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of all customers arriving in the next interval (u,t), for £ > wu; the fraction
of these numbers that is in the range (0, t — v + w) is R(,u,w).
The delay W(t) is never negative, and so

Pr{W () £ w} = 0, if w<O0. 7
For w > 0, Pr{W(t) < w} is given by
Pr{W(t) £ w} = Pr{K(t) — t < w}

a [t (8)
— — | R(tuw) Pr{W(u) = 0} du.
ow Jo
The chance, Pr{W (u) = 0}, that the server will be idle at time u satis-
fies the Volterra equation of the first kind, for —¢ = w = 0,

average of max [0w — K(¢) + ] =

t+w (9)
fo R(tumw,) Pr{W(u) = 0} du,

and the left side of (9) is expressible in terms of (5) as
ttw

E{max [0,w — K(t) + ]} = \ Pr{K(t) < u} du,

where E{u} is the expectation of u.

Once the “basic” functions (5) and (6) are known, the computation
of Pr{W(t) =< w} proceeds by first solving the integral equation (9)
for the chance Pr{W(u) = 0} that the server will be idle at time w. This
probability can then be used in (8) to give Pr{W(¢) = w}.

Proofs for, and extensive explanations of, these results for delay have
been deferred until Section IX, while we continue by discussing results
for loss operation. The proofs to be given are new, and much simpler
than those of Ref. 7. They also make it easier to exhibit the physical
significance of the formulas and functions arising.

VIII. FORMULAS FOR LOSS OPERATION

We shall show that Pr{A(¢) = w} can be expressed in terms of two
kernels, R(¢,u) and Q(t,u), as follows:
Pr{A(t) < w} = Pr{4(0) £t + w}

¢ (10)
- f [l ~ R(t + wa)] dE{S(u)},

where E{S(u)} is the average number of units that arrive in (0,u] and
find the machine idle. It satisfies the integral equation
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BISO) = Priw £ 0 + [ QUa) dBISG}, (1)

where y, is the epoch of the first successful arrival.
The kernel R(¢,u) may be interpreted as a rigorous version of

Pr{service time of a successful unit arriving at v is <t — u | a
successful unit has arrived at u},

and Q(¢,u) may be thought of as a rigorous version of

Pr{next successful arrival after u occurs before ¢| a success-
ful unit has arrived at w}.

The first term on the right in (10) is self-explanatory. Precise definitions
of R(-,-) and Q(-,-) are given in Section XI.

To explain (10) itself, we observe that A(0) > ¢ -4 w implies 4 (¢) =
A(0) — t > w, and hence

Pr{dA(¢) £ w} < Pr{dA(0) =t + w}.

The integral term in (10) is therefore a correction to the overestimate,
Pr{A(0) = ¢t 4+ w}. From the interpretation of R(t,u), and that of
dE{S(u)} as the “density” of successful arrivals at u, we see that (10)
can be rendered in words as

Pr{work time left at { £ w} = Pr{work time left at 0 = ¢ + w}

—Pr{some successful arrival during (0,f] stays beyond time ¢ + w}.

It is reasonable to suspect that, if the load process K(¢) has some weak
stationarity properties, and if certain ‘“‘averages” exist, then

Pr{A(t) = w}

has, for each w = 0, a nonzero limit as ¢t — «. For w = 0, one expects
intuitively that this limit will have the form

a

Pr{A(=) = 0} = 2,
where a,b are constants which can be interpreted as follows: if we watch
the process 4 (t), we notice that periods of time during which A(¢) = 0
alternate with those during which A(¢) > 0; then a is the average
length of a period during which A(¢) = 0, and b is the average length
of a period during which A(¢) exceeds 0.

These conjectures are justified in Section XII, where it is shown that,
if the kernels R(¢,u) and Q(¢,u) used in (10) and (11) are functions of
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(t — u) only, and if
1 — R(z) (12)
is integrable over (0, ), then

lim Pr{A(t) < w}

00

exists and has the form

a~|—f0w[1 — R(u)] du
a+0b ’

with

b=ﬁﬂ1—anw,

a+b=ﬁﬁ1—anw.

We have already pointed out that B(¢,u) can be interpreted as

Pr{service time of a successful unit which arrives at w is (13)
=t — u| a successful unit arrived at u}.

Then R(t,u) = R(t — u) states that (13) does not depend on the first
and third occurrences of u therein; i.e., that service times have the same
distribution no matter when they begin. Thus, the dependence of R(i,u)
on (f — u) only is a weak sort of stationarity property, and E(z) can
be interpreted as the probability distribution of service times of success-
ful units. Then

b = f [1 — R(u)]du = {average service time of successful units},
0

since when the mean of a positive variate exists it equals the integral of
the “tail” of its distribution.

In a similar way, the fact that Q(t,u) is a difference kernel may be
interpreted as a stationarity condition, and @(x) can be thought of as
the distribution function of the intervals between successful arrivals, so
that

a+b=jj[1—Q(x)]dx

Il

{average interval between successful arrivals}
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and
a = average length of an idle period.

The preceding discussion suggests that we use

b
chance of loss = pai (14)
as a natural measure of the probability of loss for the single telephone
trunk or particle counter that we are considering. Of course, any engi-
neer would have used (14) to describe loss, justifying it by intuitive
arguments. This fact does not detract from our result, which gives some

idea of the weak assumptions that are sufficient for proving (14).

Suppose that, instead of having only one machine, we had N = 1
machines, and used them in a fixed serial order of preference. That is,
arrivals finding the first #» machines busy try the (n + 1)th. Such a
situation arises in telephony, for instance: the “‘machines’ are telephone
trunk lines, the “arriving units” are attempts to place a call and the
work or service times are the holding times of calls. Each trunk is then
receiving the traffic overflowing the previous trunks in the ordering.
Our theory then applies to each trunk considered by itself, and if the
conditions for the validity of (14) obtain for each trunk, the chance of

loss for the whole group must have the form

N bn
1:_=Il an + bn,
where
b, — Javerage service time of units that find the first (n — 1)
® = |trunks busy, the nth idle ’
a L b average time interval between calls accommodated on)
e the nth trunk [

Formulas (10) and (11) have been essentially proved® by involved
arguments using the integral equation (2) defining A (¢). We shall give
a simple heuristic derivation in this section and a rigorous one in Sec-
tion XT.

In order to explain the results, we first recall that the process A ()
consists of alternating intervals during which A(¢) is first zero, then
positive with slope —1, then zero again, and so on. The next arrival to
find the machine idle always makes it busy again.

We are interested in expressing Pr{A4(¢) < w}, and so we search for
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other ways of specifying the event {A(t) < w}. We first consider those
cases in which 4 (0) = 0; that is, the system starts empty, as in Fig. 7.
Then it is not hard to see that A(¢) will be less than or equal to w only
if the number S(¢) of successful arrivals during (0,¢] equals the number
of successful arrivals in (0,f] that have left the system by time ¢ + w.
In other words, if the machine is idle at ¢ = 0, then the work A (¢) re-
maining at time ¢ is less than or equal to w if and only if all people who
arrived to find it idle in (0,t] are finished with it by time ¢ 4 w. We shall
set

6(¢t + w) = number of successful arrivals in (0,t] who have
left the system by time ¢ -+ w.

Then, if 4(0) = 0, the events
{A@) =w} and  {S(t) = 6(tt + w)} (15)

are the same.

If A(0) > 0, the system starts busy, and the graph of A(t) appears
as in Fig. 8. Assume first that A(0) > ¢; then, of course, A(f) =
—t + A(0), because the machine has been busy since ¢ = 0, and is not
yet finished. If = A4 (0), though, the machine became idle at t = A(0).
In the first instance, S(¢) = 6(¢t 4+ w) = 0, because there have not
yet been any successful arrivals, and A(¢) = w if and only if

t< A0) £t + w.

In the second instance, the argument we used for the case 4(0) = 0
applies, and (15) holds. We now average these cases according to their

At)

Fig. 7 — Graph of A(?) vs. { when system starts empty.
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Fig. 8 — Graph of A(f) vs. ¢ when system starts busy.

probabilities; since either S(¢) — 6(¢tt + w) = 0 or S(&) — 6(i,
t +w) =1, we find
Prid(t) s w} =Pr{t <A4(0) St+w and S() = 6(t,t + w)}

+ Pr{dA(0) =¢ and S@) = (¢t + w)}.

Where {:--} is an event, let x{---} be its characteristic function, de-
fined as 1 if the event happens, and 0 otherwise. Then the first term on
the right in (16) is

average of (x{t < A(0) =t + w}-[1 — S(t) + 6(tt + w)]),

and the second is

average of (x{A(0) < #}-[1 — S(¢) + 6(t,t + w)]),

because

1—8@) +6(tt+w) =0 if S(t) # 6(4t + w).

Therefore
Pr{id(¢) £ w} =Pr{d(0) =t +w} — E{S@)} + E{6(tt +w)}. (17)

Thus, we have expressed Pr{4(¢) = w} in terms of the initial distribu-
tion and the average values of S(¢) and 0(¢,t + w).

To prove (10), it remains to express the average of 6(¢,t + w) as the
integral of a kernel with respect to the average of S(t). To do this, let
% be a point in (0,f], and suppose that a successful arrival occurs at u.
Such an arrival can only contribute to the average of 6(¢,t + w) if it
leaves before ¢ 4+ w. The proportion of such arrivals is just

(16)
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Pr{service time of a successful unit which arrives at » is
t + w — u | a successful arrival occurred at u} (18)
R(t + wu).

il A

The “density’” of successful arrivals at u is dE{S(u)}; therefore,
t
Bt + w)) = [ R(+ wu) dB(S()},
0

which proves (10).

We continue with a heuristic derivation of the integral equation (11)
for E{S(¢)}. First we notice that the event {A(¢) = 0} can occur in two
ways: either some sucecessful arrival has occurred in (0,f], or none has.
If none has, then either A(-) started idle at 0 and is still idle at ¢, or
else it started busy at 0, became idle at the point A(0) < ¢ and is still
idle at ¢. If ¢, is the first arrival in (0, ) and y; the first successful arrival,
the chance that no suecessful arrivals occurred in (0,¢] and A(¢) = 0 is

Pr{A(0) =0 and & >t} + Pr{0 < A(0) =¢ and u > .

Assuming some successful arrival did oceur in (0,t], suppose it occurred
at u. Such an arrival is only relevant to the event {A{¢) = 0} if it is the
last such arrival in (0,f], and if the service time of the customer then
arriving is at most (! — w). The proportion of such “relevant’’ arrivals
is

Pr{service time of successful arrival occurringat uis < ¢ — u

and no more customers arrive in the time interval between
his departure and ¢|a successful arrival occurred at u}

= G(tu).

(19)

As before, we now argue that the density of successful arrivals at u is
dE{S(w)} and so, using (19) and noting that y; = & if A(0) = 0, we
find

Pr{A(t) = 0} = Pr{A(0) <ty >t} + fot G(tu) dE{S(u)}. (20)

By combining this result with (10) for w = 0, we obtain an integral
equation for E{S(u)}: '

BISW) = Privi s 0 + [ Q) aBIS@),  (2)

where the kernel Q(t,u) = R({,u) — G({,u). By examining the inter-
pretations (18) and (20) of R(¢,u) and G(tu), it can be seen that
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Q(t,u) = Pr{next successful arrival after u occurs before ¢ | a
successful arrival oceurred at u}.

Hence, Q(¢,u) should be a distribution function in {. Proof of this, to-
gether with discussions of (18) and (20), appears in Section XI.

IX. PROOF AND DISCUSSION OF THE RESULTS FOR DELAY

The proof and explanation of (8) and (9) depend on two simple pre-
liminary results. The first of these is as follows: let  be any nonnegative
random variable; then, for y = 0,

foy Priz < u} du = B{max (0 — )}. (22)

This formula states that the area under the (cumulative) distribution of
x to the left of y is just the average value of the greater of zero and
y — z. This 1s easily seen from an integration by parts:

Yy

y
/ Pri{z = u} du = u Pri{z = u}
0

v
—f uwd Priz < u}.
0

0

To begin the proof we note that the total idle time 7'(¢) represented by
the term

T(t) = fot Ul—W (w)] du

in the integral equation (1), is always nonnegative, so that
W(t) =z K(t) — ¢ (23)
and also
Pr{W(t) = w} < Pr{K() —t £ w}.

Now in Tig. 9 the larger area represents the event {K(¢{) — ¢ < w} and
the smaller one inside it represents the event {W(¢) = w}. This latter
event is included in the former because, if W(¢) =< w, then

K() —t=w
by (23). The difference between the two areas represents the event
{(K(ty —t 2w < K(t) —t+ T()},
and so
Pr{W(t) < w} = Pr{K() — t < w} (24)
—Pr{K(t) —t=w< K@) —t+ T()}.
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We next observe that (8) is the derivative with respect to w of

fw Pr{iw(t) £ u} du = fw PriK(t) —t = u}ldu
0 0 t (25)
—fo R(tuw) Pr{W(u) = 0} du,

which may be written, using (24) and taking the condition inside, as
E{max[0,w — K(t) + t — T(¥)] — max[0,w — K(&) + {1}

_ _fo” PriK(t) — K(u) —t+u <w and W) =0} du. 2%

Thus (8) and (9) are established if we can prove (26).

To establish (26) we need the second preliminary result, a general
property of monotone continuous functions.

Lemma: If F(t) is continuous and monotone increasing and F(0) = 0,
then, for any « = 0 and ¢ = 0,

maxl0p — F()] = z — fo Ul — F(y)] dF(y), (27)

where U(y) = 1fory = 0, and U(y) = 0fory < 0.

Proof: We note that, as y increases, the integrand in (27) is unity until
either x = F(y) or y = ¢, whichever occurs first, and it is zero thereafter.
If £ = F(y) occurs first, then the integral equals z; if ¥y = ¢ occurs first,

Kt)-t=w<K(t)-t+T(t)=w(t)

Fig. 9 — Graphical representation of events {K({) — ¢ < w} and {W({t) — t £ w}.
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the integral equals F'(¢). Hence,
[ Ve = P aF(y) = minkeF o) (28)
For z = 0 it can be seen that

min[x,F(t)] =  — max[0,x — F(t))],

and this proves the lemma.

To use this result in proving (26) we interpret F(¢) in the lemma as
T(t), the total idle time during (0,t), which is a continuous increasing
funection, with 7(0) = 0. We next consider the expressions, for w = —{,

4

Il

w—Km+t—EUm—Km+t—ﬂwMﬂm

B=w—K(®@ +t+ 7@

—ﬁvm—Km+t+wo—ﬂmwﬂw

If w — K(t) 4+ ¢ = 0, then, by the lemma,
A — B=max[0w — K(t) + ¢t — T(#)] — max[0,w — K(t) + . (29)
However, since w — K(f) + ¢ = 0, we see that the integrand in B is
always unity, so that B equals w — K(¢) + ¢, and
t
4—B=—[ Ulw— K@ + ¢~ ()] dr(u).
0

Hence w — K(¢) -+ t = 0 implies
max[0,w — K(¢) 4 ¢t — T(t)] — max[0,w — K(¢) + {]

=_[Um—Km+t—mwmﬂm.@m

However, if w — K(t) + ¢t < 0, then both sides of (30) vanish and so
(30) holds generally, for any w — K(t) + i.
From (1) it is evident that, while W (u) is zero, then

T(u) = u — K(u);
so the integral in (30) is

dT(u)
du

[ vt - k@ + 14 K@) — W g, (31)
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where dT'(u) /du is one if W(u) = 0, and is zero if not; i.c.,

dT(u)
du

We recall that, if z and y are random variables, then
Pr{iz £ M and y = N} = E{U\ — x]U[)\é — ylt; (33)
i.e., the joint distribution is the average of the product
UM — 2] U — yl.

If we now average (30) and bear in mind (31), (32) and (33), we ob-
tain (26) for all w = —¢. For negative w,

E{max[0,w — K(t) +¢t — T@®)]} = 0,
so that formula (26) takes the form, for —¢ £ w < 0,

E{max[0w — K(¢) + ]} =

= Ul—-W(u)]. (32)

(34)

t+w
f Pr{K(t) — K(u) —t+uw <w and W(u) = 0} du.
0

This is (9), and we have completed the proof of the results stated at the
beginning of this section.
It can be seen from (8) and (24), and from Fig. 9, that

aiwfot PriK(t) — K(u) —t+u 2w and W(u) =0} du (35)

is the correction term to the overestimate Pr{K(f) — ¢ < w} for Pr{W(¢)
=< w}. [See (24).] It is the probability of the event

(Kit) —t=w < K@) —t+ T(),

represented by the difference between the areas in Fig. 9. Now, the
presence of the derivative 9/0w in (24) is explained by the fact that
(24) is the derivative of (25) for w = 0, and thus is due to our use of
(22). However, it is not obvious intuitively why, in (35), the rest of the
term after the 9/dw, should be a time integral.

An explanation of this can be obtained from (26), which expresses
the average of the random variable

a = max[0,w — K(t) +t — T(¢)] — max[0,w — K(¢) + i].

It can be seen that
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—T(t) if w>K(@U) —t+ T@) = W)
a=<(—w+ K@) —t i K@) —~-t<w<W(Q)
0 if w<K(@)—1t

A graph of « as a function of w is shown in Fig. 10. The point K(¢) — ¢
at which « starts downward may, of course, be negative, although it is
positive in the figure.

Thus, « is a negative quantity whose magnitude is no greater than
T(t), the total idle time prior tof. Now, if & were in fact equal to —7'(¢),
we could write its average as

—E{T(t)} = ——fot Pr{W(u) = 0} du.

But @ may be smaller in magnitude than 7'(¢); this fact explains the
presence of the conditional probability in the integrand of

E{a) = —[ot Pr{K (1) — K(u)

—t+u 2w | W) =0} Pr{W(u) = 0} du.

The kernel in this expression is a probability, so it reduces the mag-
nitude of the integrand whenever it is less than one.

X. DELAY EXAMPLE: POISSON ARRIVALS, GENERAL SERVICE TIMES

For a first example, we assume that customers arrive in a Poisson
process of intensity A, and that service times are mutually independent,
with a general distribution function B(z). Such a system has been
treated before,”"" but few explicit formulas are known except for the

<K ()-t—] W —>

pou
< —— ——>
=

Tig. 10 — Graph of a(w).
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exponential case

1—e* xz =0,
B(z) =
0 z <0,

considered by Ledermann and Reuter and Bailey.® The author” has
sketched a method for calculating Pr{W(¢) = 0] W(0)} for general
distributions B(z) of service time, but gave no explicit results. He
proved that the Laplace transform of Pr{W(¢) = 0| W(0)} is given by

—n(1)W(0)

f: SR = 0[WO)] dt =S, Re(r) >0, (30)

where n(7) is the unique root in the right half-plane of the equation
T — 1+ X=2AB*1), Re(r) >0,
with

B*(s) = f: o dB(D).

It was also shown that any function of #(7), analytic in the right half-
plane, could be expanded in a Lagrange series. We shall now derive
these results (by a quite different way) directly from the general in-
tegral equation (9), and then obtain some specific new results.

Since arrivals are Poisson and service times are independent with dis-
tribution B(z), then the load process K(t) is the compound Poisson
process, and

E{ evs [K(t)-—K(u)]} — e)\(t—u) [B*(s)—1]

The kernel R(t,u,0) of (9) is

i ¢TIt — )"

_ B.(t —u) = Pr{K(t) — K(u) £t —u}, (37)

n=0

where B, (z) is the convolution of B(x) with itself n times, i.e., the dis-
tribution of the sum of n service times, and Bo(z) is 1 for z = 0 and
is 0 otherwise. In fact, the Poisson term in (37) is just the chance that
n customers arrive in (u,t), and B,(t — u) is the chance that their com-
bined service time is not more than (¢ — w). Similarly, we find that

fot Pr{K(t) £ u} du = E{max[0t — K(1)]}

0 )\t(>\t)'n

n=0

f maxl0f — & — W(0)] dB.(z). (38)
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Equation (9) for this example is therefore
o —\t n
e (}\t)
/»t ie—)\(t—u))\n(t _ u)n

0

n=>0 n!

f max(04 — z — W(0)) dBu(z) =

(39)
B.(t — w)Pr{W(u) = 0| W(0)} du.

Since the right-hand side is a convolution, we take Laplace transforms.
That of the kernel, (37), can be written as

) ] ct+ioo
[ty m b [ [ e B s
0 2wt Jo c—ioo N

ds (40)

_ 1 S
T 2mide—ie T — s+ A — AB¥’

1 ctico

since the order of integration can be intérchanged.
Let Sr be the semicircle that is the right-hand half of the circle

| s — ¢| = R. It can be seen that on this semicircle
—1
S _ —2
T—s+>\—>\B*‘0(R )
so that
1 f s ds _
o i er—s+)\—>\B*_O

It has been shown® that, for Re(r) > 0, the function + — s + N —
AB*(s) has a unique zero, (1), in the right half-plane. Hence,

L c+ico 8_1 dS _

27t Jemiw 7 — 8 + N — AB*

(41)

L [residue of (r — s+ A — AB*) M at s = 5(7)),
n(r)
when ¢ < Re (7).
The Laplace transform of E{max[0,t — K(t)]} can be written in the
form
—sW (0)

27rzf f g E (M) (B*)" S ds dt. (42)

Formula (42) simplifies to

1 [ g0 g

27t Jo—iw T — 8+ A — AB*’
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which, by arguments like those already used for (40), can be shown to
equal

()% " " Olresidue of (r — s + N — AB¥) M at s = g(r)]. (43)

It follows from (39), (40) and (43) that the Laplace transform of
Pr{W(t) = 0| W(0)} is given by

e " (W (0)

W

f: & PE(W (L) = 0| W(0)) dt =

where n(7) satisfies 7+ — 5 + X = AB*(9).
As shown,” any function F of 5(7), analytic in Re(r) > 0, may be
expanded in the Lagrange series

Fia(n)] = F= ) + 2 N 8 [j—f (B*)"LM.

