circuits, dynamic instruments such as accelerometers and pen
recorders, of certain economic and biological systems, and of many other phenomema,
They may be used in purely analytical studies, or they may be used with part of a
complex physical system to simulate the rest of it, If analog computers are not
widely used, lack of technical applicability is not a reason,

The big reason is cost, In the last few years a single computer installation
commonly cost upwards of $100,000, and the whole cost had to be teken from capital
or facilities funds, where it hurt more than operating expense money, Only the
largest engineering organizations,could afford a computer, and then probably only
Om.

A second limiting factor has been the technical difficulty of operating a come
puter installation, This may be divided into two parts, First there is the comput-
er itself, It may require special accessories, such as function generators, which
have not been adequately provided by the original mamufacturer, Or some of the users
nay be able to get better performence from the basic components than the original
manufacturer did, much as hot-rod enthusiasts can do with automobiles, after half a
century of development in that field, Thus many installations have found it desir-
able to keep computer develomment engineers working full time,

Second, even if the computer itself is working satisfactorily, skill is required
to ascertain that it is working and to lay out and connect problems, This latter
skill is like languages; anyone can learn broken English in a short time, but
years are required to speak it faultlessly, 4n expensive installation needs a
professional to make best use of its limited time,

A single computer can only handle one problem at a time, By going to mult-
ishift operations and other artifices the nmumber may be raised to two or three,
An engineering organization large enough to afford a computer may have dozens of
problems which the computer can solve, at one time, Priority is then given to the
most crucial problems, and those where the computer is most effective in saving

manpowers,

Indeed, if the computer takes six men to keep 1t running, and the wages of
six more to amortize it, a problem that only one man is working on may not be
economicaelly justified, The computer would have to save twelve times the time it
required, to break even, in this example,
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Thus we have had a pattern of computer use characterized by the following

features:

1, High cost of purchase and operation,

2., Centrelized installations menned by professional computer operators and
designers, to which other engineers brought their problems for solution
or which were devoted to a specific set of problems, Computers generslly
belonged to Analysis Groups, Mathematics Groups, or Autopilot Groups,

3. Computers were only applied to a fraction of the problems where they
might be applied on purely technical grounds, due to economic consider-
ations,

A new pattern of use is developing, based on new developments in computers,
Several manufacturers sell a basic but complete linear installation for less than
$8000, while a full-sized linear and non-linear unit can be had for $15,000 or so,
The new computers are generally more compact and can be moved easily from place to
place, No elaborate preparations are required, They are generally quite reliable
in operation, and convenient to use., Their accuracy is considerably better than
most engineering work requires,

Small companies can buy these computers, where they would have no chance of
buying the older designs, Large companies can have three or four or more of these
for the price of one older type, More computers means that other problems than
the most urgent can slso be studied, ILower unit price also implies that the breske
even point in terms of hours saved is much lower; that computers are economically
Justified for many more problems, Simulation applications, in which the computer
may be tied up for long periods, benefit especially,

Another consequence of the lower price is that it is not so important to get
the ultimate in efficiency of utilization, Instead of having experts, hereafter
called "computer men", running the machines, they may be turned over to the engi-
neers who need the answers, hereafter called simply "the engineers®, If the engi-
neers are not so quick as the computer men, it doesn't matter on these new comput-
ers, On the other hand, by participating in the actual operation the engineers
learn a lot more about their problems than they can if they get ready-made solutions
from & central facility,

The difficulties of running a computer installation are resolved differently
on the new machines, There is a lot less of the hot-rod atmosphere; the new compute
ers are generally used as built, as working tools, and are found to be adequate for
their purpose, as are stock automobiles, If changes are in order, the engineering
could be done once for several machines, at a lower unit cost, The emphasis is
primarily on the answer rather than on the computer as a scientific tool,

The problem of teaching the engineers how to set up and ope ite computers is
more difficult, Recent advances have been made in the literature™, Three distinct
transition patterns of training have emerged, One is simply a modificetion of
the old pattern, in which engineers belonging to groups which will need to use
the computer are temporarily transferred to the computer group and trained there
as computermen for periods up to one year, When they return to their original
groups they may use the computer freely and without supervision, This pattern is
found in organizations which have had computers for a number of years and are used
to the old pattern,

197



In the second type of instruction, engineers watch their problems being run
by the computermen and gradually do more and more of the work, Finally the computer-
men drift off to more urgent work and the engineers solo,

The third pattern is found where the computer program is relatively new and
based entirely on the new computers, One or two professional computerment are avail-
able for instruction and advice, but any engineer can have a computer, usually with
out waiting, They seem to get satisfactory results from the computers, although
their knowledge of the fine points of the art certainly cannot compare with the
professionals!?,

A small survey was made to get some indication of the extent to which the new
pattern of computer operation has spresd (Table 1), Five large Southern Celifornia
aireraft and missile engineering organizations were asked how many electronic com-
puters they had, and how their computing time divided between the four types of
operation:

(a) Engineer brings his problem to computermen, vho solve it for
him and give him the answer,

(b) Engineer and computerman both work together approximately
equal time, ,

(¢) Engineer does most of the work, but has regular.help from a
computerman, The computerman satisfies himself that the
engineer is using the computer correctly.

(d) Engineer works alone, but may seek out a computerman for
advice if he wishes,

While numerical percentages are given in some cases, they are purely qualitative
estimates and do not represent actual measurements of computing time, These questions
were asked for the present, for two years ago and for five years ago, The train
ing method is given as 1, 2 or 3, where the numbers refer respectively to the
methods described above,

The growth in computer use, as well as the change in pattern is dramatically
shown, Every organization contacted had at least two computers, The companies
concentrating on missile guidance had had computers longest, while the primarily
air-frame companies had just gotten theirs,

The organizations which had computers longest had the older pattern of use,
while the newer users had what I have called the newer pattern, Even in the same
company, patterns differed from group to group in this way, depending on their come
puter-using histories, In each case this phenomenon did not appear to be the result
of* inertia, but rather was due to the limitations of the equipment of the older
group, and to differences in function of the group,

It appears likely that organizations which have central computing groups will
retain them, to handle the very complex or demanding problems where professional
skill is required, Expansion, however, seems likely to occur in the direction of
decentralized, inexpensive, auxiliary computers of the newer types,

2. The Computers

The circuits used in these new computers are of interest chiefly because of
their effect on computer use, and as an exercise in engineering judgment, rather
than because of novelty, For example, let us consider the operational amplifier,
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First we see that chopper stabilization has generally been omitted, While it is
true that chopper stabilization will reduce effective drift voltages by a factor

of about five, this advantage has not been able to pay its way. Choppers are ex-
pensive, and thelir associated a.,c. amplifiers are also expensive, Choppers are

not distinguished for their rellability, Most important, the reduction in drift
does not increase the computing accuracy accordingly, Typleal values for the short
term drift voltage referred to the grid, eg., are 0*1 mv for one chopper-stabilized
amplifier, and 0,6 mv for a regular d.c, amplifier.,®* In an amplifier connected -
for a gain of 10, with maximum output of plus or minus 100 v,, the corresponding
error at the output would be

oo = 8y (Kg A1), (1)

where Kq 1s the closed-loop gain with all input resistances paralleled, or 0.00117Z
of full scale for the stablilized amplifier and 0,0066% for the regular one, These
errors are negligible, The critical application as far as drift goes is as an
open-loop integrator, The integrators in closed-loops behave more or less as high-
gain amplifiers, For the open-loop integrator with time-constant T, the drift
voltage at the output is

