
















































































































































RELAXATION PHENOMENA IN FERIUTES 747 

It will be observed that 0 and cI> are not the usual polar coordinates but 
are angles especially suitable to describing events occurring in the (110) 
plane. The first term in this expression is the energy of the magnetization 
in the external field. The second term includes the crystalline anisotropy 
energy, the shape anisotropy of the specimen and any energy due to 
magnetostriction. The third term is the free energy of the free electrons. 
\Ve now wish to obtain the x and y components of the torque acting on 
the magnetization. These torques will be given by 

aF 
Ty = -ao 

T = aF 
x acI> (3-2) 

where the derivatives are taken with N i held constant. This procedure 
is consistent with (1-12) for dW Idt. 

\Ve obtain for T y , setting cI> = 0 

Ty = -111H sin (0 - 1]) - aG - L Ni aCi (3-3) ao i ao 

Returning to (1-1), "we can write generally for Ni , ignoring a transient 
term, 

N = N" - -tIT It tIT �d�N�i�~� dt 
£ �t�~� e e dt (3-4) 

If we insert (3-4) into (3-3) we obtain, 

Ty = -11IH sin (0 - '11) _ aG _ "N. aCi ., ao Lt �t�~� ao 

+ L aCi e-tlT It etlT �(�a�N�i�~�)� r!! dt 
i ao ao dt 

(3-5) 

Let us expand this expression around the equilibrium angle 00 to obtain 

Ty = -l11H sin (00 - 1]) - (a G) - L �N�i�~� (aCi) ao 110 i ao 110 

- (MIl cos (eo �-�~�)� + �(�:�:�~�)�,�"� + J; �[�~�(� �N�i�~� �~�~�i�)�]�J� M (3-6) 

+ L (aCi) �(�a�N�i�~�)� e-tIT It etlT (r!!) dt 
i ao 110 ao 110 dt 
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which can be expressed in terms of the equilibrium free energy as 

-MIl sin (00 -'rJ) _ (aG) _ (aFoo ) 
ao 00"' ao 00 

( ( a2G) (a2F ) ) - MIl cos (00 - rJ) + -----z + -----f boO ao 00 ae 00 
(3-7) 

+ ~ (~~i)" e:e:~) e-'" l' e'" (~~) dt 

We choose 00 so that MIl sin(Oo - rJ) + (aG/ae)oo + (aF ~jaO)oo = 0 
and suppose that Il is large enough so that 00 is substantially equal to 
rJ. We shall now drop subscripts and suppose that the field and equi
librium magnetization are in the direction e. We further recognize that 
boO = Mx/M. The expression for Ty then becomes, 

+ L (aCi) (aNi OO
) e-tlT It tIT J.- dMx dt 

i ao ao e lk[ dt 

(3-8) 

An exactly similar expression is obtained for T x 

T = (MIl + a
2

G + a
2

F (0) J1fy 
x act>2 act>2 M 

_ L (aCi) (aNiOO ) -tIT It tfT ~ dMy dt 
i act> act> e e M dt 

(3-9) 

The torques Tx and Ty may now be substituted into the equation of 
motion of the magnetization 

dM dt - -,,/r - "1M X Ii (3-10) 

where "I = ge/2mc and Ii is the driving field. It will be observed that 
l1f x and My will vary sinusoidally with frequency w of the driving field 
for small amplitude motion. In that case, we can write 

e-t/T It etfT dMx dt = r dMx + (wr)2 Mx (3-11) 
dt 1 + (wr)2 dt 1 + (wr)2 

and similarly for My . It now becomes an elementary matter to compute 
the resonance line width and the field shift brought about by the re
laxation process. 
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The total line width is given by, 

Mi = - ~ L; ( e~;) (a~;~) + e~) e~~) ) l+W(WT )' '(3-12) 

while the field required for resonance is increased by, 

_~1_ (a2
F,OCJ a2

F OCJ) 
2M a()2 + ael>2 

+ 2~ L; ((~~;) (a~;~) + e~) e~~)) 1 tT;~T)' 

oH = 
(3-13) 

The expression 

L; (e~) (a~;~) + (~~) (a~~)) 
is very similar to an expression that arose in discussing domain wall 
motion. We can treat this term exactly as was done in arriving at (2-9). 
We shall find that 

L;((~~;)e~:~) + e~)e~~)) 
= _ N < [dCi _ < dCi >J2 + [dCi - < dCi >J\ 

kT dO dO del> del> 

(3-14) 

Let us first notice that fj.H and oH depend upon the quantity 

< [dCi _ < dCi >J\ 
a<l> del> 

which does not appear at all in (2-13) for domain wall velocity. Without 
making more explicit assumptions about Ci, therefore, we cannot make 
any connection between the two experiments. The essential point here of 
course is that M is not constrained in the resonance experiment to move 
in the (110) plane as it is in the domain wall experiment. 

Let us now make the reasonable assumption that the quantity. 

< [dCi _ < dCi >J2 + [dCi _ ( dCi >J2 > 
dO dO del> d<l> 

varies in the (110) plane with cubic symmetry. We write therefore that 

< [dCi _ < dCi >J2 + [dCi - < dCi >J\ 
dO dO del> d<l> (3-15) 

= p + q[),i sin4 0 + sin2 0 cos2 0] 
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When we come to discuss specific models, we shall give particular ex
pressions for p and q in terms of one unknown constant. We see that 
p > 0 and p + q/3 > 0 to maintain the right hand side of (3-15) posi
tive. We observe that it is not possible to claim cubic symmetry for the 
terms 

and 

separately. 
Using (3-15), the expressions for line width and line shift become, 

I:l.H = 1£ 7~ [p + q(~ sin
4 e + sin

2 e cos
2 e)] 1 + WCWT)2 (3-16) 

1 (a2
p a2

p ) 
- 21v1 arprfJ + acp: 

1 N [ + (I/, . 4 + . 2 2)] (WT)2 
- 2MkT p q 74 sm e sm ecos () 1 + (WT)2 

of! 
(3-17) 

Equation (3-16) for the line width shows a dependence on (WT) that 
is characteristic of relaxation processes. If a measurement is made of 
AH versus temperature at a given frequency and in a given crystallo
graphic direction, a peak will be observed in the line width at very nearly 
the temperature where T = l/w. The peak will not fall accurately at 
7 = l/w because of the temperature dependence of the coefficient of 
w7/1 + (WT)2 but comes very close to l/w because of the exponential 
dependence of 7 on temperature. Observations of this kind have been 
made by Galt, Yager and Merritt on nickel-iron ferrite and reported by 
them in Reference 1. 

If we may now extend the measurements over a range of frequencies, 
and observe how the line shape varies as a function of frequency at con
stant temperature, I:l.H will have its maximum accurately at W = 1/7 
In principle, then, 7 can be determined as a function of temperature. 

If 7 is known at a particular temperature, a measurement of AH versus 
() at constant temperature and frequency will serve to determine 
11M N IkT p and l/M N /kT q at the temperature in question. 

Let us now consider the field shift oH given by (3-17). In the first 
place, this shift is not the ordinary displacement that accompanies the 
introduction of loss into any resonant system since such a field shift 
would be proportional to (I:l.Ht To the contrary, the field shift is of the 
same order of magnitude as the line width and we must consider seri
ously what effect this will have on the mea~urement of g-value. We have 
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assumed previously that F 00 has cubic symmetry, and in that case, the 
term in (3-17) depending on F 00 will be indistinguishable from the usual 
crystal anisotropy and need not be considered further. The second term 
we must consider more closely. 
. The following expression is an identity. 

= (p + ~) - {O (2 - % sin' 0 - 1% sin' 20) 

(3-18) 

Now, the second term on the right has the angular dependence in terms 
of which one usually expresses the first order anisotropy constant /(1 . 

We may expect then that the measured anisotropy constant will have 
the form 

(3-19) 

where /(0 is the static first order anisotropy constant. 
We may look, therefore, for a dependence of ]{l on frequency and tem

perature like that given in (3-19) and make comparisons with the be
havior of the line width. 

If the total anisotropy field has been thus accounted for, we will be 
left with a line shift 

1 N ( q) (wr)2 
- 2M kT P + 5 1 + (wr )2 

(3-20) 

which will appear as a change in the g-value. If a measurement of the 
field H for resonance is made for a given w, T and 8, and if this field is 
corrected for the anisotropy field to give an effective field He, we will 
have 

wIN ( q) (wr)2 
He = :y - 2M kT P +"5 1 + (wr)2 (3-21) 

We shall measure an effective /" however, given by 

(3-22) 

Equating (3-21) and (3-22), we obtain 

/'e - /' lIN ( q) (wr)2 
-/'- = He 21lf k'P P + 5 1 + (wr)2 

(3-23) 

or, if /'e = ge e/2mc and !J.g = ge - g, 
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Ag 1 N ( q) (wr )2 
'g = 2HeM kT P + 5 1 + (wr)2 

(3-24) 

, We, therefore, see that the g-factor will also have a dispersion in fre
quency and temperature, and the measurement of g-factor may indeed 
be the most sensitive way of observing the relaxation phenomenon. 

4. First Model 

There are two simple models we may adopt to obtain an explicit de
pendence of [;i on e and <P. In the first case, let us suppose that there are 
four distinguisha~le energy levels in the crystal [;1, [;2, [;a and [;4 and 
that each is associated with one of the body diagonals of the cubic crystal 
according to the relation 

(4-1) 

where ei is the angle between the direction of magnetization and the 
ith body diagonal and w is some constant depending on temperature. 

This model is particularly tempting because there are four non
equivalent octahedral sites in the ferrite crys~al, each associated with a 
given body diagonal. Expressed in terms of the direction cosines of the 
magnetization (a1a2a3), we find 

w 
[;1 = 3" [1 + 2(a1a2 + a2a a + aaa1)] 

(4-2) 

while expressed in terms of the angles e and <P, the energies become, 

E, ~ ~ {1 + [sin' 0 cos' <I> - sin' <I> + 20 sin 0 cos 0 cos' <I>l} 

E, ~ ~ {1 + [sin' 0 cos' <I> - sin' <I> - 2VZ sin 0 cos 0 cos' <I>l} 

Ea ~ ~ {1 + [-sin' 0 cos' <I> + sin' <I> + 20 cos 0 sin <I> cos <I>l} 

E, ~ i' { 1 + [- sin' 0 cos' <I> + sin' <I> - 20 cos 0 sin <I> cos <I>l} 

(4-3) 
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Let us consider now how we shall calculate the various mean values 
that will be required. If we consider a set of values gi we have 

~ d -Ei/kT 
L.J gi ie 

(gi) = I: die-Ei/kT 
i 

L die-(Ei-(Ei»/kT 
i . 

; (4-4) 

We shall suppose that T is large enough so that (Ci - (Ci») « kT, and 
assume that di is the same for each level. In that case, approximately 

(4-5) 

if there are Ie levels. We shall show shortly that this assumption is con
sistent with the experimental data. 

Using (4-5) we can calculate for our first model the following mean 
values, 

(dCi ) = (~)' 
de 3 

( [dCi _ (dCi )J2) = (~)2 [1 + 3 cos2 2el 
de de 3 

( [dCi _ (dCi )J2 ) = (~)2 4 cos2 e 
d~ d~ 3 

( [dCi _ (dCi )J2 + [dCi _ (dCi )J2 ) 
de de d~ d~ 

= (~)' [1 + 3 cos
2 

29 + 4 cos
2 

9] 

= ~~w2[1 - 2(7i sin4 e + sin2 e cos2 e)] 

(4-6) 

(4-7) 

(4-8) 

(4-9) 

(4-10) 

Referring back to (2-13), the velocity of domain wall motion becomes 

2Hol11 
v= 

( N) . I - K r02 (W)2 [ 2 '] I . 2 I 
T kT 11 12A J

01 
3" 1 + 3 cos 2e 2 - 3 sm (J de 

(4-11) 
2HolVI 

.I-K(N) 2 
T 11 12A kT w (1.02) 
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Comparing with (3-15) we find p = ~-6 w2 and q = - 1~-6 w2
• The line 

width for resonance becomes 

~H 

1 8 (N) 2 [1 2 (1 . 4 (J + . 2 (J 2)] WT (4-12) 
= il1 9 kT w - 4 sm SIn COS (J 1 + (wr)2 

The anisotropy constant is given by 

4; (N) 2 (wr)2 
/(1 = /(0 + 45 kT w 1 + (wr)2 (4-13) 

and the shift in g-factor by 

~g 1 4 (N) 2 (WT)2 

g = HeM 15 k71 w 1 + (wr)2 (4-14) 

We thus have four different measurements which we may try to fit with 
the same value of N /kT w2

• It should be noted that (4-12) predicts a 
maximum line width in the (100) direction and a minimum in the (111) 
direction. 

5. Second il1. odel 

For the second model, we shall assume that there are three distinguish
able energy levels [1 [2 and [3 each associated with one of the cube edges 
of the crystal according to the relation 

(5-1) 

where (Ji is the angle between the direction of magnetization and the ith 
cube edge. Expressed in terms of the direction cosines of M we have 

(5-2) 

while expressed in terms of the angles (J and <I> the energies become, 

[1 = ~ (sin (J cos <I> - sin <I»2 

[2 = ~ (sin (J cos <I> + sin <I»2 

[3 = W (cos (J cos <I»2 

(5-3) 
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This model we now consider is the same as the one used by N eel in 
Reference 3 to discuss the relaxation of interstitial atoms in iron. Pro
ceeding as before we find, 

{ dCi > = (~) (5-4) 
d<P 3 

{ [
dCi < dCi >J2 > 2. 2 2 ( ) dO - dO = 2w sm 0 cos 0 5-5 

< [
dCi ( dCi > J2) _ 2 2 . 2 0 (5-6) 
d<P - d<P - :3 w sm 

{ [dCi _ {dCi > J2 > + {[dCi _ < dCi >J2 > 
dO dO d<p d<P 

8 2 (1 . 4 + . 2 2) = :3 W 4; sm e sm 0 cos 0 

In this case we obtain, 

2Hol11 

v = T (~) I ~~ t 2w' sin' 0 cos' 012 - 3 sin' 01 dO 

2Holl1 

= T I ~~ (:;,) w' (.583) 

(5-7) 

(5-8) 

and by comparison with (3-15) p = 0 and q = ~~ w2
• The line width for 

resonance is 

1 8 (N) 2 (1 . 4 . 2 2) wr () 
f1H = M:3 kT W 4; sm 0 + sm 0 cos e 1 + (wr )2 5-9 

The anisotropy constant is 

2 (N) 2 (wr)2 
Kl = Ko - 15 kT W 1 + (WT )2 (5-10) 

The effective field at resonance is 

H = ~ _ ~ (NW2) (wr)2 
e 'Y 15 MkT 1 + (WT)2 

(5-11) 

and the g-factor shift is 

f1g = _1 (~) (N) 2 (wr)2 
g HeM 15 kT W 1 + (WT)2 

(5-12) 
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Fig. 3 - Corrected line width in the (111) direction versus temperature for 
Ni0.75Fe2.2504 after Yager, Galt and Merritt. 

In this c~se the line width due to relaxation is zero in the (100) direction 
hnd a maximum in the (111) direction. 

6. Comparison with Experiment 

,.We wish now to make some comparisons between the theory developed 
in the preceding sections and measurements upon nickel-iron fer
rite of composition Nio.7sFe2.2s04 made by Yager, Galt and Merritt. 7 

The data we shall consider were made upon a .009" sphere and are pre
sented in Fig. 4 and Table II of Reference 7. These data include a 
measurement of line width versus temperature for the (111) direction 
and (100) direction in the crystal; a measurement of the first order 
anisotropy constant (as KI/M) versus temperature; and a measurement 
of the effective field at resonance, He, versus temperature. It is observed 
from these data that the line width is maximum in the (111) direction 
and we shall therefore try to fit the data with the second model as dis
cussed in Section 5. This model requires the line width to be zero in the 
(100) direction. In fitting the data, we shall assume that the line width 
in the (100) direction represents non-angIe-dependent contributions from 
other mechanisms and shall subtract this width at each temperature 
from the width in the (111) direction. The resulting curve is shown in 

7 Yager, Galt and Merritt, Phys. Rev., to be published. 
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Fig. 3. The data for I(l/Af and He are presented in Table 1. The effective 
fields He have been corrected in each case to a common frequency 24,388 
me/sec. 

The equations we need are contained in Section 5 and are repeated 
here for convenience, 

8 (NW2) WT 
f1H = 9 MkT 1 + (WT)2 

(6-1) 

W 4 (NW2) (WT)2 
He = :y - 15 MkT 1 + (WT)2 (6-2) 

(6-3) 

To proceed, we must make some assumptions about how w depends 
upon temperature, and shall therefore suppose that (NW2/MkT) is a 
constant independent of temperature. If we assumed instead, for in
stance, that w was a constant, the curves to be calculated would differ 
considerably at low temperatures but not enough to affect the conclu
sions to be drawn. 

Proceeding on this assumption, we conclude from Fig. 3 that WT = 1 
at T = 145° and calculate that (NW2/MkT) = 690. We may now use Fig. 
3 and (6-1) to calculate WT at each temperature. With this we may cal
culate He at each temperature, and the resulting curve is shown in Fig. 
4. Since we have no independent value for ¥', the curve has been fitted 
to the data at 1600 K. It is seen that the predicted changes in He are 
in the correct direction and are of approximately the right magnitude. 
The experimental points are not fitted in detail, however. The fit above 
85°K could be somewhat improved by assuming a different dependence 
of w on T. The theory as presently developed cannot explain the in-

T ABLE I - ANISOTROPY FIELD - KIf M AND EFFECTIVE FIELD 

He FOR VARIOUS VALUES OF ABSOLUTE TEMPERATURE 

AFTER YAGER, GALT AND MERRITT. 

TOK -Kl/M (oe) II e (oe) 

300 152 8195 
159 218 8070 
135 238 
85 259 7953 

4.2 421 8047 
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crease of I-Ie at 4.2°1(, Yager, Galt, and Merritt believe that the changes 
observed between 85°K and 4.2°K must be ascribed to some other 
mechanism. 

'In arriving at (6-1) to (6-3) we have assumed as in Section 4 that 
w/kT « l. At a temperature of 1500 K, kT equal 2.07 X 10-14 ergs. 
The molecular weight 111 of nickel ferrite is 234.39 and the density p is 
5.37 gms/cc. There are then pL/l11 = l.38 X 1022 molecules per cubic 
cm, where L = 6.025 X 1023 is Avogadro's number. In nickel ferrite of 
composition Nio.75Fe2.2504 one divalent iron is introduced for each four 
molecules, and the number of free electrons N is therefore 3.45 X 1021 

per cc. The magnetization of this ferrite is about 340 cgs units. We have 
determined above that (Nw2/1~IkT) = 690 and can therefore calculate 
that w/kT = 0.057 at T = 150°1(, We have thus proceeded consistently 
in assuming w « kT. If w is constant, our calculation would not how
ever be correct below about 500 K or if w2/kT is constant, below about 
lOOK. It would be entirely possible to make accurate calculations for 
the entire temperature range and, by assuming special variations of 
w with temperature, perhaps account for some of the rise in He at 
4.2°1(, 

vVe must also recognize that the ratio miN of levels to number of 
free electrons in this composition is 5. Since we have assumed the levels 

320 
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UJ 240 
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UJ 220 0 

z 
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t40 
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'" '" " ." 
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Fig. 6 - The theoretical relation between anisotropy field -Kl/M and effec
tive field He compared with experimental points. 
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divided into three equal groups, di = %N so that we are hardly justi
fied in considering the electrons to be non-degenerate. We should then 
really use (1-2) instead of (1-4) in computing our averages. Further
more, when degeneracy effects are important, the relaxation equation 
(1-1) should be replaced by a more sophisticated expression. Since the 
general effect of degeneracy is to reduce the number of electrons taking 
part in the relaxation process, particularly at low temperatures, a calcu
lation considering degeneracy has a good chance of accounting for the 
rise in He at liquid helium temperatures. 

In a ferrite of composition similar to that considered here, Bozorth, 
Cetlin, Galt, Merritt and y ager8 report measurements of the static 
anisotropy which show K1/ M to be nearly constant between 3000 K and 
196°K. If we make the assumption that the static anisotropy varies 
very little down to 85°K, we may use (6-3) to draw the curve in Fig. 5. 
It will be observed that the predicted changes in K1/M are again in the 
right direction and of approximately the right size although the detailed 
fit is poor. 

We may make one further comparison with the data. By eliminating 
between (6-2) and (6-3) one obtains 

(- ~) = (- :;) + ~ (~ - H,) (6-4) 

With the same assumption about K o , a plot of (-Kl/M) versus He 
should be a straight line with slope - ~~. The data has been plotted in 
Fig. 6 and a straight line of the appropriate slope drawn through the 
point at 1600 K. Although only three experimental·points are available, 
the fit is very satisfactory. 

The author would like to acknowledge many helpful discussions with 
J. K. Galt, P. W. Anderson, H. Suhl and L. R. Walker. 

S Bozorth, Cetlin, Galt, Merritt and Yager, Physical Review, to be published. 



Design of Alloyed Junction Germanium 
Transistors for High-Speed Switching 

By J. J. EBERS and S. L. MILLER 

(Manuscript received March 25, 1955) 

Alloyed-Junction transistors have been critically evaluated with respect to 
their potential use as high-speed switching devices. Limitations are found to 
result from avalanche multiplication and space charge layer widening which 
necessitate design compromises between high frequency and high voltage 
circuit requirements. It is shown in this article that n-p-n germanium tran
sistors have an advantage over p-n-p type beyond that expected from mobility 
considerations. The additional advantage derives from differences in avalanche 
multiplication. 

1.0 INTRODUCTION 

The present trend in switching systems and computers is toward sys
tems that operate at megacycle rates with pulse rise times in the vicinity 
of a tenth of a microsecond. In the attendant design of pulse-amplifiers, 
pulse-generators, and flip-flops there has arisen the need for high-speed 
junction transistors, particularly in cases where the device must switch 
high currents for extended periods of time. Roughly, devices are needed 
with alphas greater than 0.95 and frequency cut-offs of alpha in the 
range of 10 to 50 mc per second. In considering transistor structures for 
high pulse rate systems there are several contenders for further develop
ment, for example, grown-junction triodes and tetrodes, alloyed-junction 
triodes, and intrinsic-barrier transistors.1 A comparison has to be made 
of the design possibilities and the relative merits of these devices when 
used as switches. The objective of this paper is to determine the applica
bility and limitations of alloyed-junction transistors in high-speed 
switching applications. Many of the considerations in the design of 
alloyed-junction transistors for switching are also important in large
signal transmission applications. 