We can use this expansion to invert the transform given by (44). In
some cases, this inversion gives an explicit expression for

Pr{W(t) = 0| W(0)}

in terms of the kernel and forcing function of the integral equation (39).
Setting F(z) = 2" in the expansion and inverting the resulting
transform, we find

Pr{W(t) = 0| W(0)} = ¢ MUt — W(0)]

©  —Ntynm—l t 45
+ ge zlt {fo BJu — W(0)] du + W(0)B.lt — W(O)]}. (45)

By rearranging terms in (45), comparing with (37) and (38), and re-
calling that W(0) = K(0) by convention, we can put (45) into the
form »

Pr{W(t) = 0| W(0)} =

' E{max[0t — K(t)]} Ef—t@ Pr{K(t) = t}. (46)

Note that E{max[0,t — K(¢)}} is the left-hand side (the forcing func-
tion) of the integral equation (39) and that, when W(0) = 0, (46) gives
an explicit representation of the solution of (39) in terms of the forcing
function alone. The intuitive meaning of (46) can be expressed as fol-
lows: the chance that the system is empty, conditional on the initial
load W(0) is equal to
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average of greater of 0 and 1 — ¢ 'K (t)

w(0)
t

+ (chance that W (0) plus load arriving in (0,t) is at most ¢).

It is easy to obtain new specific formulas from (46). For example,
suppose that service times have the fixed length b. In this case of “con-
stant’’ service times, for ¢ > W(0)

G—M()\t)n
E{max[0,t — K(§)]} = ——— [t — nb — W(0)],
nb<t—W (0) n!
—\¢ n
PriK(t) <t} = 0"
nb<t—w(0) n!

and hence
Pr{W(t) =0|W(0)} =1 — N — P(T\t) + NoP(T — 1,\),
where b7 =t — W(0) and

e a
Plca) = gc -
is the cumulative term (the “tail”) of the Poisson distribution with
mean a. This formula for Pr{W(¢) = 0| W(0)} for constant service
times was used to compute the curve of Fig. 1.

By rewriting (46) in terms of inversion integrals, we obtain another
representation of Pr{W(¢) = 0| W(0)}. This one is more useful be-
cause, from it, we can find explicit formulas for new cases (by evaluating
the inversion integrals). From (42) we see that

—Mt  potico

E{max [0 — K(1)]} = o QW OB d_s,
2wt c—iw s
and (45) yields
G_M etie est—sW(0)+)\tB*(s) (_1;9

Pr{K(t) < t}

2wt Je—iwo S

Therefore, from (46),

Pr{W(t) = 0|W(0)} =

6_)\'5 fc+i°° T ORNBEG) sW(0) + 1 ds. (47)
2t Je—iwo s?
As we shall see, this result is useful because it is often easier to evaluate
the complex integral than to sum the series (37) or (38).
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For example, if service times have the negative exponential distribu-
tion with mean wu, then it has essentially been shown®" that

2 pei () = 0]W(0) = 0} = — (3)* g B2 §

Hence
" g 3y 4%
Pr{W() =0|W(0) =0} =1 — p[ p e PZL(Qp’x)—;, (48)
0

where p = A/u = traffic intensity, and yut is the time measured in mean
holding times. This result ean be obtained directly from (44) by solving
a quadratic equation, and it can be put into another form by using (47).
Thus,

eut-{-)\p.t/u(u _ #)2 du.

Pr{w(t) = 0|W(0) = 0} =

e—()x-l-y)l ctu—ico
27Tit '/::+Il‘ioo
Writing the integrand as ¢“‘(u — u)*(e™® — 1 + 1) and using Ref.
12, p. 244, no. 31, we find

Pr{W(t) = 0|W(0) = 0} =

—\¢ 1 f”(“\") —y2/(4pt) 1 y2 I d
L [T e (Lo VY h) ]

For another example, suppose that service times have the ‘“gamma”
probability density

t_% #% e“‘l‘t

ING))

whose Laplace transform is [u/(x + s)I. Then (47), with a change of
variable, gives

e——()\‘Hl)t ct+ico wtin a0} .
Pe(IT(1) = 0]T7(0) = 0) = S [ gm0 (y — )2 au,

and

Pr{w(t) = 0|W(0) = 0} = e ]: ¢ "G(u)(1 4+ pu) du},

t This formula is a simplification of that of Ref. 9 obtained by using standard
Bedssel function relations; I:(x) is the Bessel function of imaginary argument, of
order one.
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where
4 * 2 2
Glu) = ™ f 2P (7)) de
0
and o = 4)\;1%.

XI. PRECISE DERIVATION OF LOSS RESULTS

The proof of (10) given in Section VIII is rigorous up to and includ-
ing (17), so it suffices to give a precise construction of the kernels
R(tu), G(t,u) and Q({,u). Let z, be the nth epoch at which A (¢) be-
comes equal to 0, and v, be the arrival time of the nth successful unit.
It is readily seen that

Ef{o(tt + w)} = 2—1 Pr{iya =t and z.1 =1+ w}

o £
= Zlfo Pr{zss St + wly, = u} d Priy. = u}.
Similarly,
E{S(t)} = > Pr{y. < 8. (49)

n=l1

Thus, each Pr{y, < -} measure,n = 1, 2, - - - , is absolutely continuous
with respect to (49). We can therefore express E{6(¢,t + w)} as the in-
tegral of a kernel B(¢ 4+ w,u) against E{S(-)} measure, as in

Blo(ts + w)} = [ R(+ wp) aBis(},

where the kernel is defined in terms of the indicated Radon-Nikodym
derivatives by

d Pr{y. = u}

R(yu) = ;Pr{xw}-l S Ylyn = u} dE{S(u)}

In a like manner, we ean write

Pr{A(¢) = 0 and some successful arrival occurred in (0,f]} =

e (50)
21 PI‘{IL‘n.H =t yn+1}.

Introducing the kernel

d Priy. £ u}

Glyu) = n2=1 Pr{zus £ Y < Ynpr|Yn = u} —dBS(w)]
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we can render (50) as

137

| @) amis).

0

The kernel Q(¢,u), finally, can be defined as R(t,u) — G(t,u) or as

d Priy. < u}
dE{S(u)}
The sense in which Q( -,u) is a “distribution function” is given by the

following result: for almost all « with respect to E{S(-)} measure, Q(-,u)
is a distribution function. We show first that the derivatives

<Pn(u) = W

Zl Pr{yny < t|yn = u}

have the properties

2 enlu) = 1, (51)

almost everywhere in E{ S(-)}. Now (51) is true by definition. Suppose
(52) failed on a set B of positive measure; then either E{S(-)} is not a
positive measure, or else

PriyacB) > [ dB{S@)},

both of which are impossible. It is readily seen, by an elementary de-
composition of the events, that, for eachn = 1,
Prigas S ¢t yn = u} — Prizen S8 < yun|yn =) =

Pr{gnp < ¢ yn = 4.

TExcept on a set C, of Pr{y, < -} measure zero, this is a distribution
function in ¢, and the result follows from

[amsey =0, it ¢= il Cn.

XII. A LIMIT THEOREM

We shall prove that dependence of the kernels R(¢,u) and Q(¢,u) on
(t — u) only and existence of the ‘“mean service time of successful ar-
rivals” are sufficient to guarantee that

Pr{A(t) = w)
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approaches a limit as ¢t — . It is natural to study cases in which only
difference kernels occur, because of the Volterra equation derived in
Section IX. The result to be proved requires no restriction on the “ar-
rival rate’” of units — an upper bound is unnecessary because of the loss
operation; i.e., if the arrival rate increases, the rate at which successful
units leave the system can only increase to a limit.

Theorem: If the kernels R(¢,u) and Q(¢,u) only depend on (i — u),
if the average

b = f [1 — R(x)] dz = (average service time of a successful unit)
0
exists, and if Q(-) is not a lattice distribution, then

a+ j;w 1 — R(u)] du (53)

i < =
}g&Pr{A(t) < w} > ,

where
(a+0) = [ 1 - Q@) s,

the limit being one if (a + b) = «.

Proof: By the remarks at the end of Section XI, both B(z) and Q(z)
may be taken to be the distribution functions of positive variates. Equa-
tion (11) becomes a renewal equation, and E{S(u)} is essentially the
renewal function H(-) of Smith."” The integrand of (10) is

1— R+ w—u),
and is nonincreasing and integrable. Also, Q(-) is not of lattice type.

Hence, by Smith’s Theorem 1:

t [ 11 = R du
lim | [1 —R(t+ w— w]dE{S(u)} = 22— ,  (54)
e 0 [ zae)

which gives (53) upon rearrangement if (54) is taken to be zero if the
mean of Q(x) does not exist.
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Round Waveguide with Double Lining

By HANS-GEORG UNGER
(Manuscript received September 22, 1959)

Doubly lining the walls of round waveguide with a base layer of dissipa-
tive material and a top layer of low loss material provides mode filtering for
TEy transmission and reduces T'Ey, loss in bends. The effects of thin layers
are calculated as perturbations of the empty waveguide characteristics. For
best performance, the dissipative layer should have low permittivity and high
loss factor. The layers should be only a few mals thick.

I. INTRODUCTION

Transmission of the TEy wave in round waveguide is degraded by
manufacturing and laying imperfections.’ To reduce the effects of mode
conversion at manufacturing imperfections, mode filters are required.
To reduce the effects of laying curvature, the phase constant of the TM;,;
wave must be made different from the TEq phase constant.

Instead of using mode filters, lining the waveguide wall with a thin
layer of dissipative material has been suggested.”® Lining the waveguide
with a low-loss material reduces the bending effects.*

A waveguide with a double lining was proposed by S. E. Miller to solve
both problems. A base layer of dissipative material mainly introduces
mode filtering, and a top layer of low-loss material changes the TM;y;
phase.

II. PROPAGATION CHARACTERISTICS

For thin dielectric layers, which fill only a small part of the total cross
section, the normal modes may be considered perturbed normal modes
of the empty waveguide with ideally conducting walls.

A cavity resonating in a mode with field vectors E, and H, at fre-
quency o will change its resonance when a small body V; of relative
permittivity e is introduced:®

&’ €0 ~/¥"1 (6 - ].)E1Eo* dV

(&3]

(1)

Eof EE& dV + #of HH* dV
v v
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where ¢ and po are the permittivity and permeability of the unperturbed
cavity, E; is the resulting field vector within the volume V; and V is the
total volume of the cavity. The asterisk denotes a conjugate complex
value.

If the cavity is a section of a cylindrical waveguide and if V; is also
cylindrical, so that e is independent of the axial distance, then the change
in resonance frequency (1) of the cavity may be related to a change in
the propagation constant y of the waveguide:

Ay v Aw

> Ta e’ (2)
where v and u are the phase and group velocities of the unperturbed
waveguide.

Although the internal field E; is unknown, it is often possible to deter-
mine it from elementary boundary conditions. For example, when E, is
perpendicular to the boundary of Vi,

E, = ;—_lEo (3)

or when E, is parallel to the boundary of V,
E, = E. (4)

For the circular waveguide with a thin dielectric layer of permittivity
e(r) adjacent to the wall, either (3) or (4) will determine E; from E,.
Substituting the normal mode fields of circular waveguide for E, and
H,, these expressions for the change in propagation constant are ob-
tained:

Ay 1 e—l

TM,., waves: o (5)
. Ay n’ lf e— 1
TE.., waves: ol pvay § g dr, (6)

n #0

TEo. waves: LA f (e = 1)(a—r)dr, (7)
Yom ]. — Vop? a3

where a is the radius of the waveguide, k.., is the mth root of J,(z) = 0

for TM,,., waves and the mth root of J,'(z) = 0 for TE,., waves and

Vam = Wenm/w With cutoff frequency wen» . Complex permittivities will

cause a complex Ay corresponding to a change in phase and attenuation

constant.
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Equations (5), (6) and (7) hold for waveguides with ideally conduct-
ing walls. For walls of finite conductivity the modes of the plain pipe
suffer wall current losses. These losses are changed by the presence of a
dielectric layer. This change, however, is of higher order in the thickness
of the layer and can be neglected against the attentuation change caused
by losses in the lining from (5) and (6), for most of the modes. For circu-
lar electric waves, however, the loss contribution from (7) is of higher
order in layer thickness. Then, the change in wall current loss has to be
taken into account.

Wall currents of circular electric waves are given by the axial magnetic
field at the wall, H,. The wall current losses are proportional to the
square of the wall current amplitudes. Therefore the change in wall cur-
rent losses Aa from its unperturbed value g is:

Aa AH

2 _ op, (2E2:) .

(e 4] R <H20> (8)
From Maxwell’s equations for circular electric waves:

0H, .

oy = —Jwe &by . (9)

Equation (9) can be integrated over a thin dielectric layer adjacent to
the walls by using the ecircumferential electric field E, of the unper-
turbed mode:

AH. _ Jmf (e = 1)(a — r) dr. (10)
HzO 0

Then, from (8) and (10)
Aa _ m.oeof (¢ —1)(a— 1) dn, (11)
(o %)) 0

with ¢ from ¢ = ¢ — jé”.
TFor a double lining, according to Fig. 1, the following expressions are
obtained for the change in phase constant:

I !
™ 28 =<1—f‘—|2>51+(1 —ll"’>62’ (12)

Bum e e
SR | (e
TEnm- m - 1 — yan k‘nmz — n2 ]. I P l2 51

n#O 62/
+(1‘|e—2|2>52]’

TRy 28 o Ko’ ()it (6 = 1 — a0 (14)
o Bom  3(1 — vom?) ’

(13)
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and for the change in attenuation constant:

AC! I/
TM — 5 15
fe = apht ap (15)
Ac 1 n? ¢ &”
TE,m: — =
E Bnm 1_'Vnm knm _n2(161l2 1+| 212 ) (16)
n#=0
g3 2
TEon: 2% = _ Fom (o3 4 o(s8 — 87)]
Bom  3(1 — won?)
. (17)
+ ‘mﬂ (& — D& + (& — 1) — &),

Bom

where § = d/a is the relative thickness of a lining. Index 1 refers to the
base layer and index 2 to the top layer.

Note that the change in propagation constants is of first order in &
for all TM,.,, waves and for the TE,.,. waves with n % 0. It is of third
order only for circular electric waves. The second-order term in the ex-
pression for added TEy,, loss, representing increase in wall current loss, is
only of significance for a single low-loss lining,.

III. DESIGN OF DOUBLE LINING

It can easily be seen that the present placement of dissipative and low
loss material is the best one. The present design objectives are: the change
in TMy; phase should be as large as possible and the undesired mode
loss should be as much as possible, while the added TEq, loss should re-
main small. For unwanted modes, it does not matter where the dissipa-
tive material is placed in the lining, since the integrand in (5) and (6)

N d
e =6-j€ hi=3
n d
E,=€2— €2 ()—2=§2‘
g=d,+d,

Fig. 1 — Round waveguide with double lining.
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depends only on the permittivity. A dissipative material of certain thick-
ness will cause the same perturbation no matter what distance from the
wall it has. The relation is quite different for circular electric waves, since
in (7) the integrand contains the square of the distance. In order to keep
the perturbation small the dissipative material should be placed as
close to the wall as possible, so that the dissipative material is being
moved into the region of smallest electric field of the circular electric
wave.

The same rules apply for dielectric constant and loss factor of the lossy
material, as had previously been found for the single lossy lining.® The
dielectric constant should be low and the loss factor high.

The selection of a suitable double lining is best demonstrated by a
numerical example: ¢/ = 3 and ¢” = 1.5 is as close as present materials
can be hoped to approach the above design rules for the dissipative
layer;’ &’ = 2.5 and &” = 2.5 X 107° are electrical properties of com-
mon low-loss materials. With Aa/ay = 0.2, the added TEq; loss in the
lined pipe is limited to 20 per cent of the TEqy loss in the plain pipe.
Equation (17) is now reduced to a relation between 6, and 8;. For a
2 inch 1.D. copper pipe operated at 55.5 kme, this relation is plotted in
Fig. 2. On the left-hand border a dissipative layer of § = 0.00136 alone
adds 20 per cent to the TEy loss. On the right-hand side it is a single
low loss layer of 5, = 0.0090.

To decide on a suitable combination of §; and §; two characteristic

-3
9)(10(

8

%

d,.
THICKNESS OF LAYERS d\=7; p= 3
I

€,=3-j1.5
7 €2=2.5-j2.5%1073
Ax=0.20; AT 55.5KMC

1.36

———

e Syrfe—+—— S —t-——

1 2 3 4 5 R ) IR
TOTAL THICKNESS &= 7F x10

Fig. 2 — Double lining of 2-inch 1.p. copper pipe.
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quantities of the lined waveguide have been plotted over the same ab-
scissa (Fig. 3). Tirst, there is the added TE;; loss according to (16).
The TE;; mode is most seriously coupled to TEy at all kinds of manu-
facturing imperfections. To reduce the degrading effects on TEq, trans-
mission of such imperfections it is most important to absorb TE;,
power. Added TEy; loss is therefore a good measure for the mode filtering
ability of the waveguide.

Secondly, a radius of curvature of a continuous bend is plotted that
adds another 20 per cent of aq to the TEoy loss. Such a radius charac-
terizes laying imperfections that might be tolerated without excessive
TEq loss. The smaller this radius, the more freedom in laying is allowed.

The added TEj. loss is highest for a single lining of dissipative mate-
rial, on the left-hand border. But when a low-loss layer is added, Aa of

1600

1500 \ 0.030
1400 X
1300

\ —10.025
1200

1100 \
\

. [
w [
w {000 —; 0.020 O
: |~~~~1_ ADDED TE, LOSS o
< \ 5
900
g \ "
= 2]
2 800 = \ o
« 8 \ \ o015 3
w - w
& 700 a
e \RADIUSAOF CURVATURE N
g FOR AQ¢genp=0.2C \ z
; 600 BEND o1
& \ \ 2
[y) (o]
500 0.010 -

400

300 ™\
\\ 0.005
200
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o] (o]
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9
-3
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Fig. 3 — Mode filtering and bending in copper pipe with double lining of Fig. 2.
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TE,; does not change very much at first. Even at § = 0.005, it decreases
only by 9 per cent. On the other hand, the tolerable radius of curvature
decreases quite rapidly from its high value for a single dissipative layer.
At 8 = 0.005, R falls to less than one-third of its highest value. The curve
is more level, however, for a substantial thickness of the second, low
loss layer.

A good choice for a waveguide that has efficient unwanted mode ab-
sorption and allows much freedom in bending is § = 0.005 or, from
Fig. 2,

02

-6-; ==
The low-loss layer should be three times heavier than the dissipative
layer.

IV. CONCLUSIONS

Applying two dielectric layers to the internal waveguide surface, a
base layer of dissipative material and a top layer of low-loss material, is
a useful modification for circular electric wave transmission. The lining
changes attenuation and phase constant of circular electric waves very
little. On the other hand, the dissipative layer effectively increases un-
wanted mode loss and the low-loss layer shifts their phase constant, in
particular that of TMjy; .

Thus, in combining the characteristics of a dissipative liningand a low-
loss lining, this structure provides mode filtering and reduces TM;; con-
version in bends. The mode filtering characteristics are nearly equivalent
to those of a pipe with a single lossy lining. The additional low-loss lin-
ing gives much more freedom in bending.
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Germanium and Silicon Liquidus Curves

By C. D. THURMOND and M. KOWALCHIK
(Manuscript received October 21, 1959)

New measurements are reported on the solubility of germanium in liquid
gallium, thallium, tin, arsenic, bismuth, cadmium and zinc, and the solu-
bility of silicon in liquid indium, tin, lead, antimony, bismuth and zinc.
The measurements of other workers are reviewed, tncluding those of the
solubtlity of germanium and silicon in liquid copper, silver, gold and alumz-
num; of germanium in liquid indium, lead and antimony; and of silicon
in Liquid arsenic and nickel. All but two of the liquidus curves can be de-
scribed within experimental error by a two-constant equation. The form of
this equation suggests that the liquid solutions exhibit certatn simple ther-
modynamic properties, and some evidence is cited indicating that the con-
stants of this equation can be used to estimate the excess free energy of the
solutions. Figures for the complete liquidus curves of these binary systems
(T—x and log z—1/T) have not been tncluded in this paper, but sets of these
Jigures can be supplied upon request.

I. INTRODUCTION

Germanium and silicon have become very important elements in the
last ten years. Great strides have been made in the exploitation of the
electrical properties of these semiconductor elements, and many use-
ful solid state electronic devices that employ these two elements are
manufactured in increasing numbers every year. The electrical proper-
ties of pure germanium and silicon are of academic interest only, how-
ever. It is the modification of these properties by small amounts of added
impurities that has made these elements technologically important.

A knowledge of the chemical reactivity of electrically active impuri-
ties with germanium or silicon is necessary in order to be able to control
the impurity concentrations. Much of the chemistry of such reactions
can be described in a simple way by the use of phase diagrams. These
diagrams give the chemical compositions of phases at equilibrium at
various temperatures. Of particular interest are the liquidus and solidus
curves of germanium and silicon.

169
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The liquidus curve gives the solubility of germanium or silicon in
another element as a function of temperature. Each point on the curve
corresponds to the temperature and composition at which a liquid phase
is saturated with germanium or silicon respectively. The solidus curve
gives the concentration of the other component which will be dissolved
in germanium or silicon at various temperatures when the solid phase
is in equilibrium with a saturated liquid phase.

In this paper, the liquidus curves of germanium and silicon will be
discussed; the solidus curves are discussed in an accompanying paper.!

The liquidus curves formed by the dissolution of germanium and sili-
con in elements of Groups III, IV and V of the periodic system were
reviewed a number of years ago.? It was found that these liquidus curves
could be reasonably well approximated by a one-constant equation that
had a form consistent with the thermodynamic properties expected of a
“regular” liquid solution in equilibrium with a pure solid phase. Addi-
tional solubility measurements now show that the liquidus curves can-
not be satisfactorily represented by such an equation. A simple two-
constant equation has been found that describes the curves within the
present limits of experimental error. This equation suggests that simple
departures from ideal solution entropy occur, as well as a simple heat-of-
mixing effect.