= oy & |
| e = &g (2)
For the large values of L the error voltage becomes apprecisble, and is a basic
limitetion to the lengt.hTof time one can compute, For a time constant T = 1 sec,
an output of plus or minus 100 v, and a permissible error of 0,1+ = O,1lv, the
maximum computing time is 1000 sec, or almost 20 minutes, for the stabilized amp-
lifier and 160 seconds or almost 3 minutes for the regular amplifier, Within their
respective maximum times, Ty, as indicated sbove, the two amplifiers are equal in
accuracy of open-loop integration,

Long-time drift, over a period of hours, need not be a factor in the accuracy
of computation, but it can be burdensome to have to rebalance amplifiers frequently,
The seme considerations apply as in short-term drift; drift voltage for a regular
amplifier or closed-loop integrator will generally not exceed 0,1/ of full scale
for days, But open-loop integrators multiply the long-term drift voltage by &,
where t is still the computing time, and may have to be rebalanced every half hour
or so for accurate work, Fortunately, there are relatively few open-loop integrators
in most physical problems,

Thus the use of a chopper amplifier does not improve accuracy, but it does
reduce the amount of rebalancing required on the open-loop integrators, It is
less expensive to go over and rebalance them by hand periodically,

The new amplifiers usually have fewer vacuum tubes than the chopper amplifiers
have in their d.c. portions, and obtain part of their high gain by using internal
positive feedback, If the positive feedback is variable, it may be set for "infin-
ite" gain (output voltage exists for zero grid voltage), While this sounds in-
stinctively wrong to many engineers, it is perfectly legitimate where much larger
negative feedback will also be used, High gain obtained with positive feedbeck
does not produce as low output impedsnce as does the same gain obtained by using
more tubes, but the usual value of 3 - 4 ohms is low enough, It does produce a
better high-frequency response than using more tubes does, Fewer tubes also means
fewer tubes to fail,

¥ Beckman EASE, Mod, 4, Average absolute value of many runs,
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If it is necessary to operate the regular amplifier six times as fast as the
stabilized one to get equal results as far as drift is concerned, faster recording
devices must be used for readout, Fortunately, they are ready to hand in the pen
recorders manufactured by Sanborn, Brush and others, which have about ten times the
bandwidth of the servo-driven plotting tables, and are very much less expensive,

Actually, this faster solution time is highly desirable in practice, Twenty
mimites is too long to wait for most answers, Three minutes is even a little long,
Many users prefer 30 to 50 seconds, to speed up their work, The only limitation
in shortening the time is the range of frequencies encountered in the problem, For
example, if the pen recorder begins to introduce its own dynamic response character-
istics above fifty cycles per second, and the problem runs two hundred seconds, ten
thousand cycles of this highest frequency component can be accommodated in the full
computing time, This non-dimensional quantity appears to be a good measure of the
dynamic requirements of a problem, and of the performance of a computing system,
since it allows a comparison of problems and computers which may originally be on
different time scales, I call it the dynemic range, R A dynamic range R of
10,000 cycles is rather high for most practical problems; we are then considering
one second and three hours in the same problem, A practical example is the phugoid
oscillation of an aircraft, While only about sixty times longer than the "short-
term" period, it is commonly considered to be too slow to be a problem, If R may
be safely reduced, we can shorten the overall computing time to do it, If the
problem runs twenty seconds with the same recorder, R = 1000, which is usually
still pretty high,

Oscilloscopes can be used for problems which require exceptionally large values
of R, since they will respond faithfully up to hundreds of kilocycles, Thus the
computer itself is the ultimate limitation in the value of R which can be obtained,
While nearly all present-day computers have values of R which are entirely adequate,
it is still of theoretical interest to note their values, Let us consider a single
amplifier, say operated with K, = 1,0, with input and feedback resistances of 1,0
megohm each, and define high-frequency cutoff as occurring at the frequency fh for
which the phase shift reaches 0,01 radians, For the Beckman EASE Computer,
fh = 400 cps, while for a typlical chopper amplifier fh 4O cps. Then using the
values of Tp derived above, we define

Rg = fh,Ty, (3)

for a single amplifier, For the chopper amplifier Ry = 40,1000 = 40,000, For the
EASE amplifier, Rq = 400 x 160 = 64,000, The effective R for a computing chain 1is
less, due to the combination of many amplifiers and higher values of Kg,

The author 1s not aware of any problems which require such high values of Rg,

For real-time simulation it is necessary for the computer to work well over a
range of definite frequencies, which are determined by the system being simulated,
A three minute period is generally adequate for this work, At the high frequency
end, amplifier bandwidth is not usually the limitation; it is the auxiliary equip-
ment, Servo multipliers and function generators restrict the older computers to
2 - 10 cps maximumy many systems being simulated have higher bandwidths, While
a satisfactory value of Ry may be maintained by running very slowly, this artifice
does not help in real-time work,
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Besides being slow, the mechanical devices are quite expensive, The EASE
computer uses electronic multipliers and function ‘generators, which are usable
beyond 100 cps, and, being entirely electronic, cost much less, Somewhat similar
eircuits are used by others, Multiplication is accomplished by controlling the
duration of a high-repetition-rate pulse with one voltage, and its magnitude with
a second voltage, The average component is proportional to the product of the two,
The high-frequency components must be filtered out, and the filter will then have

some phase shift at signal frequencies; say 15° at 100 cps.

- Functions are generated by diode switches which connect bridge circuits so
as to produce line segments of controllable incremental slope, These are stable
and repeatable to a fraction of a volt in plus or minus 100 v,

Thus the older computers are characterized by electromechanical components,
operation often slower than real time, and the consequent need for very low drift
amplifiers regardless of cost, The newer ones are all electronic, can operate as
faat or faster than real time for many applications, and operate fast enough to
- eliminate the effect of drift without requiring stabilization, Each of these

characteristics reduces the cost for the new ones,

That 1s how the manufecturers can produce a better computer for less,
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A MAGNETICALLY COUPLED LOW-COST HIGH-SPEED
SHAFT POSITION DIGITIZER

Arthur J. Winter
Telecomputing Corporation
Burbank, California

The outputs of many precision devices occur as shaft rotations. When
the position of such a shaft must be determined to an accuracy beyond the
reach of analog instruments, or when the data has to be processed by digital
equipment, an analog to digital conversion must be made. It is nearly always
desirable and often essential that the digitizer present no appreciable mech-
anical load to the shaft under measurement. A further requirement which often
must be met is that readings be taken on the fly. That is, positional infor-
mation may be called for when the shaft is in motion at speeds that may vary
from zero to many hundreds of rpm.

Present day needs for angle digitizing devices often call for accuracies
and resolutions in excess of 1000 parts per revolution. In radar and optical
tracking systems, for instance, it would be desirable to digitize the circle
into 64,000 parts. Whenever such high resolutions are needed it is common
practice to gear up the output shaft to drive the digitizer. The disadvantages
of this are obvious. Gears of such high accuracy are very expensive and add -
friction and inertia to the system., For this reason the basic digitizer,
without gearing, should have as high a resolution as possible.

This paper deals with a recently developed Shaft position digitizer which
was designed to more nearly satisfy the requirements above. Two previous
types which led to its development will be discussed first.