Alloyed junctions transistors have been extensively used in switching 
systems having a pulse rate below a megacycle per second with excellent 

761 
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results which can be attributed to their low impedance in the ON con
dition when used as a switch, to their high OFF impedance and to the 
relatively small storage of minority carriers compared to grown junction 
transistors. In extending the operating range toward higher speeds, 
limitations are found to result from: 

1. punch-through, the spreading of the collector junction space-charge
layer over to the emitter junction,2 

2. avalanche multiplication of alpha which results in alphas greater 
than unity at collector voltages well below the theoretical breakdown 
voltage,3, 4,5, 6 

3. collector capacitance which in combination with the load resistance 
may severely limit pulse rise time, and 

4. the practical limitation of reproducibly fabricating transistors with 
extremely narrow base layers. With increased understanding of the 
properties of junctions and transistors, it has become possible to de
termine whether a given set of circuit requirements can be met, even 
theoretically, by a proposed design. For example, the requirements may 
be that the device operate up to a certain voltage, that at this voltage 
the alpha remain below unity and the collector space charge region not 
punch through to the emitter, and that the frequency response be high 
enough for the application. 

The maximum permissible base layer width is essentially fixed by the 
specified frequency cutoff. With this base width, the requirement that 
there be no punch-through at the highest operating voltage puts an 
upper limit on base resistivity, since the encroachment into the base 
layer of the collector space charge region is greater the higher the base 
resistivity. On the other hand, the requirement that the low-voltage 
alpha times the avalanche multiplication of the collector junction be less 
than unity, sets a lower limit on permissible collector body breakdown 
voltage. This limit, in turn, sets a lower limit on permissible base re
sistivity, since for an alloyed structure the collector breakdown voltage 
is nearly a linear function of base resistivity. It is only for base resis
tivities between these two limits, if such a region exists, that designs are 
possible. 

Since in germanium holes produce greater avalanche multiplication 
than electrons in a given electric field,5 there exists under the above con
dition a greater difference in the maximum obtainable frequency cut
off of alpha between npn and pnp transistors than would be expected 
merely on a basis of the difference in mobility between holes and elec
trons. 

The most general transistor design considerations for a switch involve 
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the OFF impedance, the ON impedance, the switching time, the current 
carrying ability, and the maximum open circuit voltage. As implied 
above, important interrelations between these switch parameters exist 
which limit the range of possible design. Furthermore, in order to carry 
through a transistor switch design it is necessary to know how the switch 
parameters are related to the terminal behavior of the transistor. The 
large-signal behavior of junction transistors has been discussed in two 
previous papers, and it has been found possible to relate the large-signal 
behavior to easily measurable transistor parameters which are in turn 
intimately related to the physics and structure of the transistor.7 

The plan of this paper will be: (1) to review the switch requirements 
and to specify them in terms of transistor device parameters, (2) to show 
how the device parameters are related to the structure, and (3) to indi
cate the method of obtaining a design to meet a given set of switch re
quirements or to determine whether or not such a design is possible. 
The discussion will be primarily in terms of a common-emitter pulse 
amplifier since this circuit has proven to be the one which is most widely 
used and since it e~emplifies the problems encountered in transistor de
sign for switching applications. 

2.0 SWITCH REQUIREMENTS 

2.1 OFF Impedance 

In the common-emitter pulse amplifier circuit (see Fig. 1) means are 
usually supplied to reverse bias both the collector and emitter junctions 
in the absence of a driving pulse. Under these conditions the collector 
current is given by7 

(1) 

where (XN and ~I are the normal and inverted alphas, respectively. In 
order to make this current as small as possible it may be desirable to 
have an alloyed-junction transistor with an emitter junction which is 
larger in diameter than the collector, thus having (XI greater than (XN • 

In most cases this is not feasible because (XN must be large for other rea
sons. About the best that can be done is to use a symmetrical structure 
with (XN' (XI • The collector current in the OFF condition is then given 
by 

Ie (2) 
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which for high alpha transistors approaches >~I co , corresponding to an 
OFF impedance of 2Vc/I co . The value 'of Ico increases to some extent 
with collector voltage due to avalanche multiplication. In many cases 
there is also a surface leakage current which is not subject to analysis. 

In some applications the ac impedance of the switch in the OFF con
dition is of great importance. It has been found possible to fabricate 
junction devices in which the slope of the reverse junction characteristic 
is consistantly greater than 25 megohms. In this event the junction ca
pacitance places an upper limit on the OFF impedance. 

2.2 ON Impedance 

The voltage drop across the switch in the closed condition (common
emitter connection) is given by7 

VeE = (±)kT en al(l-~e :NaN)) 
q 1 + I Cl (1 - (XI) 

IBl . 

(3) 

where leT / q = 0.026 volts at room temperature and the (+) sign ap
plies to pnp transistors and the (-) sign to npn transistors. * (For cur
rent definitions see Fig. 1.) The extremely low voltages which result 
when the device is driven into the current saturation region are attributed 
to the fact that the collector junction attains a forward bias almost equal 
to that of the emitter junction. In order to obtain a low value of V CE it 
is necessary to have both Cl!:N and aI large, approaching unity, and to 
maintain these values at high currents. Experience has shown that the 
best way to accomplish this is to use a symmetrical structure with a 
thin base layer. 

An expression for the ac impedance of a common-emitter switch has 
also been derived.7 The expression shows that if this is the switch pa
rameter of primary importance in a given application, it may be nec
essary to drive the switch well into 'the current saturation region in 
addition to using a device with high aN and aI • 

2.3. Current Carrying Ability 

The power dissipation in a transistor switch is easily calculable pro
vided the collector current and voltage waveforms are known: In many 
cases most of the power will be dissipated during the transition from 

* This expression ils not applicable to grown-junction transistors which may 
have 10 to 200 ohms cif collector body resistance. 
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OFF to ON or vice versa. Frequently, however, the switch is maintained 
in the closed condition for extended· periods of time. During these in
tervals the power dissipation is given approximately by 

P dis = Ia VaE + IB2 rB3 (4) 

where V OE has a value given by (3) and rB3 is the base resistance in 
the current saturation region. For large collector currents, rB3 may be 
only a fraction of the base resistance in the active region. It is apparent 
that the transistor should be driven well into the saturation region to 
obtain a low value of V aE . The current carrying ability is determined 
primarily by the allowable power dissipation. 

2.4 Maximum Open Circuit Voltage 

The maximum open circuit switch voltage exerts a controlling in
fluence on the choice of geometry and material constants. If sufficient 
collector to base voltage is applied to extend the space charge layer of 
the collector junction through the entire thickness of the base layer to 
the emitter junction "punch-through,,2 results and the emitter and col
lector junctions behave as if shorted together through a battery. In 
alloyed devices the punch through voltage is determined by the resistiv
ity of the base material and the shOrtest base distance between emitter 
and collector. 

t 
Ie 

IBI 

o 

IB2 
~ 

O~----~I--7---~~--r-----~ 

T1ME,t ~ 

I 
1-

Fig. 1-Transient behavior of common-emitter pulse amplifier. 
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Avalanche multiplication3, 4 of the emitter current, which is also a 
function of the collector voltage, places an upper limit on the low volt
age value of alpha, since at some collector voltage the value of alpha 
must necessarily become equal to unit/' 6 (whether due to body or sur
face avalanche breakdown). This may result in improper operation* 
in the case of common-emitter circuits and other circuits not designed 
for a > 1. The voltage at which alpha becomes one is also the maximum 
voltage which can be sustained from collector to emitter with the base 
open circuited, Avalanche multiplication is related to the body break
down voltage which in turn is directly related to the base layer resistiv
ity in the case of alloyed-junction transistors. 

2.5 Switching Speed 

Rise time in transistor switching circuits has been analyzed by J. L. 
Moll.8 This analysis has been found to give sufficiently accurate results 
provided the time constant associated with the collector capacitance and 
load resistance is small compared with the time constant associated with 
the frequency cut-off of alpha, i.e., RLCC < 1/WN. Rise time in the com
mon-emitter circuit is then given by 

1 Pn 1 
to = (1 ) v 1 I (5) 

- aN WN 1 _ 0.9 - aN -E!: 
aN IBI 

where to is the time required for the collector current to rise to 0.9 of its 
final value and WN is the angular cut-off frequency of the normal alpha. 
The quantity toWN is plotted in Fig. 2 as a function of aN for various values 
of I B/ Ie. For sufficiently high values of alpha and sufficiently high values 
of I B/ Ie, the rise time is given by 

1 Ie to = 0.9 -- - (6) 
WNaN IB 

As an example, if an amplifier is to have a current gain of twenty and a 
rise time of a tenth of a microsecond, IN = wN/2rr must be about 30 
mc./sec. 

If a common-emitter pulse amplifier is driven by essentially a current 
source, the base resistance in the active region does not limit the re
sponse time. 

* It is possible to operate transistors with alpha greater than unity in common
emitter pulse amplifier circuits. However under some driving conditions the 
circuit may be bistable and difficulty will be encountered in turn-off. In general, 
large currents may be needed for turn-off and the pulse source should have low 
impedance. 
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Fig. 2 ~ Normalized rise time as a function of alpha for common-emitter pulse 
amplifier. 

At the termination of the input pulse the output current remains rela
tively constant for a certain period of time because of minority carrier 
storage. During this interval (tI in Fig. 1) the stored minority charge in 
the base layer is flowing out at a rate limited by the circuit resistance. 
Not until the minority carrier, density at the base side of the collector 
junction has been reduced to zero by this outflow does the decay of circuit 
current commence (interval t2 in Fig. 1). The storage time has been shown 
by Moll to be8 

WN + WI .en IBI - IB2 

WNWI(l - aNal) 1 - aN 
--- leI - IB2 

aN 

(7) 

This time is small if the values of normal and inverted alpha frequency 
cut-off are both large. The expeditious w'ay of accomplishing this in an 
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alloyed structure is to make the structure symmetrical, in which case 
the expression for storage time becomes 

(8) 

Storage time is plotted in Fig. 3 as a function of alpha for a given set of 
current conditions for a symmetrical transistor. 

Decay time is the interval of time between the end of the storage in
terval and the point when the load current reaches 10 per cent of its 
value before turn-off. It is given by 
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Fig. 3 - Storage time as a function of alpha for common-emitter pulse amplifier. 
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Fig. 4 - Resistivity, capacitance (at 10 V.) per unit area, breakdown voltage, 
and frequency cut-off factors versus density of impurity centers for germanium. 

The time constant associated with the decay time is seen to be the same 
as that associated with the turn-on time. The decay time is usually some
what larger than the rise time unless relatively large values of base cur
rent are used during turn-off. 

3.0 DEVICE DESIGN 

3.1 Junction Capacitance 

Alloyed junctions are usually abrupt or step junctions, even though 
the actual junction may be formed by the diffusion of donors or acceptors 
ahead of the surface of deepest penetration of the alloying material. For 
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step junctions of this type the junction capacitance is given by9 

C = Keoq ~ 
( )

1/2 (N )1/2 
2 V 

(10) 

or, for germanium, 

C = 3.4 X 10-' C~: )'" (11) 

where V is the total reverse junction bias in volts and N I = I N D - N A I 
is the net density of donors or acceptors in the base region. Capacitance 
per unit area is plotted in Fig. 4 as a function of N I assuming V = 10 
volts. 

3.2 Space Charge Layer Width 

Since the emitter and collector regions of alloyed transistors are heavily 
doped with donor or acceptor atoms, their conductivities are high and 
the space charge layer associated with the junction capacitance extends 
primarily into the base layer. The thickness of this space charge layer 
is given by9 

(12) 

or, for germanium, 

3 ( V)1/2 
Ws = 4.2 X 10 N

r 
cm (13) 

The widening of the space charge layer with voltage limits the resistivity 
and width of the base region assuming the operating collector voltage is 
specified. If the base layer is sufficiently thin and of high resistivity, the 
space charge layer may extend over to the emitter at collector voltages 
below the collector breakdown voltage. The voltage at which this occurs, 
the punch-through voltage, is the same whether it be applied collector 
to base, collector to emitter, or emitter to collector. In Fig. 5 the solid 
curves are contours of constant space charge layer width plotted with 
junction voltage and base layer resistivity as the independent variables 
for n-p-n transistors. Similar solid curves in Fig. 6 are for p-n-p transistors. 
For a given maximum operating collector to base or collector to emitter 
voltage and a given resistivity of the base layer material these curves 
indicate the minimum base layer thickness that may be used if punch 
through is not to occur at a voltage below the given value. 
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3.3 Breakdown Voltage 

The breakdown voltage of germanium step junctions when the break
down voltage is due to avalanche multiplication within the body of the 
semiconductor has been investigated by S. L. Miller5 using both alloyed 
junctions and junctions grown to simulate alloyed junctions. The body 
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Fig. 6 - Contours of unity total alpha and constant space-charge width for 
p-n-p, alloyed-junction, germanium transistors. 

breakdown voltage thus obtained is plotted in Fig. 4 as a function of 
NI . Also plotted in this figure are curves of resistivity versus N/o for 
both n-type (labeled p-n-p) and p-type (labeled n-p-n) material. Body 
breakdown voltage for a given resistivity of base material can thus be 
read from these curves. 
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3.4 Avalanche M ultiplicalion 
The variation of avalanche multiplication with junction voltage for 

step junctions on germanium is given by the empirical equation5 

(14) 

Since current injected by the emitter junction is multiplied by this factor 
upon being collected, the variation of alpha with collector voltage is 
given by the equation 

(15) 

when space-charge-Iayer widening effectsll are neglected. 
For alloyed transistors made on base material in the one to five ohm
centimeter range, values of n = 3 for p-n-p transistors and n = 6 for 
n-p-n transistors give multiplications which agree well with experiment.5 

Since values of alpha greater than unity may result in failure of junction 
transistor circuits to operate properly, it is necessary to limit the value 
of alpha at zero collector voltage to such a value that alpha will not be
come greater than unity at the maximum operating collector voltage. 
Alpha is known to vary with temperature and emitter current, hence it 
is necessary to study ao over the expected range of these variables. In 
Figs. 7 and 8 are shown typical variations of (1 - ao) with current and 
temperature for p-n-p and n-p-n transistors of approximately the same 
geometry. Fortunately, most transistors of a given type made by the 
same processes show the same type of variation. Therefore, it should 
be necessary to measure ao only at a particular current and temperature 
to determine its maximum value. 

It is apparent that the alpha of n-p-n transistors shows less variation 
with emitter current than the alpha of p-n-p transistors. Furthermore it 
has been found that the variation is decreased in both types as the 
base width is decreased. 

The dotted curves in Figs. 5 and 6 are contours of constant ao plotted 
with collector voltage and base resistivity as independent variables, 
using (15) and appropriate values of n. For a given maximum collector 
opeJ;"ating voltage and base layer resistivity these curves show the maxi
mum values of ao which can be permitted if total alpha is not to exceed 
unity at the chosen conditions. 

The curves shown in Figs. 5 and 6 can be used in several different ways 
to design transistors or to determine whether or not a given set of re
quirements are compatible. 



774 THE BELL SYSTEM TECHNICAL JOUHNAL, JULY 1955 

o 
z 

0.4 

0.3 

~ 0.2 
I 

0.1 

o 
o 

\ 
\", 

"- r--_ 
~ , ... -- ----1---

5 10 

n-p-n 

p-n-p,30oC 

-30°C .------
1--- --.~----

--" -- 33°C 

70°C 

15 20 25 30 35 40 45 
CURRENT, IE, IN MILLIAMPERES 

Fig. 7 - Variation of alpha with emitter current and temperature for n-p-n 
transistors. 

3.5 Base Resistance 

The base resistance for the some"'hat idealized transistor structure 
shown in Fig. 9 has been calculated by J. 1VI. Early.ll It is given by 

1 pIp (r2) 
l'B = 871" TV 1 + 271" W 2 en ~ (16) 

where the first term represents the contribution due to the base layer 
between the emitter and collector junctions and the second term is the 
contribution of the base wafer between the edge of the emitter and col-
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lector contacts and the ring base contact. This expression is probably a 
good approximation to the base resistance of the transistor in the active 
region, particularly at low currents. As the current increases, the outer 
edge of the emitter becomes more forward biased than the center, thus 
effectively decreasing the base resistance. In the current saturation 
region the base resistance is given approximately by the second term, or 

rES = ~ ~ fn (~) 
27r lV2 rl 

(17) 

If a common-emitter amplifier is not driven from a high impedance cur
rent source, the active region base resistance may seriously limit the 
pulse rise time. 

3.6 Frequency Cut-Off of Alpha 

Emitted carriers cross the base layer by a diffusion process when cur
rent densities are small. Since a dispersion in transit time is inherent in 
such a process, changes in both magnitude and phase of alpha with fre
quency are to be expected.12 The frequency at which the magnitude of 
alpha falls to 1/ V2 of its low frequency value is given by 

D 
fN=-7rW2 

(18) 

where D is the diffusion constant for injected carriers. This can be ex
pressed as 

mc/sec, where W is in mils (19) 

The variation of A with the resistivity of the base layer for alloyed-junc-

I I 
CONTACT 

L ~ ~ -------r 2-- - :--:~ =j 
Fig. 9 - Alloyed transistor geometry. 
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tion germanium transistors is shown in Fig. 4 for both n-p-n and p-n-p 
transistors. The variation is due to mobility changes.lO 

It is of course true that at high current densities there is a departure 
from pure diffusion of minority carriers because of induced drift fields. 13

• 14 

Furthermore, at high currents the effective base layer width changes as 
a result of a re-distribution of emitter current. There is also a large body 
of evidence for anomalous changes of frequency cut-off of alpha with 
surface changes. However, it will be assumed that (18) is a valid criterion 
for frequency cut-off at low voltages and currents. 

Because of space charge layer widening, the cut-off frequency of alpha 
should vary with collector voltage. Using (13) and (19) this variation 
can be shown to be given by 

iNo 
iN = [ ( V f )1/2J2 (20) 

1 - 3.65 X ;;~13N IA 
where iNo is the cut-off frequency at zero voltage. For n-p-n transistors 
made on 1.5 ohm-em material 

f iNo 
N = [1 - 0.016(V cfNo) 1/2)2 

(21) 

OL-__ -L __ -J ____ ~--~--~~--~--_7 
o 5 10 15 20 25 30 35 

COLLECTOR VOLTAGE 

Fig. 10 - Variation of frequency cut-off of alpha with collector voltage for 
n-p-n transistors made on 1.5 n-cm Ge. 
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The variation of alpha cut-off frequency for alloyed junction n-p-n tran
sistors made on 1.5 ohm-cm germanium is plotted in Fig. 10 for several 
values of INo . Fig. 11 is a more general plot for other resistivities and 
INc'S. It is apparent that a problem exists in alpha cut-off frequency 
measurement as a result of the large variation of IN with voltage. Further
more an exact analysis of rise time and decay time would have to take 
this variation into account. 

It is possible that this increase of IN with voltage may allow some re
laxation of low-voltage requirements in this respect. 

3.7 DISCUSSION 

Let it be assumed that a transistor is desired which will 'operate at a 
collector voltage of 30 volts and which, when used as a common-emitter 
pulse amplifier will give a current gain of twenty with a pulse rise time of 
a tenth of a microsecond or less. The maximum current will be assumed 
to be 100 milliamperes, corresponding to a load impedance of 300 ohms. 

A reasonable range for ao would be from 0.97 to 0.99, the maximum 
limit being imposed because of avalanche multiplication. From Fig. 2 it 
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Fig. 11 - Variation of frequency cut-off of alpha with collector voltage for 
n-p-n transistors. 
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is calculated that the minimum allowable value of iN is 43 me/sec. From 
Fig. 5 (for n-p-n transistors) assuming a maximum collector voltage of 
30 volts and a maximum permissible ao of 0.99 it is seen that the re
sistivity of the base material must be at least 1.25 ohm-em and that the 
minimum base layer thickness is about 0.175 mils, corresponding to a iN 
of 144 me/sec from (19) and Fig. 4. Unfortunately, it is difficult with the 
design data plotted as they are in Fig. 5 to obtain the limits on the base 
resistivity and the lower limit on base width which are necessary to in
sure freedom from punch thrOl~gh and alpha greater than unity for a 
specified collector voltage. For this reason the design data have been 
replotted in a different manner in Figs. 12 and 13. Here the avalanche 
multiplication factor .LvI and space charge layer width lVs , both at 30 
volts, have been plotted as a function of base layer resistivity. Again 
assuming a maximum ao of 0.99 this places an upper limit of 1.01 on the 
multiplication and therefore, a lower limit of 1.25 ohm-em on the base 
layer resistivity. Since the base layer width must be greater than the 
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space charge layer width the range of base layer width chosen must lie 
entirely above the curve for space charge layer width at 30 volts. In 
addition, the minimum frequency cut-off requirement of 43 me/sec 
means the design must lie below the horizontal dotted line. Thus tri
angle ABC encloses the region of possible designs. The shaded rectangle 
seems to be the most appropriate design. The frequency range can be 
read directly from the base width scale since this scale has been rali
brated in me/sec. Assuming a 0.015" diameter collector junction, this 
design can be summarized as follows: 
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Fig. 13 - Design summary for p-n-p transistors. 
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By studying the data in Figs. 6 and 13 for p-n-p transistors it is seen 
that a design to meet the stated requirements is not possible. Assuming 
a maximum collector voltage of thirty volts,' the absolute maximum 
value of cut-off frequency would be about 27 me/sec for p-n-p transistors. 

Returning to the n-p-n design, assume that the device has the following 
geometry: 

Emitter dia - 0.015" 
Collector dia - 0.015" 
Base layer width - 0.00025" 
Base wafer width - 0.0015" 
Base contact dia - 0.030" 
Base resistivity - 1.5 ohm-em 

then from (16) and (17), rn = 138 ohms and rn3 = 44 ohms. The collector 
capacitance at 10 volts is 5.8 ,.",."f. For a load resistance of 300 ohms, 
RLCC = 1.7 X 10-9 sec which is not very small compared to l/wN = 
3.7 X 10-9 sec. If the base is driven by a current source whose internal 
impedance is large compared with 138 ohms, the rise time would prob
ably be controlled by the alpha cut-off frequency, however. 

4.0 CONCLUSIONS 

(1) The interdependence of transistor parameters has been shown to 
set theoretical limits on designs which are possible. In essence, high 
frequency and high voltage requirements militate against each other. A 
design theory which takes these factors into account has been described. 

(2) For high-speed and high-voltage switching (and transmission) 
applications, it is shown that the n-p-n enjoys a superiority beyond that 
expected from only mobility considerations. The additional advantage 
stems from the different multiplication laws for n-p-n and p-n-p transis
tors. For example, it is theoretically feasible to make alloyed junction 
n-p-n transistors with alpha cut-off frequencies in the range of 50 to 100 
me/sec which will sustain collector voltages as high as 30 volts, and ce 
capable of operating as pulse amplifiers in circuits with a current gain 
of 20 and a pulse rise time of less than. a tenth of a microsecond. A de
sign meeting these requirements is not possible with p-n-p's. In the 
example chosen, there is a ratio of 5.3 between the maximum frequency 
cut-off of alpha obtainable with n-p-n transistors as compared with 
p-n-p transistors for the same maximum value of low voltage alpha. 