Our objectives have been: (a) to construct the best liquidus curves of
germanium and silicon from measurements reported in the literature,
supplemented by our own measurements and (b) to obtain the activity
coefficients of germanium and silicon along the liquidus curves. This in-
formation will be used to estimate the thermodynamic properties of the
liquid binary alloys.

One method of evaluating liquidus curves is to plot the solubility
measurements on a temperature-composition (atom fraction) scale and
draw the best curve through the points from the eutectic to the melting
point. For many of the liquidus curves of interest here this is neither
practical nor desirable. A number of the liquidus curves cover a very long
temperature range (as much as 1380 degrees in the case of the silicon-
gallium system) and long composition range (from an atom fraction of
about 1071° to 1 in the same system). There is only a limited amount of
experimental data available for these systems and rather long extrapola-
tions of the data, to both higher and lower temperatures and composi-
tions, are required if an estimate of the complete curve is to be made.

It is possible, however, to make such extrapolations with greater con-
fidence by taking advantage of all other available information that in-
fluences the position of a liquidus curve. The first and most important
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bit of additional information is that the measured liquidus curves appear
to represent equilibrium conditions between liquid and solid phases.
Studies of solubility as a function of time lead to this conclusion, as do
the agreement between measurements made by different methods. The
disagreement that exists between the measurements of solubility made
by different workers frequently arises, we believe, from experimental
error, part of which may be attributable to the fact that thermodynamic
equilibrium was not attained. However, in general, this problem is
avoidable.

With the knowledge that thermodynamic equilibrium exists between
the phases, additional information becomes pertinent: (a) germanium
and silicon exhibit only one crystalline modification; (b) the solid solu-
bility of the other component in germanium and silicon is small; (¢) the
melting points and heats of fusion of germanium and silicon are now
better known; (d) the liquidus curves can be expected to exhibit certain
simple properties in the region of the melting point of germanium and
silicon; (e) the liquidus curves that extend to low temperatures and
represent liquids that become very dilute in germanium or silicon can
also be expected to exhibit certain simple properties.

The implications of this additional information are as follows: (a) the
fact that germanium and silicon exhibit only one crystalline modifica-
tion means that the liquidus curves will be smooth curves with no abrupt
changes of slope; (b) the fact that the solid solubility of the second
component is small means that the thermodynamic properties of the
solid phase are essentially those of pure germanium or silicon; (c¢) the
more accurate knowledge we now have of the melting points of ger-
manium and silicon can be used to construct better curves, since curves
now in the literature use melting points varying from 936 to 958°C for
germanium and from 1400 to 1430°C for silicon; (d) a knowledge of the
heats of fusion of germanium and silicon and the fact that the solid solu-
bilities are small means that the liquidus curves can be expected to come
into the melting point of germanium or silicon with a certain known
limiting slope; (e) when the amount of solute in the liquid phase is small
at low temperatures, it can be expected that the logarithm of the atom
fraction of the solute will be well approximated by a straight line when
it is plotted as a function of the reciprocal of the absolute temperature.

We have used a method of evaluating the liquidus curve measure-
ments that takes advantage of all the above information related to these
curves. In addition, this method of evaluation has led to the discovery
of an apparent regularity that leads to an interesting suggestion about
the thermodynamic properties of the liquid alloys. Specifically, we have
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calculated the activity coefficients of germanium and silicon along a
liquidus curve from the solubility measurements, and calculated the
parameter & = RT In y;/(1 — )% where R is the gas constant, T the
absolute temperature, v, the activity coefficient of germanium or silicon
referred to the pure supercooled liquid state, and « the atom fraction of
germanium or silicon in the saturated liquid. It has been found that «
is a linear function of 7'. This leads to a two-constant liquidus curve
equation that has all the desired features. Previously” it had been found
that the liquidus curves of a number of these systems could be approxi-
mated by a one-constant equation, but more accurate solubility meas-
urements now show that two constants are needed.

The liquidus curves formed by 14 different elements with germanium
and silicon, for a total of 27 different curves, have been evaluated. The
parameter « is found to be a linear function of temperature over a sig-
nificant temperature range within experimental error for 17 of these
binary systems (germanium-indium, -gallium, -aluminum, -lead, -tin,
-bismuth, -cadmium, -silver, -copper, -gold; silicon-indium, -gallium,
-tin, -bismuth, -antimony, -silver, -zinc). The solubility data for seven
other systems (germanium-arsenic, -antimony; silicon-aluminum, -lead,
-arsenic, -copper, -gold) are more limited or exhibit considerable scatter.
An estimate of the best liquidus curve representing the available meas-
urements is obtained by assuming that « is a linear function of 7'. The
complete germanium-thallium liquidus curve has been estimated from
very limited solubility measurements, and the silicon-thallium curve
has been estimated, although no solubility measurements have been
made. Two systems, germanium-zine and silicon-nickel, have liquidus
curves that appear to be qualitatively the same as the other curves
when plotted as T versus «, but it is found that « is not a linear func-
tion of temperature. New solubility measurements are reported for 14
binary systems (germanium-thallium, -gallium, -tin, -bismuth, -cad-
mium, -arsenie, -zine; silicon-tin, -lead, -bismuth, -antimony, -zine and
the previously unreported work of Hassion’ on germanium-indium and
germanium-lead).

After a description of our experimental procedure we will illustrate
this method of evaluation of the solubility measurements by discussing
the germanium-gallium system in some detail. Each of the other sys-
terms will then be considered briefly. -

II. EXPERIMENTAL PROCEDURE

The solubility measurements were made by a method similar to that
used by Kleppa and Weil.* An excess of germanium or silicon was sealed
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into an evacuated silica tube with a known weight of solvent. The ger-
manium and silicon were in the form of single-crystal ingots of high
purity. The temperature of the furnace containing the quartz tube was
raised slowly to insure against overshooting, and then held constant for
various periods of time before the furnace was tipped. A constriction in
the tube permitted separation of the saturated melt from the excess
germanium or silicon by tipping of the furnace. The equilibration time
varied from one-half to one hour for germanium and up to 19 hours for
silicon. During equilibration the temperature was held constant to within
one degree centigrade, by manual control for the shorter times and by a
Leeds and Northrup Speedomax controller for the longer heating times.
The emf’s of the calibrated platinum and platinum~10 per cent rhodium
thermocouples used for temperature measurement were determined with
a Leeds and Northrup portable precision potentiometer. Temperatures
are considered to be accurate to within £2 degrees.

The compositions of the saturated melts were obtained from the loss
in weight of the germanium or silicon ingots, except for the germanium-
arsenic system, in which case the poured-off melts were chemically
analyzed. In order to obtain the loss in weight of the single-crystal in-
gots, the small amount of melt adhering to the crystal was dissolved in
a solvent that would not attack the pure germanium.*

III. TREATMENT OF DATA

3.1 Germanium-Gallium

The solubility of germanium in liquid gallium has been measured by
Klemm et al.,’ Keck and Broder,® Greiner’ and de Roche.® These meas-
urements are shown in Fig. 1, along with our own measurements. The
measurements of Klemm et al. are in substantial disagreement with the
others. The disagreement between the measurements of de Roche and
the others at the lower temperatures is quite evident in Fig. 2, where
log « has been plotted as a function of the reciprocal of the absolute
temperature, 1/T. The measurements of Klemm et al. are not included
in this figure.

An interesting feature of these measurements is that they fall close to
the ideal liquidus curve. Included in Fig. 2 are two dashed curves, each
an ideal liquidus curve corresponding to different assumptions about
the heat capacity of supercooled liquid germanium. One of the curves
mneral hot concentrated HCI was used. A mixture of 30 per cent H;O: ,

glacial HAc and H,O in the volume ration 2:2:5 was used for lead on germanlum 3
Aqua regia was used for antimony on silicon.




1000
o THIS WORK ._]
W 900| o GREINER o
= A KECK & BRODER L.,!
2 goo| ® DE ROCHE -
p”
4
g e
700 —o
0 '
w /0
€ 600 Paid
0
2 / 0.08
o
> 500 A 0.08}-
= /{ - 0.04[LIQUID
w (] < L
g 400 M. = 0.02
g 29.8°c O
s 4 -0.02 !
G 3004 0 5 10
2 ’ XGeXx10?
~ 200}
»
100

o ot 0.2 03 04 05 06 07 0.8 08 10
ATOM FRACTION GERMANIUM

Fig. 1. — Germanium-gallium liquidus curves.

TEMPERATURE IN DEGREES CENTIGRADE

1 800 600 400 300 200 100
AL T T T
6
\ o THIS WORK
A—Y A KECK & BRODER
L]
L] e DE ROCHE
2 N
X
@
10! -
8
s X
4 \\.

ATOM FRACTION GERMANIUM
@

10-2
[ ]
e Y
L |
4 A e
\ ¢
2 N——y
10-3 \\
8 AN
6 AN
N\
4 \
IDEAL IDEAL
ACp=6"] \TAcp,—w
2
NEUTECTIC
104
8 12 16 20 24 28 36
104/T

Fig. 2 — Germanium-gallium liquidus curves, log z vs. 1/T.
174



GERMANIUM AND SILICON LIQUIDUS CURVES 175

results from the assumption that the heat capacity of liquid germanium
is the same as solid germanium (AC, = 0); the other results from the
assumption that the heat capacity of liquid germanium is constant
(AC, # 0). If the liquid alloys are ideal solutions of atoms, if these
liquids are at equilibrium with pure solid germanium and if the heat
capacity of pure supercooled liquid germanium is the same as pure solid
germanium, the liquidus curve will be given by the following equation
(Ref. 9, pp. 357-358):

AH" (11
Ine =—7--——=). 1

M= R (T1° T) &
If, however, the heat capacity of pure supercooled liquid germanium is
constant and the heat capacity of pure solid germanium has the form
a + bT, the ideal liquidus curve will be given by

_AH (11 1 o =T T
lnx———(y—,l;, T)_I_R{(a bT)‘T""'alnTl—o (2)

+ 3 (1) - Tﬂ}.

The dashed curve of Tig. 2 designated AC, = 0 corresponds to (1)
with AH,", the latent heat of fusion of germanium, taken as 8100 calories
per gram atom'® and T,°, the melting point of germanium, 937°C.""
The dashed curve of Fig. 2 designated AC, # 0 is obtained from (2),
using the specific heat equation listed by Kubaschewski and Evans' for
solid germanium and assuming that the specific heat of liquid germanium
is constant and equal to that of solid germanium at its melting point.

At temperatures near the melting point of germanium, de Roche re-
ports that the lowering of the freezing point leads to a heat of fusion of
8100 = 200 calories per gram atom. This is in agreement with Greiner
and Breidt.'® The agreement between the heat of fusion obtained by
freezing point lowering measurements and the heat obtained by direct
measurement is evidence that germanium and gallium form atomically
dispersed liquid solutions.* If other elements form atomiecally dispersed
binary liquid phases with germanium and also exhibit negligible solid
solubility, their liquidus curves will all come into the melting point of
germanium with the same limiting slope. In other words, (1) will be a
good approximation to all the liquidus curves at temperatures near the
melting point of germanium.

* The possibility cannot be ruled out that germanium and gallium form poly-
meric species (Ge), and (Ga). , but this is believed to be unlikely.
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At low temperatures, where the atom fraction of germanium in the
saturated liquid phase is small, we expect that the form of (1) will be
correct but that, in general, the slope and intercept (on a log a~1/T
plot) will be different for each element.

Let it now be assumed that (1) is the correct equation for the ideal
liquidus curve (this corresponds to saying that the heat of fusion of
germanium is not a function of temperature — i.e., the heat capacity of
solid and supercooled liquid germanium are the same — and that the solid
solubility of the component forming the ideal liquid solutions with ger-
manium is zero). We can measure the departures of any experimental
liquidus curve from the ideal liquidus curve in terms of the activity
coefficient, v; , defined by the expression (Ref. 9, pp. 357-358):

In 2y, = ﬂ (L - l) 3)

Consequently, a value of y; can be calculated for every solubility meas-
urement.

The activity coefficient defined in this way has the pure (supercooled)
liquid germanium as the reference state. Thus, when z is unity, v, is
unity. Since z will be unity at the melting point of germanium, (1) be-
comes a good approximation to (3) when the temperature is near the
melting point of germanium.

The relationships between v; and other thermodynamic parameters
are given below:

RT In~, = AFY, (4)
Aﬁle = AHI - TASle. (5)

The terms AF,° and AS,® are the relative partial molar excess free energy
and entropy, respectively, and AH; is the relative partial molar enthalpy.
From (4) and (5), and using the fact that the heat of fusion is equal to
T1°AS:", (3) may be rewritten in the following form:
_ AH + AH, | ASS + ASS
Inz = BT -+ 7 .

(6)

When the liquidus curve extends to low temperatures where = is
small, AH; and AS;° will no longer depend significantly on composition.
Since the temperature dependences of AH; and AS,® are expected to be
small, (6) will give a linear relationship between In z and 1/7. In the
germanium-gallium system, the values of AH; and AS are close to
Zero.
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Equation (6) can also be used as a general expression for the liquidus
curves, where, in general, AH and AS,° are functions of composition and
temperature. Since we expect the temperature dependence of AH; and
AS\° to be small, the variation in AH; and AS,® will arise primarily from
their composition dependence. The composition dependence of AH, and
AS)® can each be represented conveniently by a power series in (1 — z):

AR, = D a.(1 — )", (7)
ASS = 3 ba(1 — )" (8)

Since AH, and AS,° are zero when = = 1, ao and b, are both zero. If
long-range forces between the atoms are not present, a; and b; will be
zero.”” Consequently, a first approximation to the composition de-
pendences of AH; and AS,® can be expected to be

AH, = ay(1 — z)* (9)
and

ASY = b(1 — z)% (10)
Upon substitution of (9) and (10) in (6) and rearranging, we obtain

TAS" — AH" — RTIh z
(1 — 2)*

A value of the parameter « can be calculated from every solubility meas-
urement. If AH and AS’ are independent of temperature and their com-
position dependences are given by (9) and (10), it follows that « will
be a linear function of 7.

We have evaluated o for a number of the liquidus curves of germanium
and silicon and found that the experimental data can be satisfactorily
approximated with « as a linear function of 7. As will be discussed below,
it does not follow that (9) and (10) must represent the thermodynamic
properties of the liquid phases in order for « to be a linear function of 7'.
For any given set of experimental points there are an infinite number of
equations for AH; and AS,® that would provide a fit to an a—T plot within
experimental error. The discussion of the preceding paragraph describes
the simplest thermodynamic properties the liquid alloys could have
which would lead to the liquidus curve shapes we observe. A previous
study® of a number of these liquidus curves suggested that « was inde-
pendent of temperature along the liquidus curve. This property of «
would be expected if the liquid alloys were regular solutions.*

= Qs — sz. (11)

i

(24

* The term ‘“‘regular solutions’ was coined by Hildebrand to denote solutions
for which “‘thermal agitation is sufficient to give practically complete random-
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The solubility measurements of germanium and gallium evaluated in
this way are shown in Tig. 3. The measurements of Greiner,” Keck and
Broder® and our measurements can be represented by a line with a =
—150 and b = 0. The measurements of de Roche® are included, except
those at low temperatures and those near the melting point of germa-
nium. The parameter « is quite sensitive to experimental error near the
melting point, and, between about 1100 and 1211°K, @ = —150 is a
satisfactory representation of all the measurements when a T—x plot is
used.

The solubility measurements we have made of germanium in gallium
are given in Table I; the measurements of Keck and Broder, scaled from
their published figure, and of Greiner are also given. These measurements
have been used to obtain @ and b.

3.2 Germanium-Aluminum, Germanium-Indium

The solubility of germanium in aluminum has been measured by
Stohr and Klemm.'® Their results, scaled from a figure, are given in Table
I.f The parameter « has been plotted as a function of temperature in
Fig. 3. A line, a = —5360, b = —3.16 has been drawn through the
points. Some curvature is suggested, but it is believed that the straight
line fits the data within experimental error.

The solubility of germanium in indium has been measured by Keck
and Broder,’ whose data, scaled from a figure, are given in Table I,
and by Hassion,® whose measurements are also given in the table. The
measurements of Klemm et al.” are in sufficient disagreement with these
measurements to justify not including them in Table I and Fig. 3. A
line, a = 1570, b = 0.56, has been drawn through the measurements
of Keck and Broder and Hassion, plotted as @ versus T in Fig. 3.

3.3 Germanium-T1in, Germanium-Lead

The solubility of germanium in tin has been measured by Stéhr and
Klemm." However, we have also measured the solubility of germanium

ness.!* This definition would, in general, include those solutions for which AS;¢ is
zero and for which (9) gives the partial molar heats of solution, but would not be
restricted to them. It is useful to classify solutions empirically in terms of the
mathematical functions used to deseribe their thermodynamic properties. The
terms ‘‘regular solutions’ and ‘‘strictly regular solutions’ are sometimes used
(Ref. 9, p. 246 and Ref. 15, p. 85) to describe solutions for which a» is constant
and b, 1s zero in (9) and (10).

1 The parameter « is very sensitive to error in 7 and « near the melting point.
Consequently, solubility measurements in this range have not been weighted very
heavily and frequently have not been included in the table of data.
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in tin and are in significant disagreement. Our measurements are given
in Table I and a plot of « versus T is shown in Fig. 4. A line, a = 1680,
b = 1.08, has been drawn through the points. The measurements of
Stohr and Klemm when plotted as « versus 7 fall on a curve which
crosses our data at about 800°K and is of opposite slope. Thus, around
800°K, our measurements agree with those of Stéhr and Klemm, but at
higher temperatures we measure somewhat higher solubilities and at
lower temperatures somewhat lower solubilities.
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TaBLE I — ExpPERIMENTAL ComposITIONS (AToM FRrACTION

OF GERMANIUM) AND TEMPERATURES OF GERMANIUM
Liquibus CURVES

Element Source Tempflzature, x

Aluminum Stohr & Klemm (Ref. 16) 762 0.324
849 0.410

926 0.501

1014 0.614

1081 0.718

1172 0.904
Gallium This work 570 0.0268
653 0.0655

749 0.142

749 0.144

843 0.243

933 0.382
Keck & Broder (Ref. 6) 470 0.0042
473 0.0052
470 0.0055

570 0.026

670 0.071

Greiner & Breidt (Ref. 7) 1018 0.541

1134 0.796

1171 0.894

1191 0.944

Indium Keck & Broder (Ref. 6) 575 0.0061
575 0.0083

683 0.033

769 0.076

Hassion (Ref. 3) 735 0.064

735 0.068

756 0.073

830 0.138

830 0.133

862 0.160

907 0.254

921 0.249

Thallium This work 1023 0.131

1073 0.260

1123 0.656

Klemm et al. (Ref. 5) 1052 0.238

1106 0.377

1122 0.492

1143 0.635

1165 0.776

Tin This work 601 0.014
658 0.0305

758 0.077

810 0.125

860 0.181

908 0.257

960 0.362

999

0.459




GERMANIUM AND SILICON LIQUIDUS CURVES

TaBLE I — Continued
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Element Source Tempg:lr{ature, x
Lead Hassion (Ref. 3) 901 0.021
953 0.040
984 0.052
1012 0.066
1050 0.105
1058 0.112
1062 0.126
1108 0.270
1123 0.37
1137 0.50
1146 0.63
Antimony Ruttewit & Masing (Ref. 18) 872 0.20
907 0.25
977 0.40
1043 0.55
1058 0.60
1100 0.70
Arsenic This work 1023 0.595
1073 0.693
1123 0.783
1148 0.841
Stohr & Klemm (Ref. 16) 1023 0.605
1102 0.738
1128 0.798
Bismuth This work 873 0.0273
923 0.0440
973 0.0656
973 0.0728
1023 0.118
1073 0.201
Copper Reynolds & Hume-Rothery (Ref. 21) 917 0.365
948 0.407
982 0.460
1010 0.507
1048 0.583
1090 0.674
1154 0.833
Silver Maucher (Ref. 20) 925 0.241
929 0.246
951 0.271
1028 0.389
1104 0.598
1131 0.690
1151 0.774
Briggs et al. (Ref. 22) 923 0.260
948 0.270
953 0.286
978 0.308
988 0.328
1013 0.357
1026 0.398
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TABLE I — Concluded

Element Source Tempflxiature, x
1070 0.497
1103 0.618
1128 0.708
1149 0.803
1186 0.923
Gold Jaffee et al. (Ref. 23) 629 0.270
919 0.537
1070 0.731
1164 0.891
Zine This work 723 0.0914
773 0.148
823 0.213
873 0.288
928 0.368
973 0.440
1023 0.530
1073 0.636
Cadmium This work 669 0.0076
669 0.0076
722 0.0144
776 0.0284
776 0.0282
776 0.0292
821 0.0469
877 0.0717
927 0.131
978 0.205
1015 0.306
1015 0.298
1015 0.279

The solubility of germanium in lead has been measured by Briggs and
Benedict,'” Ruttewit and Masing' and Hassion.® We have accepted the
measurements of Hassion given in Table I, and have plotted these data
as « versus T, shown in Fig. 4. A line, ¢ = 8780, b = 4.08, has been
drawn to represent these measurements. The measurements of Briggs
and Benedict are in fair agreement with Hassion’s measurements, but
the low-temperature solubilities reported by Ruttewit and Masing are
much lower than the values obtained from an extrapolation of Hassion’s
measurements using the o7 plot.

3.4 Germanium-Arsenic, Germanium-Antimony, Germanium-Bismuth

The measurements of Stohr and Klemm' of the solubility of ger-
manium in arsenic have been scaled from their published figure and are
listed in Table I along with our measurements. The «—T plot is shown
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in Fig. 5 and a line, a = —5600, b = —4.16, has been drawn to repre-
sent the data.