An early type of digitizer, the slotted disc, is shown in Figure 1. This
is, as the name implies, a device in which a disc is rotated so that a light
beam is interrupted by teeth on its periphery. A photoelectric cell pickup
and d-c amplifier produce an output signal which varies in amplitude from maxi-
mum to minimum each time the light beam is interrupted by a tooth. If this
signal is fed through a d-c operated trigger into a counter, the counter will
accullulate angular increments by counting the number of teeth. By using another
photocell angularly separated from the first by an amount equal to one-half '
of a slot, an additional signal is derived which is in phase quadrature with
the first. Since the phase relationship between the two signals changes with
direction of rotation, the second signal may be used to prepare gates in the
accumulator which cause the counters to subtract when the digitizer reverses
direction. In this way the digitizer can be*used on a shaft which may hunt,
oscillate, or reverse direction, without introducing errors into the accumu-
lator. By the use of proper circuitry in the counters, readouts may be obtained
on the fly without stopping the digitizer or losing the count in the accumulator.

The slotted disc digitizer is limited in resolution by the number of slots
that it is possible to cut in any given diameter disc, and therefore it has been
used only for applications requiring resolution of about 200 counts per revolu-
tion or less.
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The next to be developed was a serrated drum digitizer (Figure 2). In
this type the slotted disc was replaced by a drum with many serrations on its
surface. These serrations acted as concave mirrors which reflected the light
into two photocells, as shown in Figure 3.. The output from the photocells
is amplified and handled in the same way as in the case of the slotted disc
digitizer. The advantage of the serrated drum over the slotted disc is that
more serrations can be machined in a given diameter drum than slots could be
cut in the same diameter disc. However, since the light output is not as
great, photocell and amplifier drifts are more of a problem,

The magnetic shaft position digitizer was designed to overcome certain
disadvantages in the two previous types just discussed. The magnetic digitizer
has higher resolution, that is more counts per revolution. It is free from
drifts due to photocells and d-c amplifiers. It is much more rugged and reli-
able.

The basic principles of operation can be explained by referring to Figure
L. A high frequency generator causes a current to flow through a conductor
which is shaped in such a way that at any instant the current flow in adja-
cent parallel segments of the conductor are 180° out of phase. The arrows
indicate polarity of current flow at some instant of time. If a device which
could indicate the presence of an electromagnetic field were placed directly
over any one of the conducting segments, such as A or C, it would measure the
intensity of the field near that segment; and if the same indicator were placed
halfway between two adjacent segments, position B, its output would be essen-
tially zero. ' '

This can actually be done with a small pickup coil held over one segment;
and if the output of the pickup is amplified and demodulated, the resultant
d-c output signal will fluctuate from maximum to null as the pickup coil is
moved across conductor segments. In this way d-c signals are derived which
are a function of position. Fluctuations in these signals can be used to count
the number of segments. To obtain two outputs for direction sensing as in the
previous digitizer, two pickups must be used, spaced one-quarter of a segment
apart.

In order to adapt this principle to shaft digitizing, the conducting pattern
of Figure 4 was arranged in the circular pattern shown in Figure 5. This is an
actual negative of a 500 segment pattern which is photoetched onto a 2 1/2 inch
disc and used as the rotating element of a shaft position digitigzer. The
connections at the center are for injection of the high frequency carrier
current. In order to avoid using slip rings, the carrier current is coupled
to the rotor by means of a small air core transformer whose secondary is mounted
on the rotor and spins with it. :

Instead of a pickup device consisting of a coil over one segment, the
arrangement in Figure 6 is used. This pickup pattern is the same as the rotor
pattern; and it functions in the same way as the pickup coil would except
that there is coupling to every segment in the rotor, and the output signal
is a much more accurate indication of position, since each null and each maxi-
mum results from an average of all of the conducting segments. The pickup
pattern is also photoetched on a disc and consists of two conductors displaced
angularly one-quarter of a segment space. There are three connections at the
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outer edge; one is a common ground, the other two go to their respective
amplifiers.

Figure 7 shows the configuration of the assembled digitizer. The rotor
spins with the shaft along with the inner coil, the secondary, of the coupling
transformer. The outer coil, the primary, connects to an oscillator which
supplies the carrier signal. The frequency of this oscillator in the digitizers
currently being built is 1.6 megacycles. The pickup, or stator, supplies
signals to two tuned amplifiers. These signals are demodulated and the resul-
tant d-c¢ output can be used to count increments of rotation as in the previous
digitizers.

Figure 8 is a photograph of a magnetic shaft position digitizer with a
resolution of 1000 counts per revolution. It has a permissible shaft speed
of from zero to 1800 rpm; and since its output contains directional information,
it can reverse direction or hunt, as in the case of the slotted disc and ser-
rated drum types, without introducing errors.

The advantages of this digitizer over the previous types are:

1) The photoetching process makes it possible to obtain more counts per revo-
lution. Digitizers of 1000 and 2000 counts per revolution have been built.

2) It is electrically more stable and not subject to drifts since it is an
a-c carrier operated nulling device.

3) It is less subject to stray electrical pickups because of its low imped-
ance and tuned circuits.

4) It is more rugged and more reliable.
5) The smaller rotor disc presents less of an inertial load to the shaft.

Another advantage, and one which has not yet been fully exploited, is the
averaging effect of the pickup element. The position of the exact point on
the circle at which the output goes through any given null is at least an
order of magnitude more accurate than it would be if the signal were derived
from a pickup over only one rotor segment. Development is now under way to
take advantage of this potentially high accuracy by electrically dividing the
increments between nulls so that the number of counts per revolution may be
multiplied many times.
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Abstract

Partial differential equations can be approximated by systems of simultaneous
ordinery differential equations by replacing one or more of the partial derivetives
by the appropriate finite differences, The resulting systems of equations can.
sometimes be solved directly by an electric analog computer employing passive
circuits (e.g. the Caltech analog computer), or by an electronic differential
analyzer employing feedback amplifiers (e.g. the Reeves Electronic Analog Computer),
The latter type of computer has several important advantages, including versatility,
ability to handle nonlinear partial differential equations, and flexibility in
selecting time scales, Both theoretical analysis of the accurecies attainable with

" the difference method and actual solution examples using the electronic differential
analyzer are described, Types of partial differential equations considered include
the heat, wave, and beam equations, Resl-time simulation of aircraft structures
is discussed,

The actual computer solutions were carried out on the electronic differential
enalyzer of the Depertment of Aeronautical Engineering, As a result of the promise
shown by the difference method discussed in this report, construction of en 80-
amplifier analyzer has begun,

INTRODUCTION

Usual Differential Anélyzer Technique for Solving Partial Differential Equations

The electronic differential analyzer is limited to the solution of ordinary
differentiasl equations, To solve & linear partial differential equation on the
analyzer, it is necessary to separate variables and hence convert the partial
differential equation to ordinary differential ecuations of the eigenvalue type.
The normal modes from which the solution to the original problem can be built up
must then be found, usually by trial and error techniques,
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The above method of separating veriables and obtaining a series type of’
solution can be carried out fairly efficliently on an electronic differential
analyzer.19 93 Certainly, for most problems the analyzer is much faster than
any hand methods, But for the engineer who is interested in getting mumerical
answers to specific problems, even the analyzer approach might seem somewhat
tedious, It therefore would be highly advantageous to be able to solve the
partial differential equations directly, This can be done by replacing some
of the partial derivatives by finite differences in order to convert the original
partial differential equation into a system of ordinary differential equations.4