The design theory developed above gives upper limits on what can be 
achieved. It has been assumed that there are no fabrication problems 
and that geometries are ideal, namely, that the junctions are perfectly 
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planar and parallel. Furthermore, it has been assumed that the break
down and multiplication properties of collector junctions are determined 
by the bulk properties of the junction. In many cases there are break
downs on the surface at lower voltages. These are frequently multipli
cative but they multiply a very small fraction of the emitter current. 
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An Experimental Poly tonic 
Signaling System 

By C. A. LOVELL, J. H. McGUIGAN and O. J. MURPHY 

A n experimental high-speed signaling system capable of signaling at 
the rate of 100 decimal digits per second over a variety of existing Bell 
System transmission facilities is described. This []ystem uses several fre
quencies in combinations as its code elements. Because the manner of 
discriminating between different frequencies is significantly different from 
present-day practice, the system has been called poly tonic to distinguish 
it from existing multi frequency systems. Signal separation in this sys
tem depends not on the steady-state response of filters, but on the tran
sient response of simple reactive networks. Discrimination is enhanced 
by the use of rather precise timing in the signal generating mechanism and 
somewhat less precise timing in the receiver. A second system, capable of 
signaling at the rate of 300 decimal digits per second over a more restric
ted range of transmission facilities, is also briefly discussed. 

1.0 INTRODUCTION 

The need in future telephone systems for a signaling method of sig
nificantly higher speed that that provided by the familiar dial or even 
by the intertoll multifrequency system! has led to a research program in 
high speed signaling. The program has resulted in laboratory models of 
several experimental systems based on different principles. This paper 
describes one of these systems, based on the concept of orthogonal func
tions. Several different frequencies are used, in combinations, to transmit 
signal information. The means of generating and recognizing these 
frequencies represent a departure from present practice; in order to 
distinguish this experimental system from the multifrequency system, 
the term poly tonic was coined. It is hoped that this paper provides an 
interesting illustration of the way a mathematical conception may be 
transformed, through successive stages, to a physical system. 

1 C. A. Dahlbom, A. W. Horton and D. L. Moody, Application of Multifre
quency Pulsing in Switching, Trans. A.I.E.E., 68, pp. 392-396, 1949. 

783 
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Telephone circuits fall naturally into two classes, local and toll. The 
bandwidths of these two classes of facilities and the types of distortion 
which they exhibit are so different that it was found expedient to build 
two separate embodiments of the poly tonic system. One was designed to 
work in the presence of the characteristic forms of distortion found in the 
toll plant, while the other was built to take advantage of the higher 
speed permitted by the nature of the local plant. 

Most of the following discussion applies equally well to both signaling 
systems. Throughout the body of the paper the main emphasis will be 
placed on the toll system; except for occasional mention, the local system 
will be treated in a separate section. The discussion will begin with the 
theoretical background for the signaling method under consideration and 
proceed to a detailed examination of the signals representing the code 
elements. Problems encountered in the design of practical systems will 
then be taken up, including certain arbitrary requirements of coding and 
signal content. This will be followed by a description of some of the 
circuitry evolved to meet the requirements and an operational descrip
tion of the toll-signaling system which was built to assess the capabilities 
of this approach to the signaling problem. A brief account of tests of this 
system over certain Bell System toll facilities will be given. The discus
sion will conclude with some remarks about circuitry devised for the 
local-signaling embodiment which was capable of achieving a sub
stantially higher signaling speed. 

2.0 THEORETICAL BACKGROUND 

The basis for the signaling systems about to be described lies in the 
concept of orthogonality as applied to certain classes of mathematical 
functions. A set of normalized time-functions, <Pl(t), <P2(t) ... <Pn(t) are 
said to be orthogonal over the time-interval T if 

loT q,i(t)· <p;(t) dt = 0 for i ~ j 
(1) 

= 1 for i = j 

Sinusoids of various frequencies provide a familiar example of one such 
class of functions; the period of orthogonality, T, may be any value which 
embraces an integral number of periods of each of the frequencies under 
consideration. It was recognized that direct use of this property couldbe 
made in separating, at the receiving point, signals made up of combina
tions of such functions, without employing the steady-state selective 
properties of reactive filter networks. 
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As an illustration of how such a signaling system might be mechanized, 
consider a group of oscillators whose frequencies are multiples of some 
common base frequency. The period of this frequency then defines one 
possible value of the period of orthogonality, T, which will satisfy the 
requirements for all frequencies in the group. Now suppose that some 
coding procedure is set up which involves sending a tone-spurt of one or 
more of these frequencies over some common transmission medium to a 
distant point to represent each of a number of desired signal elements 
or characters. If the tone-spurts have a duration equal to or greater than 
the period T, it will be possible to distinguish, at the receiving end, 
which frequencies are present, by application of the above principle. 
This may be accomplished by having a group of oscillators at the receiv
ing end whose frequencies are identical with those at the sending end 
and providing a number of parallel channels for the received signal, equal 
to the number of oscillators. In each of these channels, the received 
signal is multiplied, in the mathematical sense, with the aid of suitable 
circuitry, by the output of the corresponding oscillator and the resulting 
product integrated for a period of duration T. An examination of the 
several channel integrators, at the expiration of the period T, reveals a 
"unit" output from those whose local frequency corresponds to a compo
nent of the received signal, while those corresponding to frequency 
components not present in the received signal show "zero" output. The 
terms "unit" and "zero" are employed here to represent the ideal case; 
in practice, there is found, in a properly designed circuit, a substantial 
value of output representing correspondence and little or no output for 
a lack of correspondence. After the integrator outputs have been ex
amined, which is done virtually instantaneously on a sampling basis, the 
electrical integrators are reset to zero, thus clearing the receiver for the 
reception and recognition of the next tone-spurt from the sending end. 

The system just outlined represents a mechanization of the classical 
concept of orthogonality for signaling purposes. It has been suggested2 

that an extension of the concept of orthogonality can be used to define 
a new set of properties which seems, in some respects, more useful than 
those defined by (1). Consider a set of normalized functions (Jl(t), (J2(t) 

(In(t) which, over the time interval T, satisfy the following conditions: 

for i ~ j 
(2) 

= 1 for i = j 

2 This suggestion was made by R. B. Blackman of Bell Telephone Laboratories. 
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The practical importance, in the generation and reception of electrical 
signals, of functions which satisfy (2) is that the defining integral de
scribes the transient response of a network; that is to say, if ()i(t) is the 
response of a network to an impulse time-function, then the integral 
represents the response of the network when it is acted upon by an 
applied signal of the form ()i(t). Thus the inherent factors which govern 
the instantaneous transient response of passive electrical networks may 
be utilized to perform the required mathematical processes of multipli
cation and integration without recourse to special functional circuits 
for the purpose. 

The following description will deal in some detail with signaling ar
rangements exploiting these properties of reactive networks, in which 
the signal generation and recognition is performed on the basis of the in
stantaneous responses at particular times rather than on the basis of a 
steady-state frequency-response, as in more conventional systems. 

3.0 POLYTONIC SIGNALS 

The elements of the signals used in the poly tonic signaling system are 
damped sine waves, such as that shown in Fig. l(a), which are character
ized by the expression: 

Fig. 1 - Poly tonic signal wave forms and network responses. 
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The frequency variable is expressed in the form shown to emphasize 
the fact that the frequencies in the set are integral multiples of a com
mon base-frequency, 1/2T. If the multiplier m is restricted to successive 
odd integers or successive even integers, as is actually done in the system 
to be described, the frequency separation between adjacent members 
of the set is then liT. For any integral value of m, this expression satis
fies the conditions of both (1) and (2). 

This type of response can be obtained, for example, by applying a step
function of voltage to a series circuit of R, L, and C elements and observ
ing the voltage across the resistive element, which is proportional to the 
current. Circuits of this kind are, in fact, used to generate the poly tonic 
signals at the transmitting end of the system. 

The discriminating devices at the receiving end may be similar simple 
circuits of R, L, and C elements, matched to the respective generator 
circuits in both frequency and damping. It is desired that the impulsive' 
voltage transfer-function of the receiving networks match the signals 
generated by the corresponding transmitting networks. This correspond
ence may be obtained by taking the voltage across the condenser ele
ment, which is proportional to the integral of the current, as the output 
of the network. 

We shall now proceed to determine the response of one of these receiv
ing networks both to a transmitted signal which it matches and to one 
which it does not match. If we consider the signal 

Em(t) = Eoe-atlT sin m7rtlT 

applied to a network whose voltage transfer function is 

Gn(t) = Ke-atlT sin n7rt/T 

we have, for the response 

When evaluated, this yields 

T -atlT 
V mn(t) = KEo (~ 2) (m sin n7rt/T - n sin m7rt/T) for m ~ n (4) 

7r m - n 

and 

T -at/T 
Vnn(t) = KEo -2

e 
[sin n7rt/T - (n7rt/T) cos n7rt/T] for 1n = n (5) 

n7r 
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When equations (4) and (5) are evaluated for t = T we find 

v mn(t) = 0 

Vnn(t) = KEo( -l)n+\T /2)e-a (6) 

If a suitable normalizing factor is applied to the second expression, this 
pair is seen to fulfill the conditions of (2). 

Thus, if a receiving network is excited only by the signal element, or 
damped sine wave like that shown in Fig. l(a), to which it is matched, 
the voltage across the condenser element of the network is given by (5) 
and will have the form shown in Fig. l(b); this will hereafter be referred 
to as a "desired" response. A desired response is seen to consist of an 
oscillatory voltage which starts with zero amplitude and zero slope and 
whose successive peak values are contained within an envelope which 
builds up to a broad maximum and then decays slowly. One of the peaks 
is centered at time T; by suitable choice of damping constant, (a = 1) 
the maximum value of the envelope may be made to coincide with this 
peak, and this is the condition illustrated in the figure. 

If a receiving network is excited only by a signal element to which it 
is not matched, its response, in terms of condenser voltage, is given by 
(4) and depends on the relationship, in frequency spacing, between the 
frequency-of-match and that at which it is excited. This will be regarded 
as an "undesired" response; Fig. 1 (c) shows the undesired response when 
the exciting frequency is the next higher frequency in the set. This re
sponse will be seen to consist of an oscillating voltage which starts with 
zero amplitude and zero slope, builds up to a maximum of amplitude, and 
then returns to zero amplitude and zero slope at time T. Between succes
sive multiples of T, the envelope of the undesired response exhibits 
maxima of successivel} smaller amplitude. More remote signal elements 
produce undesired responses with zeroes at submultiples of T, but in
tegral multiples of T are the only times at which all undesired responses 
are simultaneousl} zero in both slope and amplitude. For stimuli of equal 
strength, the maximum amplitude of the undesired response is always 
considerably less than that of the desired response. 

When the signal applied to a receiving network contains both desired 
and undesired components, the response is much more complex in ap
pearance than those shown in Figs. l(b) and l(c) which represent excita
tion by single signal elements. The response is, in fact, a linear combina
tion of components of the two classes described, each of which retains its 
individual properties. Thus if the voltage outputs of the receiving net
works are sampled instantaneously, at time T, all networks which have 
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found their counterpart signal element in the complex received signal 
will exhibit an output representing the peak value of an oscillatory wave 
of corresponding frequency, while those which have not found their 
counterpart will show, ideally, no output at this instant even though they 
may have shown a considerable oscillatory voltage before this time and 
may show an appreciable voltage at a later time, 

4.0 CONSIDERATIONS IN THE DESIGN OF A PRACTICAL SYSTEM 

The design of a practical signaling system involves considerations not 
covered by the theory of the signaling method used. Some of these 
considerations are entirely under the designer's control, while others 
are influenced by the external conditions under which the system must 
work. The external influences will be discussed first, and then the design 
parameters which the designer can choose freely. 

4.1 Timing 

At the outset the mathematical theory considered the response of 
receiving networks to signals sent out by transmitting networks and 
found that at a particular instant the desired response was large and the 
undesired response was zero. Mathematically it is easy to examine a 
function at a particular instant; from a circuit designer's viewpoint it is 
usually easy to sample a network response at a particular instant. How
ever, when there is interposed between the transmitter and the receiver 
a tranr '\.;:~on facility having an unknown delay and a restricted trans
m{~on 'oand, it is not easy to know the particular instant at which to 
take the sample. The starting time, from which the interval must be 
measured, may not be very sharply defined at the receiving end, and yet 
a fairly high degree of precision in timing is obviously necessary. If, for 
example, an error of one-quarter period of the oscillation frequency is 
made in taking the instantaneous sample of a desired response, a zero 
output will be obtained instead of the legitimate peak value. Extending 
the sampling period, to avoid this difficulty, would bring in appreciable 
energy from the undesired responses, which are zero only at the critical 
instant. There are still other difficulties, related to timing, which will be 
taken up later in connection with the design of a specific system, but 
enough has already been said to point up the desirability of some artifice 
which would retain the advantages of the orthogonal approach to the 
signaling problem while either relaxing the stringency of the timing re
quirements or shifting them from the receiver to some other part of the 
system, such as the transmitter, where they might be easier to meet. 
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Several proposals were considered which effected the desired casing of 
the timing requirement in greater or lesser degree, but the one finally 
adopted did, in effect, shift the timing mechanism to the transmitter. 
This arrangement produced a generated signal which no longer perfectly 
fulfilled the postulates of orthogonal theory, but whose deviations from 
perfection were found to be small and relatively unimportant in their 
effect on the ability of the signal receiver to discriminate between signal 
clements. The justification for, and utility of, this modification will 
become apparent upon further examination of the behavior of the net
works of the receiver. 

At the time T, or any multiple thereof, it may be seen that there is no 
energy stored in the receiving networks exhibiting undesired responses: 
the zero of voltage means that there is no energy in the condensers (neg
lecting dielectric polarization) while the zero of slope means that there 
is no current flowing and hence no energy in the coils. If, then, instead of 
persisting indefinitely, as was previously assumed, the energizing signal 
is removed at this time, no further energy will be introduced into the 
networks. Hence no voltage will appear across the condensers and the 
undesired response will remain zero thereafter. A network exhibiting a 
desired response, on the other hand, has considerable stored energy; its 
condenser voltage, indeed, is at a peak at this critical time. If the source 
of energy is removed at time T, an oscillating voltage will continue to 
appear across the condenser, decaying in amplitude somewhat more 
rapidly than was formerly the case, as the stored energy is dissipated and 
not replaced. Thus, by removing the source of energy at t~.,~' T. :~t is 
theoretically possible to obtain infinite discrimination, in the aosence of 
noise, between desired and undesired responses at any time thereafter. 
The effect of removing the source of energy may conveniently be achieved 
by abruptly stopping the decaying oscillations of the transmitting net
work at time T after their initiation, as shown in Fig. led), instead of 
allowing them to persist indefinitely. The behavior of the receiving cir
cuits in the cases of wanted and unwanted responses are shown in Figs. 
lee) and l(f). It is relatively easy to accomplish this timing job since the 
initiating pulse for the transmitting networks has a steep wave front 
which defines the starting time precisely. 

The timing requirement at the receiver is then merely that the 
sampling of the network condenser-voltage occur after the expiration of a 
time T measured from the starting time of the signal, and a fairly 
generous margin for time uncertainty can be provided. The sampling 
period itself may now be extended, since the undesired responses will 
remain zero instead of building up again after the null point, and can ad-
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vantageously be chosen to be of such length that one or more peaks of 
desired response are embraced, thus avoiding the possibility of missing a 
single peak through mis-timing an instantaneous sample. 

The means employed for arresting the oscillations of the transmitting 
networks at the critical time, and thus producing a signal of controlled 
length, will be taken up in detail in the section devoted to the design of 
the signal transmitter for a practical system. 

4.2 Transmission Facilities 

Any signaling system intended for telephone use must be capable of 
working over the wide variety of transmission facilities existing in the 
telephone plant. These facilities all fall short of perfect transmission in a 
variety of ways which do not seriously impair the intelligibility of 
speech but which do distort signals of all kinds. Non-human signal re
ceivers are limited in complexity both by cost considerations and by their 
designer'S limited skill, so they are less tolerant of distortion than is 
the ear. 

Telephone circuits, as indicated in the introductory section, fall natur-: 
ally into two classes, local and toll. Subscriber lines and local trunks 
usually have moderate attenuation and low noise, and their bandwidth 
restriction appears as a gradual roll-off accompanied by little phase 
distortion in the useful transmission band. Toll trunks, on the other hand, 
may have a wide range of both attenuation and noise. Bandwidth is 
usually less than on local trunks, although carrier circuits may show 
greater bandwidth than some small-gauge local trunks. Both voice
frequency and carrier toll trunks have sharper cutoffs than local trunks, 
with attendant phase distortion. In long loaded and repeatered circuits 
the phase distortion near the edges of the band accumulates to such an 
extent that it is manifest as an appreciable difference in transmission 
time, spoken of as delay distortion. Carrier circuits exhibit a charac
teristic kind of distortion caused by lack of synchronism between the 
carrier oscillators at the two ends of the circuit. This type of distortion 
is held within limits which make it unnoticeable to the ear but which 
may still render an arbitrary signal shape unrecognizable. The conse
quences of these various types of distortion seriously complicate the 
receiver design problem. 

4.3 Codes 

On a two-amplitude or on-off basis, at least four frequencies are re
quired to provide a distinct combination for each of the ten decimal 
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digits. If a fifth frequency is provided, the familiar two-out
of-five code with its self-checking feature can be used. In a poly tonic 
signaling system operating over transmission facilities of limited band
width, the use of the five-frequency code entails a slight loss of 
signaling speed: since the bandwidth must be divided into five channels 
rather than four, the frequencies are closer together and therefore the 
interval T is longer. In addition, the fifth frequency requires extra 
equipment for its implementation. These costs were felt to be small 
compared to the advantage of the self-checking code, so the two-out
of-five code was chosen. 

4-.4 Frequency Choice 

One of the first decisions to be made in designing a system of this kind 
is to choose the frequencies which will be used. The frequencies chosen 
for the experimental toll signaling system were 500, 700, 900, 1,100 and 
1,300 cps. These frequencies lie comfortably within the pass-band of all 
transmission facilities over which the system might be required to 
operate. 

4-.5 Signaling Speed 

Since T is the reciprocal of the frequency separation, the frequencies 
chosen give a value for T of 5 milliseconds. It was decided to take another 
5 milliseconds, after the time T for each digit, to allow for detection, 
network deenergization, and other system operations which were re
quired between digits. Each digit thus occupied a time of 10 milliseconds, 
and the signaling rate was 100 digits per second. 

4-.6 M ode of Operation 

The signaling speed of one hundred decimal digits per second is much 
higher than the rate at which a human operator can supply the informa
tion to be transmitted. To make efficient use of this speed, therefore, the 
input information must be accumulated in some kind of temporary stor
age mechanism, or register, from which it can be spilled at the rate for 
which the transmitter is designed. One signal transmitter of a high-speed 
system would send out completed input information derived from any 
of a number of registers, so that the time required to set up the informa
tion, in individual instances, would not constitute a limiting factor. 
Similarly, one receiver might accept messages from anyone of a number 
of transmitters, thus further exploiting whatever inherent speed capa
bilities the system might possess. 
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If the self-checking features of the code, discussed in an earlier section, 
are to show their full advantage, the system must be arranged to send 
the same signal information again, upon demand, whenever an im
plausible received combination causes rejection of the information re
ceived. The easiest way to do this, and the one adopted for this system, 
is to send the complete signal information or "message" repetitively, 
whether repetition is needed or not, until an acknowledgment signal is 
obtained from the receiver that a complete message, plausible in all digits, 
has been received. Reception of this signal, at the transmitting end, 
would then release the transmitter. 

Because of the repetitive character of the signal transmissions, and 
the possibility of a signal receiver "coming in" on a line from a trans
mitter in the middle of the message, some internal indication is required 
in the message itself to mark the end of one iteration and the beginning 
of the next; this subject is discussed further in Section 5.22. 

For the system to be described, the message is defined to consist of any 
arbitrary succession of eight decimal digits, representing a typical sub
scriber's number with office code, line number, and party designation. 
The desired message is completely set up before any part of it is trans
mitted; and after transmission is begun it is sent, digit by digit, repeti
tively, with internal indication of sequence beginning, until the receiver 
acknowledges reception or until, in the case of laboratory tests, it is 
desired to send some other message. 

5.0 DESIGN FEATURES OF A PRACTICAL SYSTEM 

5.1 The Signal Transmitter 

A block diagram of a signal transmitter conforming to the mode of 
operation outlined in Section 4.6 is shown in Fig. 2. It begins with a 
source of frequency which determines the rate at which the digit signals 
are produced, and which is shown, for convenience, as a multivibrator. 
The onset of one part of the cycle of this multivibrator is used for control 
of the stepping process, as shown. The other part, which must be of 
length T, times the action of the keying circuit to shock the tuned 
circuits and thus produce the damped sine wave signal elements. The 
stepper-distributor conveys the pulses originating in the keying circuit 
to the digit selector switches in succession. It is represented schematically 
as a rotating switch and might indeed be such a switch in slow-speed 
systems. In the system herein described, however, it was made up of a 
gas-tube stepping chain actuating relatively high-speed mercury-contact 
relays. 
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: The digit selection switches are also shown schematically as rotary 
switches and they were thus constituted in the experimental system, two
deck switches serving to convey the distributed pulses to any selected 
combination of two out of the five tuned circuits. In a working system 
these switches would probably be replaced by aggregations of relays 
under control of push-button keysets, or some other source of signal 
information. 

The tuned circuits are five in number and are used in pairs to provide 
the two-out-of-five code elements required. A small resistance was placed 
in the common lead of all five circuits and the voltage drop across it used 
as the signal output. 

The keying circuit is perhaps the item of greatest interest in the signal 
transmitter. Figs. 3 and 4 show circuits implementing two methods, 
which will be described, for generating the controlled-length poly tonic 
signals previously discussed. Both methods have been used and neither 
has a clear-cut advantage over the other. 

The keying circuit has two duties to perform: it must initiate shock
oscillations in selected tuned circuits and it must arrest these oscillations 
after an integral number of half-cycles occupying the period T. It is also 
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Fig. 2 - Schematic diagram of signal transmitter. 
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highly desirable, to facilitate the generation of a succession of signals, 
that the shock excitation voltage supplied by the keying circuit have the 
same value near the end of a digit period as it had just before the steep 
wave front occurred, so that a complete cycle is traversed for each signal 
generated. . 