The solubility of germanium in antimony has been measured by Rut-
tewit and Masing' and Stohr and Klemm.'® The measurements of Rut-
tewit and Masing, scaled from a figure, are given in Table I and the
a-T plot resulting from these measurements is shown in Fig. 5. The line,
a = 2640, b = 1.98, has been drawn. Stohr and Klemm found smaller
solubilities at all temperatures than those found by Ruttewit and
Masing. A plot of @ versus 7' with their data leads to a curve lying 500
to 1,000 calories higher than the line drawn to represent the measure-
ments of Ruttewit and Masing. We consider the antimony-germanium
liquidus curve to be in some doubt.

The solubility of germanium in bismuth has also been measured by
Ruttewit and Masing™ and by Stéhr and Klemm."® We have also meas-
ured the solubility of germanium in bismuth, and our results are given
in Table I and plotted in Fig. 5. The line, @ = 5505, b = 1.49, has been
used to represent the data. Neither the measurements of Ruttewit and
Masing nor those of Stohr and Klemm can be represented as a line on
a plot of @ versus T. Their measurements are in only fair agreement
with those we have made.

3.5 Germanium-Copper, Germanium-Silver, Germanium-Gold

The solubility of germanium in copper has been measured by Schwarz
and Elstner,” Maucher™ and Reynolds and Hume-Rothery.” The meas-

3
7)(]0
O THIS WORK

) =~
> S~
o ~Jd.LEAD
< S~

5
z oo o
S \Q\ o

4 ol
o -~
w
a
2 3
o
o
<
g 2
Z
N S L

O
T P——

0o
500 600 700 800 900 {000 {100 1200 1300
TEMPERATURE IN DEGREES KELVIN

Fig. 4 —a vs. T for germanium-tin and germanium-lead.




184 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1960

3
& XI0
5
%-_*~.

3 P
24 BISMUTH N =
s O THIS WORK
z 3
O
@
w
a2
] ANTIMONY
z ® RUTTEWIT & MASING
91
| e Y
= -
) FN.T'*~N_
z o
3 ARSENIC R d

- © THIS WORK L D2d

1 p
® STOHR 8 KLEMM 2 <7
-2

500 600 700 800 900 1000 1100 1200 1300
TEMPERATURE IN DEGREES KELVIN

Fig, 5 — a vs. T for germanium-arsenie, germanium-antimony and germanium-
bismuth.

urements of Reynolds and Hume-Rothery are given in Table I and the
corresponding a7 plot is shown in Fig. 6. The measurements of the other
workers scatter rather badly. They are in agreement with Reynolds and
Hume-Rothery at low temperatures but show lower solubilities at higher
temperatures. The line, a = —7360, b = —7.67, has been drawn in
Fig. 6.

The solubility of germanium in silver, measured by Maucher,” and
by Briggs, McDuffie and Willisford,” is given in Table I; the a—T plot
of these data is shown in Fig. 6. The line, a = —5500, b = —7.13, has
been drawn.

The solubility of germanium in gold has been measured by Jaffee,
Smith and Gonser.”® Their measurements are given in Table I and the
T plot in Fig. 6. The line, a = —4865, b = —1.02, has been drawn.

3.6 Germanium-Zine, Germanium-Cadmium

Gebhardt™ and Kleppa and Thalmayer” have measured the solubility
of germanium in zine. The measurements of the latter are in fairly good
agreement with our measurements, which are recorded in Table I. It
can be seen in Fig. 7 that « versus T cannot be represented by a straight
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line. The measurements of Gebhardt and of Kleppa and Thalmayer are
included in the plot.

We have measured the solubility of germanium in cadmium, and the
results are given in Table I. The points of the «—7' plot appear to be
represented within experimental error by the line, a = 4110, b = 1.75.
Spengler”® has reported that the germanium-cadmium system is simple
eutectic and has mentioned three solubility measurements. These three
points are at much higher germanium concentrations than those we have
found.

3.7 Silicon-Aluminum, Silicon-Gallium, Silicon-Indium

We have evaluated the measurements of the solubility of silicon in a
number of elements of interest in a manner completely analogous to that
used for germanium. We have used a heat of fusion of 12,100 calories
per gram atom.”” The melting point of silicon has been reported as
1415°C by Gayler” and 1408°C by Pell.® We have used a value of
1410°C.

The solubility of silicon in aluminum has been measured by Fraenkel,”
Roberts,”" Gwyer and Phillips,” Broniewski and Smailowski® and Craig-
head, Cawthorne and Jaffee.*® The measurements of Fraenkel and
Broniewski and Smailowski were scaled from the figure published by
Hansen.” These measurements are listed in Table IT and « versus T is
plotted in Fig. 8.* The line, a = —4140, b = —1.22, has been drawn.

The silicon-gallium liquidus curve has been studied by Keck and
Broder® and Klemm et al.” The measurements tabulated in Table II were
scaled from figures. The points plotted in the o—T plot of Fig. 8 have
been represented by the line, a = 3250, b = 0.83.

The solubility of silicon in indium has been measured by Keck and
Broder® and by Klemm et al.” We have also studied this system. Our
solubility measurements are given in Table IT and the o—T plot is shown
in TFig. 8, where the line, a = 11,450, b = 3.37, has been drawn. The meas-
urements of Klemm et al., are in essential agreement with our measure-
ments, but by themselves give no indication of a linear relation between
a and T. The three measurements of Keck and Broder are all at higher
solubilities than we have measured, their lowest temperature measure-
ment being in greatest disagreement with the liquidus curve correspond-
ing to the line of Fig. 8.

* The tabulation in Table II does not include the measurements made near the
melting point of silicon. The measurements of Gwyer and Phillips near the eutec-

tie, which are in agreement with the measurements of Craighead et al., are not
plotted in Fig. 8.



TasLe II — ExXpPERIMENTAL ComposITIONS (AToM FRACTION

Liquipus CURVES

OF SiLicoN) AND TEMPERATURES OF SILICON

Element Source Tempflr{at“"' x
Aluminum Fraenkel (Ref. 30) 957 0.194
1232 0.391
1439 0.597
1503 0.717
Roberts (Ref. 31) 969 0.179
1116 0.319
1232 0.391
1307 0.482
1503 0.698
1526 0.731
1607 0.850
Broniewski & Smailowski (Ref. 33) 1131 0.337
1333 0.510
Gwyer & Phillips (Ref. 32) 850 0.113
852 0.116
852 0.119
867 0.124
875 0.134
889 0.142
950 0.183
Craighead et al. (Ref. 34) 851 0.118
854 0.123
871 0.132
Gallium Keck & Broder (Ref. 6) 548 0.000016
769 0.00254
1023 0.034
1023 0.050
1170 0.100
1273 0.200
1423 0.400
Indium This work 1173 0.0088
1273 0.0190
1273 0.0205
1373 0.0425
1373 0.0494
1373 0.0400
1473 0.0955
1473 0.101
1473 0.101
Tin This work 1025 0.00391
1073 0.00607
1075 0.00792
1075 0.00760
1099 0.00754
1099 0.00778
1150 0.0112
1150 0.0113
1173 0.0143
1173 0.0136
1202 0.0166
1223 0.0258

187




188 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1960

TaBLE II — Continued

Element Source Tempfll‘(ature, x
1235 0.0235
1235 0.0232
1247 0.0279
1251 0.0251
1251 0.0244
1273 0.0280
1273 0.0330
1273 0.0292
1296 0.0369
1300 0.0358
1300 0.0368
1329 0.0454
1373 0.0645
1373 0.0597
Lead This work 1323 0.0022
1349 0.0025
1373 0.0036
1423 0.0046
1474 0.0076
1475 0.0072
1523 0.0112
Arsenic Klemm & Pirscher (Ref. 38) 1346 0.60
1483 0.65
1512 0.70
Antimony This work 1073 0.0151
1073 0.0143
1170 0.0239
1174 0.0243
1272 0.0461
1371 0.0835
1473 0.150
Bismuth This work 1273 0.00262
1373 0.00544
1423 0.00832
1473 0.0113
1548 0.0193
Zinc This work 915 0.00845
925 0.00962
971 0.0131
973 0.0168
1017 0.0208
1020 0.0200
1024 0.0247
1069 0.0321
1071 0.0325
1072 0.0394
1117 0.0486
1119 0.0526
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TaBLE IT — Concluded

Element Source Temp%r{ature, %
Copper Hansen & Anderko (Ref. 41) 1075 0.300
Rudolfi (Ref. 40) 1103 0.355

1268 0.424

1336 0.486

1433 0.598

1503 0.685

1547 0.763

Silver Rudolfi (Ref. 40) 1215 0.168
1307 0.224

1402 0.300

1513 0.490

1563 0.622

1592 0.721

1613 0.794

1623 0.852

Gold Hansen & Anderko (Ref. 41) 643 0.309
di Capua (Ref. 43) 1063 0.439

1303 0.553

1403 0.637

1448 0.701

1538 0.775

1568 0.824

3.8 Silicon-Tin, Silicon-Lead

We have measured the solubility of silicon in tin, and our results are
given in Table IT and Fig. 9. The line correspondstoa = 8,145, b = 1.50.
The measurements of Tamaru,” who used 92.5 per cent silicon (the
principle impurities were iron and aluminum), give higher solubilities
than we have found.

Our measurements of the solubility of silicon in lead are also given
in Table II, and the «—T plot (Fig. 9) shows the line, a = 19,830, b =
4.58, drawn through the points. Moissan and Siemens®’ reported a num-
ber of solubility measurements, all of which lie at appreciably lower
silicon concentrations than those which we report.

3.9 Silicon-Arsenic, Silicon-Antimony, Silicon-Bismuth

Klemm and Pitscher” have obtained three points on the silicon-ar-
senic liquidus curve that are listed in Table II. These three points
have lead us to estimate the complete liquidus curve with the line, a =
—49,990, b = —32.40, in the o—T plot of Fig. 10.

Solubility measurements of silicon in antimony have been reported
by Williams.” Our measurements, given in Table II, are in essential
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agreement with these. However, we have used our measurements to
establish the line that we believe to be a best approximation at present
to the silicon-antimony liquidus curve. The line, a = 3290, b = —1.61,

TEMPERATURE IN DEGREES KELVIN

is shown with the experimental points in Fig. 10.

Our measurements of the solubility of silicon in bismuth are recorded
in Table II and plotted in Fig. 10. The line, a = 14,840, b = 2.06, has

been drawn.
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3.10 Silicon-Copper, Silicon-Silver, Silicon-Gold

Rudolfi® has reported measurements of the solubility of silicon in
copper. These are given in Table II, along with a value for the eutectic
composition proposed by Hansen.” The o~T plot is shown in Fig. 11
and the line, a = —11,910, b = —7.19, has been drawn.

Arrivant® has measured the solubility of silicon in silver; his measure-
ments are given in Table II. The line, a = —7910, b = —7.63, has been
drawn through these data plotted as « versus 7' in Fig. 11.

The solubility of silicon in gold has been measured by di Capua,*
and his measurements are listed in Table II. The plot of « versus 7" in
Tig. 11 suggests that the data can be represented by the line, a =
—19,540, b = —10.28. More weight has been attached to the four points
at low temperatures than the high temperature points, where experi-
mental error will lead to a greater seatter of points than at lower tem-
peratures.

3




192 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1960

3.11 Silicon-Zine, Silicon-Nickel

Our measurements of the solubility of silicon in zine, given in Table
I, lead to an o—T plot, Fig. 12, which suggests the line, a = 4280, b =
1.14. The measurements reported by Moissan and Siemens” lie at some-
what lower values of the solubilities than those we report.

The measurements of Iwase and Okamoto™ of the solubility of silicon
in nickel, scaled from Hansen’s plot," are shown in Fig. 12 as an exam-
ple of a binary silicon system for which the « versus T plot is clearly
nonlinear.

IV. DISCUSSION

4.1 The Liquidus Curve Equation
Equation (11) can be rearranged to give the following relationship:

AHY" + a(1 — 2)°

I = ASF—Emz o0 =

(12)

This will be called the liquidus equation since liquidus temperatures can
be calculated as a function of z for each set of values of @ and b. The val-
ues of @ and b used to approximate the available experimental data have
been summarized in Table I1I.
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The solid curves of Figs. 1 and 2 correspond to ¢ = —150, b = 0 for
the gemanium-gallium liquidus curve. The extrapolation of the o—T line
to the melting point of germanium means that the liquidus curve ap-
proaches the melting point of germanium with the limiting slope deter-
mined by the heat of fusion and melting point of germanium. The ex-
trapolation to lower temperatures of the « versus T line is in accord with
the expected behavior of such liquidus curves — namely, that at low
temperatures the log x versus 1/7T plot will be linear.

TasLE III — COEFFICIENTS @ AND b OF THE LIQUIDUS
CurveE EquaTioN FOR VARIOUS BINARY SYSTEMS

Germanium Silicon
Element
a b a b

Aluminum.......... —5360 —-3.16 —4140 —1.22
Gallium............ —-150 0 3250 0.83
Indium............. 1570 0.56 11450 3.37
Thallium........... (5700) (1.90) (16600) (3.80)
Tin. . ...t 1680 1.08 8145 1.50
Lead............... 8780 4.08 19830 4.58
Arsenic............. —5600 —4.16 —49990 —32.40
Antimony.......... 2640 1.98 3290 —1.61
Bismuth............ 5505 1.49 14840 2.06
Copper............. —7360 —7.67 —11910 —7.19
Silver.............. —5500 —-7.13 —7910 —7.63
Gold............... —4865 —1.02 —19540 —10.28
Zine................ — — 4280 1.14
Cadmium........... 4110 1.75 — —
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The lines in Figs. 3 through 11 have been drawn to indicate the com-
plete liquidus curve and the amount of extrapolation of the experimental
data required to give the full curve. The liquidus curves, plotted as T
versus z or log x versus 1/T, have not been included in this paper. These
curves can be readily obtained from (12) and the constants of Table
III. However, we have available complete sets of 7' versus z and log x
versus 1/T plots which will be supplied to anyone upon request.

We have assumed that the distribution coefficients of the second com-
ponents in germanium and silicon are small enough to have no influence
on the liquidus curve. However, the solid solubility of gallium in germa-
nium is high enough to cause us to expect that some influence should
be expected. This is also true for aluminum-germanium. We will use the
solid solubility measurement of Trumbore et al."* to estimate the mag-
nitude of the error introduced in the germanium-gallium system by
ignoring the solid solubility.

de Roche® has reported that the liquidus curve points he has meas-
ured that lie between 1.0 and 0.80 atom fraction of germanium lead
to a heat of fusion of germanium of 8100 kilocalories. This calculation
used (1), and no correction was made for the solidus curve. If we accept
the statement that the experimental liquidus curve follows (1) over the
range 1.0 to 0.8 with AH," having the value 8,100, we can use the solid
solubilities measured by Trumbore, et al."*** and re-evaluate the heat of
fusion of germanium.

Equation (1), modified to account for solid solubility, will be

Xy _ AHlF 1 _ 1
w2 =28 (- 1), (13)

where . is the atom fraction of germanium in the liquid phase and xg
the atom fraction in the solid phase. The value of z, can be calculated
using (1) with AH," = 8100 and T,° = 1210°K for various values of
the temperature down to a value of z; of 0.8. The measurements of
Trumbore et al. give x5 at these temperatures. A plot of the logarithm
of &,/xs versus 1/T leads to a value of AH," of 7850 calories per gram
atom. This value is essentially within the experimental error of 8100 =
200 cals estimated by de Roche. Consequently, the neglect of the solid
solubility introduces a negligible error.

4.2 Eutectic Temperatures and Compositions

The eutectic temperatures and compositions that are consistent with
the a and b values summarized in Table III are given in Table IV. The
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TaBLE IV—EurEcTtic TEMPERATURES, T'eu°C, DIFFERENCES BETWEEN
MEerTing PoinT oF SEcoND CoMPONENT AND EurkcTic TEMPERA-
TURe (AT = T,° — T..), aANp Euricric COMPOSITIONS IN

AT1oM FRACTIONS OF GERMANIUM AND SILICON

Germanium Silicon
Element
Teu°C AT ZXeu* Teu°C AT Xeu®

Aluminum....| 424 | 236 0.28(0.30) 577 82 0.120(0.121)
Gallium. ..... 30 0.007 | 5 X 1078 30 6 X 1078 | 5 X 10710
Indium....... 157 0.2 5 X 10~ 157 1X 1077 | 2 X 10710
Thallium. .... 304 0.3) [(4 X 1079 304 (2 X 1076){(3 X 1079)

in........... 232 0.9 0.003 232 4% 10751 X 1077
Lead......... 327 0.1 2 X 104 327 5X 1078 | 9 X 1010
Arsenict... ... 736 78 0.58(0.59) 1073 }—259 0.595(0.595)
Antimony. ...| 590 40 0.18(0.17) 630 1.1 0.003
Bismuth...... 271 0.05 2 X 104 271 3X 1078 |1 X 10710
Copper....... 644 | 434 0.36(0.36) 802 | 281 0.32(0.30)
Silver. ....... 651 | 310 0.25(0.26) 830 | 131 0.125(0.154)
Gold. . 356 | 707 0.27(0.27) 370 | 693 0.31(0.31)
Zine. .. 398 22 0.044(0.055)| 420 0.2 4 X 104
Cadmium 320 1.0 0.002 — — —

* Compositions in parentheses given by Hansen.%
t Not simple eutectic systems.

eutectic temperatures have been taken from the literature and the
corresponding composition calculated. There are a number of systems
for which the eutectic temperatures are very near the melting point of
the solvent. An estimate can be made of the eutectic temperatures and
compositions by extrapolating the liquidus curve to the melting point of
the solvent, then using this composition to calculate the freezing point de-
pression, as was done in an earlier paper.” On the assumption that the
solid solubility of germanium or silicon in the solvent element is negli-
gible, the freezing point depression can be calculated from the following
equation:

R(T»)

AT = u
TAHS Leu s

(14)
where z., is the atom fraction of germanium (or silicon) in the eutectic
liquid phase, T.° the melting point of the solvent, and AH," its heat of
fusion. Equation (14) follows from (1) applied to component 2. The
freezing point depressions calculated in this manner, (see Ref. 14, Ta-
ble B, pp. 284-305, for AH,"), have been tabulated in Table IV, along
with other eutectic compositions and temperatures. The germanium-
gallium eutectic, calculated on the assumption of negligible solid solu-
bility of germanium and gallium, is shown in the insert of Fig. 1.
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4.3 The Relationship Between a and b

In Fig. 13 we have plotted the values of b against a. It can be seen
that, in general, the more positive the value of a, the more positive b
becomes, and the more negative the value of a, the more negative b
becomes. We have used this relationship between a and b to estimate
the germanium-thallium and silicon-thallium liquidus curves.

4.4 The Germanium-Thallium and Silicon-Thallium Liquidus Curves

The available experimental measurements’ of the solubility of ger-
manium in thallium are given in Table I, and the corresponding o—T
points are plotted in Fig. 3. The position of these points leads to a value
of a of about 3500 calories per gram atom at 1075°C. On the assumption
that the a—T relationship is linear and passes through this point, and that
the value of @ and b must be related in such a way as to fall on the curve
of Fig. 13, we obtain for our estimate of the complete germanium-
thallium liquidus curve, a = 5700, b = 1.90.

From the position of the silicon-lead and silicon-bismuth o—T lines,
we estimate a value for a of 12,500 at 1450°K for thallium. Then, pro-
ceeding as for the germanium-thallium system, we conclude that a
reasonable estimate of the a—T line for thallium would be a = 16,600,
b = 3.80. The values of a and b for the thallium systems have been in-
cluded in Table III in parentheses, and the eutectic compositions and
temperatures are shown in Table IV. The a7 line for germanium-
thallium is shown in Figure 3.
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4.5 Implications of the « = a — bT Relationship

In the preceding discussion we have used the a—T plots to estimate
the complete liquidus curve from limited solubility measurements. We
conclude that, within experimental error, the liquidus curves of a rather
large number of binary systems for which germanium or silicon is the
solid phase can be deseribed by a two-parameter equation. Two systems,
germanium-zine and silicon-nickel, quite clearly fail to fall into the same
class as the other liquidus curves.
 In Section 3.1 it was shown that, if the thermodynamic properties of
the liquid phases are given by (9) and (10), it would follow that «
would be a linear function of T along a liquidus curve. One cannot draw
the conclusion, however, that, because a appears to be a linear function
of T, the thermodynamic properties of the liquid phase must be given
by (9) and (10). The partial molar heat and excess entropy are related
to the partial molar excess free energy by partial derivatives at constant
composition. The liquidus curves have given partial molar excess free
energies along a line in AF,°, z, T, space. It is not possible to obtain
partial derivatives of AF,° at constant composition from such limited
information. The linear relationship between « and 7 only suggests that
(9) and (10) describe the thermodynamic properties of these solutions.
At present there is no information available which can be used as a
direct check of this suggestion.

From (3), (4) and (11) we can conclude that the following relation-
ship is true along the liquidus curve if « is a linear function of T':

AFY = (a — bT)(1 — 2)~ (15)

If this relationship applied off the liquidus curve as well, it would follow
from the Gibbs-Duhem equation that, for the other component,

AFS = (a — VT2 (16)
and, for the integral molar excess free energy of mixing,
AF," = (¢ — bT)x(1 — ). (17)

It is possible for us to test the applicability of (16) to several of the
systems studied by calculating the value of the activity coefficient of
the second component at the eutectic temperature and composition. We
can use the eutectic composition and temperature of a number of systems
to obtain an experimental value of AF,’, which we can write in terms of
the activity coefficient, v, , since

AFY = RT In~vs. (18)
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TABLE V — Activiry COEFFICIENT OF COMPONENT 2 AT THE EUTECTIC

System LA 7, » calculated
Aluminum-Germanium............... . .0.84 0.84
Antimony-Germanium............... - 1.08 1.02
Gold-Germanium. ................... 0.36" - : 0.78
Aluminum-Silicon.................... 0.99 0.97
Silver-Silicon........................ 1.01 1.00
Gold-Silicon. .............. ... ..., 0.41 0.38

We have used (3), modified to account for a nonzero value of ACp (Cp
of the liquid was assumed to be constant) as in (2), and applied it to
the liquidus curve of the second component at the eutectic. The values
of v2 have been obtained in this way for a number of systems, using the
tabulated data of Kubashewskl and Evans, and are given in the first
column of Table V. In the second column are values of 72 calculated from
(16) and (18) using the eutectic temperatures and compositions in Table
IV.