Replacement of Partial Derivatives by Finite Differences

Assume we are interested in solving a partial differential equation in which
the dependent variable y(x,t) is a function of both a distance variable x and a
time variable t, Instead of measuring the variable y at all distances x, let us
measure y only at certain stations along x; thus, let y] be the value of y at the
first x station, y, be the value of y at the second x station, y, be the value
of y at the nth x station, Further, let the distance between stations be a
constant Ox,

Now clearly a good approximation to , (i.e., the partial derivative of
y with respect to x at the 1/2 station) is g}/;n by the difference

Yi Yo ‘ (1)

[ ]

’1/2

In fact the limit of Equation 1 as &x—»0 is just the definition of the
partial derivative at that point, Writing Equation 1 in more general terms

?—y - Yn - yn-l (2)
9x|n-l/@ &x
In the same way ‘
-1 {2 _a_.*_r' _ T = Y T )
z w12 2*lna (A«)Z |
Similarly :
3y } Yoty =30 ¥ 3¥p1 T Tn2 “
s = 4
a3 n-1/2 ()3

Thus we have converted partial derivatives with respect to x into algebraic
differences, The only differentizl needed now is with respect to the time
variable t, 8o that we are left with a system of ordinary differential equations
involving dependent variables y,(t), yi(t), .« o o yh(t), c e o o
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SOLUTION OF THE HEAT EQUATION

Equation to be Solved

s a first example of a partial differential equation, let us consider the
equation of heat flow through a continuous medium, since it involves second order
spatial derivatives and only first order time derivatives, The basic heat equation

is given by
os%g=v-xvu+r (5)
where
‘ u = temperature and is a2 function of the spatial coordinates
and time,

K = thermal conductivity; in general a function of the
spatial coordinates,

C = specific heat, a function of spatial coordinates,
0 = density, also a function of spatial coordinates,
t = time,

f = rate of heat supplied by sources in the medium, a function
of spatial coordinates and time,

The actual heat flow or flux due to conduction normal to any unit surface

is given by - K X (component of S7u normal to the surface), Thus the heat flux
Fx across a unit surface normal to the x direction is given by

Fy ==K g-g 0 (6)
In & given heat flow problem it is necessary to stipulate spatial boundary
conditions elther on the temperature u or the heat flow -Kwu, as well as initial
temperature distribution throughout the medium,

Derivation of the Difference Equations

For simplicity in illustrating the application of difference techniques, let
us assume that spatial variations in the temperature u are confined to the x
direction, Equation 5 then becomes

eI - B fee BER] 4 pyy ™

where we have let
C(x) = e(x) 6(x) & (8)

This could represent the temperature distribution in a medium between two
infinite slabs,
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Following the technique discussed in Section I, we will consider only values
of u at certain equally spaced stations along the x coordinate axis, Thus u(x,t)
is replaced by mn3(t), up(t), « « « etcs If Ox is the distance between stations,
ve can write for the heat flux F,,_) s, at the n-1/2 station

- . EKnpas
pn_l/z_-xggln_m-- 22 (u, - w, ) . 9)
We can now write the equetion of heat-flow balance at the nth station, Thus
d’On = m - - &- 2 - +
T (upyy = wy) -(&-;‘é- (o - up) + £, (10)

where C, is the heat capacity at the nth station and fj is the rate of heat supplied
by a heat source at the nth station (fj will in general be a function of time),

Note that dun,/dt is now a total derivative and not a partial derivative, since by
definition x remains fixed while we teke dup/dt,

Equation 10 will be iterated for different values of n until the boundaries
in x are reached, at which point it is necessary to impose boundary conditions,

Imposing Boundary Conditions

Suppose that one of the boundary conditions specifies the temperature at
x =0 (i,8,, at the zero station), Then we have

u, = constant
and. hence v
= M ' [ - . 11
Pie = — 1w (t) uo] (11)

K11 we have done in imposing the boundary condition, then, is to fix u,(t) at a
constant value of ugy,

If the temperature is specified at x = L (i.e., at the Nth station, where
¥ = L/x), then for uy(t) we substitute uy = constant, the desired temperature,

Often a condition is placed on the rate of heat flowing past a boundary,
either that this flow be zero (as for an insulating boundery) or a constant,

Suppose we let

1’1/2 = constant,

Then the equation for the first station is

- am(t) F
cy 1 (2)422. [nz(t) -ul(t)] +-A3£3 +1(8) (12)

at
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The equations for uy, P, e o o are the same as usual, If we desire
FN-'- Iy = constant as a b ary condition, then the equation for the Nth station

is similer,

The process of setting in boundary conditions is evidently quite straight-
forward, Notice, however, that when we denote temperature at integral stations,
the boundery occurs at an integral station when temperature at the boundary is
specified, whereas the boundary ocecurs at a half-integral station when the heat
flow at the boundary is specified,

Imposing Initial Conditions

In addition to specifying boundary conditions in this type of heat problenm,
it is necessary to specify the initial temperature distribution in our medium,

Thus we have
u(0) =Ty

w(0) =T, (13)

These initial conditions must then be imposed on the electronic differential analy-
zer,

Complete Differential Difference Equations for a Given Set of Boundary Conditions

For purposes of illustration, let us assume thet the boundary conditions of
our conducting slab are that at x = 0 the temperature remains fixed at u,, and at
x = L & Ax(W1/2) the heat flow is zero, The space between x = O and x = L 1is
therefore borken into N cells, and from Equations 10, 11, and 12 we can write
the complete set of differential equations,

The initial conditions specify the temperature for each station at t = O,
A schematic diagram showing all the locations relative to the conducting slab is
shown in Figure 1 for N = 10,

In Figure 2 the computer arrangement for solving the difference equation is
shown, Note that the outputs of each successive row of amplifiers are reversed,
This allows the necessary differences to be taken without signereversing amplifiers,
Note also that the heat flow or flux F is available at any half-station as a
dependent variable, Thus the temperature u and heat flux F across the slab can
be observed directly as a function of time,
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It is possible to reduce the nmumber of amplifiers from three to one per
station, In many ways, however, the circuit of Figure 2 is simpler despite the
inereased nunber of amplifiers, To change the conductivity K or heat capacity
C at any station, only the appropriate resistor has to be varied, Initial
temperature distribution across the slab is changed by setting the Uy, U, eee
voltages to the desired velues., The heat sources through the slab are represenged
by the voltages f3, f5, o« « o Iy which may be varied as a function of time in
any desired manner,

Solution by Separation of Variables

In order to evaluate the accuracy of the difference technique, it is worth
while to solve the partial differential equations of heat flow by separating
variables, For simplicity we wlll solve the problem of the temperature distribue-
tion between two infinite slabs held at a temperature of zero, Assume that the
mediun has constant conductivity K and constant specific heat capacity c, Also
assume no heet sources within the medium, Then from Equation 7

2
o u )
£% - 32 (14)
The boundary coﬁditions are
u(0,t) = u(L,t) =0, (15)

Let us assume as a simple initial condition that the temperature in the medium is
everywhere cons’c.ant at t = 0, Thus

u(x,0) = U = constant, (16)

The complete solution can be written in the series form

u(x,t) = AH Z .1. smﬁ_l_. —é'znz_t (17)

(n = 1,3,5 oooooo)