One method of arresting the transmitter-network oscillations in an 
almost transient-free manner at the end of an integral number of half
cycles is to introduce, in series with the circuit, a resistor having a value 
equal to or somewhat greater than the critical damping resistance. This 
resistor must be removed, of course, before the next signal-producing 
shock is applied. If such a damping resistor is introduced at time T, it is 
then possible to return the exciting voltage to the value from whence it 
started, by means of an oppositely directed step, without occasioning any 
further oscillations. An exponentially-damped transient will, however, 
ensue. 

A more nearly transient-free signal m-ay be obtained by employing a 
shocking pulse having a steeply rising wave front, followed by a smooth 
decay which will reduce its amplitude to a negligible value at time T. 
Use of a pulse such as this, instead of the ideal step-function, hitherto 
contemplated as the exciting voltage, will introduce some anomalous 
frequency components into the spectrum of the transmitted signal, but 
these have been found to have little influence on the behavior of the 
receiving networks. 

A keying circuit providing the features of a shaped pulse for excitation 
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Fig. 3 - A method for generating a controlled-length poly tonic signal. 
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and critical-resistance damping for arresting the oscillations is shown in 
Fig. 3. 

In this arrangement a rectangular voltage pulse of the critical length 
is applied to tubes VI and V2. Both tubes are normally cut off. Elements 
Rl and Cl partially differentiate the applied signal at the grid of VI, 
which is a cathode follower, causing the cathode voltage to rise suddenly 
and then subside toward ground; the output impedance of the tube, at 
the cathode, is low during this time, owing to the ordinary dynamic 
feedback action of the tube. Tube V2 is also brought into conduction for 
the period T through coupling elements of long time-constant; this tube 
supplies the current required to provide vigorous dynamic action in tube 
VI as its cathode approaches ground potential and also provides a con-

Fig. 4 - Another m~thod for generating a controlled-length poly tonic signal. 

ductive path for the negative lobes of the oscillatory current in the tuned 
circuit. The resistor Rc ,having a value approximately that of the critical 
damping resistance for the tuned circuit, is connected from the cathode 
of VI to ground but plays little part in the action just described, since it 
is shunted by the low dynamic impedance of V1. By properly propor
tioning the circuit elements and adjusting the grid voltage of VI by 
means of control P, the cathode of VI may be made to arrive at a voltage 
of approximately zero with respect to ground at the expiration of the 
period T. The trailing edge of the input pulse then restores both tubes to 
the cutoff condition, the impedance from cathode to ground of VI is that 
of Rc , and the tuned circuit is critically damped by this high impedance. 
During the period T the total resistance in series with the tuned circuit 
is the sum of that of the cathode-follower driver, that of the physical coil 
itself and that of the two resistors rl and r2 . These two latter resistors are 
ordinarily both small; rl serves as a means of obtaining an output voltage 
proportional to the oscillatory current while r2 serves as a padding re-
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sistor to adjust the total to the value required for the prescribed damping 
constant. The distributing stepper and digit selector switches are inter
posed at the point marked A. 

Another way of terminating the transmitter-network oscillations in a 
transient-free manner is to apply a second step-function of correct magni
tude and polarity to the tuned circuit at the exact completion of any inte
gral number of half-cycles of the oscillation, so that a new oscillatory 
wave, due to the second shock, will exactly cancel the unwanted remain
ing portion of the original wave. The number of half-cycles to be chosen 
is, in this instance, the number occurring within the time interval T. If 
an odd number of half-cycles have occurred, the terminating shock must 
have the same polarity as the initial shock, whereas if an even number 
have occurred a terminating shock of opposite polarity is required. In 
any case, the magnitude of the terminating shock must be less than that 
of the initiating shock in exact proportion to the decay of the oscillations. 
A circuit working on this basis, for an even number of half-cycles within 
the period T, is shown in Fig. 4. 

Here the rectangular input pulse is applied to a cathode-follower 
through the coupling circuit ClRl whose time-constant is adjusted to 
match the decay rate of the tuned circuit oscillations and which thereby 
produces the desired ratio between leading-edge step and trailing-edge 
step. The diode shunting Rl serves to discharge Cl quickly at the termina
tion of the input pulse, which is supplied from a low impedance source. 
The output of the cathode-follower stage is, then, a voltage pulse of the 
correct shape which begins and ends at essentially ground potential. This 
pulse is conveyed to another cathode follower which is arranged to draw 
a substantial current, and therefore to exhibit a low output impedance, 
at all times; this tube drives the tuned circuits. 

The distributing stepper and digit-selector switches are interposed at 
the point marked A, as before. 

This type of signal generation was employed for the second embodi
ment of the poly tonic system, which was built to attain still higher sig
naling speeds over local-type facilities. A different set of frequencies from 
those listed in section 4.4 were chosen for this case. These frequencies, 
800, 1,200, 1,600, 2,000 and 2,400 cps, provided an even number of 
half-waves within the period T. 

5.2 The Signal Receiver 

5.21 Envelope Detector 

I t was desired to build the system around a detector which did not 
have severe timing requirements and which would be capable of with-
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standing some distortion of the received signals. The detector devised 
to meet these requirements based its discrimination essentially on the 
envelope of the tuned circuit response. In the case of undistorted received 
signals, after time T the envelope of the desired response is a decaying 
exponential of appreciable magnitude, while the envelope of the unde
sired response is zero. It was found experimentally that when the re
ceived signals were subjected to the kind of distortion produced by trans
mission over a carrier system with non-synchronous carrier oscillators, 
the envelope of the desired response was substantially unchanged while 
the envelopes of undesired responses, though no longer zero, were still 
much smaller than those of desired responses. When the signals were 
transmitted over lines with delay distortion, so that one component 
arrived a time-interval.1 later than the other, the envelopes of undesired 
responses were observed to be substantially zero after time (T + A), 
measured from the arrival of the earlier component, while again the 
envelopes of the desired responses were little changed. 
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detection. 
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A common method of deriving the envelope of an oscillating signal is 
to rectify the signal and filter out the carrier and higher frequency com
ponents. This method is not feasible here because these envelopes contain 
significant frequency components at frequencies comparable to the 
carrier. The approach which ,vas actually used is illustrated in Fig. 5, 
and consisted in full-wave rectifying the network responses to eliminate 
their oscillatory character and then integrating over a short period to 
eliminate the fluctuating nature. This integration should not be confused 
with that mentioned in the discussion of orthogonal functions. Its only 
purpose is to make the signal channel outputs monotonic, and it need not, 
therefore, be mathematically exact. The output voltage from a receiving 
network which, for a desired response, will have the form shown in line 
A, is applied to the input of the detector circuit. Full-wave rectification 
produces the wave shape as shown at B. Elements Rand C, together with 
the left-hand half of the double-triode constitute an integrator of the 
Blumlein type. The plate of this tube, however, is connected to the plate 
of the right-hand triode which acts as a clamp during the early part of the 
digit interval, thereby preventing any substantial integrating action. At 
time T + /1 after the beginning of the input signal, the clamp tube is cut 
off by a negative pulse, derived from a timer circuit and applied to the 
Integrator Enablement lead; integration then proceeds as indicated in 
line D of the figure. The integrator output is sent to a sampling gate 
which blocks it except during a short period when a sampling pulse, also 
derived from the timer circuit, occurs. The sampling procedure is em
ployed to present the signals from all five channels to a two-out-of-five 
code-checking circuit at the same instant; without this synchronizing 
feature the finite slopes of the integrator outputs might cause them to 
reach threshold value at different times and thereby confuse the checking 
circuit. 

The wave-shapes shown in Fig. 5 refer to a desired response; in the 
case of an undesired response the input signal is substantially zero during 
the integration period and no output is produced. 

With the signal parameters chosen, the total digit interval was 2T or 
10 milliseconds. Of this time, 5 milliseconds was allotted for the action of 
the receiving networks, 1.3 milliseconds for /1, the margin for timing error 
and transmission delay-distortion, and 3.2 milliseconds for the integra
tion period. This latter includes the one millisecond occupied by the 
sampling pulse. Thus 0.5 millisecond remains for resetting the integrators 
to their initial condition, through the action of the clamp tubes, before 
the expiration of the 10 millisecond period. 
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5.22 Start Circuit 

It was decided, as a matter of system design, that the transmitter 
should begin transmitting the desired number as soon as it was set up, 
without determining whether the receiver was ready to accept the in
formation. The receiver, on the other hand, would begin to consider 
information received over the line at an unspecified time depending on 
the completion of its handling of the previous number. This design 
philosophy leads to the need for a device to which the name start circuit 
has been given. The receiver may find itself beginning to consider an 
incoming number at a time when some other digit than the first is ar
riving; it must be able to recognize in some way which digit in the train 
is the first digit of the number, and to wait until that digit arrives before 
beginning its operations. 

The first digit is marked at the transmitter by the artifice of preceding 
it by a blank interval: the digits follow each other at regular intervals 
except that between the last digit of one iteration of the number and the 
first digit of the next iteration there is left an interval two digit-periods 
in length during which no signal is sent out. The blank interval is recog
nized in the receiver by means of an R-C timing circuit: a condenser is 
connected through a resistor to a high voltage and tends to charge up to 
the supply voltage. As each digit arrives, the condenser is discharged to 
zero and begins to charge again. There thus exists across the condenser 
a sawtooth voltage wave, which is monitored by a threshold circuit. As 
long as the digits arrive at regular intervals, the condenser voltage never 
rises beyond a certain maximum value which is less than the firing point 
of the threshold circuit. However, when the blank interval occurs, the 
condenser voltage is permitted to rise to about three times its normal 
maximum value. In so doing, it passes the firing point of the threshold 
circuit, which delivers a signal used to indicate that the next digit will 
be the first digit of the transmitted number. Whenever the receiver con
siders a new number, it waits until a blank interval occurs in the train 
of digits before beginning its operations. 

In addition to recognizing the beginning of the number, it is necessary 
to recognize the arrival of each digit in turn. The sudden drop in voltage 
across the start circuit condenser is used to mark the beginning of each 
digit. This drop marks a well defined instant from which various neces
sary time intervals previously mentioned, can be measured. It will be 
recognized that the relationship of this instant to the beginning of the 
digit is not highly precise. The start circuit is necessarily an amplitude
sensitive device, since it must distinguish between the presence and 
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absence of signals. The sensitivity must be high enough so that the start 
circuit recognizes weak signals, but not so high as to cause false responses 
to noise on the line. Signals of the wave form shown in Fig. l(a) or 
l(d) have a definite starting point defined by a discontinuity in the de
rivative, but this discontinuity will tend to become obscured by trans
mission over any practical medium. The initial value of the derivative is 
different for different signaling frequencies, so that the time required to 
build up to any arbitrarily defined threshold level is not exactly known. 
It is these considerations, as discussed above in Section 4.1, that makes 
it impossible to use a detector based on the instantaneous value of the 
oscillating response of the receiving network. The envelope detector just 
described, however, is much less time-sensitive and can easily tolerate 
the lack of precision of the start circuit. 

5.23 Receiver Block Diagram 

A block diagram of the signaling receiver is given in Fig. 6. It is not 
proposed to describe the contents of each block in detail, but the sequence 
of operations in the handling of a received number will be traced out, and 
the functions of each block will be discussed. 

Before describing the block diagram, it is well to point out that the 
system under discussion was built for purposes of laboratory test rather 
than practical use and that therefore it contains some features not neces
sary for plant service and lacks others that would be required. In par
ticular, since in the laboratory it was always known what number was 
being transmitted, it was possible to include a comparator - a relay 
circuit which at the end of each receiver operation made a comparison 
between the transmitted number and the received number and indicated 
whether the number was correctly registered. Again, since received sig
nals always arrived over the same pair of wires, no circuit was built to 

Fig. 6 - Block diagram of signal receiver. 
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perform the function of connecting the receiver to anyone of a number of 
pairs to receive signals from a variety of sources. In a practical system 
it would be necessary, as previously mentioned, to send a "dismiss" 
signal back over the line to cause the transmitter to stop sending when 
the number was successfully received; this feature was not included here 
because it was felt to constitute a fairly simple design problem and one 
that had no special bearing on the particular research problem of inter
preting and handling poly tonic signals. 

The block diagram of the system falls readily into two maj or divisions. 
The main detecting and registering functions are performed in the boxes 
across the top of the diagram, while the lower boxes perform auxiliary 
control functions. 

The sequence of operations begins with the closing of the line relay 
(L), which connects the line to the input of the receiving amplifier. The' 
L relay, in this laboratory version of the receiver, takes the place of the 
more elaborate connector circuit which would be required in a practical 
system with a large number of incoming lines. 

When the L relay closes, the received signals, after amplification by the 
receiving amplifier, are fed to the receiving tuned circuits and to the start 
circuit. The L relay will close at a random point in the train of signals; 
one function of the start circuit is to make the register unresponsive to 
received signals until the blank interval in the train has occurred, thus 
ensuring that registration of a received number will begin with the first 
digit of a transmitted sequence. 

Another function of the start circuit is to provide a timing reference to 
mark the beginning of each digit in the received sequence. Starting from 
this reference, the timer circuit measur~s off the interval T + II men
tioned above and then measures off the integrate period which begins at 
time T + II and lasts just over three milliseconds. 

When a received digit composed of two code elements is applied to all 
the five receiving tuned circuits, there appear on the five tuned-circuit 
output leads two desired responses and three undesired responses. These 
responses are considered, during the integrate period determined by the 
timer, by the five detectors. At the end of the integrate period there 
appear pulses on the output leads of the two detectors which were con
sidering desired responses while, ideally, no pulses appear on the other 
three leads. These pulses are fed to the register circuit. 

Until the blank interval occurs in the train of received signals, the 
register circuit does not respond to the pulses from the detectors. When a 
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blank interval does occur, the start circuit primes the steering circuit, ' 
which enables the first section of the register. The first digit of the trans
mitted number is then stored. 

The outputs of the five detectors are also fed to a checking circuit, 
which determines whether a desired signal was recognized in exactly two 
of the five channels. If the digit is plausible, as indicated by two-out-of
five response, the checking circuit advances the steering circuit, so that 
the next digit can be stored in the next section of the register. If any digit 
is implausible, as indicated by response in more or less than two channels, 
the checking circuit does not advance the steering circuit but instead 
"recycles." That is, it erases all information stored in the register before 
the arrival of the questionable digit, and it returns the steering circuit 
to the state that existed before the recognition of the blank interval. The 
receiver then attempts on a succeeding repetition of the transmitted 
number to recognize a complete sequence of plausible digits. 

For the purpose of simplifying the laboratory set-up, a skeletonized 
register capable of registering only the first three digits of the number was 
built. All eight digits, however, are checked. If all digits are plausible, 
the steering chain delivers a "number complete" signal, which releases 
the line relay, on the next appearance of the blank interval. The operation 
of the receiver is then complete. 

The storage of the received number in the register represents the final 
output of the receiver. For laboratory purposes the information was used 
to operate various data-accumulating message registers as well as the 
comparator mentioned above. Upon completion of their operations, the 
register is cleared, and the receiver is then ready to handle another num
ber. 

6.0 TESTS 

Conditions affecting the successful operation of a signaling system may 
arise in the transmitter, in the receiver, or in the transmission medium 
connecting the two. Laboratory tests, in which one condition at a time 
could be introduced and varied in a controlled manner, were first under
taken to evaluate the capabilities of the system. The results of these 
tests were so encouraging that arrangements were then made to try the 
system on a representative variety of toll circuits available on a loop 
basis out of New York. Good operation was obtained over two-wire 
voice-frequency circuits up to 175 miles in length and over four-wire 
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voice-frequency circuits up to 350 miles in length. Seven hundred and 
fifty miles of voice-frequency four-wire circuit caused signaling failure 
owing to excessive delay-distortion. Two links of J{ carrier, aggregating 
1900 miles, gave satisfactory performance with some restriction in the 
allowable range of amplitude of signals. 

7.0 HIGHER SPEED SIGNALING - LOCAL LINES 

The system just described was designed with the objective of tolerating 
large amounts of certain kinds of distortion. After the construction and 
testing of this system was completed, investigation was concentrated on 
the design of a system which would be capable of still higher signaling 
speed, even though it might be more vulnerable to distortion. Such a 
system would be useful in the local plant where the most severe types of 
distortion - carrier shift and delay distortion - do not occur. 

In designing a system to signal at higher speed, it is obvious that the 
time interval T must be shortened, by spacing the signal frequencies 
further apart. In addition, a further increase of speed can be obtained 
by shortening the "handling" interval between digits. In the previously 
described system, it will be remembered, digits were transmitted at 
intervals of 2T. This timing allowed an interval T for signal discrimina
tion to appear in the network responses, and another interval T for detec
tion and manipulation of the digit information. By spacing the signal 
frequencies at intervals of 400 cycles, which shortened T from 5 milli
seconds to 2.5 milliseconds, and by reducing the handling time allowance 
from T to Ys T, it was possible to raise the signaling speed from 100 
digits per second to 300 digits per second and to signal successfully at 
this speed over local loops. A new type of detector was required for this 
embodiment. The rest of the system was unchanged in principle from the 
previous design, so it will not be described. 

7.1 Energy Detection 

The previously described detector merely observed a voltage mani
festation of the energy in the receiving network without making direct 
use of that energy. After detection of a digit signal, networks exhibiting 
desired responses still contained substantial amounts of energy, which 
decayed at a slow rate. With the altered signal parameters used in the 
higher-speed system, there was a likelihood that the decaying oscilla
tions of a desired response might last into the next digit interval and 
obscure the discrimination for that digit. For this reason, and also be-
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cause the available time for signal handling was much shorter, the new 
detector was devised with the dual objective of recognizing the presence 
of a desired response quickly and also of terminating as quickly as pos
sible the slowly-decaying oscillations characteristic of a desired response. 
To accomplish this objective, the energy is used directly: it is made to 
advertise its own presence and simultaneously dissipates itself as quickly 
as the network permits. Because of the direct use of the energy, the 
detector is called an energy detector. 

The scheme consists merely of inserting in series with the receiving 
resonant circuit, at time T, a resistance of such value as to make the 
circuit approximately critically damped. Then practically all the energy 
in the network is dissipated in the resistance within about one-half cycle 
of the resonant frequency. A simple circuit to perform this operation is 
shown in Fig. 7. The critical damping resistance is in the circuit at all 
times, shunted by a varistor through which steady current flows. As long 
as the steady current is larger than the peak amplitude of the oscillatory 
current in the tuned circuit, the varistor remains a low impedance and 
the circuit behaves as if the damping resistance were not there. When 
the time for detection arrives, the steady current is removed by driving 
to cut-off the vacuum tube through which it is supplied. If, at this time, 
the oscillatory current happens to be flowing in the direction for which 
the varistor is a low impedance (counter clockwise in the figure) nothing 
happens; but when the current reverses direction, the energy is dissipated 
in the damping resistance, producing a voltage pulse which can be 
used to actuate a storage register. The varistor serves two purposes: not 
only does it constitute a convenient, fast-acting switch for introducing 
the damping resistance, but also it ensures that the output pulse will 
always have the same polarity when it occurs. If the detection is initiated 
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at a time when the oscillating current is flowing in such a direction as to 
tend to give an output pulse of the wrong polarity, the output is simply 
delayed by an amount not greater than one-half period of the oscillation 
frequency. 

8.0 CONCLUSION 

A researeh program in high-speed signaling has resulted in laboratory 
models of several experimental systems based OIl different principles. 
This paper traces one of these principles from iiI; origin in a mathe
matical concept to its application in two versiolls of workable physical 
circuitry. Both versions were found to give satisfactory results in labora
tory tests and in limited trials with actual plant circuits. 



Tapered Velocity Couplers 

By J. s. COOK 

(Manuscript received March 15, 1955) 

The advent of very broad band microwave amplifiers and oscillators neces
sitates microwave circuitry of comparable frequency range. A scheme is 
presented which makes it possible to build microwave couplers of vari01lS 
kinds having bandwidths of well over two octaves. A preliminary investiga
tion of mechanical and mathematical analogs is described; and some particu
lar devices using the new principle are mentioned. 

INTRODUCTION 

In waveguide and transmission line networks, it is often desired to 
transfer power from one line to another. To this end, various hybrid 
junctions and ordinary directional couplers were developed some years 
ago. 

More recently, S. E. Miller! has made use of the fact that when two 
transmission lines with equal phase velocities are continuously coupled 
over some length, a signal introduced into one line will be completely 
transferred periodically back and forth between the lines. (Fig. 1.) This 
principle is employed in power-"splitting" devices where power is, for 
instance, equally divided between two lines. Half of the signal power is 
permitted to transfer from one line to the other and at this point the 
coupling is discontinued. (Fig. 2(a).) Another obvious application of this 
coupling principle is a means to effect complete transfer of a signal from 
one line to another. (Fig. 2(b).) 

N ow the trend is toward systems which are capable of handling even 
greater bandwidths. Miller's approach to the problem of coupled waves 
has led to waveguide couplers which are useful over bandwidths of 25 
per cent and better. However, with the advent of traveling-wave tube 
amplifiers and similar devices, useful bandwidths of two-to-one and more 
have become desirable. The bandwidth of the Miller scheme is limited 
because the strength of coupling and the electrical length of the coupling 

1 S. E. Miller, Coupled Wave Theory and Waveguide Applications, B.S.T.J., 
33, pp. 677-692, May, 1954. 
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section vary with frequency. This directly affects the power division 
between the lines. In the following two paragraphs are the background 
and thought which led to the new broadband coupling scheme. 

Miller! has shown that if two coupled lines have a fixed difference in 
phase velocities the signal power transfer also is periodic. In this case, 
however, only a part of the power is transferred, the amount depending 
on the ratio of velocity difference to coupling factor~ (Fig. 3.) 

Assume, now, that two coupled lines have slightly different phase ve
locities and a signal is introduced into one line. Let the velocity difference 
increase slightly at the point where maximum energy has been transferred 
to the adjoining line. Repeat this process until the amount of power ex
change becomes vanishingly small. It is conceivable that if the velocity 

y 

lZx 
POWER 
IN LINE 

NO.1 

POWER 
IN LINE 

NO.2 

(a) 

z~ 

(b) 

Fig. 1- (a) Coupled waveguide transmission lines. (b) Wave power distribu
~ion along the lines. 
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steps are small the signal will finally be equally divided between the lines. 
(Fig. 4.) If this is so, it follows that the same effect must result from a 
continuous gradual change in the relative phase velocities of the two 
lines. Furthermore, if the coupling section is made long enough, this de
vice should be frequency independent. 