A comparison of the activity coefﬁments in Table V reveals a fairly
good agreement between the experimental activity coefficients and those
obtained using the appropriate values of @ and b in Table III.* An addi-
tional bit of information is available for the silicon-silver system. Scha-
del et al.*® have measured the vapor pressure of silver over silicon-silver
melts at several temperatures in the range of 1000°C. The positive de-
viations from ideality found by Schadel et al. are in fair agreement with
the values we calculate using the a’s and b’s found from the solubility of
silicon in silver, but the temperature coefficient of the activity coeffi-
cient they found is opposite to the one we predict. However, it is prob-
able that not much weight can be attached to the experimental tempera-
ture coefficients in view of the authors’ comments on experimental
erTors.

4.6 The Silicon-Thallium, Szhcon-Lead and Silicon-Bismuth Binary
Phase Diagrams

We have used the « versus 7T linear relationship to fit the full liquidus
curves of the silicon-lead and silicon-bismuth systems. When the values
of a and b of Table IIT are put into (12), the liquidus curve equation,
the curve rises from low temperatures to a maximum, passes through a
point of inflection at # = 0.5 and then through a minimum before reach-

* The germanium-silver system was not included in Table V because the solid

solubility of germanium in silver at the eutectic is large and the activity coeffi-
cient of silver in the solid solution is not known.
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ing the melting point of silicon, with the appropriate limiting slope. This
behavior is in keeping with the fact that a miscibility gap is known to
exist in these systems. If we assume that the values of @ and b obtained
from the liquidus curve at low temperatures give a reasonable estimate
of the free energy of the liquid phases of the silicon-lead and silicon-bis-
muth systems, and that our estimate of the a—1" line for silicon-thallium
is correct, we can calculate the complete phase diagram.

The thermodynamic conditions for two liquid phases to be in equilib-
rium lead to the following equation for the miscibility gap when the
molar excess free energy of the liquid phases is given by (17):

7= a(ll—- 2z') ‘
—b(1 — 22")

Rlnl —z (19)

xl

The temperature at which this curve intersects the curve given by (12)
is the so-called monotectic temperature, where two liquid phases, one
rich in silicon and the other dilute in silicon, are in equilibrium with
pure solid silicon. The maximum in the miscibility gap occurs at z =
0.5. The temperature of the maximum in the miscibility gap, 7., the
critical temperature, cannot be obtained directly from (19), but can be
shown to be given by the equation

a
e = = . 2
d 2R + b (20)
The critical temperatures predicted for the thallium, lead and bismuth
systems are given in Table VI, along with the monotectic temperatures,

T.., and monotectic compositions, x,' and z,”.

4.7 Liquidus Curves and Critical Temperatures

The liquidus curves for three systems, silicon-indium, silicon-tin and
silicon-antimony, are rather flat in the region of x = 0.5, when 7T is

TaBLE VI — EstimaTED CrITICAL TEMPERATURES, MoNoTECTIC TEM-
PERATURES AND MonNoTECcTIC COMPOSITIONS FOR THREE SILICON
BiNnary SysTeEMs WiTH L1Quip-Liquip MisciBILiTY GAPS

Element T, °C Tm, °C £ ' "
Thallium........... 1862 1387 0.06 0.94
Lead............... 2047 1397 0.03 0.97
Bismuth............ 2187 1393 0.04 0.96
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plotted as a function of z. This indicates that the miscibility gap occurs
at temperatures just below the liquidus curve in the supercooled liquids.
If the free energies of the liquid phases were reasonably well approxi-
mated by (17), the calculated critical temperatures would all lie below the
liquidus curve temperature at ¢ = 0.5. The comparison is made in Ta-
ble VII for these three systems. Included in the table are the critical tem-
peratures and liquidus temperatures for the three germanium systems,
germanium-thallium, germanium-lead and germanium-bismuth, which
have the highest calculated miscibility gaps. In every case the liquidus
curve lies above the calculated critical temperature of the miscibility
gap. This shows that the use of (17) for the free energy of the liquid
phases is consistent with the presently known properties of these sys-
tems.

The systems germanium-arsenie, -copper, -silver and silicon-arsenic,
-copper, -silver, -gold all have eritical temperatures calculated from (20)
that are higher than the temperature of the liquidus curve at « = 0.5.
It can be shown, however, that this critical temperature is a lower onc;
that is, it is predicted that, above this temperature, the liquid phase will
split into two liquids and below it there will be homogeneity. In all other
systems, no critical temperature is predicted.

Some indication of the degree of approximation to be expected from
the above treatment of binary systems with miscibility gap can be ob-
tained by applying this treatment to the copper-lead system, which has
a miscibility gap that has been measured. We have evaluated « from
the measurements of the solubility of copper in molten lead reported by
Kleppa and Weil.* A plot of « versus T can be approximated by the line,
a = 6160, b = 0.85, although the experimental points clearly depart
from this line near the monotectic temperature. Using these values of
a and b in (12) and (21), the complete phase diagram was calculated. A
comparison between certain critical compositions and temperatures ob-

TaBLE VII — ComparisoN or Liquipus CURVE TEMPERATURES
AND CALCULATED CRITICAL TEMPERATURES

System T (liquidus, x = 0.5) T, (calculated)
Germanium-Thallium................ 1114 972
Germanium-Lead.................... 1132 1090
Germanium-Bismuth................. 1122 1007
Silicon-Indium. . .................... 1590 1563
Silicon-Tin.......................... 1581 1487
Silicon-Antimony.................... 1583 1213
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TaBLE VIII — CoMPARISON OF CALCULATED AND EXPERIMENTAL
PuasE DiacraM FEATURES FOR THE COPPER-LEAD SYSTEM

Calculated Experimental
Critical temperature, Te............. 1263°K 1277°K
B vt 0.5 0.35
Monotectic temperature, Tm. ........ 1190 1227
T, 0.26 0.15
T 0.74 0.67

tained by this calculation and those measured experimentally” can be
made. This comparison is shown in Table VIII, where it can be seen that
a fairly good approximation has resulted.

4.8 The Thermodynamic Properties of Liquid Alloys

Darken and Gurry*” have used the a function [RT In v/(1 — z)?] to
describe the thermodynamic properties of liquid alloys at constant tem-
perature. The temperature dependence of « was not considered. Guggen-
heim (Ref. 15, pp. 83-84) has pointed out that the excess molar free
energy of the carbon tetrachloride-benzene and carbon tetrachloride-
cyclohexane systems over the temperature range from 30 to 70°C can be
quite satisfactorily accounted for by an interchange energy, w, which is a
linear function of temperature. This is equivalent to finding that « is a
linear function of temperature.

We have evaluated « along the liquidus curves of a number of other
binary systems for which germanium or silicon is not one of the com-
ponents. These systems have long liquidus curves and negligible solid
solubility. The general features of the liquidus curves, on a T versus z
plot, are the same as those of germanium and silicon binary systems. The
a versus T plots of these liquidus curves* were nonlinear in every system.

Scatchard® has discussed the relationship between the temperature
dependence of @ (in essence) and the volume change on mixing. The
conclusion has been reached® that a volume change upon mixing that
is greater than additivity indicates a positive excess entropy of solution,
while a volume contraction indicates a negative excess entropy. Prigo-
gine” and his co-workers have discussed this relationship in some detail
in terms of their average potential model. (See also Ref. 51.) Exceptions
can be expected to the above generalization, and such have been ob-
served, but, in general, a close relationship between the excess volume
and excess entropy of mixing can be expected. The correlation found here

* Silver-tin, -lead; zinc¢-gallium, -indium, -tin, -cadmium.
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between a and b (Fig. 13) suggests, then, that volume expansion upon
mixing occurs for positive ¢ and b while contraction occurs for negative
values of a and b.

Kleppa®?:%:5 and Wittig® have measured the heats of mixing of quite
a number of binary liquid alloys. Trends in heats of mixing with position
of one of the components in the periodic system, keeping the other com-
ponent fixed, were observed. Some of these trends can be satisfactorily
accounted for” in terms of Friedel’s alloy solution model, which, among
other things, takes into account the difference in valence expected for the
two components. The relative valence effect does not seem to appear,
in any simple way, at least, in the system we have studied.

Wittig® has found some general trends in the heat of mixing that he
has related to the position of the variable component in the periodic
system. Germanium occupies a position as a variable component in the
several series he has investigated. The heats of solution we have deduced
from our analysis of liquidus curves do not appear to violate the trends
Wittig has observed.

V. SUMMARY AND CONCLUSIONS

A two-constant equation, (12), has been used to fit the liquidus curves
of a number of binary systems for which either germanium or silicon is
one of the components. This equation gives a limiting slope of the liquidus
curve at the melting point that is consistent with the known heats of
fusion of germanium and silicon and the known solid solubilities. The
form of the equation at low temperatures is also consistent with the ex-
pected thermodynamic properties of the two phases.

The general form of the equation suggests that the thermodynamic
properties of the liquid alloys are simple functions of composition and
temperature. It was pointed out that a first approximation to the rela-
tive partial molar heat of solution of germanium or silicon in the liquid
alloys would be given by the equation

AH, = a(l — z)* (21)
and a first approximation to the relative partial molar excess entropy
by the equation

ASY = b(1 — 2)%, (22)
where a and b are independent of temperature and composition. This
means that the excess free energy would be given by

AP = RT Iny, = (a — bT)(1 — )~ (23)

If solutions having the thermodynamic properties given by these three
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equations were in equilibrium with pure solid germanium or silicon, the
liquidus curve equation would have the form

AH" + a(1 — z)?
ASY — Rlnzx + b(1 — 2)?
This is the same equation found empirically.

The constants @ and b of (24) were obtained from the straight line
drawn through the points representing each solubility measurement
when plotted as the function o versus T':

RT In Y1 _ TAS[F b AHlF —- R lIl 1
(1T —a? (1—=)?

It cannot be concluded however, that the thermodynamic properties
of the liquid alloys must be given by (21), (22) and (23) as a result of
the observed linearity of a with 7. The linearity of « as a function of T
shows that (23) gives the activity coefficients of germanium or silicon
along the respective liquidus curves. It was found, however, that the
activity coefficient of the other component at the eutectic in several
binary systems was fairly well approximated by the equation resulting
when it was assumed that (23) applied at all temperatures and composi-
tions, and the Gibbs-Duhem relationship was used. Based on this as-
sumption, the extent of the miscibility gaps in the silicon-thallium, -lead,
-bismuth binary systems were estimated.

The two-constant liquidus curve equation, (24), can be used to provide
a best present estimate of the complete liquidus curves for 26 different
binary systems for which germanium or silicon is one of the components.
The constants for each system are given in Table III. Sets of the liquidus
curves, plotted as T versus z or log z versus 1/7T, may be obtained from
the authors upon request.

T = (24)

=a—bT. (25)

o
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Solid Solubilities of Impurity Elements
in Germanium and Silicon®

By F. A. TRUMBORE
(Manuscript received August 13, 1959)

The available data on solid solubilities of impurity elements in germanium
and silicon are summarized tn the form of solidus or solvus curves. New solu-
belity data are presented for the lead-germanium, zinc-germanium, indium-
germanium, antimony-silicon, gallium-silicon and aluminum-silicon sys-
tems. The correlation of the solid solubilities with the heats of sublimation
and the atom sizes of the impurity elements 1is considered.

I. INTRODUCTION

In recent years a large amount of data has been obtained on the solid
solubilities of impurity elements in germanium and silicon. Such data are
of obvious practical importance in the semiconductor device field, where
controlled impurity distributions are required. Of theoretical interest
is the fact that, in favorable cases, these data can be used to provide
information on heats and entropies of solution, binding energies and
other thermodynamic properties of the solid solutions. In addition, one
might hope that the attempts to interpret and correlate the relatively
large amount of data on germanium and silicon will lead to a better un-
derstanding of the factors affecting solid solubility in other materials.

The purpose of this paper is to summarize and evaluate the experi-
mental solid solubility data for germanium and silicon binary alloy sys-
tems. Included in this summary are some new data derived from crystal
pulling and thermal gradient crystallization experiments. The use of a
modified form of the distribution coefficient is illustrated by considering
the empirical correlation of solid solubility with atom sizes and heats
of sublimation of the impurity elements. A detailed consideration of the
theoretical interpretation of the solid solubility data will be presented
in a subsequent paper.!

* Presented in part at the meeting of the Electrochemical Society, Philadelphia,
May 4, 1959.
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II. SUMMARY OF SOLID SOLUBILITY DATA

For many systems the only available solid solubility data are values
of k£°, the distribution coefficient of the impurity element at the melting
point of germanium or silicon. Table I summarizes what, in the author’s
opinion, are the best estimates of k° presently available.* The remaining
solid solubility data are summarized in Figs. 1 and 2 as plots of the
solidus (solid-liquid equilibria) and, in some ecases, the solvus (solid-solid
equilibria) curves.T In plotting these curves the melting points of ger-
manium? and silicon were taken as 937°C and 1410°C, respectively. The
latter value is in agreement with Olette’s value® of 1412 4 2°C and Pell’s
value* of 1408 £ 2°C. In the following discussion the sources of the
distribution coefficient and solid solubility data are discussed for each
impurity element. While no attempt is made to give a complete bibli-
ography of the work in this field, enough references are given to permit
the interested reader to find further references to practically all of the
work known to the author as of June 1959. Of particular value have
been the papers of Burton,® Hall®? and Tyler,? in which a considerable
amount of data has been collected.

2.1 Soltd Solubilities in Germanium

Lithium. The solidus curve in Fig. 1 is taken from Pell’s solid solubility
measurements® in the range from 593° to 899°C. Pell obtained a value of
1.6 X 1072 for k° by extrapolating these data to the melting point of
germanium. A value of 0.002 is given in Table I because of the uncer-
tainties involved in the 38° extrapolation and in the assumption made
by Pell that the liquidus curve could be estimated by using a regular
solution model. Pell’s flame analyses appear more reliable than the elec-
trical measurements of Reiss, Fuller and Morin?® above the eutectic tem-

* In this paper the distribution coefficient, k, is defined as k = zg/x; , where
zg and 1, are the atom fractions of the impurity element in the solidus and lig-
uidus alloys, respectively. Frequently, values of £ are reported in terms of concen-
trations; 1.e., k. = cg/cL , where ¢ represents the concentration of the impurity
element. For small concentrations of impurity in the solid and liquid phases
k = kc(d1/ds), where d, and ds are the densities of liquid and solid germanium or
silicon, respectively. However, in many cases it is unclear whether account was
taken of the density change of germanium or silicon on melting or whether & or
k. is reported. No attempt is made here to correct k., values since the correction
is only about 5 per cent for germanium and about 10 per cent for silicon. For most
impurity elements this correction is less than the experimental uncertainty in %.

1 In Figs. 1 and 2, the numbers following symbols refer to the references from
which these points were taken. Where no number is given, the points are taken
from the present work. Where a number and nosymbol is given, the curve is based
at least in part on the work in the reference quoted but no experimental points are
given from that reference.
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TaBLE I — DistriBuTION COEFFICIENTS AT THE MELTING POINTS OF

GERMANIUM AND SILICON

Element Germanium Silicon
Lithium.................... 0.002 0.01
Copper. .......oooiviiin.. 1.5 X 1078 4 X 10
Silver 4 X 1077 —
Gold..........cocoiiil. 1.3 X 107% 2.5 X 1075
Zine... ... 4 X 10 ~1 X 1075
Cadmium. .................. >1 X 1078 —
Boron...................... 17 0.80
Aluminum................... 0.073 0.0020
Gallium..................... 0.087 0.0080
Indium...................... 0.001 4 X 10
Thalium. .................. 4 X 1075 —_
Silicon. .........ooovi.. 5.5 1
Germanium. ................ 1 0.33
Tin. ..o 0.020 0.016
Lead........................ 1.7 X 10™¢ —
Nitrogen. .................. — <1077(?)
Phosphorus.................. 0.080 0.35
Arsenic...................... 0.02 0.3
Antimony . ................. 0.0030 0.023
Bismuth..................... 4.5 X 1078 7 X 107
(0)/477:75) « U — 0.5
Sulfur................ — 10-5
Tellurium. . ................ ~10-¢ —
Vanadium. .. ............... <3 X 1077 —
Manganese. . ............... ~107¢ ~10~%
Tron......................... ~3 X 1075 8 X 10-¢
Cobalt...................... ~10-6 8 X 108
Nickel . . ... 3 X 106 —
Tantalum. .................. — 1077
Platinum.................... ~5 X 1078 —

perature. Reiss and Fuller! have calculated the solvus curve, plotted in
Fig. 1, taking into account ion-pairing and hole-electron equilibria.
Copper. The solubility of copper in germanium has been studied quite
extensively by a number of authors. The solidus curve in Fig. 1 is based
in part on the Hall effect measurements of Woodbury and Tyler,> whose
data above 650°C are in good agreement with the work of Finn'*® and
Hodgkinson,* and especially with the equilibrium radiotracer measure-
ments reported by Fuller et al.'®* However, more recent tracer and con-
ductivity measurements of Wolfstirn and Fuller!¢ yield somewhat higher
solubilities, especially at the higher temperatures. The solidus curve in
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Tig. 1 favors Wolfstirn and Fuller’s data at the higher temperatures and
Woodbury and Tyler’s data at lower temperatures. Below the eutectic
temperature the latter authors’ solubilities are significantly lower than
the previous values determined from electrical measurements,:1% prob-
ably due in part to the failure of the earlier workers to consider deeper
energy levels in interpreting their data. The value for k° of 1.5 X 10-%
given in Table I was taken from the crystal pulling measurements of
Burton et al.V?

Stlver. The value of 4 X 107 for £° was obtained by Tyler? from Hall
effect measurements on crystals pulled at temperatures ranging from
0.7 to 5 degrees below the melting point of germanium. This value of
k°, which is orders of magnitude lower than the value of 10~ reported
by Burton et al.'’, is, however, consistent with the tracer data of Bugay,
Kosenko and Miseliuk?® and with Tyler’s Hall effect data at lower tem-
peratures. These data8® were used to construct the solidus and solvus
curves in IMig. 1. The temperature data of Bugay et al. appear to be some-
what questionable since, in their work on silver and on iron,'® measure-
ments were reported extremely close to or slightly above the melting
point of germanium, 937°C, used in this paper.

Gold. The value of 1.3 X 10~° for k° was obtained by Tyler from Hall
effect measurements on crystals pulled at temperatures ranging from
about 0.2 to 17 degrees below the melting point of germanium. This
figure compares favorably with the value of 1.5 X 1076 reported by
Dunlap,?® and is lower than the figure of 3 X 10~% obtained by Burton
et al.l” Aside from Tyler’s data near the melting point of germanium, no
other solidus curve data are available.

Zine. The value of 4 X 10~ for k° was obtained by Tyler and Wood-
bury8-2 from Hall effect measurements on crystals pulled at tempera-
tures ranging from about 0.1 to 2 degrees below the germanium melting
point. This value is in disagreement with the figure of 0.01 due to Burton
et al.,'7 but is consistent with low-temperature solubility data obtained
by the author. The latter data were obtained from spectrophotometric
analyses of the zine content of erystals grown from zinc-germanium melts
in a thermal gradient using methods described previously.??:#® These
results, although not very precise, are somewhat lower than reported
by the author in an earlier paper,?* and are summarized in Table II,
where 3, is the atom fraction of zinc in the solidus alloy at the tem-
perature, T'. It is apparent that the solidus curve in Fig. 1 is uncertain
by at least a factor of two, and that further work is needed.

Cadmium. The value of >1 X 1075 was taken from Woodbury and
Tyler.8:25 No other solid solubility data are available.

Boron. The value of 17 for k° was obtained by Bridgers and Kolb?®
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Tasre IT — SoLip SoLuBILITY OF ZINC IN GERMANIUM FROM THERMAL
GRADIENT EXPERIMENTS
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* This value was obtained by spectroscopic analysis while the other figures
are the results of spectrophotometric analyses. The uncertainties quoted in this
table represent the spread in the results of analyses on different portions of the
same sample.

from a study of the effect of growth rate on k. No other solid solubility
data are available.

Aluminum. The value of 0.073 for k° and the solidus curve in Fig. 1
are taken from the work of Trumbore, Porbansky and Tartaglia® based
on chemical analyses of crystals grown by pulling and thermal gradient
techniques. Support for the validity of these results is found in the
internal consistency of chemical and electrical measurements on the
same crystals reported by Trumbore and Tartaglia.?

Gallzum. The value of 0.087 for k° and the solidus curve in Fig. 1 are
also due to Trumbore, Porbansky and Tartaglia.?” A discussion of most
of the previous work on both aluminum and gallium is given in their
paper. The value of k° is in agreement with the work of Bridgers and
Kolb,2® who obtained a value between 0.085 and 0.01, and with the
recent value of 0.085 due to Leverton.?® Leverton’s value of 0.085 is prob-
ably a value of k, and if corrected to & using his density for liquid
germanium would be ~0.095. This figure is probably slightly high be-
cause of his relatively large pull rates.