This solution actually represents an infinite number of sinusoidal temperature
distributions across the medium from x = 0 to x = L, At t = O the sine waves all
add up to give the initial flat temperature distribution, For t) O the sine waves
decay exponentially at different rates, with the decay rate faster for those sine
waves having more nodes and loops, The resulting temperature distribution at
various times is plotted in Figure 3, where a dimensionless time variable T has
been used, 7’ is defined as

v prey t . (18)

Thus Figure 3 is independent of the physical constants of the problem,
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we will now proceed to calculate the decay-time constants for the normal
modes of the difference equation representation, If these agree well with the
decay-time constants in the solution above, and if the equivalent normal modes
show good agreement with sine waves, then we can expect accurate results using
the difference technique,

Solution of the Difference Equation for N Cells

When the space between x = 0 and x = L is broken up into N cells, the
general difference equation is given by Equation 10, At station 1 and station
N-1 the difference equation is obtained by setiing u, and uy equal to zero
respectively, In the problem under consideration the conductivity K and specific
heat capacity C are constant, By proper choice of our distance variable x we
can meke &x = 1, so that.L = NAx = N, By proper choice of our time variable t
we can make C/K = 1 so that for f = O Equation 10 becomes for the ith cell,

By =gy -2ty . (19)

To solve for the normal modes we assume that the ith temperature uy varies
with time as aje” M‘, where a3 is a constant, If this is true, then Equation 19
becomes a set of N-l1l simultaneous algebraic ecquations, The only nontrivial
solution of the equations is obtained when the determinant of the coefficient
vanishes, This determinant, when expanded, becomes a polynomial in X\ of order
N-l, The polynomial will have N-1 positive roots Ay, which are the decay constants
for our N cell system, To solve this determinant for a specific N 1s very tedious,
and to solve it in general would be next to impossible, The roots A, can be
found much more easily by the following procedures

Assume that the spatial mode shape for the difference equations is the same
as for the continuous equation, i,e,, sinusoidal, If this is true, then for the
temperature wy at the ith station we have

- nmy - Ant
u =a gin = o . (20)
From simple trigonometry it follows that
+ = 2a sin B cos H¥ (21
Y Y W X x ° )
From Equation 19 we have for the ith station
(2-2,) sin Bﬁe Zsinmcos¥e
from which
My = 2(1 - cos %) o (22)
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It is easy to show that Equation 20 satisfies the boundary conditions, Thus,
our assumed solution is the exact solution, where the decay constants )\ are
given by Equation 22, Expanding Equation 22 in a power series, we have

A = @ [1-%(%)2+...] . (23)

In the 1limit of infinitely many cells the X, equation given above reduces to the
decay constants in Equation 17, since here 1= Nix = N and é = 1,

In Figure 4 the percentage deviation in decay constant due to the difference
method as a function of the mumber of cells N is shown, Note that the lower modes
(lower values of n) require fewer cells to give accurate decay constants,

To summarize, we see that when the spatial derivatives of the heat equation
are replaced by finite difference, the resulting normal mode shapes agree exactly,
whereas the decay constants (eigenvalues) for each mode are somewhat smaller,
This means that the higher modes will decay somewhat slower when the differential
difference equation approximation is used, The error is bigger for higher modes,
but fortunately the higher modes are generally much less important,

Computer Solution for One-Dimensional Heat Flow

We now proceed to the computer solution of the one~-dimensional heat flow
problem considered in the last section, namely the temperature distribution between
two infinite slabs a distance L apart and with boundaries held at zero temperature,
We can select the distance variable so that &x = 1 and hence L = Nix = N, where
N is the mumber of cells, After proper choice of the units of time t so that
K/o5 = 1, the basic heat equation becomes from Equation 14

2
= o u 2
%E 92 (24)
which in terms of a difference equation is V

b-“nﬂ 2up +upy . (25)

For the problem in Section II the initial temperature distribution was a
constant U, Thus, we have the initial conditions

uy(0) = U = constant , (26)
Boundary conditions are
Uy =ug=0 . (27)

This heat problem was solved with the differential analyzer for 9 cells,
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In order to compere the computer results with the solution shown in Figure 3
for a continuous medium, we must convert our computer time units to the dimension-
less units of Figure 3, Remembering that we chose computer time units so that
K/od = 1, we have from Equation 18

I
Tf-l?t—#t (28)

Thus for our 9-~cell problem we divide computer time t by 81 to obtain the dimen-
sionless time T of Figure 3, In this way points from the computer solution are
compared in Figure 3 with the theoretical solution for a continuous medium, The
correlation is evidently quite good, as we could have predicted from our theoretical

work in Section II,

Since our initisl temperature distribution is symmetric about the station
4-1/2, as are our boundary conditions, the temperature distribution remains
symmetrical as a function of time, Therefore, the heat flow will be zero at
.station 4~1/Q, and the appropriate boundary condition can be established there,
If this is done, it is only necessary to solve the problem half-way across the
distance between the slabs, the solution for the other half being symmetrical,

In the seme way, if the initial temperature distribution in our homogeneous
medium had been antisymmetrical with respect to station 4-1/2, we could have
treated the problem for N cells by setting ug = uy/s = O and solving the N/2-cell
problem, Here we must obviously have an even number of cells to begin with,
vhereas in the symmetrical case we needed an odd number of cells,

It is evident that by considering symmetry effects the number of amplifiers
needed may often be cut in half, Furthermore, any arbitrary initial temperature
distribution ean always be split into & symmetrical and antisymmetrical form,

The solution for each of these initial distributions can then be found, and since
the equations are linear, the final solution is the sum of the two solutions,

Of course this procedure will only work when the conductivity K and the specific
heat capaecity ¢6 for the medium are constant or symmetrical about the center of
the medium, Also, the boundary conditions must be symmetrical,

Summary of Investigation of the Use of Difference Techniques for the Heat Equation

We have shown that it is both simple and straightforward to solve the heat
equation with the electronic differential analyzer by replacing spatial derivatives
with finite differences, Normal mode shapes show exact agreement with those
calculated by separation of variables for the simple problems considered, Decey
constants corresponding to the various modes also show good agreement but tend
to be somewhat lower than the values calculated by separation of variables,
particulerly for higher modes or if fewer cells are used, For most engineering
problems the order of eight to sixteen cells per spatial dimension should be
completely adequate (see Figure 4), -

Only one operational amplifier is needed per cell, although in some problems
it may be more convenient to use three amplifiers per cell, The problem is com-
pletely stable, and the final outputs of the computer are temperature and heat
flow as a function of spatiasl coordinates and time,
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SOLUTION OF THE WAVE EQUATION

Equation to be Solved

One of the most important partial differential equations met in engineering
is the wave equation, If we let ﬂ represent the magnitude of a disturbance in
any medium in which wave propagation can take place, then we can write the wave

ecuation as
2
2 1
= 29
v<e ??—Qat (29)

Here v is the wave velocity in the medium and t is the time ﬁariabie. Equation
29 must of course be subject to spatial boundary conditions and initial time
conditions,

The spatial derivatives of the wave equation have exactly the same form as
the heat ecuation, but the time deriviative is second order instead of first order,
The difference techniques for converting the partial differential equation to
system of ordinary differential equations in time are also practically identical,
Space does not permit discussion of specific .examples, but it mey be remarked that
application of the method to the problem of a vibrating string has given satias-
faectory results,

The solution of the wave equation by difference methods is easily performed
by the differential analyzer when the medium of propegation is non-uniform. Also,
the effect of damping forces can readily be included, v