MECHANICAL ANALOG 

It has long been recognized that coupled pendulums are analogous to 
coupled transmission lines. This analogy is demonstrated in the Appen
dix. To test the above conclusions about lines with changing phase ve
locities two pendulums were coupled together in such a way that their 
relative lengths could be adjusted while in motion. (Fig. 5.) It was ob-

(a) 

(b) 
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Fig. 2 - (a) Power distribution through a half-power coupler. (b) Power dis
tribution through a complete-power coupler. 
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~:~I~~: ul 

~~~~ J~--;=;--I 
z-... 

Fig. 3 - Incomplete power transfer resulting from coupling two lines having 
different phase velocities. 

served that when the pendulum lengths were fixed and equal, and one 
pendulum was set swinging, it would swing less and less until it stopped 
altogether, while the other pendulum would swing higher and higher un
til it reached a maximum. Then the process reversed until the first 
pendulum reached a maximum and the second pendulum came to rest 
once more. This cycle repeated until friction finally brought both pen-

t 
/3 

PHASE 
CONSTANT 

r--~----, 

o~ ____ ~ ______ +-____ ~ __ ~ __ +--+ ____ ~ 

POWER 
IN 

LINE 
NO.1 

z~ 

Fig. 4 - Power distribution in the driving line where the difference in phase 
velocity between two coupled lines is increased each half beat wavelength. 

{31 = phase constant of line 1 

{32 = phase constant of line 2 
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dulums to rest. This is a classical experiment performed in most early 
physics courses. 

N ow one pendulum was made quite long and the other relatively short. 
The longer pendulum was set swinging. It was then gradually shortened 
and the other gradually lengthened until they were finally of equal length. 
At that point they were swinging nearly together and with about the same 
amplitude. It was found, also, that if the short pendulum instead of the 
long was set swinging, and then the pendulum lengths were gradually 
equalized, the pendulums ended up swinging opposite to each other and 
again, of course, with about equal amplitudes. The initial and final con
ditions of the pendulums in these two experiments are indicated in Fig. G. 
Although these experiments are the inverse of the original proposition 
reciprocity must hold, and the proposition, is thus valid. 

It is known that a fixed system of two coupled pendulums will support 
two independent or "normal" modes of oscillation. These two normal 
modes are characterized by the pendulums swinging exactly "in phase" 

\ 
\ 
\ 
\ 
\ 

RIGID COUPLING BAR 
SUSPENDED FROM 
CROSS MEMBERS 

... OF SUPPORT 
\ 
\ 
\ 
\ 

PENDULUM LENGTHS ALTERED 
BY MOVING STRING ALONG 

I 
I 
I 

/' FRONT MEMBER 

\ PENDULUM 
\ 2 
\ 
\ 
\ 

STRING MOVES FREELY 
THROUGH SLOTS IN 

COUPLING BAR 

PENDULUM 
I 

Fig. 5 - A system of two coupled pendulums whose lengths may be altered 
while in motion. 
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Ff 
/ 

r=\ --... --... -.. ~ 

INITIAL INITIAL 
CONDITION END RESULT CONDITION END RESULT ..... 

(a) (b) 

Fig. 6 - Initial and final states of oscillation of a system of two coupled pendu
lums where, (a), only the longer one is initially excited, and (b), only the shorter 
one is initially excited. In each case the lengths have been slowly equalized to 
produce the end results. 

or exactly "out of phase" with each other. The end results of the two 
excitations in the experiment, then, were the two normal modes. 

MATHEMATICAL ANALOG COMPUTER 

As is shown in the Appendix, the pendulum analogy could not provide 
true quantitative solutions in terms of the transmission line constants. 
For this reason, and because of the mathematical complexity encountered 
in trying to solve the transmission line equations directly, we resorted 
to an analog computer. The coupled transmission line equations as pro
posed by Miller and given in the Appendix were appropriately ration
alized and adapted to permit the phase constants of the lines to vary 
linearly with distance. Symbolically: 

{31 = {3 + f..£Z, 

where {31 = phase constant of line 1 

{32 = {3 - f..£Z 

{32 = phase constant of line 2 

{3 initial phase constant of both lines 

Z = distance along coupled system 

and f..£ constant which determines rate of phase change. 

(1) 

In the process of rationalizing it was found convenient to measure z 
in terms of coupling wavelengths, AbO. The latter quantity is defined as 
the hypothetical distance required to transfer all the power from one 
line to the other and back again where {31 = {32 = {3 = constant. If ,ve 
let 
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we can write (1) as 

{32 = {3 (1 - _s ) 
27rn 

(2) 

where n = number of coupling wavelengths the problem is allowed to 
run, i.e., until (32 = 0, or 0 ~ S ~ 2 7rn. . 

The quantity E12 was plotted as a function of S where El was the wave 
amplitude in line 1 and E1(0) = 1, E 2(0) = O. 

These plots are shown in Fig. 7 for n = 2 and n = 6. The dotted lines 
roughly indicate the centers of oscillation of these curves. 

Inspection of the curves shows that: 
1. The accuracy with which the power was ultimately divided be

tween the two guides seemed to be determined within the first two or 
three exchange cycles. 

2. The ultimate phase constant difference here chosen was not great 
enough since there was too much power still being exchanged at the 
end of the plot. 

3. The exchange amplitude was much too constant after the first 
few cycles. This indicates that a linear phase constant change is in
efficient if minimum coupler length is to be realized. 

4. Although, initially, a slow rate of change of phase velocity is neces
sary, subsequently, a progressively faster rate should reduce the final 
exchange amplitude. 

From the dotted lines indicating the centers of oscillation of the curves 
it may be seen that the initial rate of phase change for n = 2 is too great 
while that for n = 6 is slow enough to keep the oscillation fairly well 
centered. 

It can be shown from Miller's equations for coupled lines of different 
fixed phase velocities1 that the peak-to-peak amplitude of the power ex
change between the lines, P x , when the distance-averaged powers in the 
lines are equal is given by the following equation. 

P 

P. ~ I[~~J + 1 
(3) 

where P = total power in the coupled system, 

and c = coefficient of coupling between the lines. 
In spite of the fact that this calculation assumes a constant velocity 
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Fig. 8 - A reproduction of the curve of Fig. 7 (b) showing the proposed envelope 
which might result from a more efficient coupler. 

difference it can be shown from Fig. 7 (b) that it provides a good ap
proximation for the power exchange at any point along a coupled sys
tem where the phase velocities are varying slowly. Equation (3) indi
cates that the final power exchange amplitude may be reduced either 
by increasing the final velocity difference or by decreasing the coupling. 

The next question is how to choose a variation of phase velocities in 
such a way that the power will be well divided in the shortest possible 
distance. Assume for the present that the velocity difference between 
the lines is constant throughout each power exchange shown in Fig. 
7(b). An envelope of oscillation amplitude was arbitrarily superimposed 
on the n = 6 curve as shown in Fig. 8. It was proposed to find a law of 

, velocity change which would produce such an envelope. From the equa
tions for fixed velocity difference the value of b.{3/2c was calculated 
which would produce the power amplitude predicted by this envelope 
after each power exchange. The value thus calculated was considered 
as the value half way through the exchange distance, this distance also 
being determined by the particular value of b.{3/2c. These points were 
then plotted as a function of r as shown in Fig. 9. The solid line repre
sents the linear variation actually used for the computed curve. Note 
that the first three points lie very close to this line proving the validity 
of the approximation. 

W. H. Louisell has made a thorough mathematical examination of 
this sort of coupler.2 It is interesting to note that Louisell's analysis 

2 B.S.T.J., page 853 of this issue. 
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Fig. 9 - The solid line shows the linear variation of D.f3/2c used on the analogue 
computer to produce the curve of Fig. 7 (b). The broken line is the variation of 
D.f3/2c calculated to produce the envelope superimposed on that curve in Fig. 8. 

indicates that when the coupling is held constant the phase velocity 
difference, A{3, should vary as follows for greatest efficiency: 

A{3 r-.J cot[cos -1 r /27rn] 

where n = the length of the coupler measured in coupling wave lengths, 
AbO. A suitable multiplier and a value for n were chosen for the above 
formula to make it coincide with the empirical curve of Fig. 9 as nearly 
as possible. Points found from the resulting equation appear as boxes 
on that figure. 

WAVEGUIDE COUPLER 

Using the function of A{3/2c thus calculated, an experimental coupler 
was made. Two rectangular waveguides (1.145" x 2.290") were placed 
side by side so that they had a common narrow wall. They were electri
cally coupled through a slot like that shown in Fig. 1. One guide was 
loaded with a gradually increasing amount of polystyrene such as to 
taper the phase velocity to match the curve of Fig. 9. Since the phase 
constant difference A{3 could not be made great enough by this method, 
the coupling near the end was decreased by tapering the slot width 
linearly to zero through the section where A{3 was maximum, i.e., where 
the loaded guide was completely filled with polystyrene. To reduce 
reflections the other end of the slot was also tapered to zero, though 
over a much shorter distance. Finally, the polystyrene at the fully 
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loaded end was tapered off outside the coupled section slowly enough 
to provide a low reflection transition to unloaded guide. The effective 
coupling length was about 88". 

When a signal was fed into either guide at one end of the coupler the 
signal output at the other end was equally divided between the two 
guides within 0.2 db over a frequency range of 2,700 to 3,100 mc/s. 
Since guide cutoff is about 2,600 mc/s this frequency range represented 
a large range of AbO. The coupling wavelength, indeed, varied from about 
18" at 2,700 mc/s to 40" at 3,100 mc/s. The coupler accuracy degenerated 
rapidly for frequencies above 3,100 mc/s both because the coupling 
wavelength got too large compared with the length of the coupler and 
because of large reflections due, possibly, to the TE20 mode which can 
exist above about 3,200 mc/s in the fully loaded guide. 

APPLICATIONS 

One rather serious shortcoming besets this kind of coupler. It is in
herently many wavelengths long. This presents a physical size problem 
for fast-wave structures at frequencies of 5000 mc/s and lower, and a 
loss problem at all frequencies. Thus, some of the most practical appli
cations are found in connection with traveling-wave tubes where the 
associated helices provide an ideal medium for varying phase and cou
pling constants on a slow wave structure. If two helices are wound in 
opposite sense and mounted coaxially, strong coupling occurs between 
them.3 If the axial phase constants of the two helices are equal, and an 
out-of-phase normal mode is launched on the system, the electric field 
in the region between the helices will be oriented transverse to the axis. 
It has long been proposed that an axially directed electron beam in such 
a transverse field region would provide low noise amplification.4 C. F. 
Quate has suggested tapering the relative pitch of the two helices (Fig. 
10) at the beginning such as to launch the transverse normal mode over 
a wide frequency range by introducing the signal to the outer helix only. 
By reversing the relative pitches at the input in Fig. 10, an in-phase or 
or longitudinal, normal mode could be excited. 

Coupling power into and out from a traveling-wave tube over a wide 
frequency range has long been a problem. R. Kompfner5

• 6 has sugested 
using a short section of helix after the principle Miller used, i.e., an outer 

3 J. R. Pierce, Travelling Wave Tubes, pp. 46-47, D. Van Nostrand, 1950. 
4 J. R. Pierce, Travelling Wave Tubes, p. 156, D. Van Nostrand, 1950. 
5 Kompfner, Experiments on Coupled Helices, A.E.R.E. Report No. G/M98, 

Sept., 1951. 
6 R. Kompfner, Coupled Helices, Paper presented at I.R.E. Electron Tube 

Conference, 1953, Stanford, Cal. 
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~~~~LON~~INAL 
(b) 

Fig. 10 - Coupled helices arranged so that essentially pure, (a), transverse or, 
(b), longitudinal normal modes may be excited over a wide frequency range by . 
introducing the signal to the outer helix only. 
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Fig. 11 - Helix coupler proposed by R. Kompfner and currently in common 
use for coupling to traveling-wave tubes. 
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helix concentric with the traveling-wave tube helix (Fig. 11) and just 
long enough for all the power launched on it from a matched coaxial 
line to be transferred to the inner helix. Under certain conditions of 
coupling and geometry this kind of coupler may have a useful frequency 
range of two to one. There are times, however, when even wider band
widths are desirable. The new coupling scheme again may be applied. 
Let the inner helix turns be wound very close at point "A" (Fig. 12) and 
then the pitch increased gradually, until it is a very loose or "fast" helix 
at point "B". By COllstrast let the outer helix be very fast at A and slow 
at B. At some point. between A and B the helix phase velocities will be 
equal. Now if a wave is launched on the outer helix at A it will appear as 
the in-phase normal mode at the POi1lt where the helix velocities are 
equal. As it proceeds along the coupler the wave energy will again be 

EQUAL PHASE 
//VELOCITIES 

f 

roomt~ttt~~t~troOf~ooo -
A B 

Fig. 12 - A tapered-velocity coupler to a traveling-wave tube helix. Though 
the inner helix is here shown tapered, it might, in practice, be made uniform if the 
outer helix is sufficiently tapered. 

transferred to the faster helix which now is the inner one. At point B, 
then, the wave energy will be entirely on the inner helix. In other words, 
if the coupling is not too great and the taper sufficiently long this device 
is a 100 per cent, or complete, coupler. It turns out that such a coupler 
on a 4,000 mc/s traveling-wave tube may be less than 2" long and operate 
effectively over a bandwidth of three or more octaves. 

Since a helix may be matched to a coaxial transmission line over a con
siderable bandwidth, and since a 3-db coupler may be made with con
centric helices to cover a similar frequency range, it should be possible 
to build a compact hybrid junction with coaxial connectors which will 
operate usefully throughout a bandwidth of three octaves. 

CONCLUSION 

U sing distributed coupling between transmission lines with tapered 
phase velocities has made possible extremely broad band directional 
couplers. This principle can be used to give an equal and accurate division 
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of power delivered to two conjugate lines (a hybrid coupler) or to give 
essentially complete power transfer from one line to the other. 

Probably the most useful applications are to traveling-wave tubes. A 
very broad band coupling can be made through the envelope to a stand
ard traveling-wave tube helix. The principle also provides a means to 
couple into and out from either normal mode of a double, concentric 
traveling-wave tube helix. 

Finally, it should be possible to make a broad band (3 or more octaves) 
hybrid junction by coupling to tapered helices from coaxial lines. 

Fig. 13 - A system of two coupled pendulums with the symbols used in the 
appendix. 

APPENDIX 

Fig. 13 shows the coupled pendulums and the symbols used in the 
following analysis. From the energy equations for the system the Lagran
gian and Hamiltonian equations were found. All third order and greater 
terms were dropped and since no second order terms appeared the fol
lowing linear equations resulted. 

millel + mllkek = -mlg81 (AI) 

m2t2e2 + m2lkek = -m2g82 (A2) 

(ml + m2)lkek + mltlel + m2t2e2 = - (ml + m2)g8k (A3) 

Substituting equations (AI) and (A2) in (A3) we find 

(A4) 
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In our experimental pendulums the masses were equal so 

and equations (AI), (A2), and (A4) become 

edil + (kOk = - gOl 

(202 + (kOk = - g02 

01 + O2 = 20k 

S21 

(A5) 

(A6) 

(A7) 

Let us choose 8 1 and 8 2 as a measure of pendulum displacement from 
rest; and define it as 

Then 

81 = (101 + (kOk , 

8 2 = (202 + (kOk 

Substitute (A9) in (A5) and (A6) 

From (A7) and (AS) find 

(k8l + 2(281 - (k82 
01 = ~~~~--~~ 

(k(tl + (2) + 2(1(2 

(k82 + 2(182 - f k8 1 O2 = ~~--~------
f k ( fl + f 2) + 2fl2 

Substitute (All) in (AIO) 

[tk81 + 2t28 1 - (k82] 81 = - g ----,-----------:-----
f k ( (1 + (2) + 2(1(2 

8
2 

= _ g [(k82 + 2(182 - fk81] 

f k ( (1 + (2) + 2(l2 

(AS) 

(A9) 

(AIO) 

(All) 

(A12) 

Miller has expressed the general wave equations for two coupled 
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lines as 

dEl - -J'(C + (31)El + J'cE2 Tz-

d!2 _ -j(c + (32)E2 + JCEl 

Differentiate (A13) and make the proper substitutions to find 

where El = wave amplitude in line 1 

E2 = wave amplitude in line 2 

{31 = wave phase constant in line 1 before coupling 

{32 = wave phase constant in line 2 before coupling 

c = coupling constant 

(A13) 

N ow equations (A12) and (A14) are of exactly the same form, namely: 
,. 
SI = -AS1 - BS1 + AS2 

(A15) 
S2 = -AS2 - BS2 + AS1 

Thus the solutions for the two sets of equations differ only in their con
stants. The constants have the following correspondence: 

(A16) 

(A17) 

The complexity of the constants seems to defy separating them out. 
Suffice it to say that £k roughly corresponds to c and ,cn to reciprocal 
{3n ' Note, however, that if {31 = {32 = {3 and £1 = ,c2 = ,c, (A17) becomes 

(A18) 

It may be recognized from the equations for a simple pendulum that 
vi g /l + lk is, indeed, the phase constant of the uncoupled pendulums, 
just as {3 is, by definition, the phase constant for the uncoupled trans
mission lines, 



Wave Coupling by Warped Normal Modes 
ByA. G. FOX 

(Manuscript received February 23, 1955) 

It has been shown by J. S. Cook that wave power may be transferred from 
one to another of two coupled waveguides through a variation of their phase 
constants. It is now clear that this is but one example of a new principle of 
coupling which is here called "normal mode warping." lVave power in
serted at one end of a coupled waveguide system may be made to appear at 
the other end with any desired power distribution by gradual warping of the 
normal mode field patterns along the coupler. In general, variation of both 
the coupling coefficient and phase constants are required. 111 uch wider bands 
are theoretically possible than with any other distributed type of coupler. 
This principle may be applied to dielectric waveguides, birefringent media, 
and waveguides containing ferrite, to obtain both reciprocal and non
reciprocal couplers. 

INTRODUCTION 

It is now well known that complete transfer .of power can be effected 
from one to another of two waveguides provided there is distributed 
coupling between the waveguides and provided the phase velocities are 
equal. l

, 2 A good illustrative analog is a pair of coupled pendulums having 
the same period. The periods correspond to the wavelengths in the wave
guides; passage of time for the pendulums corresponds to distance along 
the waveguides; the energies in the pendulums at a particular time cor
respond to the wave powers in the two waveguides at a particularly 
point along the waveguides. As energy is interchanged between pendu
lums with increasing time, power is interchanged between waveguides 
with distance. 

To obtain a complete interchange of power for the waveguides requires 
a particular length which is determined by the coupling. As long as the 

1 S. E. Miller, Coupled Wave Theory and Waveguide Applications, B.S.T.J., 
33, p. 661, May, 1954. See this paper for additional bibliography on wave coupling. 

2 B. M. Oliver, Directional Electromagnetic Couplers, Proc. I.R.E., 42, p. 
1686, Nov., 1954. 

823 



824 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1955 

"'~ Zw 
:::::iu k 
~~ ~----------------------~ ::::>u.. ow 
uS ~--------T-I-M-E-~----------~ 

(a) 

t 
>

'" a: 
w 
Z 
w 

o 

100% 
-----~ 

1" V v 

,-, : 'J 
I ' 
I \ I~\ 
I .., \ 

T -'f'" / PENDULUM 

'~':/ 2 

TIME ~ 
(b) 

PENDULUM 
1 
/ 

Fig. 1 - Transfer of energy from one to another of two coupled pendulums 
whose periods are varying with time. 

coupling is constant, the power transfer should be independent of fre
quency. However, in practice, the coupling does vary with frequency, 
and hence the power division is a slowly varying function of frequency. 

Recently a new and rather surprising method of transferring power 
has been described by J. S. Cook. He pointed out that if the phase con
stants of two waveguides are grossly unequal at one end, but are con
tinuously varied so that they become equal in the middle of the coupling 
region and again grossly unequal in the opposite sense at the other end, 
complete power transfer should take place. Moreover this transfer is 
ind~pendent of the size of the coupling coefficient so that a coupler built 
in this way should be very broadband indeed. The conclusion is an un
expected one since we know that a uniform coupler having unequal 
phase constants can never give complete power transfer. 

Nevertheless, the principle may be demonstrated using a pair of 
coupled pendulums whose lengths are continuously varied so that the 
one which is initially shorter finally becomes the longer of the two. In 
Fig. 1 is shown a typical result when the longer pendulum is initially 
excited. Fig. Ha) shows how the periods (r) and the coupling (k) vary 
with time. There is a fluctuation of energy which is quite small at first, 
but which increases until at the time the periods become equal, the energy 
is equally divided and the pendulums are in phase. (When the shorter 
pendulum is initially excited, they are 180 degrees out of phase.) With 
increasing time the energy is finally transferred to the other pendulum 
with small residual fluctuations which gradually diminish. It appears 
then that while the transfer of energy is almost complete, it will not be 
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complete unless the difference between the periods approaches infinity 
at the beginning and end of the process. 

In looking for. applications for Cook's coupling scheme, the writer dis
covered that by varying both the coupling coefficient and the phase con
stants of the waveguides simultaneously, the residual power fluctuations 
may be substantially eliminated. The design of such a coupler may ap
pear to be complicated, but it turns out that the requirements are very 
simply expressed by a new principle of broad-band coupling which is here 
called "normal mode warping". Using this principle it should be possible 
to build wave couplers providing any desired degree of power division 
over very large bandwidths, limited only by the bandwidth capacity of 
the waveguides themselves. It may be applied equally well to non
reciprocal and reciprocal structures, and in a wide variety of ways. In 
this paper the principle of normal mode warping will be developed in 
terms of physical concepts and with the aid of some rather straight
forward analysis. 

NORMAL MODES VERSUS COUPLED MODES 

Before attempting a discussion of normal mode warping it will be 
necessary to clarify somewhat the meaning of "normal modes." In a uni
form metal waveguide, the usual understanding is quite adequate. 
Normal modes are characterized by unique distributions of transverse 
electric and magnetic field components, which distributions are inde
pendent of frequency or position along the waveguide. Also for a given 
frequency, the normal modes have unique phase velocities (except for 
certain pairs which are said to be degenerate because they have the same 
phase velocity). This description automatically requires that the normal 
modes be orthogonal, which means that the flow of energy in one mode 
does not contribute to energy flow in any other mode. If this were not so, 
the excitation of one normal mode would result in a transverse field 
pattern which would change with distance along the waveguide. These 
statements are equally true whether we are talking about modes in one 
waveguide or in a system of several waveguides. . 

When two identical dominant mode waveguides are uniformly coupled 
throughout a certain portion of their length, a field excitation correspond