Indium. Burton et al.'” Hall;®® Dowd and Rouse®? and Leverton®®
have obtained values for k° between 0.001 and 0.0013 from tracer and/or
conductivity measurements on pulled crystals. In the author’s opinion,
the values 0.0012-0.0013 are probably high because of the relatively
large pull rates used in these experiments.??:3 Evidence that k° may be
as low as 7 X 10~*has been obtained by the author from resistivity meas-
urements on sections of 16 crystals pulled under a variety of growth con-
ditions. The results of these experiments are summarized in Fig. 3(a),
which is a plot of the resistivity as a function of the amount of indium
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in the melt. All of these crystals were pulled at a rate of 0.5 em per hour.
The “small” crystals were between 5 and 8 mm in diameter, while the
“large” crystals were between 19 and 28 mm in diameter. Unfortunately,
chemical analyses of these crystals proved to be unreliable, so that no
independent check of the impurity concentration could be made. How-
ever, if the resistivity versus concentration curve of Ref. 28 is used,
distribution coefficients can be calculated. (Over most of the concentra-
tion range, these calculations are essentially based on the assumption in
Ref. 28 that the degenerate Hall effect formula, Ry = 1/pe, is valid.)
The results of these calculations are summarized in Fig. 3(b), where the
calculated distribution coefficient is plotted as a function of the melt
composition.

A very interesting feature is immediately apparent from Fig. 3. The
set of “small” crystals pulled in the [100] direction at ~60 rpm gives
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Fig. 3 — Distribution coefficient of indium in germanium as a function of melt
composition in crystal pulling experiments. The values of k plotted in (b) were ob-
tained from the resistivity measurements in (a) and the resistivity-concentration
curves in Ref. 28. The points designated as corresponding to crystals rotated at 60
rpm correspond in some cases to rotation rates of 57 rpm and, for the point corre-
sponding to 3.05 per cent indium in the melt, the rate was 50 rpm. With one excep-
tion all crystals were pulled at 0.5 cm/hr. One crystal (corresponding to the point
at 2.03 per cent indium in the melt) was pulled at 0.1 cm/hr.
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lower values of k than the set of “large” crystals pulled in the [111]
direction at 144 rpm. Evidence that the size of the crystal is the most
important factor determining the effective distribution coefficient is
found in the fact that “large” crystals pulled in the [100] direction
at either 144 or 57 rpm give effective k’s significantly larger than the
“small” [100] crystals. Also “small” {111] erystals rotated at 144 rpm
give effective k’s smaller than “large” crystals pulled under similar con-
ditions. The cause of this size effect is not clear. Perhaps it is related to
the thermal gradient effects discussed by Jillson and Sheckler®* and by
Goss.®* Another possible explanation is that the larger true growth rate
(~20 per cent larger) for the “large” crystals would lead to a larger ef-
fective k as discussed by Burton et al.’” However, at the low growth rates
of 0.5 and 0.6 em per hour this would be expected to be a small effect.
This statement is supported by the fact that two “small’’ erystal ([111],144
rpm) gave the same effective k’s, within experimental error, even though
the pull rates were 0.5 and 1 em per hour. Other obvious factors that
could be playing a role are orientation, rotation rate, shape of interface,
ete. The value of 0.001 for k° given in Table I represents a compromise
between the apparent upper and lower limits.*

The solidus curve at lower temperatures is also not clearly established.
Hall® presented evidence that the solidus curve obtained by Thurmond
and Kowalchik? was in error. The latter authors analyzed crystals of ger-
manium recovered from slowly cooled indium-germanium melts. The au-
thor has obtained some relatively crude data from thermal gradient ex-
periments which qualitatively confirm Hall’s criticism of the earlier data.
However, Hall’s data do not appear to be just upper limits of the solid
solubility as he suggested. Rather, in the author’s opinion, they seem to.
be reasonably good estimates of the true solid solubility. Support for
this opinion is given also by the work of John,*> whose liquidus and re-
sistivity data can be reinterpreted in the light of the liquidus data of
Thurmond and Kowalchik®® and using the resistivity data in Ref. 28.
These data are summarized in Table II1. The curve plotted in Fig. 1 is
drawn to give a reasonable fit to Hall’s data and to the data in Table III.
Near the melting point of germanium only a few of the lower points
from the crystal pulling experiments in Fig. 3 are plotted.

* Recently Thurmond?® has proposed an interesting model for erystal growth.
A consequence of this model is the possibility that an effective distribution coeffi-
cient lower than the equilibrium value might be obtained at finite growth rates.

1 The X-ray measurements of Mack? on indium-germanium alloy p-n junctions
indicate an indium concentration of about 6 X 10 atoms per cc in the regrowth

layer. The temperature corresponding to this concentration is of necessity rather
uncertain, but it is apparently in the range of from 400 to 600°C.
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TaBLE III — Low-TEMPERATURE SOLUBILITY DATA ON THE
INDIUM-GERMANIUM SYSTEM

Tem]iarelroa(t:ure, nlsn(atom/ cc) Source Remarks

~620 5.4 X 108 John3s from Hall measurement

~620 2.7 X 1018 John3s from p measurement and Ref. 28

~700 3.8 X 108 John3s from Hall measurement

~700 2.0 X 1018 John3s from p measurement and Ref. 28

~800 4.0 X 10 this work from p measurement and Ref. 28

~510 3 X 101 this work | from X-ray measurement of lattice
constant assuming Vegard’s law
and Pauling’s tetrahedral radius
for indium37

~300 <1l X 10® this work from p measurement and chemical
analysis

Thallium. The value of 4 X 10-5 for k° is taken from Burton et al.”?
No other data are available.

Silicon. The value of 5.5 was obtained by Thurmond?? from an analy-
sis of the germanium-silicon phase diagram and from crystal pulling
experiments. The solidus curve was determined by Stohr and Klemm,??
whose work has been confirmed in part by Hassion, Goss and Trumbore.*
This system differs from all other known germanium and silicon systems
in that a series of homogeneous solid solutions is formed. The reader is
referred to Thurmond* for a plot of the phase diagram and a discussion
of this system.

Tin. All of the tin data were taken from the work of Trumbore, Isen-
berg and Porbansky.?® Their value of 0.020 for £° is in agreement with
the work of Struthers quoted by Burton.®

Lead. The value of 1.7 X 10~ for k° was obtained by the author from
spectrophotometric analyses on four crystals pulled at 0.5 ¢cm per hour.
The results of these experiments are summarized in Table I'V. One might
speculate that the lower & value for the [100] crystal is due to an orienta-
tion effect, although more data are obviously needed. In addition, an
analysis was made on one crystal grown by the thermal gradient tech-

TaBLE IV — REsurLrs oF CrysTAL PULLING EXPERIMENTS ON THE
LEAD-GERMANIUM SYSTEM

Growth direction Rm?g‘;:;late’ x{)‘b k
[100] 144 0.00259 1.61 X 107
[111] 144 0.00296 1.76 X 10
[111] 144 © 0.0106 1.74 X 107
{111] 144 0.0322 1.48 X 10~
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nique, indicating that, at 805 = 10°C, z3, = 8.9 X 10-5 The solidus
curve in Fig. 1 was constructed from these data assuming a simple solu-
tion model for the solid solutions as will be discussed in a subsequent
paper.!

Phosphorus. The value of 0.080 for £° was obtained by Hall,” who ap-
parently pulled crystals from melts containing GaP and InP. This value
compares with the earlier value of 0.12 due to Burton et al.”?

Arsenic. The figure of 0.02 is due to Jillson and Sheckler® and compares
with the value of 0.04 due to Burton et al.'” and Hall.®! The solidus curve
in Fig. 1 is taken from Thurmond et al.?* and is based on data obtained
by the author from spectroscopic and spectrophotometric analyses of the
germanium remaining after the evaporation of arsenic out of arsenic-
germanium liquid alloys. These data are summarized in Table V. It
should be noted that the evaporation technique requires considerable
care and is very conducive to the production of occluded material. While
there is no evidence to indicate that the data in Table V are not valid
results, it would certainly be desirable to check these results by an inde-
pendent method, e.g. by thermal gradient crystallization.

Antimony. The value of 3.0 X 10~ for k° in Table I is taken from Hall?
and is in good agreement with the work of Burton et al.’” and with the
value of 3.3 X 10~* (probably a value of k,) obtained by Leverton,®®
whose value is probably slightly high because of the relatively large pull
rate. This value of 3.0 X 103 is also consistent with the solidus curve
derived from the tracer diffusion measurements of Thurmond and Kowal-
chik reported by Thurmond et al.?*

Bismuth. The figure of 4.5 X 10~5 given for k° in Table I is a com-
promise between the crystal pulling work of Burton et al.'” and of Mor-
timer,”2 who obtained a value of 5 X 10~% for crystals grown in a hori-
zontal boat at 1% inches per hour. However, Mortimer also gives a figure
of 0.23 ohm-cm for a section of a crystal pulled at £ inch per hour, cor-
responding to a melt concentration of 1.3 per cent bismuth. Assuming the
latter concentration to be weight per cent, the value of % using Prince’s
mobility data®® would be 4 X 10-5. At the germanium melting point, &°

TABLE V — RESULTS OF EvAPORATION EXPERIMENTS ON THE
ARSENIC-GERMANIUM SYSTEM

S

Temperature, in °C L

905 £+ 6 0.00155
853 + 4 0.0032
818 + 4 0.0049
757 £ 2 0.0041
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would probably be somewhat higher than 4 X 10~% but probably not
5 X 10~% No solidus data are available.

Sulfur, Selenium and Tellurium. Tyler quotes maximum solid solu-
bilities of sulfur, selenium and tellurium as >5 X 10!, >5 X 10!% and
>2 X 10 atoms/cc, respectively. A value for tellurium for k° of ~10-8
is given by Tyler.# No other data are available.

Vanadium. The value of >3 X 10~7 for k° is from Woodbury and
Tyler.#* No other solidus data are available.

Manganese. The value of ~107¢ for k° is from Woodbury and Tyler®
and Tyler.® No other solidus data are available.

Iron. The value of 3 X 10-5 for k° was obtained by Bugay, Kosenko
and Miseliuk,!® who also determined the solidus curve. It should be
noted that the temperature measurements of these authors appear to be
somewhat doubtful, since their curve is extrapolated above the value of
the melting point of germanium accepted in the present paper.

Cobalt. The value of ~10~° for k° is from the resistivity measurements
of Tyler, Newman and Woodbury,*® whose results agree with the tracer
work of Burton et al.’” A maximum solid solubility of ~2 X 101%
atoms/cc is quoted by Tyler,? but no other details are given. A reasonable
first approximation to the solid solubility at lower temperatures is prob-
ably given by the iron-germanium curve in Fig. 1.

Nickel. The value of 3 X 10~° for k° is from Tyler and Woodbury*®
and compares favorably with the earlier values of 5 X 10~¢ due to
Burton et al.l” and 2.3 X 10~% due to Tyler, Newman and Woodbury.¥
Solidus data have been obtained by Tyler and Woodbury,8+*¢ while both
solidus and solvus data were reported by van der Maesen and Brenk-
man.® In addition, Wertheim?® has recently obtained solidus and solvus
data from lifetime and conductivity measurements. Wertheim’s solidus
results are in good agreement with Tyler and Woodbury’s solidus data,
which are about a factor of two higher than the data of van der Maesen
and Brenkman. The solidus curve in Fig. 1 favors Tyler and Woodbury’s
and Wertheim’s data, while the solvus curve is from Wertheim, who is
in agreement with van der Maesen and Brenkman where the data over-
lap.

Platinum. The value of ~5 X 10~ for £° is due to Dunlap.?® No other
solidus data are available.

2.2 Solid Solubilities in Silicon

Lithium. Pell* has determined the solidus curve from flame analyses
of diffused crystals in the range from about 592° to 1382°C. Pell pointed
out that the earlier solidus data of Reiss, Fuller and Pietruszkiewicz®
were in error, as confirmed later by Fuller and Reiss.® Pell estimated a
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value of 0.010 for %° by extrapolating his solidus data to the melting
point of silicon. Aside from the uncertainty in k° due to the extrapola-
tion, Pell had to assume regular solution behavior to estimate the
liquidus curve. Hence, a value of 0.01 is given in Table I. The solvus
curve in Fig. 2 is taken from Fuller and Reiss, 52 whose data appear
reliable below the eutectic temperature.*

Copper. The value of 4 X 10~ for k° is taken from the work of Struth-
ers,*+% who obtained a value of 4.5 X 10~ from tracer analysis of crys-
tals pulled at rates of about 10 or 20 cm per hour. Since a large pull
rate was used, it is likely that Struthers’ value is high. The solidus and
solvus curves in Fig. 2 are based on the data of Struthers,* whose work
has been confirmed by Collins and Carlson.*® The shape of the solvus
curve in Fig. 2 is slightly different from Struthers’ curve, since an at-
tempt has been made here to fit his data differently, in order to take
into account the eutectic point.

Gold. The value of 2.5 X 10~% for k° is due to Collins, Carlson and
Gallagher® and compares favorably with earlier values of 3 X 10~% due
to Taft and Horn® and to Struthers as quoted by Burton.® The solidus
and solvus curves in Fig. 2 are based on the combined measurements of
Collins et al.’” and of Struthers.? The earlier work of Struthers® on gold
is in error.®

Zine. The value of ~1 X 1075 for k° is from Hall’s treatment® of the
data of Fuller and Morin®, but their results are divided by a factor of
two, as suggested by Carlson.® A similar treatment of Fuller and Morin’s
data was used to estimate the solidus curve which was plotted to pass
through the data from one radiotracer and two electrical measurements
of Carlson.%°

Boron. The value of 0.80 for k° is quoted by Hall,” who refers to his
earlier work® and that of Theuerer.® A value of 0.80 has also been ob-
tained by Gould.® The work of Pearson and Bardeen,® when modified
by the X-ray and density measurements of Horn,* may be interpreted
as indicating a eutectic at roughly 3 to 7 degrees below the melting point,
so that the solidus curve probably covers this limited temperature range.
The solvus curve is also a very rough estimate based on a single point
at 1200°C obtained by Howard®® from diffusion measurements. Support
for this curve has recently been obtained by Holonyak,% who found
solubilities of > 1020 atoms per ce in the range 700 to 800°C. T

* The eutectic point for the lithium-silicon system shown in Fig. 2 is Pell’s
value of 590 4= 10°C. More recent work by Bohms? indicates a value of 635 + 10°C.

1 It now appears that the sheet resistivity curves used to interpret the boron
diffusion data at 1200°C were in error. Although the correct curves are not yet

available, the point given in Fig. 2 is probably low, perhaps by as much ags a fac-
tor of 2 to 3.
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Aluminum. The k° value of 2.0 X 10~2 is taken from Hall,” who found
this value to be consistent with the amount of aluminum required to
compensate a given amount of antimony in the melt. Support for this
figure, which compares with the value of >4 X 10~* quoted by Burton,?
is found in some zone leveling experiments of Kolb and Tanenbaum.®
The solidus curve has been the subject of a number of conflicting studies,
the discrepancies being as high as three to four orders of magnitude in
solid solubility at certain temperatures. R. C. Miller and Savage® have
discussed critically the earlier works of Spengler®® and Goldstein,”® which
represent the extreme values obtained for the solid solubility. More
recently, Navon and Chernyshov?! obtained a solidus curve from tem-
perature gradient zone melting experiments which agree with Miller
and Savage’s scattered data at the higher temperatures. Similar agree-
ment with the high-temperature data of Miller and Savage was ob-
tained by Gudmundsen and Maserjian” by extrapolating their data ob-
tained at lower temperatures in a study of the properties of regrowth
layers. At low temperatures, however, there are appreciable discrepan-
cies. I'rom spectrophotometric and spectroscopic analyses on crystals
grown in two thermal gradient experiments, the author obtained the
results given in Table VI. 8. L. Miller,” from capacitance measurements
on p-n junctions, calculated a solubility of about 2.5 X 10'° atoms/cc
at 800°C, a result that is more consistent with the data in Table VI.
These figures are more than an order of magnitude larger than Navon
and Chernyshov’s solubilities and about a factor of 2 or 3 larger than
the values of Gudmundsen and Maserjian at these temperatures. The
discrepancy between these sets of data may be partially resolved by the
use of Backenstoss’ mobility data™ extrapolated to higher impurity con-
centrations to interpret the resistivity data.’” In constructing the
solidus curve in Fig. 2, Gudmundsen and Maserjian’s low-temperature
curve, reinterpreted in this manner, was favored to represent a good
compromise between the conflicting sets of data.

Gallium. The value of 8.0 X 1073 for k° is from the work of Hall,” who
found this value to be consistent with the amount of gallium needed to

TaBLE VI — Resurts oF THERMAL GRADIENT EEXPERIMENTS ON THE
ALUMINUM-SILICON SYSTEM

Temperature, in °C ) xil
715 + 10 0.00029 (spectrophotometric analysis)
720 + 10 0.00024 (spectrophotometric analysis)
720 £ 10 0.00030 (spectroscopic analysis)
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TaBLE VII — REsvuLrs oF THERMAL GRADIENT EXPERIMENTS ON THE
GALLIUM-SILICON SYSTEM

Temperature, in °C x(s;a
805 = 10 3.0 X 107
982 + 10 5.2 X 107
1066 + 10 6.4 X 10~

compensate a given amount of antimony in the melt. The solidus curve
in Fig. 2 was constructed using three results obtained by the author from
spectrophotometric analyses of crystals grown at relatively low tempera-
tures by a thermal gradient technique. These results are summarized in
Table VII.

Indium. The value of 4 X 10~ for k° is taken from Hall” and com-
pares with the value of 5 X 10~* quoted by Burton.’ No solidus data are
available, although Backenstoss™ did obtain a solution of 4 X 10v
atoms/cc in pulled crystals, which would indicate a higher value for the
maximum solubility.

Germanium. The value of 0.33 for k° was obtained by Thurmond?
from crystal pulling experiments and an analysis of the germanium-
silicon phase diagram.

Tén. The value of 0.016 for £° and the solidus curve in Fig. 2 are based
on the work of Trumbore, Isenberg and Porbansky.?® The value of %°
compares with a figure of 0.02 due to Struthers quoted by Burton.5

Nitrogen. The value of <1077 for %° is from the work of Kaiser and
Thurmond.”® It should be emphasized that this figure represents only
electrically active nitrogen and is not valid if nitrogen is electrically
inactive in silicon. In the author’s opinion, such a low value for k° seems
rather unlikely in view of the correlations discussed later.

Phosphorus. The value of 0.35 for k° is taken from Burton® and Hall?
and is supported by the work of James and Richards.”® No phase dia-
gram is available,* but solid solubility data have been obtained from
diffusion measurements reported by Mackintosh.” These solubilities,
however, might not represent the true solid solubilities because of the
possibility that, in the diffusion experiments involving PsOs , the phos-
phorus may have been dissolved in a glassy SiO. phase. Hence, the
curve in Fig. 2 should probably be considered a lower limit.

Arsenic. The value of 0.3 for k° was taken from Burton.® The solidus

* Giessen and Vogel?® have recently published a partial phase diagram for the

silicon-phosphorus system. The silicon-rich liquidus curve was determined, and a
Si-SiP eutectic temperature of 1131°C was measured.
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curve in Fig. 2 was estimated from the scattered data obtained from
capacitance measurements by Hassion and Russo.”

Antimony. The value of 0.023 for £° is from Hall,” who found it to be
consistent with the amount of antimony required to compensate given
amounts of aluminum and gallium in the melt. The solidus curve was
estimated from some diffusion measurements of Rohan, Pickering and
Kennedy” and from data obtained by the author from spectrophoto-
metric analyses of crystals grown in three thermal gradient experiments.
The latter results are summarized in Table VIII. A resistivity of ~0.0016
ohm-cm was found for one section of a crystal grown at 1066°C. Using
the mobility data of Backenstoss,” the expected donor concentration
would be ~5 X 10Y atoms per ce, in reasonable agreement with the re-
sults in Table VIII.

Bismuth. The value for k° of 7 X 10~ is taken from a patent issued to
Christian.8® A rough estimate of the solidus curve is given, based on
capacitance measurements of Hassion and Russo.™

Ozxygen. The value of 0.5 for k° was obtained by Thurmond?® from a
vacuum fusion gas analysis on a quenched silicon sample which was
melted in a silica tube. The solvus curve is based on Hrostowski and
Kaiser’s work 8!

Sulfur. The value of 10~° for k° and the solid solubility curve were
taken from Carlson, Hall and Pell.$? Since no germanium-sulfur phase
diagram is available, it is not known whether this is a solidus and/or a
solvus curve.

Manganese. The value of ~10-° for k° is from Carlson.®® One tracer
measurement obtained by Carlson at 1200°C was used to obtain a rough
estimate of the solidus curve.

Iron. The value of 8 X 10~¢ for k° is taken from the work of Collins
and Carlson,% who obtained a value of 6 X 10~% from tracer measure-
ments and of between 5 and 10 X 10~¢ from electrical measurements.
These results are in accord with the tracer measurements of Struthers,

TaBLeE VIII — Resunts oF THERMAL GRADIENT IEXPERIMENTS ON
THE ANTIMONY-SILICON SYSTEM

Temperature, in °C xgb
807 &= 10 6.2 X 107¢
980 + 10 5.6 X 107¢
991 £+ 10 8.1 X 104
1066 =+ 10 6.2 X 10¢
1066 £+ 10 9.3 X 10¢
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who has obtained a value of ~10-5 for £°. The only solubility measure-
ments above the eutectic temperature appear to be the tracer data of
Struthers.®%® Struthers’ data at the higher temperatures appear to be
consistent with an extrapolation of the data of Collins and Carlson below
the eutectic temperature. However, Struthers’ data below the eutectic
temperature disagree with Collins’ and Carlson’s data by as much as
2 or 3 orders of magnitude. It would appear that Struther’s experiments,
which include the “saturation” of silicon with iron as well as the calcu-
lation of surface concentrations from short-time diffusion experiments,
should rule out any complications due to slow and fast diffusing species,
as suggested by Collins and Carlson. However, as pointed out by
Collins and Carlson who checked Struthers’ tracer measurements at
1200°C, the amount of iron used in the tracer experiments might have
been insufficient in both sets of experiments to obtain the equilibrium
solubility. Accordingly, the solvus curve in Fig. 2 has been arbitrarily
drawn to favor Collins’ and Carlson’s data although, in the author’s
opinion, the discrepancy remains unresolved.