Thus far we have considered pertial differential equations with boundary
conditions occurring a finite distance apart, It seems evident that our difference
technicques 28 used here are limited to this type of equation, Thus, it would not
seem possible to solve problems in semi-infinite or infinite media unless one
can let the time varlable in the computer represent the spatial variable which
goes to infinity,

It should be straightforward to solve'prbblems having spatial coordinate
systems other than Cartesian, e,g., cylindrical, spherical, etc, For the appro-
priate geometries this would undoubtedly require many less celss to realize a
desirable accuracy,

VIBRATING BEAMS -

Equation to be Solved

It would seem of particulsr ehigineering interest to investigate the usefulness
of the difference technique in solving the problem of flexural vibration of beams,
Consider the vibrating beam shown in Figure 5, If we limit ourselves to the trans-
verse deflection shown and assume that the flexural planes remain perallel, then

for small deflections the equation of motion is given by
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where :
horizontal distance from the left end of the beam
time
transverse deflection of the beam at any instant
mass per unit of beam, at x
flexural rigidity at x

ok M

i Il ll nn

Y(Xz
EI(x
The bending moment M(x,t) is given by

M(x,t) = EI(x) 9-2-83’-’(?’5_‘?2 (31)

\JVV

and the shear is given by
V(x,t) = 3 2 uxt). (32)

uquation 30 is of course subject to both boundary and initipl conditionms,
One type of beam of considerable engineering interest is the cantilever beam (one
end built-in, the other free), We will also consider the hinged-hinged beam
because it is the easiest to analyze theoreticslly and will give us a good idea
of how the other beams will behave when difference techniques are used,

Derivation of the Difference Equation for the Vibrating Beam

Once again the partial differential Equation 30 for the vibrating beam 1s
converted into a set of ordinary differential equations by using the difference
technicue, Thus, distance along the beam is broken into N segments of width &x;
the displacement yn at the nth station will then be a funection of time only, We
have from Equation 30 as the equation of motion of the nth cell

2
a%y.,
(&)< Py E'Pg My - 24 Mn.1 | (33)
where
EI o
e )2 (Y141 = 271 *+ ¥11). | (34)
We also note that
M- Mn.1 -
n_l/z (35)
and Yn = In-l
8y _ o= na |
x ,n_l/z - O (36)
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Before writing down the complete set of difference equations for N cells,
it is necessary to consider the boundary conditions, Assume we have an N cell
beam and wish to impose the boundary conditions associated with a particular end
fastening, e.g.,, a2 free end at the right hand extremity of the beam, This means
that both the shear V and bending moment M must vanish at the beam end, Let us
assume, then, that the end occurs at M¥+1/2 and that Viw %( O. From Eguation 35
this implies that My = M) = O. But from Ecuation 33 %s means that

2 -
(&) pN_? +My, =0

&y

N-1l _
—ZMN_l'!'an-O

B A’

(&x)? Py-1

The remainder of the equations are similar to Equation 33 until the left-hand
boundary is reached, at which point the difference equations again depend on the
type of end fastening.

Following the same line of reasoning as above, one obtzins the following set
of conditions for the difference ecuations for various end fastenings of an N
cell beam:

End Where End Occurs Condition
Free W1/2 My =My, =0
Hinged N My= yy=0
Built-in M1/2 Yy = T = O

The actual way in which these conditions modify the difference eruations is
best seen by considering a specific type beam, as in the next section,

Computer Circuit for Solving the Cantilever Beam by Difference Techniques

Since it involves both a free end and a built-in end, the cantilever beam
shown in Figure 5 seems the best choice for a specific examnle. The left-hand
end of this beam occurs at station 1/2, while the right-hand end occurs at
station NHﬂ/Q. From Equations 33, 34, and 36 along with boundary conditions the
gomputer circuit shown in Figure é is obtained, Initlal conditions on y, and
¥n must of course be specified in an actual problem, Notice thet even though the
left-hand end of the beam occurs at station 1/2, the displacement yy at station 1
is held fixed at zero,

Theoretical Soltuion of the Difference Equations for Vibrating Beams

In order to check the accuracy of the difference method for beams, we will
now solve for the normal modes of vibration of & cantilever beam by seperation
of variables, When the space and time varisbles are separated in the equation for
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a cantilever besm and the normal-mode frequencies are determined, the following
values are obtained for the dimensionless freauency parasmeter

Bn = Wn pL4/EI .

1 2 3 4 5
By 3.516 22,03 61,7 1210 199.8

If the units are selected so that &x = 1, Equation 37 represents the difference
equation. for y when the cantilever beam is broken into cells,

p i
=2t T 4¥q47 * vy = 4¥13 * Vi-2 (37)

Let us consider 8 cells and let P/EI = 1, When the boundary conditions outlined
previously are applied (left end built in, right end free) a set of seven simul-
taneous difference ecuations result,

As before, we assume ys varies with time as sin »t, The difference equations
are then reduced to 7 sinml%aneous algebraic equations, Eliminating the y's
gives us

1-336%2433]27s4 514075’-1-21,32 >~8-456‘ 1°+367x12- )\u-o (38)

The roots of the above polynomial in 7\.2 are the normal mode freouencies. The
first four values of A, obtained from Equation 38 are

Aq = 0.0554, Ay = 0.347, A5 = 0,940, A 4 = Le66e

For our 8-cell cantilever beam &x = 1 and L = N = 8, Also, EI/f = 1 and hence
the dimensionless normal-mode frequency ﬁn is obtained by multiplving A by 64,
In the following table B for the 8-cell beam:is compared with ﬁn for the con-
tinmious beam,

Cantilever Beam

Mode (continuous beam) (8 cells} % deviation
1 3.516 34545 + 0,8
2 22,03 2242 + 0,8
3 61.7 60-1 - 2.5
4 121,0 1113 - 8,0

Evidently an 8-cell uniform cantilever beam (actually requiring only 22 operational
amplifiers) gives tolerable normal-mode frequencies for the first four modes, For
many engineering problems this would be entirely adequate.

In Figure 7 two mode shapes are compared with those for the continuous beam,
Agreement seems to be entirely satisfectory,
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Computer Solution for an 8-Cell Uniform Cantilever Beam

The 8-cell cantilever beam discussed in the previous section was set up on
the electronic differential anmalyzer using integrstor time constants of 0,2 seconds,
Normal-mode frecuencies were obtained by driving the cells at anti-nodal points
with sinusoidal voltages at the normal-mode frequency. The following table come
peres the computer and theoretical normal-mode frequencies,

Normal-Mode Frequency

Mode Continuous Beam 8-Cell Theoretical 8-Cell Camputer
1 00437 cps 0,442 cps 0,436 cps

2 04275 0,276 0,274

4 1,507 1.39 1.37

The input resistors used in the cilrcuit for computing differences were calibrated
to 0,01 per cent, while the resistors representing flexural rigidity EI and mass
per unit length P were calibrsted to about 0,5 per cent, It was found that a 1
per cent change in one of the input resistors used for taking differences per-
turbed in the period of the fundasmental normal mode by the order of 1 per cent,

Computer Solution for an 8«Cell Non-Uniform Cantilever Beam

An 8-cell non-uniform cantilever beam was simulated on the differential
analyzer, This beam had the configuration shown in Figure 8 and represents an
aircraft wing with taper ratios of 2:1 in both chord and thickness, Two problems
were solved: (1) the tepered beam alone, and (2) the tapered beam with the
addition of a concentrated load at station 8, This load simulated a wing tank
of helf the weight of the wing, A gust load of one-second duration was applied
as a force proportional to the chord at each cell, Figure 9 is s sample of the
deflection at station 8, and also shows the one second gust load, No structural
demping was included in these examples, but it can be accomplished by simply
connecting the appropriate resistors across the integrating condensors,

An integrator time constant of 0.2 seconds was used,.