ing to a dominant wave in one of the waveguides is no longer a normal 
mode. Such modes are now coupled, and power will cycle back and forth 
between them as stated earlier. However, there will bea new pair of 
normal modes which are orthogonal to each other, and for which the 
power is equally divided between the waveguides. One of these may be 
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called the even mode because the electric field will have the same direc
tion in both waveguides. The other may be called the odd mode because 
the field will be oppositely directed in the two waveguides. While the two 
coupled modes will have the same phase velocities, the normal 'modes 
will have different phase velocities. The behavior of such a coupler can 
be explained either in terms of coupled modes, or in terms of normal 
modes, and these two concepts are completely equivalent.3 According 
to the normal mode explanation, if all of the power is initially introduced 
into one of the waveguides, the subsequent transfer of power to the 
other waveguide is due to the excitation of both normal modes and to 
the interference between them which is a result of their unequal phase 
velocities. On the other hand, if all of the power were introduced into 
both waveguides with the proper phase and amplitude to correspond 
with one of the normal modes, it would travel through the coupler with 
the phase velocity of that mode and would emerge at the far end in that 
mode. 

When the two coupled waveguides have different phase velocities, we 
will again have a pair of normal modes which are orthogonal to one 
another, but they will no longer have equal amounts of energy in the two 
waveguides. Instead, one will have more of its energy in one waveguide, 
and the other will have more of its energy in the other waveguide, the 
unbalance depending upon the difference in the phase velocities of the 
coupled modes and upon the magnitude of the coupling coefficient. 

Finally, if the coupled waveguides are not uniform, but are "warped" 
so that their phase constants and coupling coefficient vary along the 
coupling region, the normal mode concept clearly requires re-examina
tion. It is no longer possible to define a normal mode in terms of a 
characteristic and invariant field distribution in any cross sectional 
plane. The field distribution will change along the coupler. However, 
we will show that if the warping is sufficiently gradual, the normal modes 
will have transverse field patterns at any cross section which are approxi
mately the same as the normal mode patterns for a uniform coupler 
having the same cross sectional properties. We will call the normal modes 
for the equivalent uniform coupler the "local normal modes" to distin
guish them from the true normal modes for the warped coupler. 

TWISTED WAVEGUIDE AS PROTOTYPE BROADBAND COUPLER 

Perhaps the most easily understood example of normal mode warping 
is a twisted birefringent waveguide. Fig. 2 shows in cross-section a long 

3 A. G., Fox, Miller, S. E., Weiss, M. T. Behavior and. Applications of Fe-rritcs 
in the Microwave Range, B.S.T.J., 34, p. 16, Jan., 1955. 
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dielectric strip which is twisting in a clockwise direction with propagation 
into the paper. vVe may think of this as being either an unshielded di
electric waveguide, or as a dielectric fin inside of a circular waveguide 
sheath. In either case we know from experiment that if we launch a 
linearly polarized wave with its electric polarization either parallel or 
perpendicular to the dielectric fin, it will propagate along the twist with 
its polarization remaining, to a first approximation, either parallel or 
perpendicular to the fin at all points. Thus, the polarization will rotate 
with rotation of the fin. We know experimentally that if the twist is 
performed too rapidly, some depolarization will result. On the other 
hand, if the twist is long and gradual, the polarization will remain quite 
linear at all points. 

Now if the twist in the waveguide is just 90°, as suggested in Fig. 2, 
a vertically polarized wave introduced at one end will emerge as a hori
zontally polarized wave at the other end. Thus, we find that the twist 
section, by some coupling mechanism not yet defined, can transfer 100 
per cent of the power in a vertically polarized wave to a horizontally 
polarized wave. Moreover, we know that this transfer is not frequency 
sensitive. We suspect, therefore, that the twist represents a preferred 
way of effecting a 100 per cent power transfer between the two modes. 
Let us arbitrarily identify the vertically and horizontally polarized modes 
as the modes between which coupling takes place, and ask how the cou
pling coefficient and phase constants for these modes vary along the 
twist. 

We will define the phase constants and coupling coefficient at any 
point along the twist as being the same as those of a uniform (non
twisted) dielectric strip having the same cross sectional geometry. Let 
us now determine these parameters for the uniform birefringent wave
guide indicated schematically in Fig. 3. If a vertically polarized wave 

Fig. 2 - End view of a twisted dielectric waveguide. 
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with amplitude eo is launched on this waveguide, there will be a partial 
transfer of power from the vertical to the horizontal polarization and 
back again, just as though these two polarizations were coupled wave
guides with unequal phase velocities. We can analyze the situation by 
breaking the input polarization into components along the cross sec
tional axes (A and B) of the waveguide, allowing for the difference in 
the phase constants /3a and /3b , and determining the vertically and hori
zontally polarized components which result at some other cross section. 
The result is: 

where 

eo c-i!3oz [(cos2 0) c-it1z + (sin2 0) c+it1z] 

-jeo c-i!3oz [sin 20 sin ~z] 

/30 

(1) 

(2) 

(3) 

(4) 

(1) and (2) must now be compared with the equations for a pair of 
coupled waveguides. 

The basic equations governing the amplitudes of waves in coupled 
waveguides are: 

(5) 

Fig. 3 - A uniform birefringent medium producing coupling between vertical 
and horizontal polarizations. 
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de2 _ 
dz - -j{32e2 + k12el (6) 

This has already been treated by S. E. Millerl using slightly different 
notation. For simplicity we are assuming that there is no attenuation. 
el and e2 are the amplitudes of the forward travelling coupled waves. 
These waves have phase co~stants {31 and {32 and field distributions which 
are perturbed by the presence of the coupling. Hence they are truly the 
coupled modes and not the modes which would exist in the absence of 
coupling. There must also be a pair of backward traveling waves in the 
two waveguides since power leaking through the coupling aperture will 
set up both forward and backward traveling components. However, if 
the coupling per unit length is small so that the coupler would have to 
be many wavelengths long to produce a complete power transfer, then 
the backward traveling components will interfere with one another, so 
that the backward waves may be safely neglected. This greatly simplifies 
the analysis and the weak coupling assumption will be made here and 
throughout the rest of this paper. Characteristic impedances are normal
ized so that the power in either mode is equal to the square of the ampli
tude (e). Propagation takes place in the + z direction. Power conserva
tion requires that 

I kl21 = k = I k21 I 
kl'2k21 = _k2 

The solution of (5) and (6) then gives, 

where 

- -j{3oz [A -j(y'02+k 2)z + B +j(y'o2+k 2)Z] el - G IG IG 

- -j{3oz [A _j(y'o2+k 2)z + B +j(y'o2+k 2)Z] e2 - G 2G 2G 

{3o = {31 + {32 
2 

o = {31 - {32 
2 

and the coefficients A and B have the following relation: 

A2 .0 - yo2 + k 2 

-=J------
Al k21 

B2 • kl2 
Bl = J 0 - yo2 + If} 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 



830 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1955 

The amplitudes of these two waves will oscillate with distance along 
the structure, and a beat wavelength may be defined as 

Ab = veP + k2 

in which interval there will occur one complete power transfer cycle. If 
all of the power is initially in mode 1, then 

Al = G + 2V~'~ + k') eo 

BI = G -2V~: + k,)eo 

(15) 

(16) 

By comparing (1) and (2), which give the amplitudes of vertically and 
horizontally polarized modes on the birefringent waveguide, with (9) 
and (10) for a pair of coupled modes, we can see that they are of the 
same form. They may be made identical if we make the following sub
stitutions: 

It follows also that 

{31 = {3a cos2 
() + {3b sin2 

() 

{32 = {3a sin2 
() + {3b cos2 

() 

lc = {3a - {3b sin 20 
2 

{31 + {32 = {3o = {3a + {3b 
2 2 

o = {3a - {3b cos 20 
2 

(17) 

(18) 

(19) 

(20) 

(21) 

Thus, the behavior oj the uniform birefringent medi'um can be described 
in terms of (9) and (10) for coupled transmission modes. Conversely, any 
pair of coupled waveguides can be described in terms of parameters for an 
equivalent birefringent medium. 

We shall find it convenient to make use of this analogy since warped 
mode structures can be easily visualized in terms of an equivalent bire
fringent twist. 

We are now in position to interpret the birefringent twist of Fig. 2 
in terms of coupling between vertical and horizontal polarizations. Al
though () is now variable, we use it to define at each point along the twist 
section a set of equivalent coupled line parameters corresponding to a 
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Fig. 4 - Coupling coefficient and phase constants for vertical and horizontal 
polarizations in a twisted birefringent medium. 

non-twisted section having the angle e. Fig. 4 shows how the local cou
pling coefficients and phase constants [(17), (18), (19)] vary with d~s
tance along a uniform birefringent twist section (e is directly proportional 
to z). We conclude that if we should build a pair of coupled waveguides 
[1 and 21 where the phase constants and coupling coefficient vary with 
z as shown in Fig. 4, the power division between the two waveguides will 
be as shown in Fig. 5, since this is the way the twist prototype behaves. 
e is now simply a parameter relating k, {31 and (h as a function of length, 
but it is still convenient to think of it as the angle of the equivalent twist 
section. Fig. 5 shows that if the coupler is made of length e = 7r /2, a 
complete power transfer will take place, and this will occur smoothly 
and without the fluctuations of Fig. l(b). A 3-db coupler will be pro-

t 
a: 
w 
3 
o 
Q. 

100% 
------~'~~-------, , , , , , , , , , 

I , , \ 

o'~----------~~-=---------~~~--~~ 

B=pZ~ 

Fig. 5 - Power transfer between vertical and horizontal polarizations in a 
twisted birefringent medium. 
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vided by length 0 = 7r /4; and in fact any desired division is obtainable 
by using the proper length. All of these should be broadband because 
we know that the twist prototype is broadband. 

It might appear that since the desired power transfer is obtained for 
only a particular length, it would therefore be as frequency sensitive as 
matched velocity couplers. Actually, the electrical length is not impor
tant. It is simpler to think in terms of the twist prototype where we see 
that the only requirement for the desired transfer is that the total twist 
angle 0 be chosen correctly. 

At this point we have shown that we can think about coupled wave
guides in terms of a twist medium, and when we do so, we discover that 
this medium holds the secret of how to make a broad-band power trans
fer from one waveguide to another. Specifically, we conclude that both 
the coupling coefficient and the phase constants should be varied. 

One way in which these design requirements may be met is suggested 
in Fig. 6 for a pair of coupled rectangular waveguides providing com
plete power transfer (0 = 7r/2). The top wall has been removed to show a 
divided aperture so tapered as to give a coupling coefficient which varies 
as the sine of the distance from one end. At the same time the dividing 
partition is warped so as to produce the cosinusoidal cross-over of phase 

Fig. 6 - A broadband 100 per cent power transfer coupler using mode warping. 
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constants. The phase constants could also be adjusted by the insertion 
of a variable amount of dielectric loading. The vertical vectors represent 
the square of the electric field present in the two waveguides at various 
cross sections along the structure when all of the power is initially 
inserted at a. A complete transfer takes place with all of the field appear
ing at d and none at b. 

The phase relations between the field vectors on the two sides of the 
coupling aperture are of interest. We know that in the case of a coupler 
employing uniform waveguides, the induced wave in one waveguide is 
always 90 degrees out of phase with the driving wave in the other wave
guide (k12 = k21 = -jk). This is also true for the two coupled modes 
(e v and eh) in a uniform birefringent medium [see (1) and (2)] and hence 
kvh = khv = - jk. However, we know that if we launch a linearly polar
ized wave on the twist medium with polarization paralled to one of the 
principal cross sectional axes, then the wave will remain linearly polar
ized. Consequently for this medium the vertically and horizontally 
polarized modes (e v and eh) will have a zero or 180-degree phase rela
tion at all points along the medium. It follows that the coupler of Fig. 
6 which was derived from the twist medium must also have a zero or 
180-degree phase relation between the field components on opp·osite 
sides of the coupling partition at every cross section. This situation is 
illustrated in Fig. 7 where the transverse electric field is plotted for a 
series of cross sections of the coupler. The input end is shown at the top, 
and the output end at the bottom. The left hand column represents the 
field configurations when the wave is initially launched in the smaller 
of the two waveguides. The right hand column is for a wave launched 
in the larger of the two waveguides. 

It may be seen that when the wave is launched in the larger waveguide 
terminal, it emerges at the other end of the coupler from the larger wave
guide terminal. Moreover, at the center cross section where the two wave
guides have the same phase constant, the energy is equally divided and 
we recognize this as the even symmetric normal mode for the local cross 
section. In fact, the wave travels throughout the length of the coupler 
in the local normal mode which has the higher phase constant. 

Conversely, if the wave is launched in one of the smaller waveguide 
terminals it appears at the center cross section in the odd symmetric 
mode and emerges from the smaller waveguide at the far end. Thus it 
travels throughout the coupler in the local normal mode having the 
lower phase constant. 
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Fig. 7 - Warping of odd and even symmetric modes in the coupler of Fig. 6. 

PRINCIPLE OF BROADBAND COUPLING BY NORMAL MODE WARPING 

We have discussed a twisted birefringent medium and a rectangular 
waveguide coupler, both of which are examples of normal mode warp:
ing. We will now attempt a statement of the principle which is basic to 
all such couplers. We assume a waveguide system having two modes of 
propagation which are to be coupled so as to effect transfer of power. 
There are then two normal modes for this system, which are the dual of 
the coupled modes, and which may vary in field pattern from point to 
point along the structure depending upon the phase constants and cou
pling coefficients of the coupled modes. Provided these parameters vary 
slowly and smoothly along the structure, then if all of the power is in-
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jected in one of the normal modes at one end, it will remain in one of the 
normal modes at successive cross sections and will emerge in one of the 
normal modes at the far end. This situation will be independent of fre
quency. 

On the other hand, if both normal modes are excited at one end, power 
will be transmitted through the structure in both normal modes and 
emerge in both modes. This is what happens in conventional matched 
{3 couplers, and interference between the modes can vary as frequency 
changes. 

The objective of a broadband design should then be: (1) to adjust 
parameters at the ends of the structure so that the normal modes at those 
points are identical with the desired input and output field excitations, 
and (2) to smoothly vary the parameters along the structure so that the 
normal modes are transmuted or "warped" from the one to the other set 
of field excitations. In this way the power will at all points be in only 
one of the normal modes, and interference between modes is avoided. 

EXAMPLES OF MODE WARPING 

We have already seen how this objective was achieved in the birefrin
gent twist. Power was injected in one of the normal modes. This mode was 
smoothly warped from vertical polarization at one end to horizontal 
polarization at the other end by twisting. If we had chosen to excite this 
medium with a wave polarized at 45° to the birefringent axes, both of the 
normal modes of the medium would have been excited equally. As a 
result, equal amounts of power would have propagated down the twist 
in the two normal modes and would have arrived at the far end with rela
tive phases which would depend upon the phase velocities of the two 
modes and the total distance travelled along the twist. The output polari
zation would, in general, be elliptical and would be frequency dependent. 

In the case of the coupled waveguides of Figure 6, the normal modes 
at the ends corresponded to dominant wave excitation of the separate 
waveguide terminals, and they are smoothly warped from one set of 
terminals to the other. Excitation of one of the waveguide terminals 
would cause power to flow through the system in only one of the normal 
modes. If the waveguide structure had been cut at the center, either 
half of it would constitute a 3 db coupler. With excitation of one of the end 
terminals, the power at the center cross-section will exist entirely in 
one of the normal modes, which requires equal voltages in the two wave
guides. Thus, the three db power division should be very broadband. On 
the other hand, if both of the waveguide terminals at one end were ex-
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cited power would flow in both of the normal modes. The relative phases 
of these modes arriving at the center would vary with frequency, and 
hence the power division would be frequency dependent. 

In Fig. 8 is shown another example of mode warping which is interest
ing because it illustrates some departures from the type of warping used 
in the previous examples. This device is a broadband converter from 
linear to circular polarization. It comprises a long section of round wave
guide containing a slender axially magnetized rod of ferrite. Throughout 
a certain portion of its length the waveguide is gradually flattened to 
produce an elliptical cross-section. The rod of ferrite is also tapered to 
pointed ends. Transverse cross-section views are shown below the longi
tlldinal cross section, and at the bottom is shown the way in which the 
magnitude of the coupling coefficient and the phase constants for verti
cally polarized and horizontally polarized waves vary along the length. We 
may identify three different parts of the transducer. At either end is a re
gion in which the normal modes undergo no warping, and which functions 
solely as a taper section for matching the normal modes into the central 
region. Between these two matching regions is the region where mode 
warping occurs. At the left of this central region the elliptical cross sec
tion produces a linear birefringence where vertically polarized waves 
have a larger phase constant than horizontally polarized waves. The ab
sence of any ferrite at this point means that the coupling coefficient be
tween the two polarizations is zero. These relations are shown by the {3 
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Fig. 8 - Broadband linear-to-circular polarization converter. 
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and k curves at the bottom of the figure. Proceeding toward the right, 
the gradual insertion of ferrite and decrease in ellipticity of the wave
guide sheath cause the difference between the phase constants to de
crease and the coupling coefficient to increase. At the right hand end of 
the central region, the sheath is round and the linear birefringence is 
zero. At the same time the presence of a maximum amount of ferrite 
causes the coupling to be a maximum. We see that the programming of 
the coupling coefficient and phase constant difference corresponds to 45 
degrees of the prototype twist medium, and a linearly polarized wave at 
the left should have half its power transferred to horizontal polariza
tion at the right. Unlike the birefringent twist, however, where the cou
pling coefficient is imaginary, the coupling coefficient due to the ferrite 
is real. As a result there will be a gO-degree phase relation between the 
horizontal and vertical polarizations, yielding circular polarization, which 
we already know is the normal mode for the longitudinally magnetized 
ferrite. Because a vertically polarized wave at the left will have the 
higher phase constant, it will be warped into the negative circularly 
polarized wave at the right (counterclockwise) since this wave sees the 
higher permeability, and hence phase constant, for the usual case where 
the applied magnetic field is less than that required for gyromagnetic 
resonance. 

Unlike the couplers described previously, this coupler does not keep 
{3o constant. The phase constant difference and the coupling coefficient 
still vary as the cosine and sine of distance respectively from the left 
hand end of the central section. But the increase in dielectric loading 
due to the ferrite rod causes both {3v and {3h to be larger than they would 
be if the dielectric constant of the ferrite were unity. However, examina
tion of (g) and (10) show that within the bracketed factor which controls 
the amplitude of the wave, only 0 and k appear. Provided these param
eters vary in the proper way, the power transfer should take place 
regardless of {3o . Change in {3o will cause the velocity of a normal mode 
to change from point to point along the structure, but will not change 
the field distribution for the normal mode. What this means physically 
can be visualized in the case of the birefringent twist by assuming that 
the dielectric strip either changes in dielectric constant or in total cross 
section from point to point without changing birefringence or rate of 
twist. Clearly, the rate at which the polarization of the wave is altered 
as a function of distance is not affected. 

Another peculiarity of this coupler is that because of the non-recipro
cal nature of the ferrite, the signs of the coupling coefficients will be 
opposite for opposite directions of propagation. Thus, for propagation 
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from left to right, kl'h = + k and khv = - k, while for propagation from 
right to left, kt'h = - k and khv = +k. It is simpler to see what this means, 
however, by considering that a counterclockwise polarized wave sent in 
from the right will have positive polarization relative to the ferrite mag
netization, and will therefore have a lower phase constant than a clock
wise polarized wave. As a result, this wave will be warped into the hori
zontally polarized wave at the left hand end, because this wave has the 
lower phase constant in the squashed region. Thus the circular to linear 
polarization conversion properties of this section are nonreciprocal and 
it is possible to combine it with reciprocally birefringent elements to 
obtain a circulator. * 

In Fig. 9 is shown another example of mode warping where ferrite is 
employed in rectangular waveguide to produce a brcadband circulator. 

b 

I 

I ;2 ,,8, 

I k I 
I....--=-=::::=~-+-----:::::::: .. .J 

Fig. 9 - Rectangular waveguide circulator employing mode warping. 
---

* See page 86 of Reference 3. 
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Two rectangular waveguides are coupled by a long divided aperture. 
At the left hand end, both waveguides are occupied by thin tapered 
slabs of ferrite located off center in the waveguide cross section. These 
terminate in knife edges at the center where the coupling aperture is 
largest. From here on the dividing partition is deflected so as to alter the 
phase constants of the two waveguides. We may identify four dis
tinct regions in this coupler. The regions between a and b, and between 
d and e are for the purpose of matching to the waveguide terminals. In 
the regions between band c, and between c and d mode warping occurs. 
Both of these regions are equivalent to 45-degree twists of the birefring