Cobalt. The value of 8 X 10~ for £° was obtained by Collins and Carl-
son, 58 who also obtained a solid solubility of 1 X 10® atoms/ec at 1200°C
using tracer techniques. The curve plotted in Fig. 2 is an estimate based
on these two figures.

Tantalum. The value of 107 for k° is taken from Burton.® No other
data are available.

Silver, Cadmium, Palladium. Collins and Carlson®® state that the
solid solubilities of these elements at 1200°C are from 10!® to 3 X 1018
atoms/cc as determined from tracer measurements. No other data are
available.

2.3 General Comments

In the above discussion the author has made no attempt to assess the
absolute accuracy of the experimental data. The temptation to do this
was tempered by the fact that over the years there has been a pro-
nounced tendency for the “accepted” equilibrium solid solubilities to
decrease, even by orders of magnitude in certain cases. This tendency is
quite understandable, in view of the recent development of more refined
electrical and chemical techniques for determining impurity concentra-
tions and of better techniques for the growth of single crystals free from
ocelusions and other imperfections. At the present time, it is likely that,
even for the most carefully investigated systems, the accuracy of the
data is no better than =10 to 20 per cent. Indeed, agreement to within a
factor of two for different investigations is often considered good. While
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for most semiconductor device applications such accuracy is sufficient,
for thermodynamic studies it would be highly desirable to obtain ac-
curacies of even better than 410 per cent, if possible.

For further progress it seems that two general areas of experiment
would be especially profitable. First, more work is needed on the direct
correlation of chemical, tracer or other direct measurements of impurity
concentration with resistivity and Hall effect measurements. Such work
is particularly desirable in concentration ranges where the semiconductor
is degenerate and where the relations between the Hall coefficient and
the carrier concentration are in doubt. Second, more accurate work is
needed on the effect of various crystal growth parameters on the solid
solubility. The results for the indium-germanium system plotted in
Trig. 3 appear to show an effect due to size, orientation, rotation rate or
perhaps some other factor not immediately obvious. The very interesting
work of Jillson and Sheckler® and of Goss* indicates possible effects due
to thermal gradients, rotation, shape of interface, ete., on the effective
distribution coefficient. Such studies, together with earlier works,7:3
indicate that the accurate determination of equilibrium solid solubilities
is subject to considerable complications. Along similar lines, it would be
very worthwhile to carry out further experiments similar to those of
John®® and compare the crystal pulling and thermal gradient data at
low temperatures.

III. CORRELATION OF SOLID SOLUBILITIES

The extent to which a solute element will dissolve in a solid solvent
element is determined by the thermodynamie requirement that the com-
positions of the resulting solid solution and the coexisting solid, liquid or
gaseous phase(s) must be such as to minimize the free energy of the
system. Considerable work has been done on the correlation of the
extent of primary solid solution with various properties of the solute and
solvent elements, e.g. with atom size, valence, electronegativity, crystal
structure, ete. (See, for example, Darken and Gurry.®) In such correla-
tions a common practice is to compare maximum solid solubilities for
various solutes as a function of the property in question. However, since
the solid solubilities depend on the interactions between the solid solu-
tion and other phase(s), the maximum solid solubilities are not neces-
sarily parameters that accurately indicate the relative compatibilities of
the solute elements with the solvent element in solid solution.*
—*—PTl'example, if the bonds between a solute element, 4, and a solvent, B, are

stronger than A-A or B-B bonds, one might expect a solid solution of 4 in B to
be relatively stable with a resulting high solubility of 4 in B. However, the relative
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In the case of germanium and silicon systems, we are mainly concerned
with the equilibrium between solidus and liquidus alloys. Here, the dis-
tribution coefficient is a desirable parameter for comparing the relative
tendencies of various impurities to dissolve in solid germanium or silicon,
since the effect of concentration in the liquid phase is taken into ac-
count. Thus, at the melting point of germanium or silicon the values of
k° can be thought of as giving the relative solid solubilities of the im-
purities, each at the same constant concentration (near infinite dilution)
of impurity in the liquid phase and at essentially constant temperature.

Although the effect of liquid phase concentration is taken into account
by using % as a solid solubility parameter, no account is taken of the
effect of nonideal liquid solution behavior, i.e., of departures from
Raoult’s law. As discussed previously,? such departures can be taken
into account by defining a new parameter

’ X k 1 /.LLO — M3
k ar YL Vs exp( RT ) ’

where ar, v and vs are the activity and activity coefficients, respec-
tively, of the impurity in the liquidus and solidus alloys, based on a
standard state of the pure liquid impurity element, and p§ and us are
the chemical potentials of the impurity in the pure liquid impurity and
in the solidus alloy, respectively. The parameter %’ is used here instead
of 1/vs because of its similarity in form to the distribution coefficient.
The parameter £ may also be considered as a solubility, in the sense
that it represents the atom fraction of impurity in a hypothetical solid
solution in equilibrium with the pure liquid impurity element.t As
expected, k' is larger the more stable the solid solution, i.e., the smaller
us 18 compared to uz .

Let us now examine the use of k& and &’ in correlating solid solubilities
with atom sizes. It was pointed out by Burton et al.” that a rough
correlation exists between the tetrahedral radius of an impurity atom

strength of the A-B bond might also stabilize an intermetallic compound of 4 and
B of a different crystal structure and decrease the amount of primary solid solu-
tion.84 In such a case, the solid solubility itself does not accurately represent the
stability of the solid solution relative to the pure components or, perhaps, relative
to the solid solution of another solute element where no intermetallic compound
is formed.

t This is a hypothetical solid solution in the sense that it must be assumed that
vg remains constant even when the solid solution is no longer infinitely dilute, i.e.,
Henry’s law must be obeyed. (The parameter £°/ may be considered a Henry’s law
constant.) Although this assumption may seldom be valid, £°’ is still a good meas-
ure of the stability of the infinitely dilute solid solution relative to the pure liquid
impurity. It is in the dilute solution range where one can best obtain information
about the basic solute-solvent interaction.
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and its distribution coefficient in germanium at the melting point of
germanium. In recent years a considerable body of additional data,
including some substantial revisions of the earlier data, has been ac-
cumulated. Hence, it seems worthwhile to reconsider the situation for
both germanium and silicon. In Figs. 4 and 5 the distribution coefficient
at the germanium or silicon melting point is plotted as a function of the
tetrahedral radius® of the impurity element.

Tor the case of germanium it is seen that elements from various groups
of the periodic table tend to lic on different smooth curves. As expected
there is a trend toward lower solubility as the radius of the impurity
atom increases, with a relatively rapid decrease in k° in the vicinity of
1.35 to 1.5A. This decrease is in the neighborhood of a 15 per cent size
difference between solute and solvent, where solid solubility becomes
restricted in other alloy systems.8 In the case of silicon, where the data
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Fig. 5 — Distribution coefficients of impurities at the melting point of silicon
as a function of the tetrahedral radii.

are fewer, similar trends are observed. A number of interesting differences
should be noted, however. In germanium the relative order of k° of
elements from different groups is roughly IV > III > V, while for silicon
the order is IV > V > III. Also, for the silicon case the discrepancy in
size, i.e., the difference in tetrahedral radii of silicon %nd the impurity
elements, for elements with a radius greater than 1.22A, is greater than
in the germanium systems. Yet there is little indication of the relatively
sharp decrease in solubility found for germanium at 1.35 to 1.5A. The
elements gallium and aluminum are rather interesting in that they ap-
pear to have about the same tetrahedral radius and are in the same
group of the periodic table. One might, therefore, expect them to have
about the same distribution coefficients. While this is approximately
true in the case of germanium, an appreciable difference is noted for the
case of silicon.

Let us turn now to the consideration of correlations involving &°.
Unfortunately, there are no experimental data on values of v that must
be evaluated to obtain k*. However, the liquidus curve treatment dis-
cussed by Thurmond and Kowalchik?®® may be used to estimate the
values of v to a first approximation. From these estimates of v% , esti-
mates of £ have been made for those elements treated by Thurmond.
These values are plotted against the tetrahedral radii in Figs. 6 and 7
for germanium and silicon.
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Fig. 6 — Plot of the parameter £°’ versus the tetrahedral radii of the impurity
elements for germanium. The arrows indicate the general direction of k°’ where
liquidus curve data are not available to estimate a value of £°’.

For germanium there is not too much difference between the plots of
E° and k°, due to the relatively small departures from ideality in the
liquid phase. However, for silicon the shape of the curves is altered
considerably by the use of £*. Although the data are relatively fewer,
there is now evidence of a sharp decrease in solubility at the higher
values of the tetrahedral radii, as in the case of germanium. It is also
apparent that, in the case of silicon, the difference between gallium and
aluminum has been altered significantly. A rather disturbing feature of
some of the correlations is the anomalous behavior of gold, which does
not fit smoothly into the pattern observed for the other elements. Aside
from possible errors in %° or in the tetrahedral radius, it is possible that
gold is substantially interstitial in the germanium or silicon lattice.
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Another interesting feature of these correlations is that boron appears
to fit relatively smoothly into the correlation, even though the difference
in tetrahedral radii is very large,on the order of 25 to 30 per cent. Because
of this difference, one might except a considerable reduction of solid
solubility. If it is assumed that carbon and nitrogen behave similarly and
fit on the curves for groups IV and V, respectively, the distribution co-
efficients of these elements should also be large, on the order of unity or
perhaps significantly larger. However, in the case of nitrogen, Kaiser and
Thurmond? suggest that k° may be less than 107 in silicon, at least as
far as electrically active species is concerned.

In treating the solid solubilities of tin in germanium and silicon, the
distribution coefficient or £’ was used to calculate the binding energies of
tin in the semiconductor.” The binding energies were then related to the
bond energies in pure tin, since the bond energy for gray tin is simply
half the heat of sublimation to the monomeric vapor species. It was
thought that a simple correlation might be expected to exist between
golid solubilities and heats of sublimation of impurity elements of group
IV and perhaps other groups of the periodic table. A theoretical treat-
ment relating the distribution coefficient to bond energies and strain
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Fig. 7 — Plot of the parameter %k°’ versus the tetrahedral radii of the impurity
elements for silicon. The arrows indicate the general direction of k°’ where liquidus
curve data are not available to estimate a value of £°’.
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energies has recently been given by Weiser.® This treatment would also
lead one to expect some sort of correlation between k°, k* and heats of
sublimation or atom sizes. A rather striking correlation was found,
especially for germanium, as is evident from Figs. 8 through 11, which
are plots of k° and k° as functions of the heats of sublimation of the
solute elements. The heats of sublimation were taken principally from
Honig.?® No attempt was made to correct these heats to the melting
points of germanium and silicon, since the form of the correlation would
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Fig. 8 — Distribution coefficients of impurity elements at the melting point of
germanium as a function of the heats of sublimation of the impuritics to the

monomeric vapor species at 298°K.
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not be affected significantly. It should be emphasized that these heats
refer to the sublimation of the impurity element to the monomeric vapor
species, not to the equilibrium vapor.

The most numerous and probably the most reliable data are on the
germanium alloy systems. The outstanding feature of the correlation of
both £° and k° is the fact that, for germanium, elements of groups III,
IV and V, with the exception of gallium, fall quite close to the same
smooth curve. It is also seen that the copper-silver-gold and transition
metal series fall into separate groups, with the latter group showing no
evident trend of solubility with heat of sublimation.

In the case of silicon, where the data are fewer and probably less
reliable, the plot of k° bears only a qualitative resemblance to the be-
havior found for germanium. Turning to k°, the situation improves
somewhat, and one finds that the same general trends are present as in
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germanium, although the fit of group ITI, IV and V elements to a single
curve is questionable. The point for gold again seems anomalous, as was
the case for the tetrahedral radius correlation.

The above correlations have involved the use of high-temperature
data and theoretical assumptions about the nature of the liquid solu-
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Fig. 10 — Plot of the parameter k°’ for impurity elements in germanium versus
the heats of sublimation of the impurities to the monomeric vapor species at
298°K. The arrows indicate the general direction of £°/ where liquidus curve data
are not available to estimate a value of k°’.
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The arrows indicate the general direction of £°/ where liquidus curve data are not
available to estimate a value of k°’.

tions. It is to be hoped that sufficient reliable data at lower tempera-
tures can be obtained so that a comparison can be made in regions of
the liquidus curves with smaller departures from ideality. Experimental
work on activities of the liquidus alloys would be of great importance in
interpreting the solid solubility data.
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Pushbutton Calling with a Two-Group
Voice-Frequency Code

By L. SCHENKER

A customer voice-frequency pushbutton signaling scheme involving a new
two-group signal code, termed “‘four-by-four”, is descrzbed. It is shown that
the use of this code, with judictously chosen frequencies, permits the detec-
tion of bona fide signals after transmission over any ordinary voice connec-
tion and facilitates discrimination against false signals resulting from
speech. Apparatus for generating the tones is described, and the principles
of reception are discussed.

I. INTRODUCTION

In recent years, customer signaling from a telephone set by means of
pushbuttons has appeared increasingly promising. An early plan has
been reported! in which the operation of a pushbutton produces four
effects: (a) the generation of a damped oscillatory wave at one of ten
digit-identifying frequencies within the voice range; (b) the generation
of a similar damped wave at one of eight party-identifying frequencies,
also in the voice range; (¢) a stepwise reduction of the direct current
drawn by the set and (d) the temporary disablement of the speech trans-
mitter. Actions (c¢) and (d) provide protection against talk-off, i.e., false
signaling due to speech or noise at the transmitter.

This plan contemplated only the transmission of information to the
central office, but in the long run it would be advantageous to be able
to signal “end-to-end,” over any established connection that will
transmit speech. With this added objective several new considerations
are introduced. Clearly, the signals should not contain an out-of-band
component such as the de step. Again, there may be a need for more than
ten distinct signals, and these may be difficult to provide in a scheme
based on a one-out-of-N code, for a new frequency must be added for
each new signal. On the other hand, party identification would not be a
feature of end-to-end signaling. Lastly, sustained rather than damped
signals are strongly preferred for end-to-end signaling, in order to main-
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tain adequate signal-to-noise margins despite wider ranges of transmis-
sion loss.

Voice-frequency signaling as such is, of course, already an established
practice in the Bell System. One example is multifrequency key pulsing?
(MFKP), which is widely used for toll signaling. However, minimization
of talk-off was not a factor in its development, and tolerance of consider-
able carrier shift was one of the prime objectives. Another example is
in-band single-frequency signaling,® which is used in the long-distance
telephone plant for transmission of supervisory and dial signals.

This paper describes an all-voice-frequency signaling system that
provides substantial protection against talk-off. It is based on a two-
group arrangement commonly called the “four-by-four” code. Field and
laboratory tests of the signaling system have been encouraging, and
user reaction to pushbutton operation during a trial involving some 400
customers has been favorable.

II. CHOICE OF CODE

When only voice frequencies are employed, protection against talk-off
mustrely heavily on statistical tools. This protection is required only dur-
ing interdigital intervals; speech interference with valid signals is con-
veniently avoided by transmitter disablement. Since signals with a simple
structure are prone to frequent imitation by speech and musie, some form
of multifrequency code particularly difficult of imitation is indicated. If
the signal frequencies are restricted in binary fashion to being either
present or absent, the greatest economy in frequency space results from
the use of all combinations of N frequencies, yielding n = 2~ different
signals. However, some of these are no more than single frequencies and
are therefore undesirable from the standpoint of talk-off. Another
drawback is that as many as N frequencies must be transmitted simul-
taneously; these involve an N-fold sharing of a restricted amplitude
range, and may also be costly to generate. If n > 10, N would need to be
at least four. At the expense of more frequency space we are led to a
P-out-of-N code, yielding n = N!/P!(N — P)! combinations. There is
statistical advantage in knowing the number, P, of components in all
valid signals.

In order to minimize the number of circuit elements,* as well as to
reduce the sharing of amplitude range, P should be as small as possible,
yet be larger than unity for the sake of talk-off protection. Let us then
examine codes in which P = 2. If one can be found that is not readily

* It is here assumed that the P components are simultaneously produced in P

resonant circuits, at least one of which can be tuned to each of the N possible fre-
quencies.
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imitated by speech or musie, there is no merit in choosing P higher than
two, provided that the total number of frequencies N needed for the
required number of combinations can be accommodated in the available
frequency spectrum. With P = 2, N must be at least five to provide ten
combinations (for the ten digits). With N = 6, 15 combinations are
available. The familiar MFKP signaling scheme makes use of a two-out-
of-six code.

There are advantages, as we shall see, in imposing the further restric-
tion that, with P = 2, the frequencies for each combination fall respec-
tively in two mutually exclusive frequency bands. If, for example, 15
combinations are required, N must be at least eight (giving 16 combina-
tions). In the four-by-four code, eight signal frequencies are divided into
two groups: group A, the lower four frequencies, and group B, the upper
four. Each signal is composed of one frequency from group A and one
from group B.

III. BAND SEPARATION AND LIMITER ACTION

With a group arrangement, it is possible at the receiver to separate the
two frequencies of a valid signal by band filtering before amplification or
determination of the specific components. This separation of the two
components of a signal renders reliable discrimination between valid
signals and speech or noise simpler for two reasons: (a) each component,
can be regulated separately, thus compensating for “slope,”’ the differen-
tial transmission loss incurred by the two components, and (b) an in-
stantaneous extreme “limiting” can be applied to each component after
band separation, and thus provide a substantial guard action.

It is a characteristic of extreme instantaneous limiters that they
accentuate differences in levels between the components of a multi-
frequency signal. This may be used to provide guard action, that is,
action to reduce the probability of false response to speech or other un-
wanted signals. Fig. 1(a) shows the input and output of such a limiter
with an input signal composed of two frequencies. The lower frequency
(dotted line) has the larger input amplitude. Assuming infinite gain, the
limiter output may be constructed from the axis crossings of the input.
The higher frequency produces some interference, but the low frequency
dominates in the output. In this example, noise could be substituted for
the higher frequency. In Fig. 1(b) the higher frequency has the larger
amplitude and dominates in the output. Quantitative relationships are
shown in Fig. 2, where the abscissa is the ratio at the limiter input of the
power in the interference to the power at the wanted frequency, and the
ordinate is the power at the wanted frequency at the limiter output rela-
tive to its value in the absence of any interference at the input. Curve 1
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Fig. 1 — Instantaneous output for two-frequency input.
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is for the case where the unwanted component is random noise; curve 2
applies where the unwanted component is a single frequency, not a har-
monic of the wanted frequency. (The mathematical analysis leading to
these results was made by S. O. Rice.) Experimental results are also
shown for the case of a wanted frequency of 900 ¢ps and an unwanted
frequency of 500 cps.

What is the significance of the data shown in Fig. 2 with respect to
guard action? Speech may contain components which simulate proper
signals, but it is likely to include energy at other frequencies also. The
selective circuitry that follows the limiter is designed to recognize a
signal as bona fide only when it not only falls within a rather narrow
passband, but also appears at an amplitude within about 2% db of the
full output that the limiter is capable of delivering. Thus, when a burst
of speech contains components at more than just the two signal fre-
quencies, this fact is used to inhibit recognition of the signal frequencies
in the burst. Inspection of Fig. 3, a simplified block diagram of the re-
ceiver, may be helpful at this point.

DETECTOR SPACE
SELECTIVE AND OUTPUT DIVISION
CIRCUITS CIRC|UITS OUTTUTS
|
L4 Y i

——— o ]

LIMITER A ————— A2
st A 3
FREQUENCY L A4
DIVISION
INPUT BAND
SEPARATION
—_— FILTERS
B1

 ———— - T

LIMITER B —————eB83

B4

Fig. 3 — Simplified block diagram of four-by-four receiver.
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Aside from considerations of guard action, it is interesting to note that,
in divesting signal tones of amplitude variations, a limiter endows a se-
lective circuit with an appreciably higher degree of selectivity than would
normally be associated with the selective circuit’s response characteris-
ties. Thus, simple tuned cireuits can adequately perform the function of
frequency discrimination. An incidental by-product of this feature is that
the response to tones with frequencies just outside the range recognized
as valid is only moderately less than the response to valid tones. Conse-
quently, sidebands associated with pulsing rates are only slightly attenu-
ated and no specific allowance need be made for them in selecting the
spacing between signal frequencies. G. C. Prins has taken advantage of
this property for the control signaling for TASI,* in which a four-by-
four-by-three code is used.

Guard action of the type that has been discussed requires that only
one of the two tones making up a valid signal be admitted to each limiter.
In order to derive the full benefit of limiter guard action, as much of the
speech spectrum as possible should be given access to the limiter. Clearly,
a bandpass filter preceding the limiter, to separate the two components
of a valid signal, would defeat this objective, since it would permit com-
petition for limiter capture between a signal frequency and only that
portion of the speech burst lying in the same band (A or B). On the other
hand an elimination filter allows competition with the whole speech
speetrum except the attenuated band (B or A). Suitable characteristics
for the band elimination filters are shown in Fig. 4. The loss in the
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Fig. 4 — Insertion loss characteristies of band-elimination filters.

* The engineering aspects, but not the signaling aspects, of TASI (Time As-
signment Speech Interpolation) are described in Ref. 4.
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elimination band is more than 17 db. It will be shown that the two com-
ponents of a bona fide signal differ at most by 5 db; consequently the
interfering effect at the limiter input of the complementary component
is never greater than that of an unwanted signal 12 db below that at the
wanted frequency. It may be seen from Fig. 2 that the effect of noise 10
db or more below the signal is insignificant.

The fact that the band-elimination filters provide discrimination no
greater than 17 db or so is advantageous in that guard action is still
effective when an unwanted signal — speech or music — contains two
major components at frequencies essentially the same as in a bona fide
signal, but with amplitudes that differ by 17 db or more. Even in the ab-
sence of any other speech energy, the stronger component, although at-
tenuated by the filter, would have at least the same amplitude as the
weaker component at one of the limiter inputs, with the result that the
limiter output would be reduced by 3 db, which would prevent recogni-
tion.