The normal-mode frequencies were obtained for the 8-cell beam with and without
the wing tank, :

These are tabulated along with the values for normal-mode frequencies ob-
tained by a differential analyzer solution of the eigenvalue problem for the case
without wing tank,

Normal-Mode Frequency

Mode 8-Cell Eigenvalue 8-Cell Difference 8-Cell Difference
(No Wing Tank) (No Wing Tank) (With Wing Tank)
1l «0773 cps 0767 cps 0372 cps
2 o331 cps o326 cps «256 cps
3 «820 cps o784 eps .709 cps
4 2,016 cps 2,000 cps
34279 cps
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An interesting structural condition is illustrated in Figure 10, where the moments
near the root (station 1) and near mid span (station 4) are recorded for the cases
with and without wing tank, For both recordings identical one-second gust loads
were applied, The case with wing tank has much lower moments and therefore is

not as critical structurally as the case with no wing tank,

Real-Timc Simulation of Beam Structures

Ons of the advantages of electronie differential analyzers over other types
of znalog computers is the extreme flexibility of their time scales, For example,
it is possible with the analyzer to simulate on & one-to-one time scale the
aireraft wing discussed in the previous section, If integrator time constants
of 0,02 seconds are used, the frequency of the fundamental mode for the 8-cell
tapered wing becomes 0,77 cycles per second, which would be the order of magni-
tude of the frequency for an actual structure,

There is one important effect which must be considered when so speeding up
the time secale, Limitations in band width of the dc amplifiers may cause the
beam oscillations for the higher modes to exhibit a slight exponential buildup
in magnitude, However, the introduction of a small amount of viscous damping
(considerably less than actually exists in the structure) easily stabilizes the

ecircuit,

A real-time simulation of structural characteristics could be very useful
in testing autopilot designs for some of the larger aircraft and missiles, where
structural characteristics must be considered in solving the control problem,

Effect of Small Voltage Transients

The deflection of a beam for a given force is provortional to the fourth
power of the length of the beam, Thus as more and more cells are added to the
differrntial-analyzer circult, the output voltages representing beam deflections
becomes more snd more sensitive to voltage inputs, The latter msy be purposely
introduced to simulate forces, or may be inadvertently introduced as a result of
power-supply fluctuations or transient voltages when the initial conditions are
released, The sensitivity of the network to such disturbences will increase =&s
the fourth power of the number of cells, With electronically regulated power
supplies and dc amplifiers which were manually balanced to within 0,01 volt
referred to input, no particular difficulty was experienced with the above effect
in 80lving the 8-cell beam problem,

Summary of Difference Technigue for Vibrating Beams

The vibrating-beam equation has been solved with the difference method both
theoretically and with the electronic differentiel anslyzer, Results show that
normal-node shapes and freaquencies exhibit good agreement with continuous beams
providing 3 or more cells per half-wave length of the normal mode are used,

Cantilever and hinged-hinged beams have a fixed equilibrium position relative
to their surroundings and hence are steble on the electronic differential amlyzer,
Free-free beams are not supported, however, and will tend to be unstable, since
any smaell voltage unbalance will ceuse them to rotate eand translate as well as

vibrate, '
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Damping cen easily be included in the beam equation by placing the appro-
priate resistors across integrating condensors. Any varisble force as a function
of time con be introduced at any point or points along the beam, The final camputer
response gives directly the bending moment and displacement as a function of time
end distance along the beam,

This same diffezgnce method can be used to solve beams with both torsional
and lateral bending,4 In this case the torsional equation is similar to the wave

ecuation mentioned earlier, The proper cross-coupling resistors then tie the
two systems together,

For a more complete discussion of some of the material in this paper, see
Reference 6, ‘

DESCRIPTICN OF THE DIFFERENTIAL ANALYZER

IO BE USED AT THE UNIVERSITY OF MICHIGAN FOR SOLVING
PARTIAL DIFFERENTIAL EQUATIONS

An 80-amplifier differential analyzer is being constructed to solve partial
differcntial ecquations by the difference method, Forty of the dc amplifiers can
be used as integrators or summers; the remaining 4O are summers, The inputs.-and
outputs to the amplifiers are brought out to polystyrene patch panels on the
front of the relay racks, Input and feedback impedances and the various computer-
circuit connections are patched directly into the polystyrene penels, There are
16 amplifiers per relay-rack, with five racks in all,

The dc amplifiers consist of three stages of triode amplification (2-5691 RCA
red tubes) and an optional 12SN7 cathode follower for high-power output operation,
The amplifiers are flat to about fOke with a gain of unity, Plug-in drift
stabilizing units using Leeds and Northrup Type STD, 3338-1 Converters hold the
dec unbalance referred to input to the order of 100 microvolts,

Using the above equipment it will be possible to solve heat, wave, and beam
equations in one spatial dimension with up to 20 cells,
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THE NORDSIECK COMPUTER
Arnold Nordsieck

University of Illinois
- Urbana, Illinois

I Introduction

After some experience with a mechanical differential analyser
of the Bush typel, the author became convinced that there was a
need for e smaller, cheaper instrument of this type with a faster
and more convenient setup procedure, The large instruments are so
large and expensive mainly becamnse of the torque amplifiers they
contain and are somewhat inconvenient to use because, aside from
considerations of accessibility to the individual researcher, they
have rather long and complicated setup procedures.

The need for torque amplification can be eliminated by employ- .
ing a mechanical integrator which will transmit appreciable torque
without slipping at all. ‘The author has developed such an integrator,
which will be described in section II, Speed and convenience of :
setup can best be achieved by arranging to have all interconnections
made electrically, and accordingly all the input and output variables
of all the units (integrators, multipliers, adders, etc,) in the new
instrument are converted into electrical form by synchro motors and
generators? and made available at a plug board, The general size can
also be kept small without prejudice to accuracy because the key
parts can readily be machined to an accuracy of 0,001 inch and because
the ultimate output consists of driving revolution counters or push-
ing pens across graph paper, These processes require negligible
forces and torques, so that if care is taken not to dissipate torque
needlessly in bearing friction or otherwise, very small motors can
be used throughout, The torques employed in the new machine are
in the range of one inch-ounce and the total mechanical driving
power is less than 1/100 horsepower, The six=-integrator machine is
about the size of a desk and weighs sbout 500 lbs, and requires
less than 500 watts of 110 volt 60 cycle power, The accuracy cane
not be given in any absolute way since it depends on the problem
being solved, but it is in the general range of one part in a thousand,

Further reduction in weight and size, fbr a given number of
integrators and with no loss in accuracy, may be possible,

The original machine of this type has been in use at the Univer-
sity of Illinois, Urbana, Il1linois for some time and replicas of it
have been built and operated at Purdue University, Lafayette, Indiana,
and at Radiation Laboratory, University of California, Berkeley,
California, A wide variety of problems have been solved on the
machines, ranging from stability of non-linear servos and design of
non=linear springs to charged particle orbits in linear sccelerators
and problems in quantum mechanics and nuclear physics,
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ITI Mechanical Integrating Mechanism

From the arguements given in the introduction it follows
that an integrating device to make the whole plan technically
feasible ought to have three properties: It must work with shaft
angles as variables so as to preserve the original inherent accuracy
of the Bush machine, which derives from representing a unit of
any variable by a large number of shaft revolutions; it mist transe
mit appreciable torque without slipping; and it must fit in design-
wise with synchro motors and generators without excessive dissipation
of torque in bearing friction, etc.