ent prototype, and power in either of their input terminals will be equally 
divided between the two waveguides at the center cross section c. Thus 
they operate as broadband hybrids. Section cd is like one half of the 
structure of Fig. 6, and it operates in the same manner. Section bc, on the 
other hand, operates like a non-reciprocal hybrid, and by virtue of its 
transversely magnetized ferrite slabs, it has non-reciprocal phase con
stants as shown at the bottom of the illustration. For propagation from 
left to right, the ferrite in waveguide 1 exhibits a permeability greater 
than one, while the ferrite in waveguide 2 exhibits a permeability less 
than one. For propagation from right to left, the situation is reversed. We 
may therefore analyze the behavior as follows: 

A wave entering at terminal I will, by the time it arrives at cross sec
tion b, be travelling in the normal mode having the higher phase con
stant. As it passes through section bc the mode will be warped so that 
at c the power will be equally divided between the two waveguides in 
the even symmetric mode, which has the higher phase constant. Mode 
warping will continue through section cd, and all of the power will be 
transferred to waveguide 2 which has the higher phase constant at sec
tion d. Thus, power entering at I will be delivered to II. 

A wave entering at II will return to cross section c with power equally 
divided in the even symmetric mode. From this point on, however, the 
situation is changed because of the non-reciprocal behavior of the ferrite. 
N ow, waveguide 2 will have a phase constant which is higher than wave
guide 1, and the wave which is travelling in the higher phase constant 
mode will be delivered to terminal III. The circulation order of the termi
nals is therefore as shown by the circulator symbol at the right of the 
waveguide. 

In this structure, as in the one which preceded it, we note that the 
average phase constant is not necessarily constant. Nevertheless, the 
coupling coefficient and phase constant difference are varied sinusoidally 
as shown in Fig. 4. 
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NORMAL MODES ON A RAPID TWIST 

So far we have shown that a slowly twisting birefringent medium can 
be used as a prototype for the design of broadband directional couplers 
having any desired power division ratio. We have not yet said anything 
about the length such a coupler must have, nor about how the twist 
may vary with distance. While a constant rate of twist was assumed, 
this is not necessary. The rate of twist can be varied arbitrarily along 
the coupler provided only that the total twist angle is such as to give 
the desired power division. However, the twist rate must not exceed some 
maximum value or the assumption that the polarization of the wave will 
twist with the medium will no longer be satisfied. Practically speaking, 
it would appear that the rate of twist should be constant and equal to 
the maximum permissible value, since to use a smaller rate in some por
tions of the coupler would only make the coupler longer than necessary. 

It is evident at this point that we need to know more about the maxi
mum twist rate and what happens if it is exceeded in the interest of mak
ing the coupler short. Our previous assumption of a gradual twist 
amounted to the assumption that the normal modes at any cross-section 
of the medium were linearly polarized along the principal axes of bi
refringence for the cross section, i.e., were the same as the local normal 
modes. We will now show that if the twist is rapid the normal modes are 
perturbed and are no longer linearly polarized. 

Figs. 10(a) and 10(b) show symbolically two successive cross sectional 
views of a rapid twist having principal axes of birefringence A and B. 

e, 

---z 

(a) (b) 

Fig. 10 - Coupling produced between A and B polarizations in a rapidly twist
ing birefringent medium. 
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We assume that the two cross sections are an infinitesimal distance apart, 
and hence that the angle dO is infinitesimal. Between these cross sections 
we assume the axes of birefringence are fixed as shown in Fig. 10(a). 
Thus, a wave with polarization el along the A axis at the input will 
emerge from the first infinitesimal step with unchanged polarization as 
shown by e2 . On entering the second step we see that both the A and B 
polarizations will be excited. Now if the fin twists at a constant rate 
dO / dz = p, then an electric field polarized along A is coupled to an elec
tric field polarized along B as given by 

(22) 

As before, we have assumed that there is no scattering or attenuation 
and that backward traveling components may be neglected. We can 
now write the basic equations for waves of polarization A and B. 

These equations when solved simultaneously give 

ea = l;-j{3oz [Ca l;-j(V/l2+p 2)Z + Da l;+j(V/l2+p 2)Z] 

eb = l;-j{3oz [Cb l;-j(V/l2+ p2)Z + Db l;+j(V~2+p2)Z] 

(23) 

(24) 

(25) 

(26) 

where {3o and A have the meanings given in (3) and (4), and the coeffi
cients C and D are related by 

Cb = + j [A - vi A2 + p2] = Da 
Ca p Db 

(27) 

These equations say that in such a twist medium there are two normal 
modes of propagation. The mode with the larger phase constant is ob-
tained when Db 0 and Da = O. For this mode 

eb . [A - vi A 2 + p2] - = +J 
ea p 

(28) 

If the twist rate is low (p ~ 0), eb is very small relative to Ca • Therefore, 
this mode is characterized by having most of its energy polarized along 
the A axis. It is elliptically polarized because eb lags ea by 90°. 

If Ca and Cb equal zero, we have the other normal mode which is also 
elliptically polarized, but has most of its energy polarized along the B 
axis and therefore has the lower phase constant. 
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If we launch all of the wave power into such a twist section in one of 
the normal modes, (25) and (26) tell us that the wave will continue in 
this mode until the twist is terminated. 

These conclusions may now be translated back into our fixed frame 
of reference (vertical and horizontal axes) and we can determine how 
power will be transferred from one polarization to the other. If p is small 
enough, the conclusion will be the same as given in Fig. 5. But if p is 
large, a vertically polarized input wave (which is a local normal mode) 
no longer corresponds to one of the normal modes for the medium. Con
sequently, some of both modes will be excited, and since they travel at 
different velocities, the output polarization will depend upon the elec
trical length of the coupler and hence upon the frequency. The power 
transfer curves will have ripples as indicated in Fig. 11. This picture is 
similar to that of the pendulums shown in Fig. 1, and we can now see 
that the reason is much the same, namely, that an initial condition where 
all of the energy is in one pendulum does not correspond to a normal 
mode of the system. 

Equation (27) makes it possible to determine the size of 'these ripples, 
or to determine the twist rate p which will make them smaller than a 
specified value. If the medium is excited as shown in Fig. 10(a), the worst 
axial ratio, (eb/ ea) will be 

v ~ 21 g: 1 = 2 ( V /l' +p po - Ll) (29) 

for 1 Cb/Ca 12 « 1. Solving for p we obtain 

p rv vA (30) 

N ow A = 7r /At:. where At:. IS the birefringent wavelength equal to 
27r / ((3a - (3b). Therefore 

For a complete power transfer 

Finally, 

7r 
pz = 2 

At:. 
z = 2v 

(31) 

(32) 

This gives the length of the coupler in birefringent wavelengths which 
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Fig. 11 - Power transfer in a rapid twist. 

will insure that the axial ratio does not exceed v. (A birefringent wave
length is comparable to a beat wavelength Ab defined earlier, and is the 
distance for which a 360 0 difference in phase shift exists for the two 
principal polarizations.) 

Thus, to take a specific example, suppose we wish to employ a constant 
pitch twist which will completely transfer the power from vertical to 
horizontal polarization, and we wish to keep th'e power in the unwanted 
output polarization (vertical) more than 20 db down from the wanted 
polarization. Then v = .1, and z = 5Ail . 

Since a birefringent wavelength is equal to several wavelengths in 
the medium, it is clear that the bandwidth of such a coupler has been 
purchased at the expense of considerable length. As a matter of fact we 
may note that a conventional coupler with matched phase constants 
must be made one half a beat wavelength long to provide complete 
power transfer. Thus, if the twist had the same beat wavelength as the 
conventional coupler, it would be ten times as long in order to keep the 
crosstalk more than 20 db down over a very broad band. 

Even though the field will in general be elliptically polarized, there 
will be points along the coupler where the two normal modes are in phase 
and the polarization will be linear. Thus, by making the coupler the 
right length, the power transfer can be made correct even though 
I Cb/Ca I, and hence v, is quite appreciable. This makes it possible to 
make the coupler shorter and still couple power as desired; but the price 
paid is increased frequency dependence. In other words, by making the 
coupler shorter for the same total twist angle, the ripples of Fig. 11 will 
become more pronounced; but by choosing exactly the right length 
relative to the ripple position, all of the power can still be transferred 
to the desired polarization. It can be shown that the shortest twist sec
tion which can be made in this way iSV3 times as long as a non-twisted 
birefringent medium having the same birefringence ((3a - (3b). It will be 
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only slightly less frequency sensitive than the non-twisted medium. 
However, by making it longer the bandwidth for the twisted medium 
increases greatly, while the bandwidth of the non-twisted medium will 
decrease if its length is increased in multiples of All . 

VARIATION OF TWIST RATE TO OBTAIN MODE-MATCHING 

We have seen that a more detailed analysis of the twist prototype 
coupler shows that the true normal modes do not exactly correspond 
to the local normal modes for finite rates of twist. This means that if the 
coupler is excited at the ends by fields corresponding to the local nor
mal modes, both normal modes will be excited and small ripples in the 
power transfer characteristic will result. 

One method which naturally suggests itself for avoiding the modal 
mismatch at the ends is to make the twist rate zero at the ends and to 
let it increase to a maximum at the center. Thus, it appears from (28) 
that if p = 0 at the ends, the normal mode will be linearly polarized at 
those points. Actually, however, this is not a complete cure, since it 
can be shown that the variation of the twist rate will also perturb the 
normal modes so as to make them elliptically polarized to a small de
gree at the ends. Nevertheless, it appears that the ellipticity can indeed 
be reduced by such a technique. 

The effect of varying the twist rate may be determined as follows. Let 
us identify the local normal modes on the twist as Mode I and Mode II 
according to whether the polarization is principally along the A or B 
axis respectively. These modes are elliptically polarized and the ellipticity 
depends upon the rate of twist p as defined by (27). Now if p varies we 
can break the twist up into differential elements, each of which has a 
constant p. in a manner analogous to the technique used for Fig. 10. 
In this way we can show that there is effectively a coupling produced 
between modes I and II and that the coupling coefficients are 

. (dex) 
K . dz K 

I II = J --- = II I 
1 + ex2 

(33) 

where ex is the magnitude of the ratio given in (27) 

A - VA2 + p2 
ex= p2 

(34) 

N ow if we cause p to vary in such a way as to keep K (where K = 
I KI II j) a constant independent of z, we can repeat the analytical 
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process of (22) to (28) and determine a new pair of normal modes which 
are composites of the now coupled modes I and II. For this to he valid, 
however, it is necessary that the quantity 

{3 I - (3 II - D - vi L\" + .) 2 - - ~ p~ (35) 

remain constant. Actually, it does not because p is a variable. But if p 

remains much smaller than ~ the assumption that D is constant may be 
valid. In this case the compositions of the new normal modes will be 
given by, 

ell ~ - vi ~2 + K2 
eI K 

(36) 

for the almost I mode, and 

eI A - V~2 + K2 
ell I( 

(37) 

for the almost II mode. 
In the meanwhile, the requirement that K be a constant permits us 

to solve (33), and if we let p = 0 when z = 0, we obtain 

a = tan Kz. (38) 

SUbstituting for a from (34), and solving for p, we obtain 

The solution of this is 

dO 
p = - = A tan 2Kz (39) 

dz 

A 1 
O=-ln--

2K cos2Kz 
(40) 

Let us now take a special case to see what these results mean. We will 
assume a complete transfer coupler where 

O=~ 
2 

A = 0.2{3o 

K = O.OOI{3o 

(41) 

Since the twist rate will be made symmetrical about the center point, 
one half the coupler will have a 0 = 71'/4. Substituting this in (40) we 
obtain 

z = 10 Ao (42) 
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where "0 is the average wavelength in the medium corresponding to f30 • 

Thus, the whole coupler will be twenty wavelengths long. From (39) 
we can determine that 

pmos. = 0.025 f30 

and this means that the phase constant difference between modes I and 
II which we assumed was constant actually varies by less than one per 
cent. At the ends of the coupler, the fact that p = 0 means that modes 
I and II are linearly polarized along the axes of birefringence. However, 
the normal modes require some of both I and II, and from (36) we find 
that for the almost I mode 

I ::1 I = 0.0025 (43) 

This ratio is a measure of the excitation of the undesired II mode which 
will be produced if the input polarization is the local normal mode polar
ized along the A axis. Since a similar mismatch occurs at the opposite 
end and also in the middle where the rate of twist begins to decrease, 
the total crosstalk between the output polarizations may be four times 
the above figure. Thus, at the output end 

I ~ I = 0.01 
eb max: 

(44) 

and the worst crosstalk into the undesired polarization is thus 40 db 
down from the desired output. 

Let us compare this with a uniform twist which produces the same 
crosstalk. From (32) we obtain, 

z = 250 "0 
Therefore, the uniform twist would have to be 12.5 times as long as the 
non-uniform twist to do the same job. While this analysis for the variable 
twist is only approximate, it indicates a marked superiority for the 
variable twist coupler. 

This conclusion is also borne out by a study of the possibility of pro
ducing wave coupling by a series of step twists in a birefringent medium, 
where each step is one half a birefringent wavelength in length. This 
analysis is given in the appendix'. It is shown there that if there are a 
large enough number of steps so that the total angle between steps is 
small, then the angles between steps starting at one end and passing 
through to the other end of the coupler should have a binomial distri
bution. This will result in the slowest departure from the desired power 
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division as frequency changes. If we regard such a long multi-step twist 
as an approximation to a smooth twist of the same length, we again con
clude that the smooth twist should start off and finish with a zero twist 
rate, and should have the maximum twist rate at the center. 

CONCLUSION 

It has been shown that Cook's scheme for producing broadband di
rectional couplers by variation of the phase constants, may be generalized 
by simultaneously varying the coupling coefficient. For the simplest. 
case, the difference between the phase constants should vary cosinu
soidally and the coupling coefficient should vary sinusoidally with dis
tance along the coupler. Such a programming of the coupling parameters 
corresponds directly to a twisted birefringent medium (such as a metal 
waveguide having a flattened cross section) where the rate of twist is 
constant. Since this medium is easy to analyze and to visualize physi
cally, it has been used as a prototype for the design of a number of dif
ferent types of coupler, all of which are based on the same principle. 
This principle, which in retrospect sounds rather obvious, is simply that 
in order to avoid interference effects between two modes of propagation 
in a multimode waveguide system we should avoid exciting more than 
one of the normal modes. Also by gently warping the waveguide struc
ture, it is possible to warp the field configuration of the desired normal 
mode so that it will produce the required power division at the terminals 
of the system without appreciably scattering power into other unwanted 
modes. 

By avoiding wave interference, such couplers should in principle be 
independent of frequency. However, the requirement that warping be 
smooth and gradual also dictates that these couplers must be many 
wavelengths long. It may turn out that they will be most useful in the 
millimeter wavelength range where such electrical lengths are physically 
short. Expressions have been given for the uniform twist which allow 
one to compute how long the coupler must be in order to meet specified 
requirements on power division at the terminals. These may of course 
be applied equally well to any of the other types of coupler by making 
use of the equivalence equations (17), (18), and (19). 

The importance of varying coupling coefficient as well as the phase 
constant difference for a pair of coupled waves is particularly evident at 
the ends of a complete power transfer coupler. If we let k = 0 in (13) and 
(14), we see that the local normal modes correspond to all of the power 
in one or the other of the two waveguide terminals. If k is not zero, it is 
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necessary that the phase constant difference be infinite to achieve the 
same objective, and this is not possible practically. 

Finally, it has been noted that a constant rate of twist for the twist 
prototype coupler is not necessarily the best. In fact a coupler may be 
made shorter for specified performance, or will give better performance 
for a specified length if the twist rate is maximum in the middle and 
approaches zero at the ends. 

ApPENDIX 

Multi-Step AI ode Transformation 

We will show the way in which power can be transferred from one to 
another of two coupled modes by means of a series of step-mode trans
formations. The analysis will be made for the special case of a bire
fringent medium and the results can then be translated for any other 
type of medium. 

Specifically, we assume that the modes to be coupled are vertically 
and horixontally polarized dominant waves in a round waveguide. Initial 
excitation eo is vertically polarized. This is launched into a first ~ 1800 

section* set at an angle ()1/2 from the vertical. As a result, the output of 
this section is a rotated polarization at angle ()1 from the vertical. This 
is introduced into a second ~ 1800 section set at an angle ()1 + ed2 
from the vertical. The output of this section is then at angle ()1 + ()2, 

and so forth. The polarizations between sections will then appear as 

~-------r----~"" AXES OF 
I BIREFRINGENT I I STEPS 

I e1 / 

I I 

/ 

Fig. 12 - Step-twist birefringent medium. 

* A section of linearly birefringent medium for which the difference in phase 
shift for the two principal polarization is 180 0

• 
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shown in Fig. 12 by e1, e2, ... , and the dashed lines represent the 
orientations of the principal axes of the ~ 1800 sections. If the ~ '.1800 

sections work perfectly, the output power has pure linear polarization 
at some arbitrary angle 01 + O2 + ... + On which gives the desired final 
distribution of power between vertical and horizontal polarizations. 

N ow if the frequency varies from its design value causing a departure 
of the differential phase shift from ~ 1800 by a small angle 0, it can be 
shown that a portion of the input polarization eo will not be rotated to 
the angle 01 . Thus, at the output of the first section e1 will be split into 
two components 

e1 = eo cos 0 ~ + jeo sin 0 ~ 

where ~ means, "polarized at angle 0". This splitting recurs at each 

successive section. At the end of the second section, we will have 

e2 = eo cos2 
0 101 + O2 + jeo sin 0 cos 0 l~ 

+ jeo sin 0 cos 0 1201 + O2 - eo sin2 
0 ~ 

etc. 
If now we take the total field polarized at right angles to the desired 

output polarization, we will have: 

1 Section: 

jeo sin 0 sin 01 

2 Section: 

- eo sin2 0 sin (01 + O2) 

+ jeo sin 0 cos 0 (sin O2 - sin 01) 

3 Section: 
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4 Section: 

5 Section: 

- eo sin2 0 cos2 0 

sin eOl +(2) 

sin eOl - Oa) 
sin eOl + (4) 

sin e - O2 - Oa) 
sin e - O2 + (4) 

sin eOa + (4) 

., 3 sin e(2) !
Sin e - Ol) 

Jeo sm 0 cos 0 . eO) sm - a 
sin e(4) 

sin eOl +02 +Oa) 
sin eOl + O2 - (4) 

sin eOl + 02 + Os) 
sin (Ol - 03 - (4) 

. . a 2 J sin (Ol - Oa + Os) 
-Jeo sm 0 cos 0 )sin (Ol + 0

4 
+ Os) 

sin e - O2 - Oa - (4) 

sin (- O2 - 03 + Os) 
sin (- O2 + 04 + Os) 
sin e + Oa + 04 + Os) 
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+jeo sin 0 cos4 0 

sin (- (h - O2) 

sin (- 01 + 03) 

sin (- 01 - 04 ) 

sin (- 01 + 05) 

sin (+02 + 03) 

sin (+02 - 04) 

sin (+ O2 + 05 ) 

sin (- 03 - 04) 

sin (- 03 + 05 ) 

sin (+04 + 05 ) 

l
:!~ ~~ O2) 

sin (03) 

sin (- 04) 

sin (05) 

N ow upon examining these voltage components representing power in 
the undesired polarization, we find that certain of the bracketed sums 
will vanish merely by making the structure symmetrical. Thus, in the 
5 section case, if 01 = 05 , O2 = 04 , the sin4 cos and sin2cos3 brackets 
vanish. By setting each of the remaining brackets equal to zero, we ob
tain several simultaneous equations which allow us to solve for the re
maining 0 ratios. In general, this may be an algebraically complicated 
procedure. However, the reader can verify by inspection that if all 
of the angles are assumed very small so that 

sin 0 ---1- 0 , 

a binomial distribution will cause all remaining brackets to vanish. The 
only unwanted voltage term to remain will be 

eo sinn 0 sin (fh + O2 + ... + On). 

Since the sum of the O's is simply the total twist angle which we assume 
is held constant, then clearly the voltage departure from linear output 
polarization as a function of 0 (or frequency) varies as sinn 0 where n is 
the number of sections used. This demonstrates the bandwidth advan
tage to be gained from using a large number of steps. 

We may conclude that if a total twist angle is achieved by a very 
large number of very small step twists between ~ 1800 sections, this 
may be considered an approximation of a long continuous twist. Since 
the optimum design for the step twists calls for a binomial distribution, 
it is evident that the continuous twist should also approximate this pro-
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portioning by having a very small d() / dz at the ends, and a maximum 
d()/dz in the center. This conclusion bears out what was said earlier 
about starting the continuous twist with d() / dz = o.! t..:: {' j. ~:. ~ 

As a special case where four sections are used to obtain a total twist 
angle of 90°, an exact solution gives 

()1 = 10.2° 
()2 = 34.8° 
()3 = 34.8° 
()4 = 10.2° 

whereas the binomial solution would have been 

()1 = 11.25° 
()2 = 33.75° 
()3 = 33.75° 
()4 = 11.25° 

If a step twist design of a certain number of steps is chosen as a model, 
the design for some other type of coupler may be determined by using 
equations 17, 18, and 19 to solve for the phase constants and coupling 
coefficient in each step. The !3a and !3b are the phase constants for the 
parallel and perpendicular polarizations in the ~ 180° steps. The values 
of () for the several steps will be ()I/2, ()~ + ()2/2, ()1+()2+()3/2, etc., since 
these are the angles at which the ~ 180° plates were oriented. Each sec
tion of the coupler will of course be of the same length as the equivalent 
~ 180 section in the twist coupler. 



Analysis of the Single Tapered 
Mode Coupler 

By W. H. LOUISELL 

(Manuscript received February 17, 1955) 

Broadband directional couplers in which the phase constants and coupling 
coefficients vary with distance along two coupled transmission lines as sug
gested in the two preceding papers are analyzed. A criterion is given for the 
allowed variations in the linc parameters for a given bandwidth. Param
eters which describe the performance of such couplers are given. It is 
found that such couplers give much greater bandwidth than conventional 
couplers of the distributed coupling type but they must be longer than con
ventional couplers. 

I. INTRODUCTION 

Conventional directional couplers! of the distributed coupling type 
may be thought of as two coupled uniform ideal lossless transmission 