It may be desirable under some circumstances to increase the extent
of guard action. This can be achieved by placing an equalizer ahead of the
two band-elimination filters. Pre-emphasis of frequencies outside the sig-
naling range enhances guard action. A speech burst containing two
proper signaling frequencies might be registered as a valid signal if there
is an insufficient aggregate of power at extraneous frequencies to invoke
limiter guard action. Statistically, there are borderline cases where en-
hancement of these extraneous frequencies will tilt the balance. The prac-
tical limit to this procedure is set by system noise levels, which would also
be enhanced and which would eventually tend to prevent the recognition
of bona fide signals.

IV. CHOICE OF FREQUENCIES AND AMPLITUDES

4.1 Frequencies

Attenuation and delay distortion characteristics of typical combina-
tions of transmission circuits are such that it is desirable to keep a mul-
tifrequency signal system within the 700 to 1,700 cps range.?

The choice of frequency spacing depends in part on the accuracies of
the signal frequencies. It is expected that signals generated at the sta-
tion set will be within 1.5 per cent of their nominal frequency values, and
that the pass bands of the receiver selective circuits can be maintained
within 0.5 per cent of their nominal ranges. (The basis for these esti-
mates is discussed later.) Consequently, the selective circuits of central
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office receivers need to have recognition bands of =42 per cent about the
nominal frequencies. In the case of receivers designed for end-to-end
signaling, additional tolerance will be needed to accommodate the fre-
quency changes introduced by carrier shift in some toll systems. Large
frequency shifts are introduced only by the nonsynchronized systems
(C, H and J), and even here the increasing use of voice-frequency tele-
graph and telephone signaling puts a premium on closer limits. Tentative
requirements of 410 cps of carrier shift were adopted for the signaling
system described here.

The standardization of amplitude brought about by limiting permits
an accurate definition of recognition bands in the receiver, irrespective
of loop losses or slope. Judicious use of timing — namely, in delayed
scanning of the selective circuit outputs — minimizes the effects of
transient components upon adjacent channels. As a result, frequencies
may be spaced quite closely, approaching, in fact, the recognition band-
width of 4 per cent 4+ 20 cps. If the lowest frequency is chosen as 700
cps, the next frequency must then be more than 748 c¢ps, which is 7 per
cent higher. Another 1 or 2 per cent increase in spacing makes the precise
maintenance of the bandwidth less ecritical.

Another factor can profitably be taken into account in the selection
of a frequency spacing. To reduce the probability of talk-off, the com-
binations of frequencies representing bona fide signals should be such
that they are not readily imitated by the output from the speech trans-
mitter. In a receiver with the guard action described, no sound composed
of a multiplicity of frequencies at comparable levels is likely to produce
talk-off. Thus, consonants present no problem. Vowels do, however, as do
single-frequency sounds such as whistles that are large enough to en-
counter some harmonic distortion in a carbon transmitter. Fletcher® has
shown that an electrical analog of the mechanism involved in the articu-
lation of vowels is a buzzer (the voeal cords producing a fundamental
and a long series of harmonics) followed by a selective network that
shapes the harmonics into “formants” of the vowel sound. As a result,
the spectrum of any sustained vowel contains a number of frequencies
bearing harmonie relationships to each other. Hence, it is desirable that
the pairs of frequencies representing valid signals avoid as many of these
harmonic relationships as possible. The number of undesirable combina-
tions is large but finite. Considering harmonics based on fundamental
frequencies down to 100 cps, there are about 65 combinations that fall
into the 700 to 1700 cps range, with one frequency below and one above
the geometric mean of 700 and 1700 cps.

A family of frequencies that avoids a large proportion of troublesome
combinations and also meets all the other requirements discussed so far



PUSHBUTTON CALLING WITH VOICE-FREQUENCY CODE 243

is as follows, the adjacent frequencies in each group being in the fixed
ratio of 21:19, with one-and-a-half such an interval between the groups:

Group A Group B
697 cps 1,094 cps
770 1,209
852 1,336
941 1,477

All frequencies are essentially within the 700 to 1,700 cps range, and the
spacing is adequate to accommodate the recognition bands. The 16 pairs
of frequencies representing valid signals avoid low-order ratios.

This is illustrated in I'ig. 5 where frequencies are plotted on two
logarithmic scales: those below 1,000 cps as abscissae and those above
1,000 cps as ordinates. Any valid signal is represented by a pair of co-
ordinates — namely, its two component frequencies. The 16 square ‘‘win-
dows” represent the 2 per cent recognition bands required, with no
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Fig. 5 — “Window”’ diagram for four-by-four code signal frequencies.
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allowance for carrier shift. The rectangles with (2 per cent + 10 cps)
sides represent the recognition bands for receivers involved in end-to-end
signaling. The diagonal lines are the loci of pairs of frequencies having
simple harmonie relationships, i.e., 1:2, 2:3, 3:4, 3:5,4:5 and 5:6. The
avoidance of these particular diagonals is beneficial, because they repre-
sent the effects of harmonics not only of the corresponding order but also
of higher order, for example, the third and sixth, the ninth and 15th, etc.
Not all applicable diagonals are shown in Fig. 5, and 18 of the 65 po-
tentially troublesome combinations are not avoided. However, if two fre-
quencies in speech representing two fairly high-order harmonics happen
to fall at proper signal frequencies, their fundamental will be low in
frequency, and the odds are then good that other harmonics within the
telephone speech band will, together, have sufficient relative intensity to
bring guard action into play.

Obviously, the larger windows needed in end-to-end receivers increase
the probability of talk-off from harmonics in vowels.

Comparable benefits with respect to talk-off can be derived from other
sets of frequencies with the same geometric spacing but displaced up or
down on the frequency scale. The effect of such displacement is to shift all
the windows in a direction parallel to the diagonals.* This specific set of
frequencies was chosen because it is interleaved with the frequencies
proposed for the tone ringer.!

It may be noted that, although a multigroup code requires a larger
number of frequencies than a nonredundant P-out-of-N code, the closer
frequency spacing made possible by group separation and limiting can
actually result in economy of frequency spectrum.

4.2 Amplitudes

Since signaling information does not bear the redundancy of spoken
words and sentences, and yet must be transmitted with a high degree of
reliability, the signal power needs to be larger than the average speech
power output from a telephone. A nominal combined signal power for
the two frequencies of 1 db above 1 milliwatt at the telephone set
terminals has been adopted as a realistic value, a =3 db tolerance about
this nominal value being acceptable.

For subscriber loops the maximum slope between 697 and 1,477 cps
is about 4 db, the attenuation increasing with frequency. In two-sub-
scriber loops (as in end-to-end signaling) the slope may be 8 db, al-
though statistically this is unlikely. A reduction in the maximum amount

* Raising the frequencies reduces the areas in the rectangles representing car-
rier shift, but this effect is small enough to be ignored.
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of slope can be achieved by transmitting the group B frequencies at a
level 3 db higher than that of the group A frequencies. In this way the
amplitude difference at the receiver input between the two components
of a valid signal is never more than 5 db, and rarely more than 3 db.
The nominal output powers are chosen as —3% dbm and —3 dbm for
groups A and B respectively, adding up to +1.3 dbm. In more than 99
per cent of station-to-central-office connections the 1,000 cps loop loss
is expected to be less than 10 db (during the early 1960’s). Similarly,
the station-to-station loss at 1,000 cps is estimated to be less than 27 db
in more than 99 per cent of all connections. Making some allowance for
slope and variations in the generated power, the minimum signal power
at a central office receiver is estimated to be —15.5 dbm. At a receiver
involved in end-to-end signaling the minimum power is estimated to be
—32.5 dbm.

V. GENERATION OF SIGNALING TONES

5.1 Circuit Aspects

A circuit devised by L. A. Meacham and F. West for the generation
of the four-by-four code dial signals is shown in Fig. 6. Variations of this
circuit are also under consideration, but the version in Fig. 6 is most
easily described.

As a practical matter, numerous advantages arise out of the integra-
tion of the pushbutton dial circuit with the speech network of the 500-
type telephone set. This may be done without any modification in the
existing speech networks. The integrated circuit is shown in Fig. 7.

Operation of any pushbutton results in the generation of two tones,
which last as long as the button is held down. While a button is depressed
the speech circuit is disabled. Such performance is achieved as follows:

There are two tuned circuits, each consisting of a three-winding coil
(a, A’, A” and B, B/, B”) and a tuning capacitor (¢, and cg). Windings A
and B have a number of taps. The operation of a pushbutton results in
the actuation of three switches, one of the x,’s and one of the kp’s (early
in the button stroke) and, lastly, the common switeh, k; . In Fig. 6(a),
K; is shown in the normal (speech) condition. In this condition, most of
the direct current drawn by the speech circuit flows through a diffused
junction silicon varistor rv; and some through windings A and B. The
direct current through rv; is more than 15 milliamperes, and under this
condition the aec resistance introduced in series with the loop is less than
3 ohms and has a negligible effect on the transmission of speech. The
forward drop of the diode is stabilized at about 0.6 volt.
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When a pushbutton is operated, the closure of one of the x, and one
of the kg contacts connects each tuning capacitor to one of the taps on
the associated tuning coil. Resonant frequencies are thus established for
each tuned circuit, corresponding to the digit signal to be transmitted,
but no signal is as yet generated. In the latter part of the travel of the
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Fig. 6 — Pushbutton caller circuit: (a) shown as an appliqué to the 500-type
telephone set circuit; (b) basic oscillator circuit.
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button, switch x; is actuated through a mechanism common to all but-
tons. This produces three results: (a) The direct current through the
main windings A and B is interrupted, causing shock excitation of the
two tuned circuits. (b) The speech circuit is almost short-circuited (the
resistance of Rr; is low, but so chosen that the subseriber hears the out-
going signal at a low level). There is, therefore, no appreciable inter-
ference from the speech transmitter while a signal is going out. (¢) Volt-
age is made available to the transistor. Having been started at full
amplitude, the two-frequency oscillation is sustained by feedback through
transistor current multiplication and transformer action between the
secondary and tertiary windings of each coil.

The operation of the oscillator is more readily apparent from Fig.
6(b), which shows the circuit in the signaling condition, but omits for
clarity the elements of one of the two tuned circuits. It may be shown
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Fig. 7 — Pushbutton caller circuit integrated with 500-type set.
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that this is a bridge-stabilized oscillator” employing a T network bridged
by mutual inductance.

The bias for class A operation of the transistor, provided by the resis-
tor Ry and the silicon varistor rRv; , results in a constant direct emitter
current. This current need only slightly exceed the peak alternating cur-
rent, and is preferably kept small to minimize collector dissipation; there
is no reason for allowing it to go up with collector voltage (on short
loops) as it would if a resistance were used instead of the diode. Further,
the diode represents a low ac resistance, obviating the need for a bypass
capacitor.

The oscillator action is determined by two key equations, one ensuring
that the feedback loop gain exceeds unity, and the other governing the
amplitude of the oscillation. The first of these equations may be shown
to be

Roeti = 70% (Tb - 1)[1 - 7'1,(1 - 01)]7 (1)

where

R; o1t = R2 + resistance of 6-7 windings of both coils 4+ hg (tran-
sistor grounded base input impedance);
ry = turns ratio of base winding (8-9) to emitter winding (6-7);
ry = turns ratio of tuned winding (1-5) to emitter winding (6-7);
k = a factor less than unity (see below);
L = ncminal inductance of tuned winding (1-5) and
Q, v, and « have the customary meanings, (nominal values).

Equation (1) is a modification of the inequality
= QuL
R 2 L8 (= DL = 01 - ), (1a)
t

the significance of which is explained below. The coefficient k is less than
unity by an amount sufficient to ensure that the inequality (1a) is satis-
fied in spite of all admissible combinations of variations in @, w, L and
a. The physical significance of (1) and (1a) is easily recognized by con-
sideration of the case of r, = 2 and « = 1. Then,

Ryett < 5 (2)

1.e., Ry o5 must be less than the impedance seen across the 6-7 winding at
resonance. If the peak value of the ac voltage from emitter to “ground”’
is e, , more than }e, appears across the 6-7 winding, and more than e,



PUSHBUTTON CALLING WITH VOICE-FREQUENCY CODE 249

appears across the 8-9 winding, one end of which is grounded through
Rrv: . Neglecting the small ac drop from base to emitter, more than e, ap-
pears at the emitter, the assumed starting point. Thus, the loop gain
exceeds unity and the amplitude of oscillation must grow until the loop
gain stabilizes as a result of some nonlinearity.

Nonlinearity is introduced by means of the silicon varistor rRv, , which
rapidly reduces @ as soon as the amplitude across its terminals exceeds
its forward drop vs, which is approximately 0.6 volt. Since the active
element is thus not driven into its nonlinear region, several independent
oscillations can be sustained at the same time by the single transistor.
Let

rg = turns ratio of winding bridged by rv, to the emitter winding

(6-7).
Then the peak value of the ac emitter current is given by
: vary — 1
. = — . 3
’ Ta Rayern (3)

From this, 74 can be computed to give any desired 7. . More exactly, the
actual ac voltage-current characteristic of the silicon varistor should be
taken into account.

Neglecting leakage, the voltage-current relation for a silicon diode is
quite accurately represented by

Va= A + Blogy I, 4)
where

A and B = constants,
V. = instantaneous voltage across diode,
I; = instantaneous current through diode.

The ac resistance of a diode when it is conducting a direct current I,
is found by differentiation of (4). However, in the present application,
the voltage-limiting diodes rv, and rvyg do not conduct any direct cur-
rent. F. T. Boesch has shown analytically as well as experimentally
that, in this condition (assuming voltage to remain sinusoidal), the re-
lation between the peaks of voltage and current is well approximated by

vg = a + blogp 4, (5)
where
a=A 4 0.33B
b = B.



250 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1960

Thus, the effective ac characteristics of the diode can be computed from
a measurement of the de¢ characteristics. Substituting the value of v,
given by (5) into (3), one obtains

i =(1+b10g10’id7'b— 1. (6)
T4 Rs st
By making use of the various relationships arising out of the transformer
and transistor action, 4 is eliminated from (6) and the second key equa-
tion is thus obtained, from which r4 can be computed to yield the desired
amplitude 7, . This is

i |:1 — (1 _ a) _ Ry o 7‘:2 :| = 7, BX [ Tabel?s et _ t_l:l (7)
‘ b (rs — 1)Qul dOX o = 1) b

The equation is not explicit in terms of 4 , but yields sufficient accuracy
with two or three successive approximations.

The design procedure then is: (a) Select r, . The choice is not very
critical. Values of r, between 2 and 5 have been found to result in stable
designs. (b) Compute r, from (1). (¢) Compute 7, from (7). These com-
putations are made at the lowest of the frequencies in each group. The
condition for oscillation, (1), is then also met at the higher frequencies
of the group.

5.2 Frequency Stability

Owing to the bridge-stabilized nature of the oscillator, many potential
sources of frequency instability have a relatively minor effect. Thus,
the total change in frequency caused by variations in loop impedance,
battery voltage and transistor properties is less than #0.15 per cent.
There remain, however, two major sources of frequency instability: (a)
variations in tuning elements and (b) frequency pulling.

Stability of the tuning elements is, of course, of prime importance.
Ferrite cup core inductors offer a combination of advantages not avail-
able with other types of cores: good mechanical strength, moldability,
simplicity of separately fabricated cylindrical winding, inherent en-
closure of the winding, adjustability of inductance and good @ for a
given size and stability. Temperature stability and @ can be traded by
incorporation of an air gap in the magnetic path with the effect of di-
luting the inherently high permeability of ferrite, but also diluting the
temperature variations in this property.

At audio frequencies the core losses are small compared to copper
losses. It is readily derived that, in this range,

Q= wD*™S, 8)
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where

D = typical linear dimension of core,
u = permeability of ferrite,
1/8 = fractional change in permeability u per degree of temperature
change,
1/8. = fractional change in effective permeability u. per degree of tem-
perature change.

Thus, for a core of given size, D, and of material having given proper-
ties p and S, @ is inversely proportional to temperature stability. For
manganese-zine ferrite, typical values are u = 1,200 and 1/S = 2,000
ppm/°C. With a core about 1 inch in diameter and 0.5 inch in height,
and with an air gap such as to achieve a stability corresponding to 1/S, =
300 ppm/°C, a typical value of @ is 30 at 700 cps. Capacitors with poly-
styrene as the dielectric have a negative temperature coefficient of about
—100 ppm/°C, which compensates for part of the change in coil in-
ductance. Frequency variations due to temperature changes over the
range from —30°C to +55°C may thereby be held down to less than
=+0.5 per cent.

Adjustability of inductance is desirable so that requirements on initial
values of the tuning capacitors may be reduced. This is brought about
by varying the reluctance introduced by the air gap. In one design, it is
achieved by axial motion of a central slug bridging an air gap between
the center posts of the two cups. In another design, parts of the center
posts are cut away in a manner such that rotation of one cup relative
to the other produces a change in reluctance.

In a dualfrequency oscillator with a common active element there
exists some “pulling” together of the two frequencies that are generated
simultaneously. The presence of the tuned circuit of the second fre-
quency introduces some reactance into the feedback loop at the first
fequency. To compensate for the resulting phase shift, the first tuned
circuit must go off frequency — the closer the two frequencies, the
greater the shift. A mathematical study, confirmed by experiment, has
led to the following expression for the frequency change:

_ fufs
At = s =T )

where
fa, fs = nominal frequencies being generated,
Q. , Qs = circuit @’s obtaining at the above frequencies.

In the four-by-four code, pulling is worst with the 941-1094 cps combi-
nation of frequencies. With practical circuit components, pulling for this
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combination is about 3 cps for each of the two frequencies. By changing
tap locations, this error can be halved, to become about 40.15 per cent.

Except for manufacturing tolerances, there is no other single large
source of frequency variations. Considering all sources, it appears prac-
tical to hold frequencies within =1.5 per cent of nominal values; even
a =1 per cent tolerance may eventually be approached.

5.3 Amplitude Stability

The emitter current amplitude is given by (3), and the peak ac col-
lector current is

. VaTp — 1

e R (10)
Since 7 and r, are turns ratios, the quantities a, v; and R; o are mainly
responsible for variations in 7, . As far as the power delivered to the loop
is concerned, further variations are associated with the range of loop
impedances.

Whereas it is essential to hold frequencies to values within the recog-
nition band of the receiver, no severe requirements need be set on signal
power at the set terminals. Using a precision resistor for ry, but rela-
tively inexpensive units for the amplitude controlling diodes rv, and
Rrvg, power delivered to a 900-ohm loop may vary by up to £2 db
from the nominal values. Differences in loop impedance may introduce
an additional variation, but the total is expected to be less than +3 db.
In the case of the circuit shown in Fig. 7, these values are modified by
the effect of loop equalization inherent in the 500-type set’s circuit.’
This effect is beneficial since on short loops smaller signal amplitudes
are not, only acceptable but desirable.

5.4 Pushbutton Mechanism

Means must be provided to translate the customer’s operation of
pushbuttons into the switch operations described earlier, that is, closure
of one each of the x, and Ky contacts followed by the common switch
Ki . A mechanism developed by C. E. Mitchell and R. E. Prescott to
perform these functions is shown in Fig. 8.

The operation of a pushbutton causes the rotation of two rods, one
associated with a row of buttons, the other with a column. The coordi-
nates of a button uniquely determine the pair of rods that rotate when
the button is pressed. In the mechanism in Fig. 8, there are four rods
corresponding to rows and three to columns. Hence, there are 12 possible
combinations of the seven rods; two of these are spares, and the cross-
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Fig. 8 — Transparent model of pushbutton mechanism.
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points may not be equipped with buttons. The four-by-four permits an
extension of the array, as may be desired, up to eight rods and 16 but-
tons.

The rotation of a rod closes one of the contacts x, and xs . Moreover,
rotation of any of the four rods corresponding to the four rows produces
linear motion of the link on the left side of the button array. This link
is coupled to a common snap switch performing the function of x; in
Fig. 6(a). Although not shown in Fig. 8, all signaling circuitry is mounted
on the back of the mechanism, making the pushbutton caller a self-
contained unit that can be substituted for the rotary dial.

VI. RECEIVER

A detailed discussion of receiver design for this two-group signaling
system is beyond the scope of the present paper. However, it seems de-
sirable to touch briefly upon the principles involved, emphasizing those
that are directly related to the specific code and frequency allocation of
the four-by-four system.

The general requirements to be met are:

i. To detect the presence of a bona fide pair of signaling tones in a
sufficiently short time that essentially no restriction is placed on the
customer’s operations or on the pushbutton mechanism to provide delay
in release.

ii. To provide the maximum possible talk-off protection consistent
with adequate immunity to interference from circuit noise.

Earlier sections have discussed the means employed to optimize de-
tection of valid signals and the guard action inherent in the concatena-
tion of (a) band elimination filters for separation of the two signaling
tones, (b) instantaneous extreme limiting of the tones individually, (c)
selective circuits passing the fundamentals of these tones after limiting
and (d) threshold detection of the response in the selective circuits.

A test for the presence of two and only two tones is a further means for
distinguishing between valid signals and others. Part of such a test is
provided by limiter guard action: no more than one selective circuit from
each group can ever by energized at one time. However, logic must be
incorporated to apply the criterion of simultaneous presence of at least
one tone in each group.

Recognition time for a valid signal — that is, the time interval for
which both components are required to be present without interruption
— is an important parameter in receiver design. With the rapid changes
that are characteristic of most speech, there is a substantial advantage
in making this time as long as possible. However, an upper limit is set
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by the requirement that the system accommodate the most rapid push-
button operation that a customer is at all likely to attain. A compromise
between these confleting objectives is, of course, necessary. Work to date
indicates that the recognition time should be of the order of 40 milli-
seconds.
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