The device used in the Bush machinel has a wheel with a fairly
sharp edge, rigidly mounted on a shaft and driven by a smooth, hard
flat turntable, and this device will not transmit appreciable torque
without slippinge There is another commonly used integrating device,
the turntable, ball and cylinder system invented by James Thompson3
which will indeed transmit appreciable torque without slipping pro-
vided enough thrust is applied to the ball, The Thompson device
-requires several bearings in addition to the essential bearings
of the input and output shafts, especially-if much thrust is spplied
to the ball, Now the bearings in synchros are high quality anti-
friction bearings, and since the synchros were to be an integral
part of the design for other reasons, as outlined in the introduction,
it seemed desirsble entirely to avoid any additional bearings,

This was accomplished by developing a kind of cross between the
wheel=turntable device of the Bush: machine and the cylinder-ball-
turntable device of Thompsons In effect we redesign the wheel so
that it behaves like a wheel and a ball simltaneously,

The sharp edged wheel rigidly mounted on its shaft cannot
transmit appreciable torque without slipping, essentially because
as the velocity ratio is varied (it must be varied continuously
while the unit is running for integration to be performed) the

wheel must slide over the turnteble parallel to its own shaft,

The ball of the Thompson device can tramsmit sppreciable torque,
essentially because it engages in pure rolling motion even when
the velocity ratio is continuously varying, Therefore if we alter
the wheel by mounting it ball-and-socket wise on its shaft and
making its rim part of a spherical surface we have a device of the
simplicity of the wheel-turntable device and with the pure rolling
property of the Thompson device,

The Figure shows a schematic diagram of the integrating wheel
and of its relationship to the smooth hard flat turntable or disc,
which is common to all such devices, The wheel is mounted on its
shaft by a ball and socket joint which is a lubricated free sliding
fit, The ball is rigidly fixed to the shaft. A pin projecting
radially from the ball slides between a pair of pins mounted
axially in the wheel, thus keying the wheel to the shaft, Hence
the wheel is free to turn, relative to the shaft, about any axis
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normal to the shaft within limits set by a stop, On the other hand
rotation of the wheel about the shaft axis is positively cdmmunicated
to the shaft, The whole attachment of the wheel to its shaft 1is
equivalent to what is normally called a universal joint of limited

misalignment.

The rim of the wheel is part of a spherical surface with
center coinciding with the center of the ball, This surface must
be aocurata end hard,

Several springs are fastened to the wheel shaft and bear on
the wheel near its rim in such a way as to tend to straighten the
wheel up, The tension in these springs is edjusted so that in
operation they are able to rotate the wheel about an axis through
the point of contact and the center of the bsall but are not atrong
enough to slide the wheel on the turntable,

The value of the "integrand®™ in the operation of integration
i1s represented by the distance from the axis of the turntable to
the point of contact, labelled "d" in the Figure, If we imagine
that the turntable axis is fixed and that the wheel shaft is moved -

any given distance parallel to itself, then because of the spher- -
ical form of the wheel rim the point of contact will move ean -
exactly equal distancej consequently *d" will change by the sane -
distance. In practice we move the turntable and hold the wheel
shaft longitudinally fixed, but the net effect is the seme, If
enough normal thrust is applied to the point of contact through
the shaft bearings the wheel will engage in pure rolling motion
8o long as it clears the stop, In actual operation the distance
"d" varies and the wheel shaft rotates simultaneously, and the
change in "d" per quarter revolution of the wheel shaft is small
compared to the radius of the wheel, Therefore the tilt or
nutation of the wheel introduced by the variation of ®d" 1s cone
tinuously carried around and wiped out by the action of the springs,
Consequently in operation the whesl departs from its square position
by barely visible amounts and rarely comes near the stop, An
exception to this normal condition occurs when "d" is near zero
since then the rate of rotation of the wheel shaft is very small
and the tilt of the wheel may accumulate considerably before it
is carried round and nullified by the springs, The width of the wheel
rim and the clearance of the stop have been so chosen that the wheel
is rarely brought up against the stop even when traversing through
the position "d® = 0, Occassional contact with the stop and corres-
ponding momentary slippage at the point of contact are not serious
because the error thus introduced is proportional to the fraction
of the time that slipping occurs,

When this integrating wheel is to be used to drive a synchro

generator (the "integral synchro® of the integrator) the diameter
of the wheel is chosen slightly larger than the diameter of the
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body of the synchro end the wheel is mounted directly on the
synchro shaft close up to the front bearing, No additional bear-
ings over and above the synchro bearings are employed,

IITI General Description of Computer -

Generally speaking the computer consists of a collection of
independent units mounted together on a rolling teble, most of
these units being supplied in multiple, for mechanically perform=
ing the elementary operations which in combination ensble one to
solve a system of ordinary differential equations, These units
are integrators, mltipliers for multiplying any varisble by a
chosen constant, adders, plotting'tables for reading functionsal
relationships graphically into or out of the computer, a motor=
driven independent varisble unit for turning the independent
varisble shafts, hand cranks for turning any shaft by hand as in
manual curve following, and revolution counters for indicating
the numerical value of eny chosen varisble, At present we put
on one rolling table six integrators, six multipliers, four adders,
two plotting tables, one independent variable unit, two or three
hand cranks and two revolution counters. The two last mentioned
counters are in addition to the revolution counters fitted to the
integrand synchro shafts on the integrators, A six integrator
unit can be used alone for, relatively small problems or several
of them cen be combired into a computer of larger capacity. As
indicated earlier, all the input and output variables of a1l these
units are brought to a master plug board in electrical synchro
form, The operation of setting up or clearing out a problem
involves only plugging up or clearing out a set of connections
on the plug board and manually aelecting the gear ratios on the
rultipliers,. ,

The integrators have a integrator factor of 1/60, i.e,
- if the integrand is set at one shaft revolution the velocity ratio
is 1/60, The range of the integrand is from minus 60 to plus 60
turns (with some leeway), significant to 1/20 turn,

The multipliars make gear ratios of Oely, 062, ¢ ¢ ¢ 0,9
available by manual selection,

An adder consists of a dlfferential synchro driving an
ordinary synchro.

The plotting tables have lead screws of 20 threads per inch
and are designed for use with standard 1/20 inch graph paper, 7 inch
by 10 inch grid on 8% inch by 11 inch paper, Each table may be
used for either input or output as desired,

The computer is provided with several types of protective

circuits which melke it essentially fool proof in the sense that
the operator can spodl a problem solution but cannot damage the
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computer by incorrect connections or operation., Each synchro is pro-
vided with a protective ballast lamp and condenser combination which
warns the operator and reduces the energizing voltage to prevent
burnout if that machine is desynchronized. For each lead-screw
driven element a warning light is provided to indicate when it is
ncar the mechanical limits of its travel and the drive is completely
disconnected before these limits are reached. The integrating wheels
are kept disengaged except when a problem solution is actually being
Tun in order to permit synchonizing the synchros and setting initial
values of integrands without sliding of the wheels on the turntables,
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