lines. Such a system can in general support two forward normal modes 
of propagation. In order to effect power transfer between two lines of 
such a system, both forward normal modes must be present. Since the 
two normal modes in general travel with a different phase velocity, they 
can interfere with one another to set up a standing or "beat" wave pat
tern. Power transfer is thus effected by the interference of these two 
normal modes and for this reason such couplers are called mode inter
ference directional couplers. If for example a 100 per cent coupler is 
desired, that is, complete power transfer from one line to the other, the 
coupler is ended after half a "beat" wave length. Similarly, if a three db 
coupler is desired, that is, a 50-50 power division between the two lines, 
the coupler is ended after one-quarter of a beat wave length. Since such 
couplers depend on interference of normal modes to effect power trans
fer they are innately narrow band. 

J. S. Cook2 and A. G. Fox3 in the two preceding articles have proposed 
a new principle for broad-banding directional couplers in which the 
phase constant difference between the two lines and the coupling coef-

853 
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ficient vary with distance along the lines. Strictly speaking, the concept 
of normal modes is not applicable to non-uniform coupled lines, but if 
the phase constant difference and the coupling coefficient vary slowly 
enough with distance, it is useful to introduce the idea of "quasi-normal 
modes." A quasi-normal mode is a field configuration at a given point 
in the lines when the line parameters vary slowly compared with the 
local beat wave length. It differs only slightly from the field configura
tion of a normal mode that would have existed at the same point if the 
line parameters were constant at their local values. Since the line param
eters vary, the quasi-normal modes are actually tapered, so that the 
same quasi-normal mode may correspond to all the power in line 1 at 
the beginning of the coupler and practically all the power in line 2 at 
the end. The quasi-normal modes in non-uniform lines are coupled, but 
the coupling is small if the variation of line parameters is gradual. Hence 
directional couplers may be made in which essentially all the power re
mains in one of the quasi-normal modes while passing from one line to 
the other. Such couplers will be called single tapered mode couplers. 

A study will be made of the restrictions that must be placed on the 
phase constant difference and the coupling coefficient variation in order 
that power transfer may be effected between two lines in a single tapered 
mode coupler. It is found that the phase constant difference and the 
coupling coefficient must vary slowly compared with the local beat wave 
length. In general, the coupler must be several beat wave lengths long 
to effect complete power transfer, in contrast to the mode interference 
coupler which must be only a half beat wave length long. Also it is found 
that the greater the length of the single tapered mode coupler, the greater 
the bandwidth. 

Several classes of couplers with different assumed variations of phase 
constants and coupling coefficient will be studied. The bandwidths of a 
few couplers having the same length, maximum phase constant differ
enee, and maximum coupling coefficient will be compared. 

II. NORMAL MODES OF UNIFORM COUPLED TRANSMISSION LINES 

If two ideal uniform lossless transmission lines are coupled together, 
it is to be expected that the system can support four normal modes - two 
in the forward and two in the backward direction. In the present work, 
the two backward normal modes will be disregarded. * We proceed to 
find the two forward normal modes for such a system. S. E. Miller! has 

* The labor of incluuing the backward moues in our calculation is not expected 
to be compatible with the additional obtainable physical insight. 



ANALYSIS OF THE SINGLE TAPERED MODE COUPLER 855 

shown that the wave amplitudes for the two coupled lines may be written 
in the form 

in which 

dEl - -j({31 + C)EI + jcE2 Tz-

d!2 = jcE) - j({32 + C)E2 

EI•2(Z) = wave amplitudes in lines 1 and 2, respectively 

(1) 

(31.2 = uncoupled phase constants of lines 1 and 2, respectively 

c = mutual and self-coupling coefficient between the lines 

Thus the backward waves are disregarded. Further, it is assumed that 
the lines are lossless, and that the mutual and self-coupling coefficients 
are identical. Energy conservation requires that c be real. Also it is 
assumed that the characteristic impedances are normalized so that the 
power in either line is equal to the square of the wave amplitude. 

Although it is easy to solve (1) directly, we shall begin by making a 
transformation which will be useful in what follows. Taking out a com
mon phase factor and introducing the normal coordinates WI(Z) and 
W2(Z), we let 

EI(z) = e-i(IHc)z[cos Y2 ~ WI(Z) - sin 7~ ~ W2(Z)] 

E2(z) = e-i(IHc)Z[sin Y2 ~ Wl(Z) + cos 7~ ~ W2(Z)] 

where we define* 

qJ = Y2 ({32 - (31) 

r = v'qJ2 + c2 

cos ~ = 
2 

Ir+<p 
2r 

.~ ~ SIn 2 = 2r 

qJ 
cot ~ = -

c 

(2) 

(3) 

(4) 

* For convenience to the reader, it may be noted that ~ in the present paper is 
equal to 211 in the preceding paper. 
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Substituting (2) in (1), we find that the normal coordinates satisfy the 
uncoupled equations: 

dWl. 0 dz - JrWl = 

dW2 + . 0 
dz JrW2 = 

The normal mode solutions may be written down immediately as 

Wl(Z) = Wl(O)e,Tz 

W2(Z) = W2(O)e-
jrz 

(5) 

(6) 

where Wl(O) and W2(O) are arbitrary constants. Wl(Z) is called the fast 
normal mode and W2(Z) is called the slow normal mode. The voltages in 
the two lines are given by substituting equations (6) into equations (2). 
jWl(O) 12 represents the amount of power excited in the fast normal mode 
and IW2(O) 12 represents the amount of power excited in the slow normal 
mode. The voltages are normalized so that IWl(O) 12 + IW2(O) 12 = 1. The 
voltage amplitudes in the two lines for the fast normal mode are 

El'(z) = cos 7~ ~ e- j (i3+c
-

r
)z 

(7) 
E 2'(z) = sin 7~ ~ e- j (i3+c

-
r

)z 

while the voltage amplitudes for the slow normal mode are 

E/'(z) -sin Yz ~ e- j (i3+c+ r
)z 

E/' (z) 
(8) 

(The fast normal mode has the same phase in each line and is called the 
in-phase normal mode, while the slow mode is called the out-of-phase 
normal mode.*) 

III. MODE INTERFERENCE DIRECTIONAL COUPLERS 

The two coupled uniform transmission linest treated above can be 
used as a directional coupler. l From equations (2) and (6) it is seen that 
the power in line 1 is given by 

Pl(z) IEl (z)1 2 

= 1 Wl(O) 1
2
coS

2 7~~ + 1 W2(O) 1
2
sin

2 7~~ 
- sin ~Re(wl(O)w2*(O)e2jrZ) (9) 

* There may be cases in which the slow mode is the in-phase mode. 
t The present work is aSl3umed to be applicable to coupled wave guides, coupled 

helices, etc. 
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and the power in line 2 is given by 

P2(Z) 1 E2(Z) 12 

1 WI(O) 1
2
sin

2 7~~ + 1 W2(0) 1
2
coS

2 7~~ 

+ sin ~Re(wI(0)w2*(0)e2jrZ) (10) 

where r is defined in (3). 

From (9) and (10) it is seen that if only one of the normal modes is 
present at Z = 0, then there is no power transfer between the two lines. In 
order for the two coupled lines to act as a directional coupler, both 
normal modes must be excited at z = O. Power transfer between the 
lines is effected by interference of the two normal modes. Since direc
tional couplersl using distributed coupling utilize the interference of 
two normal modes, they will be called mode interference directional 
couplers. Both normal modes must be excited to effect power transfer 
between the two elements of the coupler. 

The beat wave length of the coupler is defined as the minimum dis
tance between two points along the lines at which the power in a given 
line has its maximum value. For example, if t31 = t32, U'I(O) = -W2(0) 
= I/V2, the beat ,vave length is given by Abo = 7r/c in the example 
treated.* 

The transfer loss T may be defined as the ratio of the power in line 2 
at z = t, where t is the length of the coupler, to the amount of power 
excited in line 1 at z = 0, assuming no excitation of line 2 at z = O. 
Thus, 

P2(t) 
T = PI(O) = Transfer Loss (11) 

If, for example, PI(O) = 1 (all the power initially in line 1) and T = 1 
then all the power is transferred from line 1 to line 2. This will be called 
a 100 per cent or zero-db coupler. If PI(O) = 1 and T = 72', half the 
power is transferred from line 1 to line 2. This will be called a 50 per 
cent, or 3 db coupler. T can thus have any value from 0 to 1 and serves 
as a parameter to describe "conventional" mode" interference couplers. 

If t31 = t32, PI(D) = 1, WI(O) 1/V2 = -W2(0), then from (9) and 
(10), it is seen that 

PI(z) = cos2cz 

* Reasons could be given for calling Abo = 2rr/c, but in this paper one half of 
this value has been chosen as representing the beat wave length in order to con
form with the preceding papers. 
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and 

so that Abo = 7r / c. The transfer loss is given by 

To get a 3 db coupler in this case, the coupler is made ~ of a beat wave 
length long while a 100 per cent coupler is made)-'2 of a beat wave length 
long. 

In general, when (3l~{32 if both modes are equally excited, so that 
Wl(O) = -W2(0) = I/V2, then from (9) and (10), it is seen that the 
power in the two lines becomes 

2Pl(Z) = 1 + V)2 cos 2rz 
( £. + 1 

2c 

1 

and (12) 

1 

1 - V(:S + 1 cos2rz 

Millerl has plotted the transfer loss for several values of cp/2c. However, 
it can be seen from (12) that if (cp/2c) » 1, there is practically no power 
transfer, while if (cp/2c) « 1, there is practically complete periodic power 
transfer between the lines. 

Since "conventional" couplers depend on the interference of two 
normal modes, it is to be expected that they will be frequency sensitive. 
This can be seen from the fact that in general, the beat wave length will 
depend on frequency, and since for a desired transfer loss the coupler 
must be made some definite fraction of a beat wave length long, such 
couplers are innately· frequency-sensitive. By adding more coupling 
elements and by means of an ingenious variation of the strength of the 
coupling, Mumford! and Miller! have shown that the bandwidth may 
be increased, although there is a fundamental limit to the bandwidth 
obtained by such schemes. The proposals of Cook2 and Fox3 will now be 
shown to yield couplers which are at least an order of magnitude more 
broadband than mode interference couplers. 
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IV. QUASI-NORMAL MODES IN '.rAPERED COUPLED LINES 

The problem we should now like to consider is this: Can a coupler in 
which, as before, power is injected into one transmission line only, but 
in which only one of the quasi-normal modes is excited throughout, and 
in which the propagation "constants" of the two lines {31 and {32 , as well 
as the coupling coefficient c, vary with distance along the lines? It will 
be shown in the following that the answer to this question is in the 
affirmative, approximately, provided that the variations of the line 
parameters are sufficiently gradual. 

In order to see what restrictions must be placed on the variations of 
{31 , {32 and c, consider the following. For symmetry, assume the variation 
of {31 and {32 with z can be expressed by 

{31 = (3 - q;(z) 

{32 = (3 + q;(z) (13) 

c = c(z) 

where (3 = constant and q;(O) ~ O. The equations for the wave ampli
tudes in the two lines are given by (1) with {31 , (32 and c given by (13). 
In analogy with the transformation used to reduce (1) to normal form 
for the uniform coupled lines, we shall now introduce local normal co
ordinates Wl(Z) and W2(Z). The local normal coordinates are related to 
E1(z) and E2(z) by 

E1(z) = exp (-j [i3Z + 1" cCl) dlJ) {cos 72~(Z)Wl(Z) 
- sin YzHZ)W2(Z) } 

E,(z) = exp (-j [i3Z + 1" c(l) dl J) {sin 72Hz)Wl(Z) 

+ cos YzHZ)W2(Z) } 

(14) 

where all symbols are defined by (3) and (4) but where it is to be under
stood that r, q;, c and ~ are now functions of z. Then, substituting (14) 
into equations (1) where c, {31 and {32 have the form of (13), we find after 
simple manipulation that WI and W2 must satisfy 

(15) 



860 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1955 

Equations (15) are coupled in general through the terms proportional 
to d~/dz. They reduce to the uncoupled (5) when dUdz = 0, i.e., when 
~ is constant, or equivalently when cot ~ = epic is constant. Such will be 
the case with uniform lines in which ep(z) is everywhere proportional to 
c(z). However, the condition epic = constant leads only to mode inter
ference couplers which are of no interest in the present discussion. 

It is clear, then, that there will be some coupling between the quasi
normal modes in a tapered mode coupler. Such coupling between quasi
normal modes will be called "hypercoupling" to distinguish it from 
ordinary electromagnetic coupling between two transmission lines (as 
represented by the parameter c). A "hypercoupling coefficient" r](z) may 
be defined by 

1 d~ 1 d~ 
r](z) = 2r(z) dz == "2 dp (16) 

which gives a measure of the strength of the coupling between the 
quasi-normal modes. 

Now if ep(z) and c(z) vary slowly compared to the local beat wave
length Ab(Z), where 

Ab(Z) = rZz) 
then r](z) « 1 for all z, and the quasi-normal modes have very little 
hypercoupling. We can then write down approximate solutions of (15) 
which proceed essentially in powers of the hypercoupling coefficient. 
Thus the In-Phase Quasi-Normal Mode is given approximately by 

Wl(Z) ~ e;p(,) ( Wl(O) + ~W2(O) l' ~;, .-2ip(,') dz' 

_! (0) 1Z 

d~ _~jp(Z') 1z1 

~ 2jp(z") d " d ') 
4

W1 d ' e d " e z z o Z 0 z 

(17) 

and the Out-oj-Phase Quasi-Normal Mode by 

w,(z) ~ .-iP(') (w,(O) - ~Wl(O) [ ~!, ."p(") dz' 

_! (0) l' Z d~ 2jp(z') 1z1 

~ -2jp(zll) d " d ') 
4

W2 d ' e d " e Z Z o z 0 Z 

(18) 

where 

p(Z) (19) 
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If d~/ dz = 0, it is, seen that these become the ordinary normal modes of 
(6). 

v. SINGLE TAPERED MODE DIRECTIONAL COUPLERS 

The power in the two tapered lines [by (14)] is 

Pl(Z) = 1 E 1(z) 12 = COS
2 ~~) 1 Wl(Z) 12 + sin2 ~~) 1 W2(Z) 12 

- sin Hz)Re(wl(z)W2*(Z» 

1 E2(z) 12 = sin2 ~~) 1 Wl(Z) 12 + cos2 ~~) W2(Z) 12 

(20) 

If only one quasi-normal mode is excited by putting power in only one 
line provided c(z) and cp(z) are chosen so that 7J(z) « 1 for all z, HO) = 0, 
and Wl(O) = 1, W2(0) = 0, then it is seen that the power in the two lines 
is approximate [by (17)-(20)] 

P 1(z) t'J cos2 
!Hz) {I + v(z)} + sin2 !Hz)JL(z) + sin Hz)o(z) 

(21) 

where 

v(z) -l,,{R (l Z 

d~ -2jp(z') l z
' d~ 2jp(z")d "d ') 

72 e -d ' e d---" e z z 
o Z 0 Z 

(22) 

Ii(z) ~ 72Re (e';P(') f ~!, e -2;p(, ') dz' ) 

Since power must be conserved, we must have JL(z) + v(z) = O. This re
quirement may easily be verified in the specific examples treated. If, 
furthermore, cp(z) and c(z) are chosen so that ~et) = 7r (a 100 per cent 
coupler), it is seen from (21) that power can be transferred almost com
pletely from line 1 in the in-phase quasi-normal mode to line 2 in the 
same quasi-normal mode by exciting power in one line only. In fact, by 
(17)-(22) we have for a 100 per cent coupler 

1 W2(t) 12 = JL(t) 

1 Wl(t) 12 = 1 + vet) 
(23) 
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where p. and v are given in equation (22). Thus, p.( t) gives a measure of 
the error involved in making a complete power transfer coupler of length 
t in which only the wI-mode is excited if rp(z) and c(z) are selected so 
that: (1) 1](z) « 1, all Z, and (2) HO) = 0 and HC) = 71". Since p.(C) = 
1 W2(t) 1

2
, p.(C) also gives a measure of the power in the initially non

excited mode that is present at the end of the coupler. It is therefore 
appropriate to call it the "mode crosstalk." 

For other power divisions, although p.(t) (with appropriate boundary 
condition on H C» gives the power in the non-excited mode present at 
the end of the coupler, it'does not necessarily give the error in making 
the desired power of division. For example, for a 3 db coupler (HC) 
71"/2), we find 

1 
PI(t) ~ Yz(1 + vet») + Yzp.(t) + V2 o(C) 

1 
P 2(C) ~ Yz(1 + v(C» + Yzp.(C) - viz o(C) 

(24) 

Since p.(C) + v(C) = 0 (energy conservation, O(C) would be the more 
appropriate parameter for describing the performance of a 3 db coupler, 
although p.(t) is the mode crosstalk. o(C) might be called the "inter
ference error power" in this case. Although no actual examples will be 
worked out for 3 db couplers, by comparing p.( C) and o( C) in equations 
(22), it is seen that the extension from the 100 per cent coupler cases 
considered is very easy. 
~ 'Another case of interest might be that of sampling only a very small 
amount of power. In this case HC) is very small and 

PI(C) ~ 1 + v(C) + HC)o(t) 

P2(C) ~ p.(C) - HC)o(t) 
(25) 

In this case, p.(t), o(C), and v(C) are all needed to describe the coupler 
performance. 

VI. FREQUENCY SENSTIVITITY OF SINGLE TAPERED MODE COUPLERS 

The "mode crosstalk" is a parameter which measures the "goodness" 
or quality of a 100 per cent coupler. Since, in general cp and c depend on 
frequency, p.(C) will also depend on frequency. Thus if a 100 per cent 
coupler is required with a "mode cross-talk" less than or equal to c (say 
c \/"\ 0.01), the frequency range over which p.(t,w) ~ c determines the 
bandwidth. Since, in general, the frequency dependence of cp and c is 
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not precisely known, we can also obtain a semi-quantitative estimate 
of the performance if we keep w fixed and vary t. 

A 100 per cent coupler has strictly zero "mode crosstalk" only if it is 
infinitely long, except at isolated frequencies. Of course such a coupler 
would be flat over an infinite bandwidth. As a general principle, we infer 
that the longer the coupler the greater the bandwidth. This is obviously 
not the case for mode interference couplers where any addition to the 
optimum length causes increasingly serious deterioration of performance. 
To give a plausibility argument, the "mode crosstalk" may be integrated 
by parts to yield 

p.( t) ~ ! I ~ ((d~) _ (d~) ) _ (~)2 ((d2~) 
- 4 2j dp p(() dp p(o) 2j dp2 p(l) 

- (::~t») + ... 1' 
(26) 

If the series in (26) converges, then p.(C) == a if all derivatives, dn~/dpn, 
vanish at both ends of the coupler. Since p.(C) is identically zero, such a 
coupler would be flat for infinite bandwidth. Thus, to increase the band
width we make ~ vary slowly at the ends. However, the coupler must be 
made longer, in general, so that the weak hypercoupling approximation 
is not violated. 

VII. COMPARISON OF BANDWIDTHS FOR SEVERAL CLASSES OF TAPERED 

MODE COUPLERS 

In general, a compromise must be made between bandwidth and length 
of tapered mode couplers. Several classes of tapered mode couplers will 
be cOIlsidered to illustrate this. Perhaps other variations of cp(z) and 
c(z) will eventually prove better than. those considered here but until 
they are discovered we must be content with what we have. The ones 
illustrated here are chosen primarily for mathematical simplicity, but 
it will be shown that they should be useful for bandwidths of the order 
of 3: 1, although physical length of no more than about three minimum 
local beat wave lengths are required. 

Two classes of couplers will be considered which will be called, re
spectively, uniform single tapered mode couplers and constant local 
beat wave length couplers. 

Class 1. Uniform Single Tapered J11 ode Couplers 

This class is characterized by a constant taper (constant hypercoupling 
coefficient); i.e., 
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1 d~ 
1J(z) = - - = P 

2 dp 
(27) 

where p is a constant. For couplers to satisfy (27), it can be shown that 
cp(z) and c(z) must be related by 

cp(z) 1 - 2<T(z) 
(28) 

c(z) 2V <T(z) - <T2(z) 

where 

<T(z) 
foz c(r) dr 

(29) 
fo! c(r) dr 

and 

1 
(30) p = - ! 

fo c(r) dr 

In order that the weak hypercoupling requirement is satisfied, p « 1. 
For a 100 per cent coupler H,{;) = 7r, P must satisfy (30). 

a) 

b) 

TABLE I - MODE CROSSTALK FOR Two SPECIAL CASES OF 

UNIFORM TAPERED MODE COUPLERS 

<p(z) c(z) u(z) Hz) !I~ I Crosstalk Range of 
2 dp Validity' 

c(l - 2cr) 
sin2~(~) 

~ z Abo 2Abo f 

2Vcr - cr2 
C =- - +- - ~ 1 

Abo f f~ 
( ~fy Abo 

4 2Abo 
--

. (~C) s1n2 -

~ cos ~(z) ~ sin ~(z) . ~z ~z Abo Abo f ~ 

s1n2 - - -

4(~y 
- >-

Abo Abo 2f f 2f Abo = 2 

* The criterion for establishing the range of validity is somewhat arbitrary, 
but it is taken the same for all cases considered. 
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Fig. 1 - Mode crosstalk, J.t(t/Abo), for a uniform tapered mode coupler as a 
function of coupler wavelength in minimum local beat wavelength units (t/Abo)' 

Insert - Phase "constant" variation cp(z/ C) as a function of distance along cou
pler (z/ C) in units of coupler length for constant coupling coefficient c(z). 
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Fig. 2 - Mode crosstalk, Jl.(t/Abo) for three constant local beat wavelength 
couplers as a function of the coupler length in minimum local beat wavelength 
units (t/Abo). Cot Hz) = ratio of phase "constant" variation to coupling coefficient 
variation. Insert - Phase "constant" variations cp(z/ t) and coupling coefficient 
variations c(z/t) as functions of distance along the couplers in units of cou
pler length. 

Curve (a): ~(z) 

Curve (b): ~(z) = 7r sin2 ~ 
2t 

Curve (c): ~(z) = 7r [~ - ~ sin 2;ZJ 
The crosstalk for these three cases is given in Table 2. 

1 7r _ r.-:--:. 
PlCt) = -- sin2 - V 1 + y2 

1 + y2 2 

7r _ /-- y2 7r _ r;-:----;, 
P,it) = cos2 - 'V 1 + y2 + -- sin2 - VI + y2 

2 1 + y2 2 

where y = t/Abo • 
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The mode crosstalk for this class of couplers is seen to be 

p.(f) 
sin' [" fcC,) d, ] 
[f cC,) d,J 

Two special cases are considered: 

a) 

b) 

c(z) c (Treated by Cook) 

cp(z) 
7r 
~ cos ~(z) 
I\bo 

c(z) 
7r • 
~ sm ~(z) 
I\b Q 

) 
7rZ 

~(z =
f 

(Treated by Fox) 

(32) 

(33) 

The results for these two cases are summarized in Table 1. The variations 

a) 

b) 

c) 

TABLE II - MODE CROSSTALK FOR THREE SPECIAL CASES 

OF CONSTANT LOCAL BEAT VVAVELENGTH COUPLERS 

Hz) Mode Crosstalk Range of Validity* 

. (~e) 
~z 

sln2 x;: t ~ 

-

4 (:b)2 
- >-

l Abo = 2 

cos2 (~) 
., 

~ sin2 ~ 2 Abo t ~2 

~ 64(~)' 
-> -

2t Abo = 4 

. (~t) [z 1. ~z ] sm
2 

Abo t 
7r C - 2~ sm

2 U 
4 (:bo)6 

- ~ ~ 
Abo 

* The criterion for establishing the range of validity is somewhat arbitrary, 
but it is taken the same for all cases considered. 
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of cp(z) , c(z) and the mode crosstalk are plotted in Figs. 1 and 2 for these 
cases. * 
Class 2. Constant Local Beat vVavelength Couplers 

This class is characterized by 

r(z) = ycp2(Z) + c2(z) = 7f'/Abo = constant. (34) 
For couplers to have constant local beat wavelengths, the phase con
stant difference and coupling coefficient must satisfy the following: 

cp(z) 
7f' 

:;- cos ~(z) 
I\bo 

c(z) 
7f' • 
:;- sm ~(z) 
I\bo 

7T' 
r(z) = - == r. 

Abo 

The mode crosstalk is seen to be [by (22)] 

p,(f) = ~ III d~, i jrzl 
dz' I 

4 0 dz ' 

Several examples of this class will be considered t 

a) ) 
7f'Z 

~(z = -
f, 

(35) 

(36) 

(37) 

It is seen that this is also a member of Class 1 so it will not be dis
cussed further. 

b) ( ) 
• 2 7f'Z 

~ Z = 7f' sm 2f, (38) 

c) Hz) = 7f' [l - 2~ sin 2 ~z ] (39) 

The mode crosstalk and region of validity for these cases are given in 
Table II and the variations cp(z) , c(z) and the crosstalk are plotted in 
Fig. 2. 

As can be seen from Table II, for Case a, d~/ dp ~ 0 at either end of 
the coupler, while for Case b, d~/dp = 0 at both ends of the coupler and 

* It may be noted in case (b) in which r = 7r/Abo and dUdz = 7r/ t that (15) may 
be solved exactly. There are pure normal modes which are elliptically polarized 
in the normal coordinates Wl(Z) and W2(Z). If power is injected in line 1 only, it 
is found that the power in the two lines at z = Cis 

t It may easily be verified directly in these cases that M(C) + v(C) = 0 in agree
ment with energy conservation. See remarks following (22). 
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for Case c, d~/dp and d2~/d/ are zero at both ends of the coupler. Com
parison of the mode crosstalk for these three cases illustrates the general 
remarks made concerning (26), viz., as higher order derivatives of the 
taper vanish at the ends of the coupler, the mode crosstalk becomes 
less. Again by comparing the range of validity in the three cases of 
Table II, it is seen the coupler length must be increased to satisfy the 
weak hypercoupling requirement, so that the process cannot be carried 
infinitely far in this direction. Presumably at very short wavelengths 
where physical size is not as important, this principle can be used most 
advantageously. 
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